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� à ¡®â¥ ¨áá«¥¤ã¥âáï ¬ â¥¬ â¨ç¥áª ï ¬®¤¥«ì, ¯à¥¤«®¦¥ ï �.�.�®áâ¥à¨ë¬ [1] ¤«ï ®¯¨-
á ¨ï ¯à®æ¥áá  á®¢¬¥áâ®£® ¤¢¨¦¥¨ï ã¯àã£®£® áª¥«¥â  ¨  å®¤ïé¥©áï ¢ ¯®à å áª¥«¥â  ¨ ¢®§-
¬®¦® ¥ ¯®«®áâìî ¨å § ¯®«ïîé¥© ¦¨¤ª®áâ¨. � ª®© ¯à®æ¥áá ¯à¨ïâ®  §ë¢ âì ¥ áëé¥-
®© ä¨«ìâà æ¨®®© ª®á®«¨¤ æ¨¥©. � áá¬ âà¨¢ ¥âáï á¬¥è  ï ªà ¥¢ ï § ¤ ç , ¯à¨ íâ®¬  
ç áâ¨ £à ¨æë § ¤ ¥âáï ãá«®¢¨¥ â¨¯  ¯®«ã¯à®¨æ ¥¬®áâ¨. �®íâ®¬ã ¯à¥¤«®¦¥ ï ¢ ¤ ®©
à ¡®â¥ ®¡®¡é¥ ï ä®à¬ã«¨à®¢ª  á®¤¥à¦¨â ¥áâ æ¨® à®¥ ¢ëà®¦¤ îé¥¥áï ¢ à¨ æ¨®®¥ ¥-
à ¢¥áâ¢® á ®£à ¨ç¥¨¥¬   £à ¨æ¥. �®ª §ë¢ ¥âáï áãé¥áâ¢®¢ ¨¥ á« ¡®£® à¥è¥¨ï ¨áå®¤®©
§ ¤ ç¨. �à¨ ®¯à¥¤¥«¥¨¨ ®¡®¡é¥®£® à¥è¥¨ï ¨á¯®«ì§®¢ ë ¨¤¥¨ à ¡®âë [2]. �  ï áâ âìï
¬®¦¥â à áá¬ âà¨¢ âìáï ª ª ¯à®¤®«¦¥¨¥ à ¡®âë [3], £¤¥ ¤®ª §   â¥®à¥¬  áãé¥áâ¢®¢ ¨ï à¥-
è¥¨ï ¤«ï § ¤ ç¨ ¥ áëé¥®© ä¨«ìâà æ¨®®© ª®á®«¨¤ æ¨¨ á £à ¨çë¬¨ ãá«®¢¨ï¬¨, ¥
¯à¨¢®¤ïé¨¬¨ ª ¢ à¨ æ¨®®¬ã ¥à ¢¥áâ¢ã.

1. �®áâ ®¢ª  § ¤ ç¨

�ãáâì 
 = f(x1; x2) 2 R2 j �a � x1 � a; �H � x2 � 0g, � | £à ¨æ  
. �à®æ¥áá ä¨«ìâà æ¨-
®®© ª®á®«¨¤ æ¨¨ ¢ 
 ¯à¨ ¥¯®«®¬  áëé¥¨¨ ®¯¨áë¢ ¥âáï á¨áâ¥¬®© ¤¨ää¥à¥æ¨ «ìëå
ãà ¢¥¨©, á®áâ®ïé¥© ¨§ ãà ¢¥¨© ª¢ §¨à ¢®¢¥á¨ï áà¥¤ë ¢ æ¥«®¬,

�div�f +r(p+ �ms(p)p�) = f(s(p)) (1)

¨ ãá«®¢¨ï á®¢¬¥áâ®£® ¤¥ä®à¬¨à®¢ ¨ï ä §

s(p)
@(div u)

@t
+ div q +m

@s(p)
@t

= 0: (2)

�¤¥áì m| ¯®à¨áâ®áâì, �f | â¥§®à íää¥ªâ¨¢ëå  ¯àï¦¥¨©, u| ¢¥ªâ®à ¯¥à¥¬¥é¥¨© ã¯àã-
£®© áà¥¤ë, p | ¯®à®¢®¥ ¤ ¢«¥¨¥, q | áª®à®áâì ä¨«ìâà æ¨¨, s(p) |  áëé¥®áâì, ¢¥ªâ®à-
äãªæ¨ï f(s(p)) ®¯à¥¤¥«ï¥â ¯«®â®áâì ¬ áá®¢ëå á¨«, div �f | ¢¥ªâ®à, i-ï ª®¬¯o¥â  ª®â®à®£®
ï¢«ï¥âáï ¤¨¢¥à£¥æ¨¥© i-© áâà®ª¨ â¥§®à  �f .

