
� � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

2005 ���������� ò 11 (522)

��� 517.968:519.642

�.�. ����������

��������������� ������������ ���������

� �������������� �����������

�¢¥¤¥¨¥

�§¢¥áâ® (á¬.,  ¯à., [1]{[5]), çâ® â¥®à¨ï ¬®£®¬¥àëå á¨£ã«ïàëå ¨â¥£à «ìëå ãà ¢¥¨©
(���) á ªà âë¬¨ ¨â¥£à « ¬¨ ¨áª«îç¨â¥«ì® á«®¦ , ¨ ¢ íâ®© ®¡« áâ¨ ¢á¥ ¥é¥ ®áâ ¥âáï ¬®-
£® ¥à¥è¥ëå § ¤ ç;  ¯à¨¬¥à, £à®¬®§¤ª¨¬¨ ¨ § ç áâãî ¯à ªâ¨ç¥áª¨ âàã¤® ¯à®¢¥àï¥¬ë¬¨
ï¢«ïîâáï â¥®à¥¬ë áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï; ¯«®å® à §à ¡®â ë ¯à¨¡«¨¦¥-
ë¥ ¬¥â®¤ë à¥è¥¨ï, ¢ ç áâ®áâ¨, ¤® á¨å ¯®à ¥â (§  à¥¤ª¨¬ ¨áª«îç¥¨¥¬ ç áâ®£® å à ªâ¥à 
[3]{[8]) â¥®à¥â¨ç¥áª®£® ®¡®á®¢ ¨ï ¤ ¦¥ ¬®£¨å ¨§¢¥áâëå ¯à¨¡«¨¦¥ëå ¬¥â®¤®¢ ¨ â¥¬ ¡®«¥¥
®áâ ¥âáï ®âªàëâ®© ¯à®¡«¥¬  ®¯â¨¬¨§ æ¨¨ ¢ëç¨á«¨â¥«ìëå ¬¥â®¤®¢ [9], [10] ¤«ï â ª¨å ãà ¢¥-
¨©.

�  ï à ¡®â  ¯®á¢ïé¥  â®çë¬ ¨ ¯à¨¡«¨¦¥ë¬ ¬¥â®¤ ¬ à¥è¥¨ï ¬®£®¬¥àëå ���
á m-ªà âë¬¨ (m 2 N) ¨â¥£à « ¬¨ �¨«ì¡¥àâ , ¯®¨¬ ¥¬ë¬¨ ¢ á¬ëá«¥ £« ¢®£® § ç¥¨ï ¯®
�®è¨{�¥¡¥£ã. � ¥© ãáâ  ¢«¨¢ îâáï ¢¥áì¬  ¯à®áâë¥ ¨ íää¥ªâ¨¢ë¥ ¤®áâ â®çë¥ ãá«®¢¨ï
áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï â ª¨å ��� ¨   ¨å ¡ §¥ ®¡®á®¢ë¢ ¥âáï àï¤ ¯à¨¡«¨-
¦¥ëå ¬¥â®¤®¢; ¢ ç áâ®áâ¨, ¯à¥¤« £ ¥âáï ®¯â¨¬ «ìë© ¯® ¯®àï¤ªã ¯à®¥ªæ¨®ë© ¬¥â®¤ ¨
¨áá«¥¤ãîâáï ¥£®  ¯¯à®ªá¨¬ â¨¢ë¥ á¢®©áâ¢ .

� ¬¥â¨¬, çâ® ç áâì à¥§ã«ìâ â®¢ à ¡®âë  ®á¨à®¢   ¢ ([8], £«. 4, x 5).

1. �¥®à¥¬  áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï

�ãáâì C = C(T ) ¨ L2 = L2(T ) | ¯à®áâà áâ¢  ¥¯à¥àë¢ëå ¨ á®®â¢¥âáâ¢¥® ª¢ ¤à â¨ç®-
áã¬¬¨àã¥¬ëå ¢ ®¡« áâ¨ T = [0; 2�]m � R

m (m 2 N) 2�-¯¥à¨®¤¨ç¥áª¨å ¯® ª ¦¤®© ¨§ m-¯¥à¥-
¬¥ëå ¢¥é¥áâ¢¥ëå äãªæ¨© á ®¡ëçë¬¨ ®à¬ ¬¨ k � kC(T ) = k � k

1
¨ k � kL2(T ) = k � k2 � k � k

(¯à¨ç¥¬ k1k = 1),   â ª¦¥ á® áª «ïàë¬ ¯à®¨§¢¥¤¥¨¥¬ ('; ) í«¥¬¥â®¢ '; 2 L2.
� ¯à®áâà áâ¢¥ L2 à áá¬ âà¨¢ ¥âáï ¯®«¨á¨£ã«ïà®¥ ¨â¥£à «ì®¥ ãà ¢¥¨¥ ¢¨¤ 

A' � a(s)'(s) +
1

(2�)m

Z
T

h(s; �)'(�) ctg
� � s

2
d� = f(s); (1)

£¤¥ a(s) 2 C(T ), f(s) 2 L2(T ), h(s; �) 2 C(T 2) ¨ ' 2 L2(T ) | ¤  ï ¨ á®®â¢¥âáâ¢¥® ¨áª®¬ ï
¢¥é¥áâ¢¥ë¥ äãªæ¨¨,   s = (s1; : : : ; sm) ¨ � = (�1; : : : ; �m) 2 T � R

m , ¯à¨ç¥¬

ctg
� � s

2
d� = ctg

�1 � s1
2

� : : : � ctg
�m � sm

2
d�1 � : : : � d�m;

B' � Jmh' �
1

(2�)m

Z
T

h(s; �)'(�) ctg
� � s

2
d�; m 2 N:

