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� à ¡®â¥ [1] ¨§«®¦¥­ ®¤¨­ á¯®á®¡  á¨¬¯â®â¨ç¥áª®£® ¨­â¥£à¨à®¢ ­¨ï ª¢ §¨«¨­¥©­ëå ¯ à -
¡®«¨ç¥áª¨å ãà ¢­¥­¨© á ¡ëáâà® ®áæ¨««¨àãîé¨¬¨ ¯® ¢à¥¬¥­¨ ª®íää¨æ¨¥­â ¬¨, ª®â®àë© ¢®á-
å®¤¨â ª à ¡®â ¬ �.�. �¨¬®­¥­ª® [2], [3] ¨ á®áâ®¨â ¢ ¯®áâà®¥­¨¨ á ¯®¬®éìî ¬¥â®¤  �ìîâ®­ {
� ­â®à®¢¨ç  ¨ ¨¤¥© ¬¥â®¤  ãáà¥¤­¥­¨ï [4] à¥ªãàà¥­â­®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ «¨­¥©­ëå § ¤ ç,
à¥è¥­¨ï ª®â®àëå ï¢«ïîâáï áâ àè¨¬¨ ¯à¨¡«¨¦¥­¨ï¬¨ à¥è¥­¨ï ¨áå®¤­®© § ¤ ç¨, ¨ ¯®á«¥¤ã-
îé¥¬  á¨¬¯â®â¨ç¥áª®¬ ¨­â¥£à¨à®¢ ­¨¨ íâ¨å «¨­¥©­ëå § ¤ ç ¬¥â®¤®¬ ¯®£à ­¨ç­®£® á«®ï [5].
� ¤ ­­®© à ¡®â¥ ®¡®á­®¢ ­ ¡®«¥¥ ¥áâ¥áâ¢¥­­ë© ¨ ã¤®¡­ë©, ­¥¦¥«¨ ¢ [1],  «£®à¨â¬. �­ á®áâ®¨â
¢ ¯à¨¬¥­¥­¨¨ ¬¥â®¤  ¯®£à ­¨ç­®£® á«®ï ­¥¯®áà¥¤áâ¢¥­­® ª ¨áå®¤­®© ª¢ §¨«¨­¥©­®© § ¤ ç¥ ¨
¨­â¥£à¨à®¢ ­¨¨ ¢®§­¨ª îé¨å ¯à¨ íâ®¬ § ¤ ç ¯ãâ¥¬ ¢ë¤¥«¥­¨ï ¢ ¨å à¥è¥­¨ïå ¯« ¢­®© ¨ ®áæ¨«-
«¨àãîé¥© á®áâ ¢«ïîé¨å. �â®â á¯®á®¡ ¯®§¢®«¨« ¯®áâà®¨âì  á¨¬¯â®â¨ç¥áª®¥ à §«®¦¥­¨¥ à¥è¥-
­¨ï ¨áå®¤­®© § ¤ ç¨, ª®íää¨æ¨¥­âë ª®â®à®£® íää¥ªâ¨¢­® ¢ëç¨á«ïîâáï, á ãª § ­¨¥¬ â®ç­®©
®æ¥­ª¨  á¨¬¯â®â¨ç¥áª®© ¡«¨§®áâ¨ à¥è¥­¨ï ¨ ç áâ¨ç­ëå áã¬¬ à §«®¦¥­¨ï. � ­¥¥ ãª § ­­ë¬
á¯®á®¡®¬ ¡ë«  ¯®áâà®¥­  ä®à¬ «ì­ ï  á¨¬¯â®â¨ª  ¢ á«ãç ¥ ¯ à ¡®«¨ç¥áª¨å ãà ¢­¥­¨© ¢â®à®-
£® ¯®àï¤ª  [6]. �­ «®£¨ç­ë©  «£®à¨â¬ ®¡®á­®¢ ­ [7] ¤«ï § ¤ ç¨ ª®­¢¥ªæ¨¨ ¦¨¤ª®áâ¨ ¢ ¯®«¥
¡ëáâà® ®áæ¨««¨àãîé¨å á¨«. �â¬¥â¨¬, çâ® ¤ ­­ ï à ¡®â , ª ª ¨ [7], ¯à¨¬ëª ¥â ª ¨áá«¥¤®¢ -
­¨ï¬ (­ ¯à., [4], x 27{28), ¯®á¢ïé¥­­ë¬ à §¢¨â¨î ª« áá¨ç¥áª®© ª®­¥ç­®¬¥à­®© â¥®à¨¨ ¬¥â®¤ 
ãáà¥¤­¥­¨ï ¤«ï ãà ¢­¥­¨© ¢ ç áâ­ëå ¯à®¨§¢®¤­ëå.