� ª ç¥áâ¢¥ ¨áª®¬ëå äãªæ¨© ¤ ®© § ¤ ç¨ ¢ë¡¥à¥¬ ¢¥ªâ®à ¯¥à¥¬¥é¥¨© u = (u1; u2) ¨
¯®à®¢®¥ ¤ ¢«¥¨¥ p. � ¢¨á¨¬®áâì ®áâ «ìëå äãªæ¨©, ¢å®¤ïé¨å ¢ (1){(2), ®â®á¨â¥«ì® ¥¨§-
¢¥áâëå u ¨ p ¤®«¦  ®¯à¥¤¥«ïâìáï ¤®¯®«¨â¥«ìë¬¨ á®®â®è¥¨ï¬¨. �«¥¤ãï [1], ¯®« £ ¥¬, çâ®
 áëé¥®áâì s | § ¤  ï äãªæ¨ï ¤ ¢«¥¨ï p, áª®à®áâì ä¨«ìâà æ¨¨ q á¢ï§   á p § ª®®¬

q = �b(s(p))(rp� �g); (3)

ä¨«ìâà æ¨ï ¯à®¨áå®¤¨â ¢ ¢ï§ª®-ã¯àã£®© áà¥¤¥

�f = A"(u) +B"

�
@u

@t

�
: (4)

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à âë ò01-01-00616 ¨ ò99-01-00466.
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�¤¥áì � | ¯«®â®áâì ¦¨¤ª®áâ¨, g | ãáª®à¥¨¥ á¢®¡®¤®£® ¯ ¤¥¨ï, "(u) ¨ "
�
@u
@t

�
| â¥§®àë

¤¥ä®à¬ æ¨© ¨ ¨å áª®à®áâ¥© á®®â¢¥âáâ¢¥®, A ¨ B | ®¯¥à â®àë, ¤¥©áâ¢ãîé¨¥ ¨§ ¯à®áâà áâ¢ 
á¨¬¬¥âà¨çëå â¥§®à®¢ ¢â®à®£® à £  (®¡®§ ç¨¬ ¥£® H3) ¢ ¥£® ¦¥.

� ¤ «ì¥©è¥¬ ¯à¥¤¯®« £ ¥¬, çâ® ®¯¥à â®àë A ¨ B «¨¥©ë¥, ®£à ¨ç¥ë¥ ¨ ¯®«®¦¨â¥«ì-
ë¥. �ãªæ¨¨ s(p) ¨ b(s) ¥¯à¥àë¢ë¥, ¥ã¡ë¢ îé¨¥, ã¤®¢«¥â¢®àïîé¨¥ á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

0 � s(�) � 1; j s(�)� j� c1 8� < 0; s(�) = 1 8� � 0; (5)

0 � b(�) � 1 8� 2 R1; b(1) = 1: (6)

�à®¬¥ â®£®, ¯®« £ ¥¬, çâ® § ¢¨á¨¬®áâ¨ s(�) ¨ b(s) â ª¨¥, ¯à¨ ª®â®àëå ®â®¡à ¦¥¨¥ Dp =
pR
0

b(s(�))d� ï¢«ï¥âáï ¢§ ¨¬® ®¤®§ çë¬   R1.

� ¬¥â¨¬, çâ® äãªæ¨ï

s(p) =

8><>:
1

1� p
; p � 0;

1; p > 0;

 ¨¡®«¥¥ ç áâ® ¨á¯®«ì§ã¥¬ ï   ¯à ªâ¨ª¥, ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ (5).
�à ¨çë¬¨ ãá«®¢¨ï¬¨   � = �1 [ �2 [ �3 [ �4, £¤¥

�1 = f(x1; x2) 2 � j jx1j = ag; �2 = f(x1; x2) 2 � j x2 = ag;

�3 = f(x1; x2) 2 � j x2 = 0; jx1j � a1 < ag; �4 = f(x1; x2) 2 � j x2 = 0; a1 < jx1j � ag;

ï¢«ïîâáï á«¥¤ãîé¨¥:

ui(x; t) = 0; x 2 �1 [ �2; (7)

�
f
12 = 0; x 2 �3 [ �4; ��f22 + p+ �ms(p)p� =

(
0; x 2 �4;

F (x; t); x 2 �3;
(8)

q1(x; t) = 0; x 2 �1; q2(x; t) = 0; x 2 �2; p(x; t) = 0; x 2 �3; (9)

p(x; t)q2(x; t) = 0; p(x; t) � 0; q2(x; t) � 0; x 2 �4: (10)