� ¤ «ì¥©è¥¬ äãªæ¨ï h(s; �) 2 C(T 2) áç¨â ¥âáï â ª®©, çâ® ¯®à®¦¤ ¥¬ë© ¥î á¨£ã«ïàë©
¨â¥£à «ìë© ®¯¥à â®à B : L2 ! L2 ¯à¥¤¯®« £ ¥âáï ®£à ¨ç¥ë¬,   ¨¬¥®,

kBk = kJmhk �M0 = const <1: (2)

�«ï íâ®£® ¤®áâ â®ç® ¢ë¯®«¥¨ï ®¤®£® ¨§ á«¥¤ãîé¨å ãá«®¢¨©:
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1) äãªæ¨ï h(s; �) 2 C(T 2) à §« £ ¥âáï ¢ àï¤

h(s; �) =
1X
k=1

ak(s)bk(�);

£¤¥ å®âï ¡ë ®¤  ¨§ á¨áâ¥¬ äãªæ¨© fak(t)g11 , fbk(t)g
1
1 � C(T ) «¨¥©® ¥§ ¢¨á¨¬  ¨

áå®¤¨âáï ç¨á«®¢®© àï¤
1X
k=1

kak(s)k1kbk(�)k1;

2) äãªæ¨ï h(s; �) 2 C(T 2) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î ��e«ì¤¥à  å®âï ¡ë ¯® ®¤®© ¨§ ¯¥à¥¬¥-
ëå,   ¨¬¥®, h(s; �) 2 H� ¯® ¯¥à¥¬¥®© s 2 T (¨«¨ ¦¥ � 2 T ) à ¢®¬¥à® ®â®á¨â¥«ì®
¯¥à¥¬¥®© � 2 T (á®®â¢¥âáâ¢¥® ®â®á¨â¥«ì® s 2 T ), £¤¥ � = (�1; �2; : : : ; �m) 2 R

m ,
0 < �i � 1, i = 1;m.

�¥®à¥¬  1. �ãáâì ¢ë¯®«ï¥âáï ®¤® ¨§ á«¥¤ãîé¨å ãá«®¢¨©:

I. ja(s)j � 2 = const > 0, h(s; �) = (�1)m�1h(�; s), £¤¥ m 2 N;
II. a(s) � � = const, (B';') � �k'k2 ¤«ï «î¡®© ' 2 L2 ¨ ¥ª®â®à®£® � 2 R, £¤¥ ç¨á«®

2 = �+ � > 0;
III. ja(s)j � � = const ¨ 2 = �� "kBk > 0, £¤¥ " = 0 ¯à¨ (B';') = 0 ¨ " = 1 ¯à¨ (B';') 6= 0,

' 2 L2.

�®£¤  ��� (1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ '� 2 L2 ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ f 2 L2, ¯à¨ç¥¬

k'�k � �2kfk: (3)

�®ª § â¥«ìáâ¢®. �¨£ã«ïà®¥ ãà ¢¥¨¥ (1) ¡ã¤¥¬ à áá¬ âà¨¢ âì ª ª «¨¥©®¥ ®¯¥à â®à-
®¥ ãà ¢¥¨¥ ¢¨¤ 

A' � a'+B' = f ('; f 2 L2) (4)

¢ ¯à®áâà áâ¢¥ L2 = L2(T ), £¤¥ ¢ á¨«ã áª § ®£® ¢ëè¥ ®¯¥à â®à A : L2 ! L2 ï¢«ï¥âáï ®£à ¨-
ç¥ë¬, ¯à¨ç¥¬

kAk � ka(s)k1 +M0 �M <1: (5)

�ãáâì ¢ë¯®«¥® ãá«®¢¨¥ I â¥®à¥¬ë ¨ a(s) > 0 (á«ãç © a(s) < 0 à áá¬ âà¨¢ ¥âáï   «®£¨ç-
®). �®£¤  ¤«ï «î¡®© äãªæ¨¨ ' 2 L2  å®¤¨¬

(A';') = (a';') + (B';') �
1

(2�)m

Z
T
a(s)j'(s)j2ds+ (B';') � 2k'k2 + (B';'); (6)

£¤¥

(2�)2m(B';') =
Z
T
'(s)ds

Z
T
h(s; �)'(�) ctg

� � s

2
d� =

=
Z
T

'(�)d�
Z
T

h(�; s)'(s) ctg
s� �

2
ds =

Z
T

'(�)d�
Z
T

(�1)m�1h(s; �)'(s)(�1)m ctg
� � s

2
ds =

= (�1)2m�1
Z
T

'(s)ds
Z
T

h(s; �) ctg
� � s

2
'(�)d� = �(2�)2m(B';'):

�®íâ®¬ã (B';') = 0 ¤«ï «î¡®© äãªæ¨¨ ' 2 L2(T ). � á¨«ã (6) ¨¬¥¥¬

(A';') � 2k'k2; ' 2 L2: (7)

�ãáâì ¢ë¯®«¥® ãá«®¢¨¥ II. �®£¤  ¤«ï «î¡®© äãªæ¨¨ ' 2 L2, ¯®   «®£¨¨ á ¥à ¢¥áâ¢ ¬¨
(6),  å®¤¨¬

(A';') = (a';') + (B';') � (�+ �)(';') � 2k'k2; ' 2 L2: (8)
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�ãáâì â¥¯¥àì ¢ë¯®«¥® ãá«®¢¨¥ III. �®£¤  ¤«ï «î¡®© äãªæ¨¨ ' 2 L2(T ) ¯®á«¥¤®¢ â¥«ì®
 å®¤¨¬

j(A';')j � j(a';')j � j(B';')j � �(';') � j(B';')j � �k'k2L2
� "kB'kL2

k'kL2
�

� �k'k2L2
� "kBkL2!L2

k'k2L2
= (�� "kBk)k'k2L2

� 2k'k2L2
; ' 2 L2(T ): (9)

