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1. �¢¥¤¥¨¥

�®¯à®á ® â®¬, ¯à¨ ª ª¨å ãá«®¢¨ïå à¥è¥¨¥ x ªà ¥¢®© § ¤ ç¨

(Lx)(t) = f(t); t 2 [a; b]; x(a) = 0; x(b) = 0 (1)

§ ¢¨á¨â ®â äãªæ¨¨ f ¬®®â®®, ¯à¨¢«¥ª ¢¨¬ ¨¥ ¬®£¨å ¬ â¥¬ â¨ª®¢ ¨ à áá¬ âà¨¢ «áï ª ª
¤«ï ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ®¯¥à â®à®¢ L ( ¯à., [1], [2]), â ª ¨ ¤«ï äãªæ¨® «ì®-
¤¨ää¥à¥æ¨ «ìëå. �ã¤¥¬ à áá¬ âà¨¢ âì «¨¥©ë© á¨£ã«ïàë© äãªæ¨® «ì®-¤¨ää¥à¥-
æ¨ «ìë© ®¯¥à â®à L ¢â®à®£® ¯®àï¤ª . �á«¨ ¢ íâ®¬ á«ãç ¥ § ¤ ç  (1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥-
¨¥ x = Gf ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ f , â® «¨¥©ë© ®¯¥à â®à G  §ë¢ ¥âáï ®¯¥à â®à®¬ �à¨ 
ªà ¥¢®© § ¤ ç¨ (1). �®¯à®á ® ¬®®â®®© § ¢¨á¨¬®áâ¨ à¥è¥¨ï § ¤ ç¨ (1) ®â ¯à ¢®© ç áâ¨ á¢®-
¤¨âáï ª ãá«®¢¨ï¬ ¬®®â®®áâ¨ ®¯¥à â®à  �à¨  G ªà ¥¢®© § ¤ ç¨.

�¨¥©ë© ®¯¥à â®à A : X ! Y , £¤¥ X ¨ Y | ¯®«ãã¯®àï¤®ç¥ë¥ ¯à®áâà áâ¢ , ¡ã¤¥¬
 §ë¢ âì ¨§®â®ë¬ ( â¨â®ë¬) ¨ ®¡®§ ç âì A > 0 (A 6 0), ¥á«¨ Ax2 > Ax1 (Ax2 6 Ax1)
¯à¨ ¢á¥å x1 6 x2, x1; x2 2 X.

�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï:R1 |¯à®áâà áâ¢® ¢¥é¥áâ¢¥ëå ç¨á¥«; C[a; b] | ¯à®áâà -
áâ¢® ¥¯à¥àë¢ëå äãªæ¨© x : [a; b] ! R1 á ®à¬®© kxkC = max

t2[a;b]
jx(t)j; L[a; b] | ¯à®áâà áâ¢®

ª« áá®¢ íª¢¨¢ «¥â®áâ¨ áã¬¬¨àã¥¬ëå äãªæ¨© z : [a; b]! R1 á ®à¬®© kzkL =
bR
a

jz(t)j dt; �e |

å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï ¬®¦¥áâ¢  e � R1; �(K) | á¯¥ªâà «ìë© à ¤¨ãá ®¯¥à â®à  K; I
| â®¦¤¥áâ¢¥ë© ®¯¥à â®à ¢ á®®â¢¥âáâ¢ãîé¥¬ ¯à®áâà áâ¢¥.

B ¯à®áâà áâ¢ å C[a; b] ¨ L[a; b] ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¥áâ¥áâ¢¥ãî ¯®«ãã¯®àï¤®ç¥®áâì.
�«ï «¨¥©ëå ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢â®à®£® ¯®àï¤ª   â¨â®®áâì

®¯¥à â®à  �à¨  § ¤ ç¨ (1) íª¢¨¢ «¥â   «¨ç¨î ¯®«®¦¨â¥«ì®£® à¥è¥¨ï ®¤®à®¤®£® ãà ¢-
¥¨ï Lx = 0 ( ¯à., [3], [4]). � íâ®¬ á«ãç ¥ ®¯¥à â®à �à¨  ¡ã¤¥â áâà®£®  â¨â®¥ (á¬.
®¯à¥¤¥«¥¨¥ 1.2 ¤ «¥¥). �¥®¡å®¤¨¬ë¥ ãá«®¢¨ï  â¨â®®áâ¨ ®¯¥à â®à  �à¨  § ¤ ç¨ (1) ¤«ï
äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¨§ãç¥ë áà ¢¨â¥«ì® ¬ «®: ¥á«¨ ®¯¥à â®à L
¨¬¥¥â ¢¨¤

Lx
def= ��x� Tx;

£¤¥ T : C[a; b]! L[a; b], T 6 0 ¨ �(t) = (t� a)�1(b� t)�2 , 0 6 �1; �2 6 1, â® ¥®¡å®¤¨¬ë¬ ¨ ¤®áâ -
â®çë¬ ãá«®¢¨¥¬  â¨â®®áâ¨ ®¯¥à â®à  �à¨  G ï¢«ï¥âáï ¥à ¢¥áâ¢® �(G0TC[a;b]!C[a;b]) < 1
[5], [6]. �¤¥áì G0 | ®¯¥à â®à �à¨  § ¤ ç¨

(L0x)(t)
def= �(t)�x(t) = f(t); t 2 [a; b]; x(a) = 0; x(b) = 0: (2)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(96-15-96195, 99-01-01278) ¨ �®ªãàá®£® æ¥âà  ¯® ¨áá«¥¤®¢ ¨ï¬ ¢ ®¡« áâ¨ äã¤ ¬¥â «ì®£® ¥áâ¥-
áâ¢®§ ¨ï, � ªâ-�¥â¥à¡ãà£.
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�¯¥à â®à �à¨  G0 : L[a; b]! C[a; b]  â¨â®¥ ¨ ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥

(G0z)(t)
def=
Z b

a

G0(t; s)z(s) ds �
Z t

a

(t� b)(s� a)
(b� a)�(s)

z(s) ds+
Z b

t

(s� b)(t� a)
(b� a)�(s)

z(s) ds; t 2 [a; b]:

� á«ãç ¥, ª®£¤  ®¯¥à â®à L ¨¬¥¥â ¢¨¤

Lx
def= ��x+ T+x� T�x;

£¤¥ T+; T� : C[a; b] ! L[a; b], T+; T� > 0, ¤«ï ¯®«ãç¥¨ï ¤®áâ â®çëå ãá«®¢¨©  â¨â®®áâ¨
®¯¥à â®à  �à¨  âà¥¡ã¥âáï ãá«®¢¨¥  â¨â®®áâ¨ ®¯¥à â®à  �à¨  G1 § ¤ ç¨

(L1x)(t)
def= �(t)�x(t)� (T�x)(t) = f(t); t 2 [a; b]; x(a) = 0; x(b) = 0:

�â  § ¤ ç , ª®¥ç®, ¨¬¥¥â ¨ á ¬®áâ®ïâ¥«ìë© ¨â¥à¥á. � á«ãç ¥, ª®£¤  äãªæ¨ï �(t) ®¡à -
é ¥âáï ¢ ã«ì   ®âà¥§ª¥ [a; b], § ¤ çã ¡ã¤¥¬  §ë¢ âì á¨£ã«ïà®©. �®áâ â®çë¥ ãá«®¢¨ï  -
â¨â®®áâ¨ ®¯¥à â®à  �à¨  G1 ¯®«ãç¥ë ¢ [7]{[11] ¤«ï ®¯¥à â®à®¢ ¡¥§ á¨£ã«ïà®áâ¥© ¨ ¢
[12] | ¤«ï ®¯¥à â®à®¢ á á¨£ã«ïà®áâï¬¨. �â¢¥à¦¤¥¨¥ ® ¥®¡å®¤¨¬®¬ ãá«®¢¨¨  â¨â®®áâ¨
®¯¥à â®à  �à¨  G1 ¯à¨ �(t) � 1 ¨ ¢®«ìâ¥àà®¢®¬ ®¯¥à â®à¥ T ¯à¨¢¥¤¥® ¢ [13].