2. �¡®¡é¥ ï ä®à¬ã«¨à®¢ª  § ¤ ç¨

�ãáâì
�

V | § ¬ëª ¨¥ £« ¤ª¨å äãªæ¨©, à ¢ëå ã«î   �1 [ �2, ¢ ®à¬¥ ¯à®áâà áâ¢ 

W 1
2 (
),

�

V 1 | § ¬ëª ¨¥ £« ¤ª¨å äãªæ¨©, à ¢ëå ã«î   �3, ¢ ®à¬¥ â®£® ¦¥ ¯à®áâà áâ¢ ,

K = fw 2
�

V 1 j w(x) � 0; x 2 �4g:

�¯à¥¤¥«¥¨¥ 1. �¡®¡é¥ë¬ à¥è¥¨¥¬ § ¤ ç¨ (1){(10)  §®¢¥¬ âà®©ªã äãªæ¨© (u1; u2; p),
¤«ï ª®â®àëå á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á®®â®è¥¨ï:

ui;
@ui

@t
2 L2(0; T ;

�

V ); ui(x; 0) = u0i (x) ¯. ¢. ¢ 
; i = 1; 2; (11)

w(p) =
Z p

0

b(s(�))d� 2 L2(0; T ;K); (12)

¤«ï «î¡ëå äãªæ¨© vi 2 L2(0; T ;
�

V ) ¨¬¥îâ ¬¥áâ® à ¢¥áâ¢ Z T

0

Z



� 2X
j=1

�
f
ij

@vi

@xj
� (p+ �ms(p)p�)

@vi

@xi

�
dx dt =

=
Z T

0

Z



fi(s(p))vidx dt+ �i2

Z T

0

Z
�3

F (x; t)vidx dt; i = 1; 2; (13)

59



¨ ¤«ï «î¡ëå äãªæ¨© z 2 L2(0; T ;K), ¥®âà¨æ â¥«ìëå äãªæ¨© �(t) 2 C1([0; T ]), �(T ) = 0,
á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®Z T

0

Z



�
s(p)

@ divu
@t

�(t)(z � w) +rw � r(�(t)(z � w))
�
dx dt+

+ [m@ts(p); �(t)(z � w)] �
Z T

0

Z



b(s(p))�g2
@(�(t)(z � w))

@x2
dx dt: (14)

�¤¥áì

[m@ts(p); �(t)(z � w)] :=
Z T

0

Z



m�(w)@t�(t)dx dt �
Z T

0

Z



ms(p)@t(�z)dx dt +

+
Z



m�(w(p0))�(0)dx �
Z



ms(p0(x))z(x; 0)�(0)dx;

�(�) =
Z �

0

'0(�)�d�, '(�) = s(p(�)).

3. �¥®à¥¬  áãé¥áâ¢®¢ ¨ï

�¥®à¥¬  1. �ãáâì s(p), b(s), ®¯¥à â®àë A ¨ B ã¤®¢«¥â¢®àïîâ ¯¥à¥ç¨á«¥ë¬ ¢ëè¥ ãá«®-

¢¨ï¬, äãªæ¨¨ fi ®£à ¨ç¥ë   [0; 1] ¯® s. �à®¬¥ â®£®, ¨¬¥¥â ¬¥áâ® ®æ¥ª 

s0(p)
b(s(p))

�M: (15)

�®£¤  ¯à¨ «î¡ëå F (x; t) 2 L2(0; T ;L2(�3)), u0i 2
�

V , w(p0) 2 K, § ¤ ç  (1){(10) ¨¬¥¥â ®¡®¡é¥®¥

à¥è¥¨¥.

�®ª § â¥«ìáâ¢® íâ®© â¥®à¥¬ë ¯à®¢¥¤¥¬ á ¯®¬®éìî ¬¥â®¤  ¯®«ã¤¨áªà¥â¨§ æ¨¨ á® èâà ä®¬.
�«ï íâ®£®   ®âà¥§ª¥ [0; T ] ¯®áâà®¨¬ à ¢®¬¥àãî á¥âªã á è £®¬ � , !� |¬®¦¥áâ¢® ã§«®¢ á¥âª¨,
!� = !� n f0g.