�§ á®®â®è¥¨© (7){(9) á«¥¤ã¥â ¥à ¢¥áâ¢®

kA'kL2
� 2k'kL2

; ' 2 L2(T ); (10)

®¡¥á¯¥ç¨¢ îé¥¥ ([11], £«. V) áãé¥áâ¢®¢ ¨¥ ¨ ®£à ¨ç¥®áâì «¥¢®£® ®¡à â®£® ®¯¥à â®à  A�1l :

kA�1l k � �2 <1: (11)

�®áª®«ìªã ¤«ï á®¯àï¦¥®£® ®¯¥à â®à  A� : L2(T )! L2(T ) ¨¬¥¥¬ (A�';') = (';A') = (A';'),
' 2 L2, â® ¢ á¨«ã (7){(10)  å®¤¨¬ ¥à ¢¥áâ¢®

kA�'k � 2k'k; ' 2 L2(T ); (12)

®¡¥á¯¥ç¨¢ îé¥¥ ([11], £«. V) áãé¥áâ¢®¢ ¨¥ ¨ ®£à ¨ç¥®áâì «¥¢®£® ®¡à â®£® ®¯¥à â®à  (A�)�1l :

k(A�)�1l k � �2 <1: (13)

�§ á®®â®è¥¨© (10){(13) á«¥¤ã¥â, çâ® ®¯¥à â®à A : L2(T ) ! L2(T ) ¨¬¥¥â ¤¢ãáâ®à®¨© ®¡à â-
ë© ®¯¥à â®à A�1 : L2(T )! L2(T ) ¨

kA�1k � �2 <1: (14)

� á¨«ã (14) ®¯¥à â®à®¥ ãà ¢¥¨¥ (4),   á«¥¤®¢ â¥«ì®, ¨ ��� (1) ¨¬¥¥â ¥¤¨áâ¢¥®¥
à¥è¥¨¥ '� = A�1f 2 L2 ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ f 2 L2, ª®â®à®¥ ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã
(3).

�«¥¤áâ¢¨¥. � ãá«®¢¨ïå â¥®à¥¬ë à¥è¥¨¥ '� = A�1f 2 L2(T ) ��� (1) ï¢«ï¥âáï L2-ãáâ®©-
ç¨¢ë¬ ¯® ¯à ¢®© ç áâ¨ f 2 L2(T ).

�â® ãâ¢¥à¦¤¥¨¥ «¥£ª® ¢ë¢®¤¨âáï ¨§ ¥à ¢¥áâ¢  (3).

2. �â¥à æ¨®ë¥ ¬¥â®¤ë

�®á«¥¤®¢ â¥«ìë¥ ¯à¨¡«¨¦¥¨ï ª à¥è¥¨î ��� (1) ¡ã¤¥¬ ®¯à¥¤¥«ïâì ¨â¥à æ¨®ë¬ ¬¥â®-
¤®¬

'i = 'i�1 + (=M)2(f �A'i�1); i = 1; 2; : : : ; (15)

¯à¨ «î¡®¬  ç «ì®¬ ¯à¨¡«¨¦¥¨¨ '0 2 L2(T ), £¤¥ ¯®áâ®ïë¥  ¨ M ®¯à¥¤¥«¥ë á®®â¢¥â-
áâ¢¥® ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë 1 ¨ á®®â®è¥¨ï¬¨ (2), (5).

�¥®à¥¬  2. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¨â¥à æ¨® ï ¯®á«¥¤®¢ â¥«ì®áâì (15) áå®¤¨âáï ª

¥¤¨áâ¢¥®¬ã à¥è¥¨î '� 2 L2(T ) ��� (1) á® áª®à®áâìî £¥®¬¥âà¨ç¥áª®© ¯à®£à¥áá¨¨ á® § -

¬¥ â¥«¥¬

q = (1� 4M�2)1=2 < 1: (16)

�à¨ íâ®¬ ¯®£à¥è®áâì i-£® ¯à¨¡«¨¦¥¨ï ¬®¦¥â ¡ëâì ®æ¥¥  ¥à ¢¥áâ¢ ¬¨

k'� � 'ik � qik'� � '0k �
qi

1� q
k'1 � '0k; i = 0; 1; : : : ; (17)

¥á«¨ ¦¥  ç «ì®¥ ¯à¨¡«¨¦¥¨¥ ¢ë¡¨à ¥âáï ¯® ä®à¬ã«¥ '0 = (=M)2f , â® | ¨ ¥à ¢¥áâ¢ ¬¨

k'� � 'ik � qi+1(1� q)�1(=M)2kfk; i = 0; 1; : : : ; (18)

£¤¥ ¯®áâ®ï ï q ®¯à¥¤¥«¥  ¢ (16).
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�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¯®   «®£¨¨ á á®®â¢¥âáâ¢ãîé¨¬¨ à¥§ã«ìâ â ¬¨ à ¡®â ([6]; [8],
£«. 4), ¯®íâ®¬ã   ¯®¤à®¡ëå ¢ëª« ¤ª å ®áâ  ¢«¨¢ âìáï ¥ ¡ã¤¥¬.