�® ¢á¥å íâ¨å à ¡®â å ãá«®¢¨ï  â¨â®®áâ¨ ®¯¥à â®à  G1 ¯®«ãç¥ë ¢ â¥å á«ãç ïå, ª®£¤ 
¢à®áª¨  äã¤ ¬¥â «ì®© á¨áâ¥¬ë à¥è¥¨© ®¤®à®¤®£® ãà ¢¥¨ï L1x = 0 ¥ ®¡à é ¥âáï
¢ ã«ì   ¨â¥à¢ «¥ (a; b). �®£¤  äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ íª¢¨¢ «¥â®
¥ª®â®à®¬ã ®¡ëª®¢¥®¬ã ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î [10].

�«¥¤ãîé¨© ¯à¨¬¥à ªà ¥¢®© § ¤ ç¨ ¯®ª §ë¢ ¥â, çâ® ¥®¡à é¥¨¥ ¢ ã«ì ¢à®áª¨   äã¤ -
¬¥â «ì®© á¨áâ¥¬ë à¥è¥¨© ãà ¢¥¨ï L1x = 0 ¢®¢á¥ ¥ ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬ ¤«ï  â¨â®-
®áâ¨ ®¯¥à â®à  G1.

� áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã

(L1x)(t)
def= �x(t)� p(t)x(h(t)) = f(t); t 2 [�1; 1]; x(�1) = 0; x(1) = 0; (3)

£¤¥

p(t) =

(
2=c21 ¯à¨ t 2 [�1; 0);
2=c22 ¯à¨ t 2 [0; 1];

c1 2 [�1; 0); c2 2 (0; 1];

h(t) =

(
c1 ¯à¨ t 2 [�1; 0);
c2 ¯à¨ t 2 [0; 1]:

�®¦¥áâ¢® à¥è¥¨© ®¤®à®¤®£® ãà ¢¥¨ï L1x = 0 ¤¢ã¬¥à®, äãªæ¨¨ x1(t) = t2�[0;1](t),
x2(t) = t2�[�1;0](t) ®¡à §ãîâ äã¤ ¬¥â «ìãî á¨áâ¥¬ã à¥è¥¨©. �à®áª¨  íâ®© á¨áâ¥¬ë à¥-
è¥¨© | â®¦¤¥áâ¢¥ë© ã«ì   ¢á¥¬ ®âà¥§ª¥ [�1; 1]. � ª¨¬ ®¡à §®¬, ¢ ç áâ®áâ¨, ¨ ®¤  ¨§
§ ¤ ç L1x = f , x(�) = 0, _x(�) = 0 ¯à¨ ¢á¥å � 2 [�1; 1] ¥ ï¢«ï¥âáï ®¤®§ ç® à §à¥è¨¬®©. �¥¬
¥ ¬¥¥¥ § ¤ ç  (3) ®¤®§ ç® à §à¥è¨¬ . �¥¯®áà¥¤áâ¢¥ë¬ ¯®áâà®¥¨¥¬ ®¯¥à â®à  �à¨ 
¤®ª §ë¢ ¥âáï

�¥®à¥¬  1.1. �¯¥à â®à �à¨  § ¤ ç¨ (3)  â¨â®¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  �1 6
c1 6 �1=2 ¨ 1=2 6 c2 6 1.

� á ¨â¥à¥áãîâ ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï  â¨â®®áâ¨ ®¯¥à â®à  �à¨  G § ¤ ç¨

(Lx)(t) def= �(t)�x(t)� (Tx)(t) = f(t); t 2 [a; b]; x(a) = 0; x(b) = 0; (4)

£¤¥ T : C[a; b] ! L[a; b] | «¨¥©ë© ®£à ¨ç¥ë© ®¯¥à â®à, �(t) = (t � a)�1(b � t)�2 , 0 6
�1; �2 6 1. �¥è¥¨¥ § ¤ ç¨ (4) ¨é¥âáï ¢ ¡  å®¢®¬ ¯à®áâà áâ¢¥ D ¢á¥å äãªæ¨© x : [a; b]! R1,
®¡« ¤ îé¨å á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

1) äãªæ¨ï x  ¡á®«îâ® ¥¯à¥àë¢    [a; b];
2) äãªæ¨ï _x  ¡á®«îâ® ¥¯à¥àë¢    ª ¦¤®¬ § ¬ªãâ®¬ ¯à®¬¥¦ãâª¥ ¨§ (a; b);
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3)
bR
a

�(t)j�x(t)j dt <1.

�®à¬  ¢ ¯à®áâà áâ¢¥ D ®¯à¥¤¥«¥  à ¢¥áâ¢®¬

kxkD = jx(a)j+ jx(b)j +
Z b

a

�(t)j�x(t)j dt:

� à ¡®â¥ [6] ¯®ª § ®, çâ® ¯à®áâà áâ¢® D ¥¯à¥àë¢® ¢«®¦¥® ¢ ¯à®áâà áâ¢®  ¡á®«îâ® ¥-
¯à¥àë¢ëå äãªæ¨© ¨, á«¥¤®¢ â¥«ì®, ¢ ¯à®áâà áâ¢® C[a; b]. �à®¬¥ â®£®, â ¬ ¦¥ ¤®ª § ®, çâ®
§ ¤ ç  ��x = f , x(a) = c1, x(b) = c2 ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x 2 D ¯à¨ ¢á¥å f 2 L[a; b],
c1; c2 2 R1. �á«¨ �(t) � 1, â® ¯à®áâà áâ¢® D á®¢¯ ¤ ¥â á ¯à®áâà áâ¢®¬ ¢á¥å äãªæ¨© á  ¡á®-
«îâ® ¥¯à¥àë¢®© ¯à®¨§¢®¤®©.