�¯à¥¤¥«¥¨¥ 2. �ãªæ¨¨ y1(t), y2(t), p�(t)  §®¢¥¬ ¯®«ã¤¨áªà¥âë¬ à¥è¥¨¥¬ § ¤ ç¨ (1){
(10), ¥á«¨

yi(t) 2
�

V 8t 2 !� ; yi(0) = u0i ¯. ¢. ¢ 
; i = 1; 2;

w� (p�(t)) =
Z p� (t)

0

b(s(�))d� 2 K 8t 2 !� ;

¨ ¤«ï «î¡ëå äãªæ¨© vi 2
�

V ¨ z 2
�

V 1 ¨¬¥îâ ¬¥áâ® à ¢¥áâ¢ Z



� 2X
j=1

�
Aij b"+Bij

b"� "

�

�
@vi

@xj
� (bp+� �ms(bp�)bp�� )@vi@xi

�
dx =

=
Z



fi(s(p� ))vidx+ �i2

Z
�3

F� (x; t)vidx; i = 1; 2; (16)Z



�
s(bp�) div by � y

�
z +r bw� � rz

�
dx+

Z


m
s(bp�)� s(p� )

�
zdx+

1
"

Z
�4

bw+
� zdx =

=
Z



b(s(p� ))�g2
@z

@x2
dx: (17)

�¤¥áì by = y(t + �), " = "(y) | â¥§®à á ª®¬¯o¥â ¬¨ "ij = 1
2

�
@yi
@xj

+ @yj
@xi

�
, b" = "(by), Aijv(Bijv) |

(i; j){ª®¬¯o¥â  ¢¥ªâ®à  Av(Bv), F� (x; t) = 1
�

t+�R
t

F (x; �)d�.
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�¥¬¬  1. �¥è¥¨¥ ¯®«ã¤¨áªà¥â®© § ¤ ç¨ áãé¥áâ¢ã¥â.

�®ª § â¥«ìáâ¢® íâ®© «¥¬¬ë   «®£¨ç® ¤®ª § â¥«ìáâ¢ã á®®â¢¥âáâ¢ãîé¥£® ä ªâ  ¢ [3].

�¥¬¬  2. �«ï à¥è¥¨ï ¯®«ã¤¨áªà¥â®© § ¤ ç¨ (16){(17) á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥  ¯à¨®à-

ë¥ ®æ¥ª¨: 1

kyi(t
0)k1 � C1;

t0��X
t=0

�k(yi)tk
2
1 � C2; i = 1; 2; (18)Z



�(w�(t

0))dx � C3; (19)

t0��X
t=0

�k bw� (t)k21 � C4; (20)

1
"

t0��X
t=0

�k bw+
� (t)kL2(�4) � C5 8t0 2 !� : (21)

�®ª § â¥«ìáâ¢®. �®« £ ï ¢ (16), (17) vi = (yi)t, z = bw� ¨ áª« ¤ë¢ ï ¯®«ãç¥ë¥ à ¢¥áâ¢ ,
¡ã¤¥¬ ¨¬¥âìZ




�
Ab"+B

b"� "

�
;
b"� "

�

�
H3

dx+ k bw�k
2
1 +

Z


m
s(bp�)� s(p�)

�
bw�dx+

1
"

Z
�4

bw+
� bw�dx =

=
Z


(bp+� � s(bp�)(mbp�� + bw�)) div

by � y

�
dx+

2X
i=1

Z


fi(s(p� ))

byi � yi

�
dx+

+
Z
�3

F� (x; t)
by2 � y2

�
dx+

Z



b(s(p�))�g2
@ bw�

@x2
dx: (22)

� ¢¥áâ¢® (22) ã¬®¦¨¬   � , ¯à®áã¬¬¨àã¥¬ ¯® t ®â 0 ¤® t0�� , t0 2 !� , ¨ ¯à¥®¡à §ã¥¬, ¨á¯®«ì§ãï
á«¥¤ãîé¨¥ ¥à ¢¥áâ¢ :

t0��X
t=0

�

Z



�
Ab"; b"� "

�

�
H3

dx �

Z



(A"(y(t0)); "(y(t0)))H3
dx�

�

Z


(A"(u0); "(u0))dx � CA

2X
i=1

kyi(t
0)k21 � C6

2X
i=1

ku0i k
2
1;

t0��X
t=0

�

Z



�
B
b"� "

�
;
b"� "

�

�
dx � CB

t0��X
t=0

�
2X

i=1

 byi � yi

�

2
1

;

t0��X
t=0

�

Z



s(bp� )� s(p�)
�

bw�dx =
t0��X
t=0

�

Z



'( bw� )� '(w� )
�

bw�dx �

�

Z


�(w� (t

0))dx�
Z


�(w�(0))dx: (23)

�â¬¥â¨¬, çâ® ¯à¨ ¯®«ãç¥¨¨ (23) ¨á¯®«ì§®¢ ® ¥à ¢¥áâ¢® ¢¨¤ 

('(u)� '(v))u � �(u)� �(v); (24)

¤®ª § â¥«ìáâ¢® ª®â®à®£® ¯à¨¢¥¤¥® ¢ [4].