1. �ãáâì k, m ¨ s | ­ âãà «ì­ë¥ ç¨á« ; 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¥¢ª«¨¤®¢  ¯à®áâà ­-
áâ¢  Rm á C1-£« ¤ª®© £à ­¨æ¥© @
. � áá¬®âà¨¬ ¢ æ¨«¨­¤à¥ (x; t) 2 Q = 
 � R1 á ¡®ª®¢®©
¯®¢¥àå­®áâìî � = @
� R

1 § ¤ çã ® 2�!�1-¯¥à¨®¤¨ç¥áª¨å ¯® t à¥è¥­¨ïå ãà ¢­¥­¨ï

@u

@t
=

X
j�j=2k

a�(x)D�u+
sX

l=�s

fl(x; �2k�1u) exp(il!t) (1)

á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ �¨à¨å«¥

uj� = @u

@n

����
�

= � � � = @k�1u

@nk�1

����
�

= 0: (2)

�¤¥áì � = (�1; �2; : : : ; �m) | ¬ã«ìâ¨¨­¤¥ªá, D�u = @j�ju
@x

�1
1 :::@x�mm

, j�j =
mP
i=1

�i, n | ¢­ãâà¥­­ïï

­®à¬ «ì ª @
, �2k�1u| ¢¥ªâ®à-äã­ªæ¨ï, á®áâ ¢«¥­­ ï ¨§ äã­ªæ¨¨ u ¨ ¥¥ ¢á¥¢®§¬®¦­ëå ¯à®¨§-
¢®¤­ëå ¯® x ¤® ¯®àï¤ª  2k�1 ¢ª«îç¨â¥«ì­®, ! | ¡®«ìè®© ¯ à ¬¥âà. �¡®§­ ç¨¬ ç¥à¥§ p ç¨á«®
ª®¬¯®­¥­â ¢¥ªâ®à-äã­ªæ¨¨ �2k�1u. �à¥¤¯®« £ ¥âáï, çâ® äã­ªæ¨¨ a� : 
! R ¨ fl : 
�Rp ! C1,

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(ª®¤ ¯à®¥ªâ  ò 98-01-00136).
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fl = f��l, ¡¥áª®­¥ç­® £« ¤ª¨¥ ¨ ¤«ï ãà ¢­¥­¨ï (1) ¢ë¯®«­¥­® ãá«®¢¨¥ ¯ à ¡®«¨ç­®áâ¨, â. ¥. ¯à¨
¢á¥å x 2 
 ¨ ­¥­ã«¥¢ëå ¢¥ªâ®à å � = (�1; �2; : : : ; �m) 2 Rm á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

(�1)k+1
X
j�j=2k

a�(x)�
� > 0:

�à¥¤¯®«®¦¨¬ ¥é¥, çâ® ãáà¥¤­¥­­ ï § ¤ ç 

@v

@t
=

X
j�j=2k

a�(x)D�v + f0(x; �2k�1v);

vj� = @v

@n

����
�

= � � � = @k�1v

@nk�1

����
�

= 0

¨¬¥¥â áâ æ¨®­ à­®¥ à¥è¥­¨¥
0
v 2 C1(
) (ãá«®¢¨¥

0
v 2 C1(
) ¢ á¨«ã ¨§¢¥áâ­ëå è ã¤¥à®¢áª¨å

®æ¥­®ª à ¢­®á¨«ì­® ãá«®¢¨î
0
v 2 C2k�1+�(
), � > 0), ¨ íâ® à¥è¥­¨¥ ­¥¢ëà®¦¤¥­­®¥. �®á«¥¤­¥¥

®§­ ç ¥â, çâ® «¨­¥ à¨§®¢ ­­ ï ­ 
0
v áâ æ¨®­ à­ ï ®¤­®à®¤­ ï § ¤ ç  Av = 0 ­¥ ¨¬¥¥â ®â«¨ç­ëå

®â ­ã«ï à¥è¥­¨©. �¤¥áì ®¯¥à â®à A § ¤ ­ ­  äã­ªæ¨ïå v 2 C1(
), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬
(2), à ¢¥­áâ¢®¬

Av =
X
j�j=2k

a�(x)D
�v + [(Def0)(x; �

2k�1 0v)](�2k�1v);

£¤¥

[(Def0)(x;
0
e)](e) =

�
@f0(x;

0
e)

@e1

�
e1 + � � �+

�
@f0(x;

0
e)

@ep

�
ep;

0
e; e 2 Rp;

| ç áâ­ë© ¤¨ää¥à¥­æ¨ « f0(x; e) ¯® £àã¯¯¥ ¯¥à¥¬¥­­ëå e.

2. �à¨ á¤¥« ­­ëå ¢ ¯. 1 ¯à¥¤¯®«®¦¥­¨ïå á®£« á­® [8] áãé¥áâ¢ãîâ â ª¨¥ ¯®«®¦¨â¥«ì­ë¥

ç¨á«  !0 ¨ r0, çâ® ¯à¨ ! > !0 § ¤ ç  (1), (2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ¢ è à¥ ku� 0
vkC(R;W 2k

q (
)) � r0,
q > m, 2�!�1-¯¥à¨®¤¨ç¥áª®¥ ¯® t à¥è¥­¨¥ u!, ¯à¨ç¥¬

lim
!!1

ku! � 0
vkC(R;W 2k

q (
)) = 0:

�¤¥áì C(R;W 2k
q (
)) | ¡ ­ å®¢® ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå ¨ ®£à ­¨ç¥­­ëå ¢¥ªâ®à-äã­ªæ¨©

u : R!W 2k
q (
) á ®¡ëç­®© áã¯à¥¬ã¬-­®à¬®©.