�«ï ç áâ®£® á«ãç ï ��� (1) á ¯®¬®éìî ¯à¨æ¨¯  á¦ âëå ®â®¡à ¦¥¨© ([11], £«. V, x 5)
¬®¦® ¯®«ãç¨âì ¡®«¥¥ ¯à®áâë¥ ®æ¥ª¨, ç¥¬ (17) ¨ (18);  ¯à¨¬¥à, á¯à ¢¥¤«¨¢  á«¥¤ãîé ï
¯à®áâ ï

�¥®à¥¬  3. �ãáâì ¢ë¯®«¥® ãá«®¢¨¥ III â¥®à¥¬ë 1 ¯à¨ " = 1. �®£¤  ¨â¥à æ¨® ï ¯®á«¥-

¤®¢ â¥«ì®áâì

'i(s) =
f(s)
a(s)

�
B('i�1; s)

a(s)
; i = 1; 2; : : : ;

áå®¤¨âáï ª ¥¤¨áâ¢¥®¬ã à¥è¥¨î '� 2 L2(T ) ��� (1) ¯à¨ «î¡®© f 2 L2(T ) ¨ «î¡®¬  -

ç «ì®¬ ¯à¨¡«¨¦¥¨¨ '0(s) 2 L2(T ). �®£à¥è®áâì i-£® ¯à¨¡«¨¦¥¨ï ¬®¦¥â ¡ëâì ®æ¥¥ 

¥à ¢¥áâ¢ ¬¨

k'� � 'ik � qi1k'
� � '0ki �

qi1
1� q1

k'1 � '0k; i = 0; 1; : : : ;

£¤¥ q1 = ��1kBk < 1; ¥á«¨ ¦¥  ç «ì®¥ ¯à¨¡«¨¦¥¨¥ ¡¥à¥âáï ¯® ä®à¬ã«¥ '0(s) = f(s)

a(s)
, â® |

¨ ¥à ¢¥áâ¢ ¬¨

k'� � 'ik �
qi+11

1� q1

kfk

�
; i = 0; 1; : : :

3. �¡é¨© ¯à®¥ªæ¨®ë© ¬¥â®¤

� ¯à®áâà áâ¢¥ L2(T ) ¢®§ì¬¥¬ ¯®«ãî ®àâ®®à¬ «ìãî á¨áâ¥¬ã í«¥¬¥â®¢ f r(s)g11 ¨ ®¡®-
§ ç¨¬ ç¥à¥§ XN «¨¥©ãî ®¡®«®çªã,  âïãâãî   ¯¥à¢ë¥ N 2 N ¥¥ í«¥¬¥â®¢. � â®¬ á«ãç ¥,
ª®£¤  äãªæ¨¨  r =  r;N (r = 1; N) § ¢¨áïâ ®â  âãà «ì®£® ¯ à ¬¥âà  N 2 N (íâ® â ª,  -
¯à¨¬¥à, ¤«ï á¯« ©®¢ëå ¡ §¨á®¢), ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¯®á«¥¤®¢ â¥«ì®áâì ¯®¤¯à®áâà áâ¢
XN ¯à¥¤¥«ì® ¯«®â  ¢ ¯à®áâà áâ¢¥ L2(T ). �à¨¡«¨¦¥®¥ à¥è¥¨¥ ��� (1) ¨é¥¬ ¢ ¢¨¤¥ â ª
 §ë¢ ¥¬®£® ®¡®¡é¥®£® \¯®«¨®¬ "

'N (s) =
NX
r=1

�r r(s); s 2 T; �r 2 R; N 2 N; (19)

ª®â®àë© ¡ã¤¥¬ ®¯à¥¤¥«ïâì ª ª â®ç®¥ à¥è¥¨¥ á«¥¤ãîé¥£® ª®¥ç®¬¥à®£® ®¯¥à â®à®£® ãà ¢-
¥¨ï

AN'N � PN(a'N ) + PNB'N = PNf ('N ; PNf 2 XN); (20)

£¤¥ PN : L2 ! XN | ®¯¥à â®à ®àâ®£® «ì®£® ¯à®¥ªâ¨à®¢ ¨ï. �â® ãà ¢¥¨¥ íª¢¨¢ «¥â®
á¨áâ¥¬¥ «¨¥©ëå  «£¥¡à ¨ç¥áª¨å ãà ¢¥¨© (����)

NX
r=1

�r(A r; k) = (f ; k); k = 1; N; (21)

¯®àï¤ª  N 2 N.

�¥®à¥¬  4. � ãá«®¢¨ïå â¥®à¥¬ë 1 ���� (21) ¯à¨ «î¡ëå N 2 N ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥-

è¥¨¥ ��1; �
�
2; : : : ; �

�
N . �à¨¡«¨¦¥ë¥ à¥è¥¨ï | ®¡®¡é¥ë¥ \¯®«¨®¬ë"

'�N (s) =
NX
k=1

��r r(s); s 2 T; ��r 2 R; N 2 N; (19�)
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| áå®¤ïâáï ª â®ç®¬ã à¥è¥¨î '� = A�1f ��� (1) ¢ ¯à®áâà áâ¢¥ L2(T ), ¯à¨ç¥¬ ¤«ï ¯®-

£à¥è®áâ¨ ¬¥â®¤  á¯à ¢¥¤«¨¢ë ¥ã«ãçè ¥¬ë¥ ¯® ¯®àï¤ªã ®æ¥ª¨

EN('�) � k'� � '�Nk �
M

2
EN('�); N 2 N; (22)

£¤¥ EN(g) = �(g;XN ) |  ¨«ãçè¥¥ ¯à¨¡«¨¦¥¨¥ ¢ L2(T ) äãªæ¨¨ g 2 L2(T ) ¢á¥¢®§¬®¦ë¬¨

í«¥¬¥â ¬¨ ¢¨¤  (19).