1 �¤¥áì ¨ ¢ ¤ «ì¥©è¥¬ ¡ãª¢®© C á ¨¤¥ªá ¬¨ ®¡®§ ç¥ë ¥ § ¢¨áïé¨¥ ®â � ¨ " ¢¥«¨ç¨ë.
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� à¥§ã«ìâ â¥ ¡ã¤¥¬ ¨¬¥âì

CA

2X
i=1

kyi(t
0)k21 + CB

t0��X
t=0

�
2X

i=1

k(yi)tk
1
2 +

t0��X
t=0

�k bw� (t)k
2
1 +

Z


�(w�(t

0))dx+

+
1
"

t0��X
t=0

�k bw+
� k

2
L2(�4)

�

Z



�(w� (0))dx + C6

2X
i=1

ku0i k
2
1 +

���� t
0
��X
t=0

; �I
����; (25)

§¤¥áì I | ¯à ¢ ï ç áâì à ¢¥áâ¢  (22).
�æ¥¨¬ á« £ ¥¬®¥, á®¤¥à¦ é¥¥ I,���� t
0
��X
t=0

�I

���� = t0��X
t=0

���� Z



(bp+� � s(bp� )(mbp�� + bw� )) div
by � y

�
dx

����+
+

t0��X
t=0

����� 2X
i=1

Z



fi(s(p� ))
byi � yi

�
dx+

Z
�3

F� (x; t)
by2 � y2

�
dx+

Z



b(s(p�))�g2
@ bw�

@x2
dx

����� = I1 + I2:

�§ ®¯à¥¤¥«¥¨ï bw� ¨ ãá«®¢¨© (5){(6) á«¥¤ã¥â

s(bp� ) bw� = s(bp�) bw+
� � s(bp�) bw�

� = bw+
� � s(bp� ) bw�

� ;bp+� = bw+
� ; s(p� ) = s(p�� ); j bw� j � jbp� j:

�®íâ®¬ã

I1 �
t0��X
t=0

Z



(jms(bp�� )bp�� j+ js(bp�� ) bw�

� j)
����div by � y

�

����dx �
� 2C7

t0��X
t=0

Z



����div by � y

�

����dx � �
t0��X
t=0

�
2X

i=1

 byi � yi

�

2
1

+
C8

�
:

�á¯®«ì§ãï ãá«®¢¨ï   äãªæ¨¨ fi ¨ F� , ¥à ¢¥áâ¢® �®è¨{�ãïª®¢áª®£®, "-¥à ¢¥áâ¢®, ¯®«ã-
ç¨¬

I2 � �
t0��X
t=0

�

� 2X
i=1

 byi � yi

�

2
1

+ k bw�k
2
1

�
+
C9

�

�
1 +

t0��X
t=0

�kF� (t)k
2
L2(�3)

�
:

�§ (25) ¨ ¯®«ãç¥ëå ¤«ï I1 ¨ I2 ®æ¥®ª á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ «¥¬¬ë.

�¥¬¬  3. �ãé¥áâ¢ãîâ äãªæ¨¨

ui 2W
(1)
2 (0; T ;

�

V ); w 2 L2(0; T ;
�

V 1)

¨ ¯®á«¥¤®¢ â¥«ì®áâ¨ f�g, f"g â ª¨¥, çâ® ¯à¨ � ! 0, "! 0

��yi * ui; �� (yi)t *
@ui

@t
¢ L2(0; T ;

�

V ); ��w� * w ¢ L2(0; T ;
�

V 1); (26)

��w
�

� ! w� ¯. ¢. ¢ QT ; (27)

��p
�

� ! p� ¯. ¢. ¢ QT ; (28)

��w
+
� * w+; ��w

�

� * w� ¢ L2(0; T ;
�

V 1): (29)

�¤¥áì ��z(t) = fz(t0) j t0 2 !� ; t
0 � t < t0 + �g | ªãá®ç®-¯®áâ®ï®¥ ¢®á¯®«¥¨¥ äãªæ¨¨ z.

�¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥¨© (26) á«¥¤ã¥â ¨§  ¯à¨®àëå ®æ¥®ª (18), (20) ¨ á« ¡®© ª®¬¯ ªâ-
®áâ¨ ®£à ¨ç¥ëå ¬®¦¥áâ¢ ¢ à¥ä«¥ªá¨¢ëå ¡  å®¢ëå ¯à®áâà áâ¢ å.