� ­­ ï à ¡®â  ¯®á¢ïé¥­  ¯®áâà®¥­¨î ¯®«­®©  á¨¬¯â®â¨ª¨ à¥è¥­¨ï u! ¯® ¯ à ¬¥âàã !�1
¢ áª®«ì ã£®¤­® á¨«ì­ëå £�¥«ì¤¥à®¢áª¨å ­®à¬ å C l;l=2k(Q), l > 0. � ¯®¬­¨¬ ([9], á. 81), çâ® ¯à®-
áâà ­áâ¢® C l;l=2k(Q) á®áâ®¨â ¨§ äã­ªæ¨©, § ¤ ­­ëå ¢ Q ¨ ¨¬¥îé¨å ª®­¥ç­ãî ­®à¬ã

kukCl;l=2k(Q) =
[l]X
j=0

X
2k�+j�j=j

sup
Q
jD�

tD
v
xu(x; t)j+

+ �l

� X
2k�+jvj=[l]

sup
(x;t);(y;t)2Q

jD�
t D

v
xu(x; t)�D�

tD
v
yu(y; t)j=jx � yjl�[l] +

+
X

0<l�2k��jvj<2k

sup
(x;t);(x;t0)2Q

jD�
tD

v
xu(x; t) �D�

t0D
v
xu(x; t

0)j=jt� t0j l�2k��jvj
2k

�
;

£¤¥ [l] | æ¥« ï ç áâì l, �l = 0 ¯à¨ æ¥«®¬ l ¨ �l = 1 ¯à¨ l ­¥æ¥«®¬, D�
t =

@�

@t�
, Dv

x = Dv.
�¬¥ï ¢ ¢¨¤ã ¯à¨¬¥­¥­¨¥ ¬¥â®¤  ¯®£à ­¨ç­®£® á«®ï [5] ª § ¤ ç¥ (1), (2), ¢¢¥¤¥¬ ¢ ­¥ª®â®à®©

¯®£à ­¨ç­®© ¯®¤®¡« áâ¨ 
� ®¡« áâ¨ 
 ªà¨¢®«¨­¥©­ãî á¨áâ¥¬ã ª®®à¤¨­ â á«¥¤ãîé¨¬ ®¡à §®¬.
�¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ @
 � [0; �] ! 
� ¯® § ª®­ã ('; r) ! ' + n'r, £¤¥ ' | â®çª  ­  @
,
¨¬¥îé ï ¬¥áâ­ãî ª®®à¤¨­ âã ',   n' | ¢¥ªâ®à ¢­ãâà¥­­¥© ­®à¬ «¨ ª @
 ¢ â®çª¥ '. �¨á«® �
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¢ë¡¨à ¥âáï áâ®«ì ¬ «ë¬, çâ® ãª § ­­®¥ ®â®¡à ¦¥­¨¥ ®¡à â¨¬®. �¡®§­ ç¨¬ ç¥à¥§ � áà¥§ îéãî
äã­ªæ¨î � 2 C1(
), �(x) = 1 ¯à¨ r(x) < �

3
, �(x) = 0 ¯à¨ r(x) > 2

3
�.

�¢¥¤¥¬ â¥¯¥àì ª« áá ¯®£à ­á«®©­ëå äã­ªæ¨©, ¨á¯®«ì§ã¥¬ë© ¢ ¤ ­­®© à ¡®â¥. � ¯®£à ­á«®¥

� à áá¬®âà¨¬ äã­ªæ¨¨ ¢¨¤ 

'0(x; !) = !�
s1
2k �s2a(') exp[��(')�]; � = !1=2kr;

£¤¥ s1, s2 | æ¥«ë¥ ­¥®âà¨æ â¥«ì­ë¥ ç¨á« , a; � 2 C1(@
), � > 0. �ãáâì '(x; !) = '0(x; !),
x 2 
�, '(x; !) = 0, x 2 
 n 
�. �®£à ­á«®©­ë¬¨ äã­ªæ¨ï¬¨ ¡ã¤¥¬ ­ §ë¢ âì ª®­¥ç­ë¥ áã¬¬ë
äã­ªæ¨© ¢¨¤  '(x; !)�(x) exp(il!t), l 2 R.

�á¨¬¯â®â¨ç¥áª¨¥ ¯à¨¡«¨¦¥­¨ï 2�!�1-¯¥à¨®¤¨ç¥áª®£® ¯® t à¥è¥­¨ï u! § ¤ ç¨ (1), (2), ®
ª®â®à®¬ £®¢®à¨«®áì ¢ëè¥, ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

N
u(x; t; !) =

NX
j=0

!�
j
2kuj(x) + !�1

NX
j=0

!�
j
2k vj(x; !t) + !�1

NX
j=0

!�
j
2kwj(x; !) +

+ !�1
NX
j=0

!�
j
2k zj(x; !t; !): (3)

�¤¥áì ç¥à¥§ uj(x) ¨ vj(x; �) ®¡®§­ ç¥­ë ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ë¥äã­ªæ¨¨,   ç¥à¥§ wj(x; !)
¨ zj(x; �; !) | ¯®£à ­á«®©­ë¥ äã­ªæ¨¨, ¯à¨ç¥¬ vj(x; �) ¨ zj(x; �; !) ï¢«ïîâáï 2�-¯¥à¨®¤¨ç¥áª¨¬¨
¯® � á ­ã«¥¢ë¬¨ áà¥¤­¨¬¨

hvji(x) � 1
2�

Z 2�

0

vj(x; �)d� = 0; hzji(x; !) � 1
2�

Z 2�

0

zj(x; �; !)d� = 0:

� ¯. 3 ¡ã¤¥â ®¯¨á ­  «£®à¨â¬ ¯®áâà®¥­¨ï ª®íää¨æ¨¥­â®¢ ¯à¨¡«¨¦¥­¨ï
n
u, ¯à¨ ª®â®à®¬ á¯à -

¢¥¤«¨¢ 

�¥®à¥¬ . �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï ¯. 1 ¨ u! | 2�!�1-¯¥à¨®¤¨ç¥áª®¥ ¯® t à¥è¥­¨¥ § ¤ ç¨
(1), (2). �®£¤  äã­ªæ¨ï u! ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬  ¨ áãé¥áâ¢ã¥â â ª®¥ §­ ç¥­¨¥ ¯ à ¬¥-

âà  !0 > 0, çâ® ¯à¨ ! > !0 ¤«ï ¢á¥å ­ âãà «ì­ëå N á¯à ¢¥¤«¨¢  ®æ¥­ª 

ku! � N
ukCl;l=2k(Q) � cN;l!

�
N+1�max(l�2k;0)

2k ; cN;l = const :

�®áâà®¥­¨¥ ¯à¨¡«¨¦¥­¨ï
N
u á¢®¤¨âáï ª à¥è¥­¨î ª®­¥ç­®£® (§ ¢¨áïé¥£® ®â N) ç¨á«  § ¤ ç

Av = '(x), £¤¥ A | ®¯à¥¤¥«¥­­ë© ¢ ¯. 1 í««¨¯â¨ç¥áª¨© ®¯¥à â®à á £à ­¨ç­ë¬¨ ãá«®¢¨ï¬¨

�¨à¨å«¥,   ¯à ¢ë¥ ç áâ¨ ' 2 C1(
).

3. � íâ®¬ ¯ã­ªâ¥ ¯®áâà®¨¬ ä®à¬ «ì­®¥  á¨¬¯â®â¨ç¥áª®¥ à §«®¦¥­¨¥ à¥è¥­¨ï u!. �à¨ íâ®¬
¯®£à ­á«®©­ë¥ ª®íää¨æ¨¥­âë ws ¨ zs à §«®¦¥­¨ï ¡ã¤¥¬ áâà®¨âì «¨èì ¢ ¯®£à ­¨ç­®¬ á«®¥

�; ¯®á«¥ íâ®£® ¨å ­ã¦­® ¥é¥ ¯à®¤®«¦¨âì ­ã«¥¬ ¢ ®¡« áâì 
 n 
� ¨ ã¬­®¦¨âì ­  á£« ¦¨¢ î-
éãî äã­ªæ¨î �(x) (á¬. ¯. 2). �â¬¥â¨¬ ¥é¥ ­¥®¡å®¤¨¬®¥ ¢ ¤ «ì­¥©è¥¬ ¯à¥¤áâ ¢«¥­¨¥ £« ¢­®©
í««¨¯â¨ç¥áª®© ç áâ¨ ãà ¢­¥­¨ï (1) ¢ ¯¥à¥¬¥­­ëå ('; �), � = r 2k

p
!:

X
j�j=2k

a�(x)D�u = !�1
�
b2k(')

@2ku

@�2k
+

NX
j=1

!�
j
2kMj('; �)u + !�

N+1
2k MN+1('; �; r)u

�
: (4)

�¤¥áì b2k 2 C1(@
), b2k > 0, N | ­ âãà «ì­®¥ ç¨á«®, Mj , 1 � j � N , | ¤¨ää¥à¥­æ¨ «ì­ë¥
®¯¥à â®àë ®â­®á¨â¥«ì­® ', �, ª®íää¨æ¨¥­âë ª®â®àëå | ¯®«¨­®¬ë ¯® � á ¡¥áª®­¥ç­® ¤¨ää¥-
à¥­æ¨àã¥¬ë¬¨ ¯® ' ª®íää¨æ¨¥­â ¬¨, MN+1 | ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à ®â­®á¨â¥«ì­® ',
� á ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ë¬¨ ¯® ', r ª®íää¨æ¨¥­â ¬¨.

�®¤áâ ¢¨¬ ¯à¨¡«¨¦¥­¨¥ (3) à¥è¥­¨ï ¢ ãà ¢­¥­¨ï (1), (2), à §«®¦¨¬ § â¥¬ äã­ªæ¨¨
fl(x; �2k�1

n
u) ¢ àï¤ë �¥©«®à  á æ¥­âà®¬ (x; �2k�1u0) ¨, ãç¨âë¢ ï (4), á£àã¯¯¨àã¥¬ ¨ ¯à¨à ¢­ï-

¥¬ ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå !�
1
2k ®â¤¥«ì­® ¤«ï à¥£ã«ïà­ëå ¨ ¯®£à ­á«®©­ëå

äã­ªæ¨©. � ¦¤®¥ ¨§ ¯®«ãç¥­­ëå à ¢¥­áâ¢ à §®¡ì¥¬ § â¥¬ ­  ãà ¢­¥­¨ï ¤«ï áâ æ¨®­ à­ëå ¨
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®áæ¨««¨àãîé¨å ¯® � (á ­ã«¥¢ë¬ áà¥¤­¨¬) ª®íää¨æ¨¥­â®¢. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ à¥ªãàà¥­â­ãî
¯®á«¥¤®¢ â¥«ì­®áâì § ¤ ç, § ¯¨áì ª®â®àëå ­ ç­¥¬ á § ¤ ç ¤«ï à¥£ã«ïà­ëå äã­ªæ¨©. �ã­ªæ¨¨
u0, v0 ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬X

j�j=2k

a�(x)D�u+ f0(x; �2k�1u0) = 0; u0j@
 = � � � = @k�1u0
@nk�1

����
@


= 0; (5)