�®ª § â¥«ìáâ¢®. �¯¥à â®à PN : L2 ! XN ¨§ (20) ®¡« ¤ ¥â á¢®©áâ¢ ¬¨

P 2
N = PN ; P �N = PN ; kPNk = 1; kE � PNk = 1 (N 2 N); (23)

£¤¥ E | ¥¤¨¨çë© ®¯¥à â®à. �®íâ®¬ã á ãç¥â®¬ (6){(9) ¤«ï «î¡®£® í«¥¬¥â  'N 2 XN ¨¬¥¥¬

(AN'N ;'N ) = (PN (a'N ) + PNB'N ;'N) = (PNA'N ;'N ) =

= (A'N ;P
�
N'N) = (A'N ;PN'N ) = (A'N ;'N ) � 2k'Nk

2; (24)

£¤¥ ¯®áâ®ï ï 2 ®¯à¥¤¥«¥  ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë 1. �âáî¤  á«¥¤ã¥â ¥à ¢¥áâ¢®

kAN'Nk � 2k'Nk; 'N 2 XN ; (25)

®¡¥á¯¥ç¨¢ îé¥¥ (á¬.,  ¯à., [10], £«. 1, x 2) áãé¥áâ¢®¢ ¨¥ ¨ ®£à ¨ç¥®áâì ¤¢ãáâ®à®¥£® ®¡à â-
®£® ®¯¥à â®à  A�1N ¯à¨ «î¡ëå N 2 N:

kA�1N k � �2 <1; AN : XN ! XN ; N 2 N: (26)

�®íâ®¬ã ®¯¥à â®à®¥ ãà ¢¥¨¥ (20) (  á«¥¤®¢ â¥«ì®, ¨ ���� (21)) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥-
¨¥ '�N = A�1N PNf , ®¯à¥¤¥«ï¥¬®¥ ¯® ä®à¬ã«¥ (19�), £¤¥ ��1; : : : ; �

�
N | à¥è¥¨¥ ���� (21).

�à¨¬¥¨¢ ª à¥è¥¨ï¬ '� 2 L2(T ) ¨ '�N 2 XN ãà ¢¥¨© á®®â¢¥âáâ¢¥® (1) ¨ (20) â¥®à¥¬ã 6
([10], £«. 1),  å®¤¨¬

'� � '�N = (E �A�1N PNA)('� � e'N); N 2 N; (27)

£¤¥ e'N | ¯à®¨§¢®«ìë© í«¥¬¥â ¨§ XN . �®« £ ï e'N = PN'
� ¨ ¨á¯®«ì§ãï á®®â®è¥¨ï (5),

(23){(26), ¨§ (27)  å®¤¨¬

EN('�) � k'� � '�Nk � kE �A�1N PNAkL2!L2
k'� � PN'

�kL2
=

= kE �A�1N PNAkL2!L2
EN('�); N 2 N; (28)

¯®áª®«ìªã §¤¥áì kE �A�1N PNAkL2!L2
� kA�1N PNAkL2!L2

� �2M , â® ¨§ (28) á«¥¤ãîâ âà¥¡ã¥¬ë¥
®æ¥ª¨ (22).

�¥§ã«ìâ â,   «®£¨çë© â¥®à¥¬¥ 4, ¨¬¥¥â ¬¥áâ® â ª¦¥ ¥§ ¢¨á¨¬® ®â â¥®à¥¬ë 1. � ¯à¨¬¥à,
á¯à ¢¥¤«¨¢  á«¥¤ãîé ï

�¥®à¥¬  5. �ãáâì ¢ë¯®«ïîâáï ãá«®¢¨ï

 ) 0 6= a(s) 2 C(T ) ¨ h(s; �) 2 H�;(T 2), £¤¥ � = (�1; : : : ; �m),  = (1; : : : ; m) 2 R
m ,

0 < �i; i � 1, i = 1;m, ¯à¨ç¥¬ m = 1; 3; : : : ;
¡) ãà ¢¥¨¥ (1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ '� 2 L2(T ) ¯à¨ «î¡®© ¯à ¢®© ç áâ¨

f 2 L2(T ).

�®£¤  ¯à¨ ¢á¥å N � N0 (£¤¥ N0 2 N ¨ ®¯à¥¤¥«ï¥âáï áâàãªâãàë¬¨ á¢®©áâ¢ ¬¨ äãªæ¨¨

h(s; �)) ���� (21) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥ ��1; �
�
2; : : : ; �

�
N . �à¨¡«¨¦¥ë¥ à¥è¥¨ï (19�)

áå®¤ïâáï ª â®ç®¬ã à¥è¥¨î '� 2 L2(T ) ¢ ¯à®áâà áâ¢¥ L2(T ) á® áª®à®áâìî

k'� � '�Nk � ET
N('

�); N !1; (29)

£¤¥ � ¥áâì § ª á« ¡®© íª¢¨¢ «¥â®áâ¨.
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�®ª § â¥«ìáâ¢®. �®«®¦¨¬

h(s; �) = h+(s; �) + h�(s; �); h�(s; �) =
h(s; �) � h(�; s)

2
; B�' = Jmh

�';

£¤¥ s; � 2 T ¨ ' 2 L2(T ). �®£¤  ãà ¢¥¨ï (1) ¨ (20) ¬®¦® ¯à¥¤áâ ¢¨âì á®®â¢¥âáâ¢¥® ¢ ¢¨¤¥

A' � G'+B�' = f ('; f 2 L2); (30)

AN'N � GN'N + PNB
�'N = PNf ('N ; PNf 2 XN); (31)

£¤¥ G' = a'+B+', GN'N = PNG'N .
�«ï «î¡®© äãªæ¨¨ ' 2 L2(T ) «¥£ª® ¯®ª § âì, çâ®

(G';') = (a';') + (B+';') = (a';') � 2k'k2:

�®íâ®¬ã, ¯à¨¬¥ïï â¥®à¥¬ã 1 ª ãà ¢¥¨î

G' � a'+B+' = f ('; f 2 L2(T )) (32)