�¯¥à â®à �à¨ G ª ª «¨¥©ë© ®£à ¨ç¥ë© ®¯¥à â®à, ¤¥©áâ¢ãîé¨© ¨§ ¯à®áâà áâ¢  áã¬-
¬¨àã¥¬ëå äãªæ¨© ¢ ¯à®áâà áâ¢® ¥¯à¥àë¢ëå äãªæ¨©, ¨¬¥¥â ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥.
�¤à® íâ®£® ¯à¥¤áâ ¢«¥¨ï, äãªæ¨ï G(t; s), t; s 2 [a; b],  §ë¢ ¥âáï äãªæ¨¥© �à¨  ªà ¥¢®©
§ ¤ ç¨. �ç¥¢¨¤®, çâ® ¯à¨ ª ¦¤®¬ t 2 [a; b] äãªæ¨ï G(t; �) ¬®¦¥â ¡ëâì ¯à®¨§¢®«ì® ¨§¬¥¥ 
  «î¡®¬ ¬®¦¥áâ¢¥ ¬¥àë ã«ì. � ª¨¬ ®¡à §®¬, «î¡®¥ ãâ¢¥à¦¤¥¨¥ ®â®á¨â¥«ì® äãªæ¨¨
�à¨  á«¥¤ã¥â ¯®¨¬ âì â ª: áà¥¤¨ íª¢¨¢ «¥âëå (â. ¥. § ¤ îé¨å ®¤¨ ¨ â®â ¦¥ ®¯¥à â®à)
äãªæ¨© �à¨   ©¤¥âáï äãªæ¨ï �à¨ , ã¤®¢«¥â¢®àïîé ï ¤ ®¬ã ãâ¢¥à¦¤¥¨î. �ç¥¢¨¤®,
çâ®  â¨â®®áâì ®¯¥à â®à  �à¨  íª¢¨¢ «¥â  ¥¯®«®¦¨â¥«ì®áâ¨ äãªæ¨¨ �à¨ .

�¯à¥¤¥«¥¨¥ 1.1. �«¥¤ãï [12], ¡ã¤¥¬ £®¢®à¨âì, çâ® ®¯¥à â®à L ®¡« ¤ ¥â á¢®©áâ¢®¬ A, ¥á«¨
ªà ¥¢ ï § ¤ ç 

Lx = f; x(�) = 0; _x(�) = 0

®¤®§ ç® à §à¥è¨¬  ¯à¨ ¢á¥å f 2 L[a; b] ¨ ¥¥ ®¯¥à â®à �à¨  ¨§®â®¥ ¯à¨ ¢á¥å � 2 (a; b).

� ¬¥ç ¨¥ 1.1. �á«¨ ®¯¥à â®à L ®¡« ¤ ¥â á¢®©áâ¢®¬ A, â® äã¤ ¬¥â «ì ï á¨áâ¥¬  à¥-
è¥¨© ®¤®à®¤®£® ãà ¢¥¨ï Lx = 0 ¤¢ã¬¥à  ¨ ¥¥ ¢à®áª¨  ®â«¨ç¥ ®â ã«ï ¢ ª ¦¤®© â®çª¥
¨â¥à¢ «  (a; b).

�¯à¥¤¥«¥¨¥ 1.2. � §®¢¥¬  â¨â®ë© ®¯¥à â®à �à¨  G § ¤ ç¨ (4) áâà®£®  â¨â®ë¬,
¥á«¨ ¤«ï ª ¦¤®© ¥®âà¨æ â¥«ì®© ¥ íª¢¨¢ «¥â®© ã«î áã¬¬¨àã¥¬®© äãªæ¨¨ z ¢ë¯®«¥®
¥à ¢¥áâ¢®

(Gz)(t) < 0 ¯à¨ ¢á¥å t 2 (a; b):

� ¬¥ç ¨¥ 1.2. �¯¥à â®à �à¨  § ¤ ç¨ (4) áâà®£®  â¨â®¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
¤«ï íâ®© § ¤ ç¨ á¯à ¢¥¤«¨¢ \¯à¨æ¨¯ ¬ ªá¨¬ã¬ ": ¯à¨ ¥®âà¨æ â¥«ì®© ¥ à ¢®© â®¦¤¥áâ¢¥-
® ã«î ¯à ¢®© ç áâ¨ à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ ¤®áâ¨£ ¥â á¢®¥£® ¬ ªá¨¬ã¬  â®«ìª®   ª®æ å
®âà¥§ª .

� á«¥¤ãîé¥¬ à §¤¥«¥ ¯®«ãç¨¬ ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï  â¨â®®áâ¨ ®¯¥à â®à  �à¨ . � x 3
¨áá«¥¤ã¥âáï á¢ï§ì ¬¥¦¤ã  â¨â®®áâìî ®¯¥à â®à  �à¨  ¨ á¢®©áâ¢®¬ A. � x 4 ¯à¨ ¥ª®â®àëå
¤®¯®«¨â¥«ìëå ãá«®¢¨ïå ¤®ª §   íª¢¨¢ «¥â®áâì áâà®£®©  â¨â®®áâ¨ ®¯¥à â®à  �à¨  ¨
á¢®©áâ¢a A.

2. �¥®¡å®¤¨¬ë¥ ãá«®¢¨ï  â¨â®®áâ¨ ®¯¥à â®à  �à¨ 

�¯à¥¤¥«¨¬ ¯à¨ s 2 (a; b) ¥¯à¥àë¢ë¥ äãªæ¨¨ das ¨ d
b
s à ¢¥áâ¢ ¬¨

das(t) = �[a;s](t)
s� t

s� a
; t 2 [a; b];

dbs(t) = �[s;b](t)
t� s

b� s
; t 2 [a; b]:
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�¥®à¥¬  2.1. �ãáâì ¢ë¯®«¥ë ãá«®¢¨ï

lim
s!b�

Z b

a

��(Tdbs)(�)�� d� = 0; lim
s!a+

Z b

a

j(Tdas)(�)j d� = 0: (5)

�®£¤ , ¥á«¨ ªà ¥¢ ï § ¤ ç  (4) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x 2 D ¯à¨ ¢á¥å f 2 L[a; b] ¨ ¥¥

®¯¥à â®à �à¨   â¨â®¥, â® à¥è¥¨ï § ¤ ç

(Lx)(t) = 0; t 2 [a; b]; x(a) = 0; x(b) = 1 (6)

¨

(Lx)(t) = 0; t 2 [a; b]; x(a) = 1; x(b) = 0 (7)

¥®âà¨æ â¥«ìë.

� ¬¥ç ¨¥ 2.1. �á«¨ T |  â¨â®ë© ®¯¥à â®à, â® à¥è¥¨ï § ¤ ç (6) ¨ (7) ¯®«®¦¨â¥«ìë
¢ ¨â¥à¢ «¥ (a; b) ¨ ¡¥§ ãá«®¢¨© (5).

� ¬¥ç ¨¥ 2.2. � ([14], á. 317) ¤®ª § ®, çâ® «î¡®© à¥£ã«ïàë© «¨¥©ë© ®£à ¨ç¥ë©
®¯¥à â®à T : C[a; b] ! L[a; b], â. ¥. ¯à¥¤áâ ¢¨¬ë© ¢ ¢¨¤¥ à §®áâ¨ ¤¢ãå ¨§®â®ëå ®¯¥à â®à®¢,
¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥ ¢ ¢¨¤¥ ¨â¥£à «  �â¨«âì¥á 

(Tx)(t) =
Z b

a

x(s) dsr(t; s); (8)

£¤¥
bR
a

jr(t; s)j dt < 1 ¯à¨ ¯®çâ¨ ¢á¥å s 2 [a; b], äãªæ¨¨ r(t; �) ¨¬¥îâ ®£à ¨ç¥®¥ ¨§¬¥¥¨¥  

[a; b] ¨
R b
a
Var
s2[a;b]

r(t; s) dt < 1. �à¨ íâ®¬, ¥á«¨ ®¯¥à â®à T ¨§®â®¥, â® ¯à¨ ¯®çâ¨ ¢á¥å t 2 [a; b]

äãªæ¨¨ r(t; �) ¥ ã¡ë¢ îâ   [a; b].
�á«¨ ®¯¥à â®à T : C[a; b]! L[a; b] ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥ (8), â® ãá«®¢¨ï (5) ¢ë¯®«¥ë â®£¤ 

¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï ¯®çâ¨ ¢á¥å t 2 [a; b] ¢ë¯®«¥ë à ¢¥áâ¢ 

lim
s!a+

r(t; s) = r(t; a); lim
s!b�

r(t; s) = r(t; b): (9)

�â® ãá«®¢¨¥ ¨á¯®«ì§®¢ «®áì ¨ ¢ à ¡®â¥ [13].