@v0
@�

=
X

0<jlj�s

fl(x; �2k�1u0)eil� ; � = !t: (6)

�ã­ªæ¨¨ up, vp, p � 1, ï¢«ïîâáï à¥è¥­¨ï¬¨ «¨­¥©­ëå § ¤ ç ¢¨¤ X
j�j=2k

a�(x)D�up + [(Def0)(x; �2k�1u0)](�2k�1up) = 'p(x); (7)

upj@
 = �wp�2kj�=0; @up
@n

����
@


= �@wp�2k+1

@�

����
�=0

; : : : ;
@k�1up
@nk�1

����
@


= �@
k�1wp�k�1

@�k�1

����
�=0

;

@vp
@�

=  p(x; �): (8)

�¤¥áì 'p ¨  p | ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ äã­ªæ¨¨, ¯à¨ç¥¬  p | âà¨£®­®¬¥âà¨ç¥áª¨©
¯®«¨­®¬ ¯® � c ­ã«¥¢ë¬ áà¥¤­¨¬, ª®â®àë¥ ¢ëà ¦ îâáï ç¥à¥§ ui, vi�2k, 0 � i � p� 1,   ª®íää¨-
æ¨¥­âë á ®âà¨æ â¥«ì­ë¬¨ ¨­¤¥ªá ¬¨ áç¨â îâáï ­ã«¥¢ë¬¨.

�® ãá«®¢¨î ¯. 1 ­¥«¨­¥©­ ï § ¤ ç  (5) ¨¬¥¥â à¥è¥­¨¥
0
v. �à¥¤¯®«®¦¥­¨¥ ¯. 1 ® ­¥¢ëà®¦¤¥­-

­®áâ¨
0
v £ à ­â¨àã¥â ®¤­®§­ ç­ãî à §à¥è¨¬®áâì § ¤ ç (7). � ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå

ãà ¢­¥­¨ïå (6), (8) x ¨£à ¥â à®«ì ¯ à ¬¥âà . �â¨ ãà ¢­¥­¨ï â ª¦¥ ®¤­®§­ ç­® à §à¥è¨¬ë ¢
á¨«ã ãá«®¢¨ï hvpi(x) � 0.

� ¤ ç¨ ¤«ï ¯®£à ­á«®©­ëå ª®íää¨æ¨¥­â®¢ wp, zp, p � 0, ¨¬¥îâ ¢¨¤

b2k(')
@2kwp

@�2k
= �p(�; '); wpj�=1 = 0; (9)

@zp
@�

� b2k(')
@2kzp
@�2k

= �p(�; '; �); zpj�=1 = 0; (10)

zpj�=0 = �vpj@
; @zp
@�

����
�=0

= �@vp�1
@n

����
@


; : : : ;
@k�1zp
@�k�1

����
�=0

= �@
k�1vp�k+1
@k�1n

����
@


:

�¤¥áì �p ¨ �p | ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ë¥ ¯à¨ � � 0, ' 2 @
, � 2 R äã­ªæ¨¨, ¯à¨ç¥¬ �p |
âà¨£®­®¬¥âà¨ç¥áª¨¥ ¯®«¨­®¬ë ¯® � á ­ã«¥¢ë¬ áà¥¤­¨¬, ª®â®àë¥ ¢ëà ¦ îâáï ç¥à¥§ äã­ªæ¨¨
ui, vi�2k, wi ¨ zi, 0 � i � p� 1.

�¥£ª® ¢¨¤¥âì, çâ® �0 = �0 = 0. �®íâ®¬ã w0 = 0,   z0 ¢ á¨«ã áâàãªâãàë v0 ¨¬¥¥â ¢¨¤

Z0 =
X

o<jlj�s

Zl(�; ')eil� ;

£¤¥ äã­ªæ¨¨ Zl ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬

ilZl � b2k(')
@2kZl

@�2k
= 0; Zlj�=0 = �fl(x; �2k�1u0)j@
; @Zl

@�

����
�=0

= 0; : : : ;
@k�1Zl

@�k�1

����
�=0

= 0; Zlj�=1 = 0:

� à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ il�b2k�2k = 0 ­¥ ¨¬¥¥â ç¨áâ® ¬­¨¬ëå ª®à­¥©, ¯®íâ®¬ã ®­® ¨¬¥¥â
k ª®à­¥© �j('), j = 1; : : : ; k, á ®âà¨æ â¥«ì­ë¬¨ ¤¥©áâ¢¨â¥«ì­ë¬¨ ç áâï¬¨. �«¥¤®¢ â¥«ì­®,

Z0 =
X

0<jlj�s

kX
j=1

alj(')e�j (')�eil� :

39



�­ «®£¨ç­ë¬ ®¡à §®¬ ãáâ ­ ¢«¨¢ ¥âáï, çâ® § ¤ ç¨ (9), (10) ®¤­®§­ ç­® à §à¥è¨¬ë, ¯à¨ç¥¬
ª®íää¨æ¨¥­âë wp ¯à¨ p � 1 ï¢«ïîâáï ª®­¥ç­ë¬¨ áã¬¬ ¬¨ äã­ªæ¨© ¢¨¤  a(')�te�(')�, £¤¥ t
| æ¥«ë¥ ­¥®âà¨æ â¥«ì­ë¥ ç¨á« ; a('); �(') 2 C1(@
), Re� < 0,   ª®íää¨æ¨¥­âë zp, p � 1,
ï¢«ïîâáï ª®­¥ç­ë¬¨ áã¬¬ ¬¨ ¯à®¨§¢¥¤¥­¨© â ª¨å äã­ªæ¨© ­  íªá¯®­¥­â¥ eil� , £¤¥ l | æ¥«ë¥
®â«¨ç­ë¥ ®â ­ã«ï ç¨á« .