¨ â¥®à¥¬ã 4 ª ãà ¢¥¨î

GN'N � PN(a'N ) + PNB
+'N = PNf ('N ; PNf 2 XN); (33)

 å®¤¨¬ á«¥¤ãîé¨¥ à¥§ã«ìâ âë:
1) ®¯¥à â®à G : L2 ! L2 ¥¯à¥àë¢® ®¡à â¨¬ ¨

kG�1k � �2 <1; (34)

2) ®¯¥à â®àë GN = PNG : XN ! XN ¥¯à¥àë¢® ®¡à â¨¬ë ¯à¨ «î¡ëå N 2 N ¨

kG�1N k � �2 <1; N 2 N; (35)

3) ¤«ï à¥è¥¨© ãà ¢¥¨© (32) ¨ (33) ¯à¨ «î¡ëå f 2 L2 á¯à ¢¥¤«¨¢ë ®æ¥ª¨

EN(G�1f) � kG�1f �G�1N PNfk �
kGk

2
EN(G�1f); N 2 N: (36)

� á¨«ã (34) ¨ (35) ãà ¢¥¨ï (30) ¨ (31),   á«¥¤®¢ â¥«ì®, (1) ¨ (20) íª¢¨¢ «¥âë á®®â¢¥â-
áâ¢¥® ãà ¢¥¨ï¬

K' � '+G�1B�' = G�1f (';G�1f 2 L2); (37)

KN'N � 'N +G�1N PNB
�'N = G�1N PNf ('N ; G

�1
N PNf 2 XN): (38)

� ãá«®¢¨ïå â¥®à¥¬ë ¬®¦® ¤®ª § âì, çâ® ®¯¥à â®à B� = Jmh
� : L2(T )! L2(T ), £¤¥

B�('; s) = (Jmh�')(s) =
1

(2�)m

Z
T

h(s; �)� h(�; s)
2

ctg
� � s

2
'(�)d�; ' 2 L2(T ); (39)

ï¢«ï¥âáï ¢¯®«¥ ¥¯à¥àë¢ë¬; ¤®ª § â¥«ìáâ¢® íâ®£® ãâ¢¥à¦¤¥¨ï ¬®¦¥â ¡ëâì ¯à®¢¥¤¥® ¬¥-
â®¤®¬, ¯à¥¤«®¦¥ë¬ �.�.�¨å«¨ë¬ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ 7.3.1 ¨ 7.3.2 ¨§ [12]. � ãç¥â®¬
íâ®£® ä ªâ  ¨ ä®à¬ã« (36){(39) ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë § ¢¥àè ¥âáï ¯®   «®£¨¨ á ¤®ª § â¥«ì-
áâ¢®¬ â¥®à¥¬ë 1 ¨§ [13].

� ª¨¬ ®¡à §®¬, ¯®áâà®¥ ®¯â¨¬ «ìë© ¯® ¯®àï¤ªã (á¬. [10], £«. 2 ¨ 4) ¯àï¬®© ¯à®¥ªæ¨®ë©

¬¥â®¤ (19), (20), (21), (19�) à¥è¥¨ï ä¨ªá¨à®¢ ®£® ��� (1), ª®£¤  ª \ª®ªãà¥æ¨¨" ¤®¯ãá-
ª îâáï ¢á¥¢®§¬®¦ë¥ ¯àï¬ë¥ ¨ ¯à®¥ªæ¨®ë¥ ¬¥â®¤ë, ¯®§¢®«ïîé¨¥ ¯®áâà®¨âì ¯à¨¡«¨¦¥®¥
à¥è¥¨¥ ¢ ¢¨¤¥ \¯®«¨®¬ " (19). �âáî¤ , ¢ë¡¨à ï á®®â¢¥âáâ¢ãîé¨¬ ®¡à §®¬ ( ¯à., ¢ á®®â¢¥â-
áâ¢¨¨ á â¥®à¨¥© ¯®¯¥à¥ç¨ª®¢ ([14], £«. 10; [15], £«. 4)) ª®®à¤¨ âë¥ äãªæ¨¨  1;  2; : : : , ¬®¦®
¢ë¤¥«¨âì [10] ®¯â¨¬ «ìë¥ ¯® ¯®àï¤ªã ¬¥â®¤ë à¥è¥¨ï ª« áá  [9], [10] ��� ¢¨¤  (1), ®¯à¥¤¥«ï¥-
¬®£® ¥ª®â®àë¬¨ ª« áá ¬¨ ª®íää¨æ¨¥â®¢A = fag � C(T ), F = ffg � L2(T ),H = fhg � C(T 2).
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� ¬¥ç ¨¥ 1. �§ â¥®à¥¬ 4 ¨ 5 á«¥¤ã¥â ®¡®á®¢ ¨¥ ¬¥â®¤  � «�¥àª¨  (à¥¤ãªæ¨¨) à¥è¥¨ï
¯®«¨á¨£ã«ïà®£® ãà ¢¥¨ï (1) ¯® âà¨£®®¬¥âà¨ç¥áª®© á¨áâ¥¬¥ äãªæ¨©, ª®£¤  ¯à¨¡«¨¦¥®¥
à¥è¥¨¥ 'N (s1; : : : ; sm) ¨é¥âáï ¢ ¢¨¤¥ âà¨£®®¬¥âà¨ç¥áª®£® ¯®«¨®¬  áâ¥¯¥¨ ni 2 N ¯® ª ¦¤®©
¨§ ¯¥à¥¬¥ëå si, £¤¥ N = N1 � : : : � Nm, Ni = 2ni + 1 2 N, i = 1;m, ¨ á®®â¢¥âáâ¢¥® íâ®¬ã
§ ¯¨áë¢ ¥âáï ���� ¤«ï ®¯à¥¤¥«¥¨ï ª®íää¨æ¨¥â®¢ ãª § ®£® ¯®«¨®¬ .