�®ª § â¥«ìáâ¢®. � ¤ ç  (4) íª¢¨¢ «¥â  ãà ¢¥¨î ¢ ¯à®áâà áâ¢¥ C[a; b]

x = G0Tx+G0f; (10)

£¤¥, ª ª ¨ à ¥¥, G0 | ®¯¥à â®à �à¨  § ¤ ç¨ (2). �§ â®£®, çâ® ãà ¢¥¨¥ (10) ¨¬¥¥â ¥¤¨-
áâ¢¥®¥ à¥è¥¨¥ ¯à¨ ¢á¥å f 2 L, á«¥¤ã¥â, çâ® ®¯¥à â®à I �G0T : C[a; b]! C[a; b] ®¡à â¨¬ [15].

�¡à âë© ®¯¥à â®à B def= (I �G0T )�1 á¢ï§  á ®¯¥à â®à®¬ �à¨  G à ¢¥áâ¢®¬ Gf = BG0f ¤«ï
ª ¦¤®© f 2 L[a; b].

�¯¥à â®àë G0 ¨ G  â¨â®ë¥. �à®¬¥ â®£®, ®¯¥à â®à G0 ®â®¡à ¦ ¥â ¬®¦¥áâ¢® ¥®âà¨æ -
â¥«ìëå äãªæ¨©   ¢á¥ ¬®¦¥áâ¢® äãªæ¨© ¨§ D, à ¢ëå ã«î ¢ â®çª å a ¨ b ¨ ¢ë¯ãª«ëå
¢¨§. � ª¨¬ ®¡à §®¬, ®¯¥à â®à B ®â®¡à ¦ ¥â ¢ë¯ãª«ë¥ ¢¢¥àå ¥®âà¨æ â¥«ìë¥ äãªæ¨¨ á  ¡-
á®«îâ® ¥¯à¥àë¢®© ¯à®¨§¢®¤®©, à ¢ë¥ ã«î ¢ â®çª å a ¨ b, ¢ ¥®âà¨æ â¥«ìë¥ äãªæ¨¨.
�¯¥à â®à B ¤¥©áâ¢ã¥â ¥¯à¥àë¢® ¢ ¯à®áâà áâ¢¥ C[a; b]. �®íâ®¬ã ® ®â®¡à ¦ ¥â «î¡ãî ¢ë¯ã-
ª«ãî ¢¢¥àå ¥¯à¥àë¢ãî ¥®âà¨æ â¥«ìãî äãªæ¨î, ®¡à é îéãîáï ¢ ã«ì ¢ â®çª å a ¨ b, ¢
¥®âà¨æ â¥«ìãî äãªæ¨î.

�«ï ª ¦¤®£® s 2 (a; b) ®¡®§ ç¨¬

fs(t) =
t� a

b� a
� �[s;b](t)

t� s

b� s
; t 2 [a; b];

gs(t) =
b� t

b� a
� �[a;s](t)

s� t

s� a
; t 2 [a; b]:
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�à®¬¥ â®£®, ¢¢¥¤¥¬ ®¡®§ ç¥¨ï

fb(t) =
t� a

b� a
; ga(t) =

b� t

b� a
; t 2 [a; b]:

�à ¢¥¨¥ x = G0Tx+f ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ x 2 C[a; b] ¯à¨ «î¡®¬ f 2 C[a; b]. �®íâ®-
¬ã ¥¤¨áâ¢¥ë¬ ®¡à §®¬ ®¯à¥¤¥«¥ë äãªæ¨¨ xb, xs, ya, ys, ã¤®¢«¥â¢®àïîé¨¥ á®®â¢¥âáâ¢¥®
à ¢¥áâ¢ ¬

xb = G0Txb + fb; xs = G0Txs + fs;

ya = G0Tya + ga; ys = G0Tys + gs:

� ª ª ª ®¯¥à â®à (I � G0T )�1 ®â®¡à ¦ ¥â «î¡ãî ¥¯à¥àë¢ãî ¢ë¯ãª«ãî ¢¢¥àå äãªæ¨î,
à ¢ãî ã«î ¢ â®çª å a ¨ b, ¢ ¥®âà¨æ â¥«ìãî äãªæ¨î, â® xs > 0, ys > 0 ¯à¨ ¢á¥å s 2 (a; b).

�§ â®£®, çâ® § ¤ ç  (4) ®¤®§ ç® à §à¥è¨¬ , á«¥¤ã¥â, çâ® ®¡à â¨¬ ®¯¥à â®à I � TG0 :
L[a; b]! L[a; b]. �®íâ®¬ã à¥è¥¨¥ ãà ¢¥¨ï x = G0Tx+ f ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

x = G0(I � TG0)
�1Tf + f

(¤¥©áâ¢¨â¥«ì®, Tx = TG0Tx+ Tf , á«¥¤®¢ â¥«ì®, Tx = (I � TG0)�1Tf).
� ª¨¬ ®¡à §®¬, xb�xs = G0T (xb�xs)+fb�fs. �®íâ®¬ã xb�xs = G0(I�TG0)�1T (fb�fs)+fb�fs.

� «®£¨ç® ¯®«ãç ¥¬ ya � ys = G0(I � TG0)�1T (ga � gs) + ga � gs. �â¬¥â¨¬, çâ® das = ga � gs,
dbs = fb � fs. �®íâ®¬ã ãá«®¢¨ï (5) ¤ îâ á«¥¤ãîé¨¥ à ¢¥áâ¢ : ya � ga = lim

s!a+
(ys � gs), xb � fb =

lim
s!b�

(xs� fs) ¨«¨ ya = lim
s!a+

(ys+ ga� gs), xb = lim
s!b�

(xs+ fb� fs) (§¤¥áì ¯à¥¤¥«ë à áá¬ âà¨¢ îâáï

¢ ¯à®áâà áâ¢¥ C[a; b]).
� ª ª ª ga > gs, fb > fs ¨ ys > 0, xs > 0, â® ya > 0, xb > 0. �®«¥¥ â®£®, ya(t) = lim

s!a+
ys(t) ¤«ï

ª ¦¤®£® t 2 (a; b]; xb(t) = lim
s!b�

xs(t) ¤«ï ª ¦¤®£® t 2 [a; b). �ç¥¢¨¤®, ya ã¤®¢«¥â¢®àï¥â § ¤ ç¥

(7) ¨ äãªæ¨ï xb ã¤®¢«¥â¢®àï¥â § ¤ ç¥ (6).