4. �¥à¥©¤¥¬ ª ¤®ª § â¥«ìáâ¢ã ãª § ­­®© ¢ â¥®à¥¬¥ ®æ¥­ª¨. �®£« á­® ¯. 3 ¯à¨¡«¨¦¥­­®¥

à¥è¥­¨¥
N
u (3) ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨ï¬

@
N
u

@t
=

X
j�j=2k

a�(x)D
�Nu +

sX
l=�s

fl(x; �
2k�1Nu) exp(il!�) + !�

N+1
2k 'N (x; !t; !);

N
uj� = @

N
u

@n

����
�

= � � � = @k�1
N
u

@nk�1

����
�

= 0:

�¤¥áì 'N(x; �; !) | ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ ï ¯® (x; t) 2 
 � R, 2�-¯¥à¨®¤¨ç¥áª ï ¯® �
äã­ªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î

kD�fNkC(
�R) � CN;�!
�

j�j
2k ; (11)

£¤¥ � | ¬ã«ìâ¨¨­¤¥ªá ¯à®¨§¢®«ì­®© ¤«¨­ë j�j, CN;� = const. �®£à¥è­®áâì
N
w = u!�N

u ¯à¨ íâ®¬
ï¢«ï¥âáï 2�!�1-¯¥à¨®¤¨ç¥áª¨¬ ¯® t à¥è¥­¨¥¬ § ¤ ç¨

@w

@t
�

X
j�j=2k

a�(x)D�w � [(Def0)(x; �2k�1u0)](�2k�1w) = h(w; x; !t; !); (12)

wj� = @w

@n

����
�

= � � � = @k�1w

@nk�1

����
�

= 0; (13)

£¤¥

h(w; x; �; !) =
sX

l=�s

[fl(x; �
2k�1(

N
u + w)) � fl(x; �

2k�1Nu)] exp(il�)�

� [(Def0)(x; �
2k�1u0)](�

2k�1w) + !�
N+1
2k 'n(x; �; !): (14)

�æ¥­ªã ¯®£à¥è­®áâ¨ w =
N
w ¯à®¢¥¤¥¬ ¢ ¤¢  íâ ¯ . �­ ç «¥ ¢ ¯. 5, ¨­â¥à¯à¥â¨àãï § ¤ çã (12),

(13) ¤«ï ªà âª®áâ¨ ¨§«®¦¥­¨ï ª ª  ¡áâà ªâ­®¥ ¯ à ¡®«¨ç¥áª®¥ ãà ¢­¥­¨¥, ¬¥â®¤ ¬¨ â¥®à¨¨ ¯®-
«ã£àã¯¯ ¨ ¤à®¡­ëå áâ¥¯¥­¥© ®¯¥à â®à®¢ (­ ¯à., [10]) ¯®«ãç¨¬ ®æ¥­ª¨ w ¢ á« ¡ëå £�¥«ì¤¥à®¢áª¨å
­®à¬ å. � â¥¬ ¢ ¯. 6 á ¯®¬®éìî  ¯à¨®à­ëå ®æ¥­®ª �.�. �®«®­­¨ª®¢  [9] ¤«ï «¨­¥©­ëå ¯ à ¡®-
«¨ç¥áª¨å § ¤ ç ãáâ ­®¢¨¬ ®æ¥­ª¨ w ¢ á¨«ì­ëå £�¥«ì¤¥à®¢áª¨å ­®à¬ å.

5. �ãáâì q > m. �¡®§­ ç¨¬ ¤«ï ªà âª®áâ¨ Lq(
) ç¥à¥§ B, a W 2k
q (
) ç¥à¥§ B1. � ¡ ­ å®¢®¬

¯à®áâà ­áâ¢¥ B à áá¬®âà¨¬ «¨­¥©­ë© ®¯¥à â®à A á ®¡« áâìî ®¯à¥¤¥«¥­¨ï D(A) = fw 2 B1 : w
ã¤®¢«¥â¢®àï¥â (13)g, ¤¥©áâ¢ãîé¨© ¯® § ª®­ã

Aw =
X
j�j=2k

a�(x)D�w � [(Def0)(x; �2k�1u0)](�2k�1w):