� ¬¥ç ¨¥ 2. �«ï ª ¦¤®£® N 2 N à §®¡ì¥¬ ®¡« áâì T = [0; 2�]m   â ª¨¥ ¯®¤®¡« áâ¨

Tr = Tr;N (r = 1; N), çâ® mes(Tk \ Tj) = 0 (k; j = 1; N ; k 6= j),
N
[
r=1

Tr = T , lim
N!1

max
1�r�N

mes Tr = 0. �

ª ç¥áâ¢¥  r =  r;N(s), r = 1; N , ¢®§ì¬¥¬ å à ªâ¥à¨áâ¨ç¥áª¨¥ äãªæ¨¨ ®¡« áâ¥© Tr, £¤¥ r = 1; N ,
N 2 N, s 2 T � R

m , m 2 N, ¨ ¢¢¥¤¥¬ ®¯¥à â®à ¯à®¥ªâ¨à®¢ ¨ï PN : L2(T )! L2(T ) ¯® ä®à¬ã«¥

PN (f ; s) =
NX
r=1

 r(s)
mesTr

Z
Tr

f(�)d�; f 2 L2(T ):

�®£¤  ¬¥â®¤ (19){(21), (19�) ¯¥à¥å®¤¨â ¢ ¬¥â®¤ á¯« ©-¯®¤®¡« áâ¥© ã«¥¢®£® ¯®àï¤ª  à¥è¥¨ï
¯®«¨á¨£ã«ïà®£® ãà ¢¥¨ï (1); áå®¤¨¬®áâì ¨ ®æ¥ª  ¯®£à¥è®áâ¨ íâ®£® ¬¥â®¤  á«¥¤ã¥â â ª¦¥
¨§ â¥®à¥¬ 4 ¨ 5. � ç áâ®¬ á«ãç ¥ N = N1 � : : : �Nm, £¤¥ Ni 2 N, i = 1;m, m 2 N, ¯à¨ á¯¥æ¨ «ì®¬
¢ë¡®à¥ ¯®¤®¡« áâ¥© Tr = Tr;N (r = 1; N ) ª ª â¥§®à®¥ ¯à®¨§¢¥¤¥¨¥ ®¤®¬¥àëå ¯®¤®¡« áâ¥©
¯® ª ¦¤®© ¨§ ¯¥à¥¬¥ëå si, i = 1;m, ¬¥â®¤ (19){(21), (19�) ¯® áãé¥áâ¢ã ¯¥à¥å®¤¨â ¢ ¬¥â®¤
 ª ¤¥¬¨ª®¢ �.�.�®£®«î¡®¢  ¨ �.�.�àë«®¢  à¥è¥¨ï ��� (1), ¯à¥¤«®¦¥ë© ¨ ®¡®á®¢ ë©
¨¬¨ ¤«ï à¥è¥¨ï ®¤®¬¥àëå à¥£ã«ïàëå £à ¨çëå ¨â¥£à «ìëå ãà ¢¥¨© ¬ â¥¬ â¨ç¥áª®©
ä¨§¨ª¨ (á¬.,  ¯à., [16], £«. 3).

4. �à®¥ªæ¨®®-¨â¥à â¨¢ë© ¬¥â®¤

�  ®á®¢¥ â¥®à¥¬ 1{5 ¬®£ãâ ¡ëâì ¯®áâà®¥ë áå®¤ïé¨¥áï ¯à®¥ªæ¨®®-¨â¥à â¨¢ë¥ áå¥¬ë
à¥è¥¨ï ¯®«¨á¨£ã«ïà®£® ¨â¥£à «ì®£® ãà ¢¥¨ï (1).

�§ ¢ëè¥¯à¨¢¥¤¥ëå â¥®à¥¬ ¨ á®®â¢¥âáâ¢ãîé¥£® à¥§ã«ìâ â  ([10], £«. 2, x 7) ¢ë¢®¤¨âáï á«¥-
¤ãîé ï

�¥®à¥¬  6. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¥¤¨áâ¢¥ë¥ à¥è¥¨ï á®®â¢¥âáâ¢¥® '�N 2 XN ãà ¢-

¥¨ï (20) ¨ '� 2 L2(T ) ��� (1) ¬®¦®  ©â¨ ª ª ¯à¥¤¥«ë

'�N = lim
i!1

'i
N ; '� = lim

N!1
lim
i!1

'i
N

áå®¤ïé¥©áï ¢ L2(T ) ¯à®¥ªæ¨®®-¨â¥à â¨¢®© ¯®á«¥¤®¢ â¥«ì®áâ¨

'i
N = 'i�1

N + (=M)2(PNf �AN'
i�1
N ); i = 1; 2; : : : ;'0N 2 XN : (40)

� ç áâ®áâ¨, ¯à¨ '0N = (=M)2PNf ¨ «î¡ëå i+ 1, N 2 N á¯à ¢¥¤«¨¢ë ®æ¥ª¨

k'�N � 'i
Nk � qi+1(1� q)�1(=M)2kPNfk; (41)

k'� � 'i
Nk �M�2EN('�) + qi+1(1� q)�1(=M)2kfk: (42)

5. �ã¡ âãàë© ¬¥â®¤

�®«®¦¨¬ N = N1 � : : : �Nm ¨ ¢¢¥¤¥¬ á¥âªã ã§«®¢ sikk = 2ik�=Nk, ik = 1; Nk, Nk 2 N, k = 1;m,
m 2 N. �à¨¡«¨¦¥®¥ à¥è¥¨¥ ��� (1) ¨é¥¬ ¢ ¢¨¤¥ âà¨£®®¬¥âà¨ç¥áª®£® ¯®«¨®¬ 