� ¬¥ç ¨¥ 2.3. � ãá«®¢¨ïå â¥®à¥¬ë 2.1 ¢ë¯®«¥ë à ¢¥áâ¢ 

ya(t) = � lim
s!a+

G(t; s)�(s)
s� a

; xb(t) = � lim
s!b�

G(t; s)�(s)
b� s

; t 2 [a; b]; (11)

£¤¥ ya, xb | à¥è¥¨ï § ¤ ç (7), (6) á®®â¢¥âáâ¢¥®.
�¥©áâ¢¨â¥«ì®, ¨¬¥îâ ¬¥áâ® á®®â®è¥¨ï

ys(t) = �
G(t; s)�(s)
s� a

; xs(t) = �
G(t; s)�(s)
b� s

; t 2 [a; b]

(¯àï¬®© ¯®¤áâ ®¢ª®© ¬®¦® ã¡¥¤¨âìáï, çâ®,  ¯à., äãªæ¨ï

x(t) = �

Z b

a

ys(t)(s� a)=�(s)f(s) ds; t 2 [a; b];

ã¤®¢«¥â¢®àï¥â ®¤®à®¤ë¬ ªà ¥¢ë¬ ãá«®¢¨ï¬ ¨ ãà ¢¥¨î ��x = Tx + f ¯à¨ ®£à ¨ç¥®¬
®¯¥à â®à¥ T : C[a; b]! L[a; b]). �âáî¤  á«¥¤ãîâ à ¢¥áâ¢  (11).

�«¥¤áâ¢¨¥ 2.1. �¯¥à â®à �à¨  § ¤ ç¨

(L1x)(t)
def= �(t)�x(t)�

Z b

a

R(t; s)x(s) ds = f(t); t 2 [a; b]; x(a) = 0; x(b) = 0 (12)

¥ ï¢«ï¥âáï  â¨â®ë¬, ¥á«¨ R(t; s) > ", t; s 2 [a; b], ¯à¨ ¥ª®â®à®¬ " > 0, ¨ «¨¡® �1 = 1, «¨¡®
�2 = 1.
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�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® �1 = 1. �®ª ¦¥¬, çâ® à¥è¥¨¥ xb § ¤ ç¨ L1x = 0,
x(a) = 0, x(b) = 1 ¥ ¬®¦¥â ¡ëâì ¥®âà¨æ â¥«ìë¬ ¢ (a; b). �á«¨ xb(t) > 0 ¯à¨ t 2 (a; b), â®
 ©¤¥âáï â ª®¥ ç¨á«® � > 0, çâ® �(t)�xb(t) > � ¯à¨ ¯®çâ¨ ¢á¥å t 2 [a; b]. �®íâ®¬ã xb(t) 6 y(t),

t 2 [a; b], £¤¥ y | à¥è¥¨¥ § ¤ ç¨ (t�a)�y(t) = �1
def= �(b�a)��2 , t 2 [a; b]; y(a) = 0, y(b) = 1. �¬¥¥¬

y(t) = �1(t� a) ln
t� a

b� a
+
t� a

b� a
; t 2 (a; b]:

� ª ª ª y(a) = 0 ¨ lim
t!a+

_y(t) = �1, â® äãªæ¨ï y,   á«¥¤®¢ â¥«ì®, ¨ äãªæ¨ï xb ¯à¨¨¬ îâ

®âà¨æ â¥«ìë¥ § ç¥¨ï ¢ (a; b). � ª¨¬ ®¡à §®¬, ¯® â¥®à¥¬¥ 2.1 ®¯¥à â®à �à¨  § ¤ ç¨ (12) ¥
¬®¦¥â ¡ëâì  â¨â®ë¬.

� á«ãç ¥ �2 = 1 ¤®ª § â¥«ìáâ¢®   «®£¨ç®.

3. �¢®©áâ¢® A ¨  â¨â®®áâì ®¯¥à â®à  �à¨ 

� à ¡®â¥ [12] ¯®ª § ®, çâ® ¥á«¨ ®¯¥à â®à T ¨§®â®¥ ¨ ®¯¥à â®à L ®¡« ¤ ¥â á¢®©áâ¢®¬ A,
â® ®¯¥à â®à �à¨  § ¤ ç¨ (4) ï¢«ï¥âáï áâà®£®  â¨â®ë¬. � ¬ ¦¥ ¯®ª § ®, çâ® ®¯¥à â®à L
¯à¨ ¨§®â®®¬ ®¯¥à â®à¥ T ®¡« ¤ ¥â á¢®©áâ¢®¬ A â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  à¥è¥¨ï § ¤ ç
(6), (7) ¯®«®¦¨â¥«ìë ¢ ¨â¥à¢ «¥ (a; b).

�¡à â¨âì â¥®à¥¬ã 2.1 ¥«ì§ï: ¯à¨¬¥à ªà ¥¢®© § ¤ ç¨ (3) ¯®ª §ë¢ ¥â, çâ® ãá«®¢¨ï (5) ¢¬¥áâ¥
á ®¤®§ ç®© à §à¥è¨¬®áâìî ¤¢ãåâ®ç¥ç®© § ¤ ç¨ ¨ ¥®âà¨æ â¥«ì®áâìî à¥è¥¨© § ¤ ç (6),
(7) ¥é¥ ¥ £ à â¨àãîâ  â¨â®®áâì ®¯¥à â®à  �à¨  § ¤ ç¨ (4) ¤ ¦¥ ¯à¨ ¨§®â®®¬ ®¯¥à â®à¥
T ¢ á«ãç ¥, ª®£¤  �1=2 < c1 < 0 ¨«¨ 0 6 c2 < 1=2.

�¥®à¥¬  3.1. �ãáâì ®¯¥à â®à T ¨§®â®¥, ¢ë¯®«¥ë ãá«®¢¨ï (5), äã¤ ¬¥â «ì ï á¨-

áâ¥¬  à¥è¥¨© ãà ¢¥¨ï Lx = 0 ¤¢ã¬¥à  ¨ ¥¥ ¢à®áª¨  ¥ ®¡à é ¥âáï ¢ ã«ì   ¨â¥à¢ «¥
(a; b). �®£¤  ®¯¥à â®à �à¨  § ¤ ç¨ (4)  â¨â®¥ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«¥®

á¢®©áâ¢® A.

�®ª § â¥«ìáâ¢®. � [12] ¯®ª § ®, çâ® ¯à¨ ¨§®â®®¬ ®¯¥à â®à¥ T ¨§ á¢®©áâ¢  A á«¥¤ã¥â
áâà®£ ï  â¨â®®áâì ®¯¥à â®à  �à¨ .

�á«¨ ¢à®áª¨  äã¤ ¬¥â «ì®© á¨áâ¥¬ë à¥è¥¨© ãà ¢¥¨ï Lx = 0 ¥ ®¡à é ¥âáï ¢
ã«ì   ¨â¥à¢ «¥ (a; b), â® ¯à¨ ¨§®â®®¬ ®¯¥à â®à¥ T ¥®âà¨æ â¥«ìë¥ à¥è¥¨ï § ¤ ç (6),
(7) ¯®«®¦¨â¥«ìë   ¨â¥à¢ «¥ (a; b). � ª¨¬ ®¡à §®¬, ª ª ¯®ª § ® ¢ [12], ®¯¥à â®à L ®¡« ¤ ¥â
á¢®©áâ¢®¬ A.

�¥®à¥¬  3.2. �ãáâì ®¯¥à â®à T ¨§®â®¥, ¢ë¯®«¥ë ãá«®¢¨ï (5) ¨ ®¯¥à â®à �à¨  § -

¤ ç¨ (4)  â¨â®¥. �®£¤ , ¥á«¨ ¢à®áª¨  äã¤ ¬¥â «ì®© á¨áâ¥¬ë à¥è¥¨© ãà ¢¥¨ï

Lx = 0 ®â«¨ç¥ ®â ã«ï ¢ ¥ª®â®à®© â®çª¥ � 2 (a; b), â® ®¯¥à â®à �à¨  § ¤ ç¨

(Lx)(t) = f; t 2 [a; b]; x(�) = 0; _x(�) = 0 (13)

¨§®â®¥.