� ª ¨§¢¥áâ­® [11], [12], A ¯®à®¦¤ ¥â ¢ B  ­ «¨â¨ç¥áªãî ¯®«ã£àã¯¯ã exp(tA), t � 0. �ãáâì
�0 � 0 | â ª®¥ ç¨á«®, çâ® ®¯¥à â®à �0I � A ¯®§¨â¨¢¥­ [10]. �¥à¥§ B�, � 2 [0; 1], ®¡®§­ ç¨¬
¡ ­ å®¢® ¯à®áâà ­áâ¢®, ï¢«ïîé¥¥áï ®¡« áâìî ®¯à¥¤¥«¥­¨ï ¤à®¡­®© áâ¥¯¥­¨ (�0I � A)� [10] á
®¡ëç­®© ­®à¬®©

kxkB� = k(�0I �A)�xkB :
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� á¨«ã â¥®à¥¬ë ¢«®¦¥­¨ï �.�. �®¡®«¥¢  ¨ ([8], á. 239) á¯à ¢¥¤«¨¢ë ­¥¯à¥àë¢­ë¥ ¢«®¦¥­¨ï

B1 � C2k�m
q (
); C
(
) � B�(
); (15)

£¤¥ 
 2 (0; 1], �(
) > 0, | ¤®áâ â®ç­® ¬ «®¥ ç¨á«®, ®âªã¤  á«¥¤ã¥â, çâ® äã­ªæ¨ï h (á¬. (14))
¨­¤ãæ¨àã¥â ­¥¯à¥àë¢­®¥ 2�-¯¥à¨®¤¨ç¥áª®¥ ¯® � ®â®¡à ¦¥­¨¥ bh! : B1 �R! B� ¢¨¤  bh!(w; �) =
h(w; �; �; !).

�ãáâì t0 ¨ !1 | â ª¨¥ ¯®«®¦¨â¥«ì­ë¥ ç¨á« , çâ® ¯à¨ ¢á¥å á®¡áâ¢¥­­ëå §­ ç¥­¨ïå � ®¯¥à -
â®à  A ¨ ¢á¥å ! > !1 á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

exp(�t0) 6= 1; exp(�t!2�!
�1) 6= 1;

£¤¥ t! = [t0 _!(2�)�1], [a] | æ¥« ï ç áâì ç¨á«  a. � £�¥«ì¤¥à®¢áª®¬ ¯à®áâà ­áâ¢¥ C�([0; t0]; B1),
0 < � < �, ¢¥ªâ®à-äã­ªæ¨© u : [0; t0] ! B1, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § â¥«¥¬
�, à áá¬®âà¨¬ ®¯¥à â®à

P!(w) =
Z t!

0

G!(t� �)h!(w; �)d�; ! > !1:

�¤¥áì

G!(t) =

(
[I � exp(t!A)]�1 exp(tA); t > 0;

[I � exp(t!A)]�1 exp[(t+ t!)A]; �t! < t < 0:

� ª ¨§¢¥áâ­®, ¨ ¢ íâ®¬ «¥£ª® ã¡¥¤¨âìáï ­¥¯®áà¥¤áâ¢¥­­® á ¯®¬®éìî â¥®à¨¨ ¯®«ã£àã¯¯ ¨
¤à®¡­ëå áâ¥¯¥­¥© ®¯¥à â®à®¢ [10], çâ® ª ¦¤®¥ t!-¯¥à¨®¤¨ç¥áª®¥ ¯® t à¥è¥­¨¥ § ¤ ç¨ (12), (13)
ã¤®¢«¥â¢®àï¥â ¯à¨ t 2 [0; t0] ãà ¢­¥­¨î

w = P!(w); (16)

¨ ­ ®¡®à®â, ª ¦¤®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (16), ¡ã¤ãç¨ t!-¯¥à¨®¤¨ç¥áª¨¬ ®¡à §®¬ ¯à®¤®«¦¥­­ë¬
­  ¢áî ¢à¥¬¥­­ãî ®áì, ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ (12), (13).

�§ á®®â­®è¥­¨© (11), (14), ¢â®à®£® ¢«®¦¥­¨ï (15) ¨ â¥®à¨¨ ¯®«ã£àã¯¯ ¨ ¤à®¡­ëå áâ¥¯¥­¥©
®¯¥à â®à®¢ [10] á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ ¯®«®¦¨â¥«ì­ëå ç¨á¥« c1, !2 > !1 ¨ �1, ¯à¨ç¥¬ �1 = �1(�)
áª®«ì ã£®¤­® ¬ «® ¯à¨ ¤®áâ â®ç­® ¬ «®¬ �, ¯à¨ ª®â®àëå á¯à ¢¥¤«¨¢  ®æ¥­ª 

kP!(0)kC�([0;t0];B1) � c1!
�
N+1��1

2k ; ! > !2: (17)

� ¯®¬®éìî ¬¥â®¤¨ª¨, ¢®áå®¤ïé¥© ª à ¡®â¥ [8], ãáâ ­ ¢«¨¢ ¥âáï áãé¥áâ¢®¢ ­¨¥ â ª®£® !0 � !2,
çâ® ¯à¨ ! > !0 ¨ ¢¥ªâ®à-äã­ªæ¨©w ¨§ è à  S! � fw : kwkC�([0;t0];B1) � 2c1!�

N+1��1
2k g ¢ë¯®«­ï¥âáï

­¥à ¢¥­áâ¢®

kDw[P!(w)]kC�([0;t0];B1) � 1
2
kwkC�([0;t0];B1); (18)