'N(s) =
2m

N

N1X
i1=1

� � �
NmX
im=1

�i1;:::;im�N1
(s1 � si11 ) � : : : ��Nm(sm � simm ) (43)

¯®àï¤ª  (n1; n2; : : : ; nm) á ¥¨§¢¥áâë¬¨ ª®íää¨æ¨¥â ¬¨ �i1;:::;im , £¤¥ �Nk(t) | ®¡ëç®¥ ¨«¨
¦¥ ¬®¤¨ä¨æ¨à®¢ ®¥ ï¤à® �¨à¨å«¥ ¯®àï¤ª  nk ¯à¨ Nk = 2nk + 1 ¨ á®®â¢¥âáâ¢¥® Nk = 2nk,
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£¤¥ nk 2 N, k = 1;m. �®«¨®¬ (43) ¡ã¤¥¬ ®¯à¥¤¥«ïâì ª ª â®ç®¥ à¥è¥¨¥ ª®¥ç®¬¥à®£®
®¯¥à â®à®£® ãà ¢¥¨ï (¯à¨ a; f 2 C(T ), h 2 C(T 2)) ¢¨¤ 

AN'N � Ls
N(a'N) + Ls

NJmL
�
N(h'N ) = LNf ('N ;LNf 2 XN); (44)

£¤¥ XN | ¬®¦¥áâ¢® ¢á¥å ¯®«¨®¬®¢ ¢¨¤  (43), Jmh' � B',

Ls
N(f ; s) =

2m

N

N1X
i1=1

� � �
NmX
im=1

f(si11 ; : : : ; s
im
m )�N1

(s1 � si11 ) � : : : ��Nm(sm � simm ); s 2 T;

¯à¨ç¥¬ ®¯¥à â®à L�
N ¯à¨¬¥ï¥âáï ª äãªæ¨¨ h(s; �)'N (�) ¯® ¯¥à¥¬¥®© � 2 T .

�â¬¥â¨¬, çâ® ®¯¥à â®à®¥ ãà ¢¥¨¥ (44) íª¢¨¢ «¥â® ���� ¯®àï¤ª  N = N1 � : : : � Nm

®â®á¨â¥«ì® ¥¨§¢¥áâëå ª®íää¨æ¨¥â®¢ �i1;:::;im 2 R ¯®«¨®¬  (43).

�¥®à¥¬  7. � ãá«®¢¨ïå â¥®à¥¬ë 1 ãà ¢¥¨¥ (44) ®¤®§ ç® à §à¥è¨¬® ¯à¨ «î¡ëå Ni 2 N,

i = 1;m, m 2 N, ¨ ¯à¨¡«¨¦¥®¥ à¥è¥¨¥ (43) ��� (1) ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ ¬

k'Nk2 � �2kLNfk2 � �2kfk
1
; N 2 N: (45)

�®ª § â¥«ìáâ¢® ¢¥¤¥âáï ¯® áå¥¬¥, ¯à¥¤«®¦¥®© ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ 5 ¨ 7 à ¡®-
âë [17], ¨ áãé¥áâ¢¥® ¨á¯®«ì§ã¥â ¯à¨ íâ®¬ à¥§ã«ìâ âë à ¡®â [18]{[21] ¯® ¬®£®¬¥à®¬ã ¨-
â¥à¯®«¨à®¢ ¨î ¨ ªã¡ âãàë¬ ä®à¬ã« ¬ ¤«ï ¯®«¨á¨£ã«ïàëå ¨â¥£à «®¢; ¢¢¨¤ã ¨§«¨è¥©
£à®¬®§¤ª®áâ¨ ¯®¤à®¡ë¥ ¢ëª« ¤ª¨ §¤¥áì ¥ ¯à¨¢®¤ïâáï.

�â¬¥â¨¬, çâ® â¥®à¥¬ë 1, 2 ¨ 6 ¯®§¢®«ïîâ ¯®áâà®¨âì áå®¤ïé¨¥áï ªã¡ âãà®-¨â¥à æ¨®ë¥
¬¥â®¤ë à¥è¥¨ï ãà ¢¥¨ï (1),   à¥§ã«ìâ âë à ¡®â [10], [18], [19] | ®æ¥¨âì ¨å ¯®£à¥è®áâì, ¢
ç áâ®áâ¨, ¯®«ãç¨âì ¤«ï ¨å   «®£¨çë¥ (41) ¨ (42) ®æ¥ª¨.

6. � ª«îç¥¨¥

� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® à¥§ã«ìâ âë,   «®£¨çë¥ ¯à¨¢¥¤¥ë¬ ¢ëè¥, á¯à ¢¥¤«¨¢ë â ª-
¦¥ ¤«ï ¯®«¨á¨£ã«ïàëå ¨â¥£à «ìëå ãà ¢¥¨© á ç áâë¬¨ ¨â¥£à «ìë¬¨ ®¯¥à â®à ¬¨
¨ ¤«ï ¬®£®¬¥àëå á¨£ã«ïàëå ¨â¥£à «ìëå ãà ¢¥¨© á ¨â¥£à « ¬¨ ¢ á¬ëá«¥ �à¨ª®¬¨{
�¨å«¨ {�¨à® (á¬.,  ¯à., [2], [22]). �¢¨¤ã ¨áª«îç¨â¥«ì®© ¢ ¦®áâ¨ â ª¨å ãà ¢¥¨© ¤«ï
¯à¨«®¦¥¨© ¨å ¨áá«¥¤®¢ ¨î ¢ â®«ìª® çâ® ãª § ®¬ á¬ëá«¥ ¡ã¤¥â ¯®á¢ïé¥  ®â¤¥«ì ï à -
¡®â .
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