�®ª § â¥«ìáâ¢®. �à ¥¢ ï § ¤ ç  (13) íª¢¨¢ «¥â  ãà ¢¥¨î

x(t) = (W�Tx)(t) + (W�f)(t); t 2 [a; b];

¢ ¯à®áâà áâ¢¥ C[a; b]. �¤¥áì W� : L[a; b]! C[a; b] | ®¯¥à â®à �à¨  § ¤ ç¨

(L0x)(t)
def= �(t)�x(t) = f(t); t 2 [a; b]; x(�) = 0; _x(�) = 0:

�â¬¥â¨¬, çâ® ®¯¥à â®à W� ¨§®â®¥.
�¥è¥¨ï § ¤ ç (6), (7) ¥®âà¨æ â¥«ìë (â¥®à¥¬  2.1). �¯¥à â®à T ¨§®â®¥, á«¥¤®¢ â¥«ì®,

à¥è¥¨¥ ¯¥à¢®© § ¤ ç¨ ¥ ã¡ë¢ ¥â,   à¥è¥¨¥ ¢â®à®© ¨§ íâ¨å § ¤ ç ¥ ¢®§à áâ ¥â, ¨, ªà®¬¥ â®£®,
¯® ãá«®¢¨î â¥®à¥¬ë ®¡  íâ¨ à¥è¥¨ï ¥ ®¡à é îâáï ¢ ã«ì ¢ â®çª¥ � . �®íâ®¬ã áãé¥áâ¢ã¥â â ª ï
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«¨¥© ï ª®¬¡¨ æ¨ï u íâ¨å à¥è¥¨© á ¥®âà¨æ â¥«ìë¬¨ ª®íää¨æ¨¥â ¬¨, çâ® u(t) > 0 ¯à¨
¢á¥å t 2 [a; b] ¨ _u(�) = 0. �«¥¤®¢ â¥«ì®, ¯®«®¦¨â¥«ì ï äãªæ¨ï u ã¤®¢«¥â¢®àï¥â à ¢¥áâ¢ã

u(t) = (W�Tu)(t) + u(�); t 2 [a; b];

¯à¨ç¥¬ u(�) > 0. � ª¨¬ ®¡à §®¬, á¯¥ªâà «ìë© à ¤¨ãá ¨§®â®®£® ®¯¥à â®à  W�T ¬¥ìè¥
¥¤¨¨æë, ¨ ®¯¥à â®à �à¨  § ¤ ç¨ (13)

W = (I �W�T )�1W� = (I +W�T + (W�T )2 + � � � )W�

¨§®â®¥ ( ¯à., [16]).

4. �á«®¢¨ï áâà®£®©  â¨â®®áâ¨ ®¯¥à â®à  �à¨ 

� ª ã¦¥ ¡ë«® ®â¬¥ç¥®, ¢ [12] ¯®ª § ®, çâ® ¯®«®¦¨â¥«ì®áâì à¥è¥¨© § ¤ ç (6) ¨ (7)
¤®áâ â®ç  ¤«ï áâà®£®©  â¨â®®áâ¨ ®¯¥à â®à  �à¨  § ¤ ç¨ (4) ¯à¨ ¨§®â®®¬ T . �®ª ¦¥¬,
çâ® ¯à¨ ¥ª®â®àëå ¤®¯®«¨â¥«ìëå ¯à¥¤¯®«®¦¥¨ïå íâ¨ ãá«®¢¨ï â ª¦¥ ¨ ¥®¡å®¤¨¬ë ¤«ï
áâà®£®©  â¨â®®áâ¨ ®¯¥à â®à  �à¨ , çâ® ®§ ç ¥â íª¢¨¢ «¥â®áâì á¢®©áâ¢  A ¨ áâà®£®©
 â¨â®®áâ¨ ®¯¥à â®à  �à¨ .

�¥®à¥¬  4.1. �ãáâì ®¯¥à â®à T : C[a; b] ! L[a; b] ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥ (8), ¢ ª®â®à®¬

¯à¨ ¯®çâ¨ ¢á¥å t 2 (a; b)

r(t; s) = r(t; a) ¯à¨ ¢á¥å s ¨§ ¥ª®â®à®© ¯à ¢®© ®ªà¥áâ®áâ¨ â®çª¨ a;

r(t; s) = r(t; b) ¯à¨ ¢á¥å s ¨§ ¥ª®â®à®© «¥¢®© ®ªà¥áâ®áâ¨ â®çª¨ b:

�®£¤ , ¥á«¨ ®¯¥à â®à �à¨  G § ¤ ç¨ (4) áâà®£®  â¨â®¥, â® à¥è¥¨ï § ¤ ç (6) ¨ (7) ¯®«®-
¦¨â¥«ìë ¢ ¨â¥à¢ «¥ (a; b).

� ¬¥ç ¨¥ 4.1. � ãá«®¢¨ïå â¥®à¥¬ë 4.1 ¥ âà¥¡ã¥âáï ¨§®â®®áâì ®¯¥à â®à  T ¨ ¢ë¯®«¥ë
ãá«®¢¨ï (9).

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ¯®âà¥¡ãîâáï ¢á¯®¬®£ â¥«ìë¥ ãâ¢¥à¦¤¥¨ï.

�¥¬¬  4.1. �«ï ª ¦¤®£® t 2 [a; b] äãªæ¨ï �à¨  G(t; �) ªà ¥¢®© § ¤ ç¨ (4) ã¤®¢«¥â¢®àï¥â
¯à¨ ¯®çâ¨ ¢á¥å s 2 [a; b] ãà ¢¥¨î

G(t; s)� (TG0)
�(G(t; �))(s) = G0(t; s): (14)

�®ª § â¥«ìáâ¢®. �à ¥¢ ï § ¤ ç  ��x � Tx = f , x(a) = 0, x(b) = 0 ¬®¦¥â ¡ëâì á ¯®¬®éìî
¯à¥¤áâ ¢«¥¨ï x = G0(��x) § ¯¨á   ¢ ¢¨¤¥ Q(��x) = f , £¤¥ Q = I � TG0, Q : L[a; b]! L[a; b].

�®£¤  ¨¬¥¥¬
G = G0(I � TG0)�1

¨
GQf = G0Q

�1Qf = G0f; f 2 L[a; b]:

�à¨ ª ¦¤®¬ t 2 [a; b] ¨ ª ¦¤®© äãªæ¨¨ f 2 L[a; b] ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®Z b

a

G(t; s)(Qf)(s) ds =
Z b

a

Q�[G(t; �)](s)f(s) ds;

£¤¥ á®¯àï¦¥ë© ®¯¥à â®à Q� ¤¥©áâ¢ã¥â ¢ ¯à®áâà áâ¢¥ ®£à ¨ç¥ëå ¢ áãé¥áâ¢¥®¬ äãªæ¨©.
� ª¨¬ ®¡à §®¬, ¯à¨ ª ¦¤®¬ t 2 [a; b] á¯à ¢¥¤«¨¢® à ¢¥áâ¢®Z b

a

[G(t; s)� (TG0)
�(G(t; �))(s)]f(s) ds =

Z b

a

G0(t; s)f(s) ds

¯à¨ ¢á¥å f 2 L[a; b]. �âáî¤  á«¥¤ã¥â à ¢¥áâ¢® (14).