£¤¥ Dw | ¤¨ää¥à¥­æ¨ « �à¥è¥ ®â®¡à ¦¥­¨ï P!. �§ ®æ¥­®ª (17), (18) á«¥¤ã¥â, çâ® ®¯¥à â®à P!,
! > !0, ¢ è à¥ S! ï¢«ï¥âáï á¦ â¨¥¬. �âáî¤  ¢ á¨«ã ®â¬¥ç¥­­®© ¢ëè¥ á¢ï§¨ äã­ªæ¨®­ «ì­®£®
ãà ¢­¥­¨ï (17) ¨ § ¤ ç¨ (12), (13) ¢ëâ¥ª ¥â áãé¥áâ¢®¢ ­¨¥ ¥¤¨­áâ¢¥­­®£® ¢ è à¥

kwkC�(R;B1) � 2c1!
�
N+1��1

2k (19)

t!-¯¥à¨®¤¨ç¥áª®£® ¯® t à¥è¥­¨ï § ¤ ç¨ (12), (13). �â¬¥â¨¬, çâ® ¯®áª®«ìªã ¯à ¢ ï ç áâì ãà ¢-
­¥­¨ï (12) ï¢«ï¥âáï 2�!�1-¯¥à¨®¤¨ç¥áª®© ¯® t, â® à¥è¥­¨¥ w(x; t) ¢ á¨«ã ¥£® ¥¤¨­áâ¢¥­­®áâ¨ ¢
ãª § ­­®¬ è à¥ ï¢«ï¥âáï 2�!�1-¯¥à¨®¤¨ç¥áª¨¬ ¯® t. � ª¨¬ ®¡à §®¬, ¯®¯ãâ­® ¤®ª § ­ áä®à¬ã-
«¨à®¢ ­­ë© ¢ ¯¥à¢®¬  ¡§ æ¥ ¯. 2 à¥§ã«ìâ â à ¡®âë [8].

6. �§ ®æ¥­ª¨ (19) á«¥¤ã¥â, çâ® ¤«ï ­¥ª®â®à®£® l0 2 (2k � 1; 2k) ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

kNwkC�(Cl0 (
)) � c!�
N+1��1

2k ; c = 2c1: (20)
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�  ®âà¥§ª¥ t 2 [0; 1] ®¯à¥¤¥«¨¬ ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ãî äã­ªæ¨î � â ªãî, çâ® �(t) = 0

¯à¨ t < 1=3 ¨ �(t) = 1 ¯à¨ t > 2=3. �§ á®®â­®è¥­¨© (12), (13) ¤«ï
N
w á«¥¤ã¥â, çâ® äã­ªæ¨ï

N
w1 = �

N
w, ®¯à¥¤¥«¥­­ ï ¢ æ¨«¨­¤à¥ 
� [0; 1] á ¡®ª®¢®© ¯®¢¥àå­®áâìî �0 = @
� [0; 1], ï¢«ï¥âáï

à¥è¥­¨¥¬ ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨

@w1

@t
�

X
j�j=2k

a�D
�w1 � [(Dlf0)(x; �

2k�1u0)](�
2k�1w1) = �(t)h(w; x; !t; !) � �0(t)w; (21)

w1j�0 =
@w1

@n

����
�0

= � � � = @k�1w1

@nk�1

����
�0

= 0; u(x; 0) = 0; (22)

¤«ï ª®â®à®© ¢ë¯®«­¥­ë ãá«®¢¨ï á®£« á®¢ ­¨ï áª®«ì ã£®¤­® ¢ëá®ª®£® ¯®àï¤ª . �ãáâì l | ¯à®-
¨§¢®«ì­®¥ ­¥æ¥«®¥ ¯®«®¦¨â¥«ì­®¥ ç¨á«®. �áå®¤ï ¨§ ®æ¥­ª¨ (20) ¨ ¨á¯®«ì§ãï á®®â¢¥âáâ¢ãîé¥¥
(§ ¢¨áïé¥¥ ®â l) ç¨á«® à §  ¯à¨®à­ë¥ ®æ¥­ª¨ �.�. �®«®­­¨ª®¢  ([9], â¥®à¥¬  4.9) à¥è¥­¨ï § ¤ ç¨
(21), (22), ¬®¦­® ­ ©â¨ â ª®¥ N1 > N , ¤«ï ª®â®à®£® ¯à¨ ! > !0 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

kN1
w 1kCl; l

2k (
�[0;1])
� cl;N1

!�
N+1�max(l�2k;0)

2k ; cl;N1
= const :

�®áª®«ìªã
N1
w =

N1
w 1 ¯à¨ t 2 [2=3; 1] ¨ äã­ªæ¨ï

N1
w ¯¥à¨®¤¨ç¥áª ï ¯® t á ¯¥à¨®¤®¬ 2�=! < 1=3

¯à¨ !0 � 6�, â® ¨§ ¯®á«¥¤­¥£® ­¥à ¢¥­áâ¢  á«¥¤ã¥â

kN1
wk

C
l; l
2k
� cl;N1

!�
N+1�max(l�2k;0)

2k : (23)

�âáî¤ , ãç¨âë¢ ï áâàãªâãàã (3) äã­ªæ¨¨
N1
w � N

w, § ª«îç ¥¬, çâ® ®æ¥­ª  (23) á¯à ¢¥¤«¨¢  ¨

¤«ï ¯à¨¡«¨¦¥­¨ï
N
w. �

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ¯. 3 à ¡®âë ­ ¯¨á ­  ¢â®à®¬ á®¢¬¥áâ­® á �.�.�¨è¥­ìª¨­®©.
�ëà ¦ î ¥© ¡« £®¤ à­®áâì.
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