�¡¥¤¨¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ (27). �¢¥¤¥¬ äãªæ¨î

G(�) := '(�)g(�) �
Z �

0
'(�)g0(�)d�;
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£¤¥ g(�) =

(
�2

1+�2
; ¥á«¨ � < 0;

0; ¥á«¨ � � 0:
�«¥¬¥â àë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ ¥âàã¤® ¯®ª § âì, çâ®

G(�) =
Z �

0
'0(�)g(�)d�: (30)

�®ª ¦¥¬, çâ® ¯®á«¥¤®¢ â¥«ì®áâì G(w�) à ¢®¬¥à® ®£à ¨ç¥  ¯® � ¨ " ¢ ¯à®áâà áâ¢¥

L1(QT ) \ L2(0; T ;
�

V1). �§ (30) ¨ ®£à ¨ç¥®áâ¨ äãªæ¨¨ g ¨¬¥¥¬

jG(w� (x; t))j �
Z w� (x;t)

0

'0(�)d� = j'(w� (x; t))� '(0)j = js(p� (w� (x; t))) � s(0)j � 1:

�«¥¤®¢ â¥«ì®, G(w�) 2 L1(QT ). � «¥¥ § ¬¥â¨¬, çâ®

jG0�(�)j = j'0(�)g(�)j =
s0(�)
b(s(�))

g(�):

�®íâ®¬ã ¨§ ãá«®¢¨ï (15) ¨ ®£à ¨ç¥®áâ¨ äãªæ¨¨ g á«¥¤ã¥â jG0�(�)j � const. �£à ¨ç¥®áâì

jG0�(�)j ¨ (20), ®ç¥¢¨¤®, ®¡¥á¯¥ç¨¢ îâ à ¢®¬¥àãî ®£à ¨ç¥®áâì G(w�) ¢ L2(0; T ;
�

V1).
�®ª ¦¥¬ â¥¯¥àì á¯à ¢¥¤«¨¢®áâì ¥à ¢¥áâ¢ 

I =
1
k�

T�k�X
t0=0

�

Z


(G(w� (t

0 + k�))�G(w�(t
0)))2dx � C10: (31)

�¬¥¥¬

I =
�

k

T�k�X
t0=0

t0+(k�1)�X
t=t0

Z



G(w�(t+ �))�G(w�(t))
�

RG(t
0)dx;

£¤¥ RG(t0) = G(w�(t0 + k�))�G(w�(t0)). � ¬¥â¨¬, çâ®

G( bw�)�G(w�)
�

=
'( bw� )g( bw� )� '(w� )g(w� )

�
�
1
�

Z bw�

w�

'(�)g0(�)d� =

=
'( bw� )� '(w� )

�
g( bw� ) + '(w� )

g( bw� )� g(w� )
�

�
1
�

Z bw�

w�

'(�)g0(�)d� =

=
'( bw� )� '(w� )

�
g( bw� )�

Z bw�

w�

'(�)� '(w� )
�

g0(�)d�:

�®íâ®¬ãZ



G(w�(t+ �))�G(w� (t))
�

RG(t
0)dx =

Z



'(w� (t+ �))� '(w� (t))
�

g(w� (t+ �))RG(t
0)dx�

�

Z



Z w� (t+�)

w� (t)

'(�)� '(w� (t))
�

g0(�)RG(t0)d� dx � I1 + I2: (32)

�«ï ®æ¥ª¨ I1 ¢®á¯®«ì§ã¥¬áï (17) ¯à¨ z = g(w� (t + �))RG(t0) (â ª ï ¯®¤áâ ®¢ª  ¢®§¬®¦ ,

¯®áª®«ìªã g(w� (t+ �))RG(t0) 2
�

V1). � à¥§ã«ìâ â¥ ¯®«ãç¨¬

I1 =
Z



�
�s(p�(t+�)) div

y(t+ �)� y(t)
�

g(w� (t+�))RG(t0)�rw� (t+�) �r(g(w� (t+�))RG(t0))+

+ b(s(p�))�g2
@(g(w� (t+ �))RG(t0))

@x2

�
dx�

1
"

Z
�4

w+
� (t+ �)g(w� (t+ �))RG(t

0)dx: (33)
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� ¬¥â¨¬, çâ®
R
�4

w+
� (t+�)g(w� (t+�))RG(t0)dx = 0. �áâ «ìë¥ á« £ ¥¬ë¥ ¢ (33) ®æ¥¨¬, ¨á¯®«ì§ãï

®£à ¨ç¥®áâì äãªæ¨© G, g ¨ ®æ¥ª¨ (19){(22). � à¥§ã«ìâ â¥ ¯®«ãç¨¬

jI1j � C11

� 2X
i=1

k(yi)t(t)k
2
1 + kw� (t+ �)k21 + 1

�
: (34)

�æ¥¨¬ I2. �¥âàã¤® ¯®ª § âì, çâ®

jI2j �

Z



'(w� (t+ �))� '(w� (t))
�

�
g(w� (t)) � g(w� (t+ �))

�
jRG(t

0)jdx � I3:

�«ï ®æ¥ª¨ I3 ¢®á¯®«ì§ã¥¬áï â ª¦¥ à ¢¥áâ¢®¬ (17), ¢ë¡à ¢ z = (g(w� (t))�g(w� (t+�)))jRG(t0)j.
� à¥§ã«ìâ â¥ ¡ã¤¥¬ ¨¬¥âì

I3 =
Z



�
� s(p�(t+ �)) div

y(t+ �)� y

�
(g(w� (t))� g(w� (t+ �)))jRG(t0)j �

�rw� (t+ �) � r((g(w� (t))� g(w� (t+ �)))jRG(t0)j) +

+ b(s(p� ))�g2
@((g(w� (t))� g(w� (t+ �)))jRG(t0)j)

@x2

�
dx�

�
1
"

Z
�4

w+
� (t+ �)(g(w� (t)) � g(w� (t+ �)))jRG(t

0)jdx: (35)

�á¥ á« £ ¥¬ë¥ ¯à ¢®© ç áâ¨ à ¢¥áâ¢  (35) ®æ¥¨¢ îâáï   «®£¨ç® ¯à¥¤ë¤ãé¥¬ã á«ãç î, § 
¨áª«îç¥¨¥¬ ¯®á«¥¤¥£®, ¤«ï ª®â®à®£®

�
1
"

Z
�4

w+
� (t+ �)(g(w� (t))� g(w� (t+ �)))jRG(t0)jdx =

=
1
"

Z
�4

w+
� (t+ �)jg0(�)j(w� (t)� w�(t+ �))jRG(t0)jdx �

C12

"
(kw+

� (t+ �)k2L2(�4)
+ kw+

� (t)k
2
L2(�4)

):

�®íâ®¬ã

jI2j � C13

� 2X
i=1

k(yi)tk
2
1 + kw� (t+ �)k21 + 1 +

1
"
(kw+

� (t+ �)k2L2(�4)
+ kw+

� (t)k
2
L2(�4)

)
�
: (36)

�§ á®®â®è¥¨© (32), (34), (36) ®¡ëçë¬ ®¡à §®¬ á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì (31).

�§ ®æ¥ª¨ (31) ¨ à ¢®¬¥à®© ®£à ¨ç¥®áâ¨ G(w� ) ¢ L2(0; T ;
�

V 1) ([5], á. 216) ¯®«ãç¨¬ áã-
é¥áâ¢®¢ ¨¥ ¯®¤¯®á«¥¤®¢ â¥«ì®áâ¥© f� 0g � f�g, f"0g � f"g ¨ í«¥¬¥â  G0 2 L2(QT ) â ª¨å,
çâ®

G(w� 0)! G0 ¢ L2(QT ); G(w� 0)! G0 ¯. ¢. ¢ QT : (37)

� ¬¥â¨¬, çâ® G(w� 0) = G(�w�

� 0 ). �¥âàã¤® ¢¨¤¥âì, çâ®   ¬®¦¥áâ¢¥ (�1; 0] äãªæ¨ï G(�)
¢§ ¨¬® ®¤®§ ç , ¯®íâ®¬ã ¨§ (37) ¨¬¥¥¬

�w�

� 0 ! G�1(G0) ¯. ¢. ¢ QT :

�®ª ¦¥¬, çâ® G�1(G0) = �w�. �«ï íâ®£® § ¯¨è¥¬, ¯®«ì§ãïáì ¬®®â®®áâìî äãªæ¨¨ G,
¥à ¢¥áâ¢® Z




(G(w� 0)�G(v))(w� 0 � v)dx � 0:

� íâ®¬ ¥à ¢¥áâ¢¥ ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨ � 0 ! 0, "0 ! 0. � à¥§ã«ìâ â¥ ¯®«ãç¨¬Z


(G0 �G(v))(w � v)dx � 0:
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�ë¡®à®¬ v = w � �v1 8� > 0 8v1 2 L2(QT ), ¥âàã¤® ¤®ª § âì, çâ® G0 = G(w) = G(�w�).
�®íâ®¬ã (27) ¨¬¥¥â ¬¥áâ®.

� «¥¥, ¯ãáâì p = D�1w. �®áª®«ìªã § ª¨ äãªæ¨© p ¨ w á®¢¯ ¤ îâ,   ®â®¡à ¦¥¨¥ D

¢§ ¨¬® ®¤®§ ç®, â® ¨§ (27) á«¥¤ã¥â (28).
�¡¥¤¨¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨ (29). � ¬¥â¨¬, çâ® ¨§ ®æ¥ª¨ (20) á«¥¤ã¥â à ¢®¬¥à ï ®£à ¨-

ç¥®áâì ¯®á«¥¤®¢ â¥«ì®áâ¥© �� bw�

� ¨ �� bw+
� ¢ L2(0; T ;