� ¯®¬®éìî ¯àï¬ëå ¢ëç¨á«¥¨© ¯®«ãç ¥¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥¨¥.
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�¥¬¬  4.2. �ãáâì ®¯¥à â®à T : C[a; b] ! L[a; b] ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥ (8). �®£¤  ¤«ï ª -

¦¤®© äãªæ¨¨ f 2 L[a; b] ¯à¨ ¯®çâ¨ ¢á¥å s 2 [a; b] ¢ë¯®«¥® à ¢¥áâ¢®

(TG0)
�(f)(s) = �

1
�(s)

Z b

a

K(s; �)f(�) d�;

£¤¥

K(s; �) =
Z b

a

(r(�; �)� r(�; a)) d�
s � a

b � a
�

Z s

a

(r(�; �)� r(�; a)) d�: (15)

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4.1. �à¨ ä¨ªá¨à®¢ ®¬ t 2 (a; b) ¨§ «¥¬¬ 4.1 ¨ 4.2 á«¥¤ã¥â

�(s)G(t; s) = '(t; s)�  (t; s); (16)

£¤¥

'(s) =

8>><
>>:
(t� b)(s� a)

b� a
¯à¨ a 6 s 6 t < b;

(t� a)(s� b)
b� a

¯à¨ b > s > t > a;

 (t; s) =
Z b

a

K(s; �)G(t; �) d�; s 2 [a; b];

äãªæ¨ï K(s; �) ®¯à¥¤¥«¥  à ¢¥áâ¢®¬ (15).
�®áª®«ìªã r(�; �) = const ¯à¨ ¯®çâ¨ ¢á¥å � ¢ ¥ª®â®àëå ®ªà¥áâ®áâïå â®ç¥ª a ¨ b, â® ¢ íâ¨å

®ªà¥áâ®áâïå ¨ ¯à¨ íâ¨å � ¢ë¯®«ï¥âáï à ¢¥áâ¢®

@K(s; �)
@s

=
Z b

a

(r(�; �)� r(�; a)) d�
1

b� a
:

� ª¨¬ ®¡à §®¬, äãªæ¨ï  (t; �),   á«¥¤®¢ â¥«ì®, ¨ äãªæ¨ï G(t; �)�(�) «¨¥©ë ¢ ¥ª®â®àëå
®ªà¥áâ®áâïå â®ç¥ª a ¨ b ¯à¨ ª ¦¤®¬ t 2 (a; b). � ª ª ª ®¯¥à â®à G áâà®£®  â¨â®ë©, â® ¢
¥ª®â®àëå ®ªà¥áâ®áâïå â®ç¥ª a ¨ b «¨¥© ï äãªæ¨ï G(t; �)�(�) ¥ à ¢  â®¦¤¥áâ¢¥® ã«î.
�§ à ¢¥áâ¢ (11) § ª«îç ¥¬, çâ® à¥è¥¨ï § ¤ ç (6) ¨ (7) ¯®«®¦¨â¥«ìë ¢ (a; b).

�«¥¤áâ¢¨¥ 4.1. �¯¥à â®à �à¨  § ¤ ç¨

(L1x)(t)
def= �(t)�x(t)� p(t)x(h(t)) = f(t); t 2 [a; b]; x(a) = 0; x(b) = 0

¥ ï¢«ï¥âáï áâà®£®  â¨â®ë¬, ¥á«¨ p(t) > ", h(t) 2 [a+ "; b� "], t 2 [a; b], ¯à¨ ¥ª®â®à®¬ " > 0,
¨ «¨¡® �1 = 1, «¨¡® �2 = 1.

�®ª § â¥«ìáâ¢®   «®£¨ç® ¤®ª § â¥«ìáâ¢ã á«¥¤áâ¢¨ï 2.1.
�ãé¥áâ¢¥®áâì ãá«®¢¨© â¥®à¥¬ë 4.1 ¯®ª §ë¢ ¥â á«¥¤ãîé¨© ¯à¨¬¥à ªà ¥¢®© § ¤ ç¨, ®¡®¡-

é îé¥© § ¤ çã (3):

(Lx)(t) def= �x(t)� 2

8>>>>>>>>>>><
>>>>>>>>>>>:

0R
�1

v(�)x(�)d�

0R
�1

v(�)�2 d�

; t 2 [�1; 0];

1R
0

v(�)x(�)d�

1R
0

v(�)�2 d�

; t 2 (0; 1];

= f(t); t 2 [�1; 1]; x(�1) = 0; x(1) = 0; (17)
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£¤¥ ¥®âà¨æ â¥«ì ï äãªæ¨ï v áã¬¬¨àã¥¬ . �¤¥áì á®®â¢¥âáâ¢ãîé¨© ®¯¥à â®à T ¨¬¥¥â ¯à¥¤-
áâ ¢«¥¨¥ (8):

R(t; s) =

8>>>>>>>>>>>>>>>>>>>>><
>>>>>>>>>>>>>>>>>>>>>:

2

sR
�1

v(�)x(�)d�

0R
�1

v(�)�2 d�

; t 2 [�1; 0]; s 2 [�1; 0];

2

0R
�1

v(�)x(�)d�

0R
�1

v(�)�2 d�

; t 2 [�1; 0]; s 2 (0; 1];

0; t 2 (0; 1]; s 2 [�1; 0];

2

sR
0

v(�)x(�)d�

1R
0

v(�)�2 d�

; t 2 (0; 1]; s 2 (0; 1]:

�¥®à¥¬  4.2. �ãáâì äãªæ¨ï v ¯®«®¦¨â¥«ì  ¢ ¥ª®â®à®© ¯à ¢®© ®ªà¥áâ®áâ¨ â®çª¨

t = �1 ¨ ¢ ¥ª®â®à®© «¥¢®© ®ªà¥áâ®áâ¨ â®çª¨ t = 1, ¨ ¢ë¯®«¥ë ¥à ¢¥áâ¢ Z 0

�1
(2� + 1)v(�) d� 6 0;

Z 1

0
(2� � 1)v(�) d� > 0:

�®£¤  ®¯¥à â®à �à¨  § ¤ ç¨ (17) áâà®£®  â¨â®¥.

�â¢¥à¦¤¥¨¥ ¤®ª §ë¢ ¥âáï á ¯®¬®éìî ¯àï¬®£® ¯®áâà®¥¨ï äãªæ¨¨ �à¨ . �á«®¢¨ï â¥®à¥-
¬ë 4.1 §¤¥áì ¥ ¢ë¯®«¥ë. �ã¤ ¬¥â «ì ï á¨áâ¥¬  à¥è¥¨© ®¤®à®¤®£® ãà ¢¥¨ï Lx = 0
á®¢¯ ¤ ¥â á äã¤ ¬¥â «ì®© á¨áâ¥¬®© à¥è¥¨© ãà ¢¥¨ï ¢ ªà ¥¢®© § ¤ ç¥ (3), â ª¨¬ ®¡à -
§®¬, ¢à®áª¨  äã¤ ¬¥â «ì®© á¨áâ¥¬ë â®¦¤¥áâ¢¥® à ¢¥ ã«î ¨ à¥è¥¨ï § ¤ ç (6), (7)
¥ ï¢«ïîâáï ¯®«®¦¨â¥«ìë¬¨   (�1; 1). �¥¬ ¥ ¬¥¥¥ ®¯¥à â®à �à¨  ¬®¦¥â ¡ëâì áâà®£®  -
â¨â®ë¬.

�¥¯¥àì ¯®«ãç¨¬ ¥®¡å®¤¨¬ë¥ ãá«®¢¨ï ¤«ï  â¨â®®£®, ® ¥ áâà®£®  â¨â®®£® ®¯¥à â®à 
�à¨  G.

�¥®à¥¬  4.3. �ãáâì ¤«ï «¨¥©®£® ¨§®â®®£® ®¯¥à â®à  T : C[a; b] ! L[a; b] ¢ë¯®«¥ë
ãá«®¢¨ï (9). �à¥¤¯®«®¦¨¬, çâ® ®¯¥à â®à �à¨  G § ¤ ç¨ (4)  â¨â®¥, ® ¥ ï¢«ï¥âáï áâà®-
£®  â¨â®ë¬. �®£¤  ¢à®áª¨  w äã¤ ¬¥â «ì®© á¨áâ¥¬ë à¥è¥¨© ®¤®à®¤®£® ãà ¢¥¨ï

Lx = 0 ¨¬¥¥â ã«¨   ¨â¥à¢ «¥ (a; b), ¯à¨ç¥¬, ¥á«¨ w(t0) = 0 ¢ ¥ª®â®à®© â®çª¥ t0 2 (a; b),
â® «¨¡® w(t) = 0 ¯à¨ t 2 [a; t0], «¨¡® w(t) = 0 ¯à¨ t 2 [t0; b].

�«ï ¤®ª § â¥«ìáâ¢  ¯®âà¥¡ãîâáï á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï, ¯à®¢¥àï¥¬ë¥ ¥¯®áà¥¤áâ¢¥ë-
¬¨ ¢ëç¨á«¥¨ï¬¨.

�¥¬¬  4.3. �ãáâì ®¯¥à â®à T : C[a; b] ! L[a; b] ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥ (8) ¨ ¨§®â®¥.

�®£¤  äãªæ¨ï K(s; �), ®¯à¥¤¥«¥ ï à ¢¥áâ¢®¬ (15), ¥®âà¨æ â¥«ì .

�¥¬¬  4.4. �ãáâì ®¯¥à â®à T : C[a; b] ! L[a; b] ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥ (8) ¨ ¨§®â®¥.

�ãáâì äãªæ¨ï K(s; �) ®¯à¥¤¥«¥  à ¢¥áâ¢®¬ (15). �®£¤  ¯à¨ «î¡®© ®£à ¨ç¥®© ¢ áãé¥-

áâ¢¥®¬ ¥®âà¨æ â¥«ì®© äãªæ¨¨ f äãªæ¨ï

 (s) def=
Z b

a

K(s; �)f(�) d�; s 2 [a; b];

¢ë¯ãª«  ¢¢¥àå.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4.3. � ª ª ª ®¯¥à â®à G  â¨â®¥, ® ¥ ï¢«ï¥âáï áâà®£®  -
â¨â®ë¬, â® G(t0; �) = 0   ¬®¦¥áâ¢¥ ¥ã«¥¢®© ¬¥àë ¯à¨ ¥ª®â®à®¬ t0 2 (a; b).

�§ à ¢¥áâ¢  (16) ¨ «¥¬¬ 4.3, 4.4 á«¥¤ã¥â, çâ® ¥á«¨ G(t0; s0) = 0 ¯à¨ ¥ª®â®àëå t0; s0 2 (a; b),
â® «¨¡® G(t0; s) = 0 ¯à¨ s 2 [a; s0], «¨¡® G(t0; s) = 0 ¯à¨ s 2 [s0; b]. �¥¯¥àì ¨§ à ¢¥áâ¢ (11)
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§ ª«îç ¥¬, çâ® «¨¡® xb(t0) = 0 (¯à¨ íâ®¬ xb(t) = 0, ¥á«¨ t 2 [a; t0)), «¨¡® ya(t0) = 0 (¯à¨ íâ®¬
ya(t) = 0, ¥á«¨ t 2 [t0; b)). �¤¥áì xb, ya | à¥è¥¨ï § ¤ ç (6) ¨ (7) á®®â¢¥âáâ¢¥®. �âáî¤  á«¥¤ã¥â
ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë.

� ¬¥ç ¨¥ 4.2. �ãáâì ®¯¥à â®à T : C[a; b] ! L[a; b] ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥ (8), ¨§®â®¥ ¨
¢ë¯®«¥ë à ¢¥áâ¢  (9). �à¥¤¯®«®¦¨¬, çâ® ®¯¥à â®à �à¨  G § ¤ ç¨ (4)  â¨â®¥. �®£¤ ,
¥á«¨ à¥è¥¨¥ xb(�) § ¤ ç¨ (6) â ª®¢®, çâ® xb(t) = 0 ¯à¨ t 2 [a; c] ¨ xb(t) > 0 ¯à¨ t 2 (c; b] ¤«ï
¥ª®â®à®£® c 2 (a; b), â®

r(t; s) = const   ®âà¥§ª¥ s 2 [c; b] ¤«ï ¯®çâ¨ ¢á¥å t 2 [a; c]. (18)

�á«¨ à¥è¥¨¥ ya(�) § ¤ ç¨ (7) â ª®¢®, çâ® ya(t) = 0 ¯à¨ t 2 [c; b] ¨ ya(t) > 0 ¯à¨ t 2 [a; c] ¤«ï
¥ª®â®à®£® c 2 (a; b), â®

r(t; s) = const   ®âà¥§ª¥ s 2 [a; c] ¤«ï ¯®çâ¨ ¢á¥å t 2 [c; b]. (19)

�á«¨ ¢à®áª¨  äã¤ ¬¥â «ì®© á¨áâ¥¬ë à¥è¥¨© ãà ¢¥¨ï Lx = 0 ¨¬¥¥â ã«ì ¢ â®çª¥
c 2 (a; b), â® ¢ë¯®«¥® å®âï ¡ë ®¤® ¨§ ¤¢ãå ãá«®¢¨© (18), (19).

�¥©áâ¢¨â¥«ì®, ¯ãáâì ¤«ï ®¯à¥¤¥«¥®áâ¨ xb(t) = 0 ¯à¨ t 2 [a; c] ¨ xb(t) > 0 ¯à¨ t 2 (c; b] ¤«ï
¥ª®â®à®£® c 2 (a; b). � ª ª ª ��xb = Txb, â® (Txb)(t) = 0 ¯à¨ t 2 [a; c]. � ª ª ª xb(s) > 0 ¯à¨
s 2 (c; b], â® ¢ë¯®«¥® ãá«®¢¨¥ (18).

�áâ «ìë¥ ãâ¢¥à¦¤¥¨ï § ¬¥ç ¨ï 4.2 ¤®ª §ë¢ îâáï   «®£¨ç®.

�¢â®à ¢ëà ¦ ¥â á¢®î ¯à¨§ â¥«ì®áâì �.�.�§¡¥«¥¢ã ¨ �.�. �ãá à¥ª® §  ¨å ¢¨¬ ¨¥ ª
à ¡®â¥ ¨ æ¥ë¥ § ¬¥ç ¨ï.
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