�

V 1). � ç¨â,  ©¤ãâáï ¯®á«¥¤®¢ â¥«ì®-

áâ¨ f� 00g � f� 0g, f"00g � f"0g ¨ í«¥¬¥âë z1 ¨ z2 ¨§ L2(0; T ;
�

V 1) â ª¨¥, çâ®

��w
�

� 00 * z1; ��w
+
� 00 * z2 ¢ L2(0; T ;

�

V 1):

�§ à ¢¥áâ¢  á« ¡®£® ¯à¥¤¥«  ¨ ¯à¥¤¥«  ¯®çâ¨ ¢áî¤ã á«¥¤ã¥â, çâ® z1 = w�. �¥à¥å®¤ï ª ¯à¥¤¥«ã
¢ à ¢¥áâ¢¥ ��w

+
� 00 = ��w� 00+ ��w

�

� 00 , ã¡¥¤¨¬áï ¢ â®¬, çâ® z2 = w+: �

�¥¬¬  4. �ãªæ¨¨ ui ¨ w, ã¤®¢«¥â¢®àïîé¨¥ á®®â®è¥¨ï¬ (26), (27), ï¢«ïîâáï ®¡®¡é¥-
ë¬ à¥è¥¨¥¬ § ¤ ç¨ (1){(10).

�®ª § â¥«ìáâ¢®. � ç «  ¤®ª ¦¥¬ ¢ª«îç¥¨¥ w 2 L2(0; T ;K). � ¬¥â¨¬, çâ® ¨§ ®æ¥ª¨
(21) ¢ëâ¥ª ¥â, çâ® ¯à¥¤¥« ¯®á«¥¤®¢ â¥«ì®áâ¨ á«¥¤®¢ äãªæ¨© ��w

+
�   �4 à ¢¥ ã«î. � ¨á-

¯®«ì§®¢ ¨¥¬ ®ç¥¢¨¤®£® à ¢¥áâ¢ Z



@w+
�

@x2
zdx = �

Z



w+
�

@z

@x2
dx+

Z
�4

w+
� zdx;

¢ ª®â®à®¬ z | ¯à®¨§¢®«ì ï £« ¤ª ï äãªæ¨ï, à ¢ ï ã«î ¢ â®çª å �n�4, ¥âàã¤® ¯®ª § âì,
çâ® á«¥¤ w+   �4 à ¢¥ ã«î, â. ¥. w 2 L2(0; T ;K).

�ãáâì evi |¯à®¨§¢®«ìë¥ äãªæ¨¨ ¨§ C1(0; T; C1(
)), à ¢ë¥ ã«î ¢ â®çª å (�1[�2)�[0; T ].
�ë¡¥à¥¬ ¢ (16)

vi(t) =
1
�

Z t+�

t

evi(�)d�;
ã¬®¦¨¬ íâ® à ¢¥áâ¢®   � ¨ ¯à®áã¬¬¨àã¥¬ ¯® t ®â 0 ¤® T�� . �¥§ã«ìâ â, ¨á¯®«ì§ãï ¢®á¯®«¥¨¥
�� , § ¯¨è¥¬ ¢ ¢¨¤¥

Z T

0

Z



� 2X
j=1

�
Aij"(�� by) +Bij"

�
��

by � y

�

��
@��vi

@xj
� (�� bp+� �ms(�� bp�)�� bp�� )@��vi

@xi

�
dx dt =

=
Z T

0

�Z



fi(s(��p�))��vidx+ �i2

Z
�3

F (x; t)��vidx

�
dt; (38)

§¤¥áì �� by | ¢¥ªâ®à-äãªæ¨ï (�� by1;�� by2),   «®£¨ç® ®¯à¥¤¥«ï¥âáï ¢¥ªâ®à ��
by�y
�
.

� à ¢¥áâ¢¥ (38) ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯® � ¨ ". �à¨ íâ®¬ § ¬¥â¨¬, çâ® ¨§ á®®â®è¥¨© (26)
á«¥¤ã¥â

"(�� by)* "(u); "

�
��

by � y

�

�
* "

�
@u

@t

�
¢ (L2(QT ))

3:

�ç¨âë¢ ï «¨¥©®áâì ¨ ¥¯à¥àë¢®áâì ®¯¥à â®à®¢ A ¨ B, ¡ã¤¥¬ ¨¬¥âì

Z T

0

Z



2X
j=1

�
Aij"(�� by) +Bij"

�
��

by � y

�

��
@��vi

@xj
dx dt!

!

Z T

0

Z



2X
j=1

�
Aij"(u) +Bij"

�
@u

@t

��
@evi
@xj

dx dt ¯à¨ � ! 0; "! 0:
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�«ï ®¡®á®¢ ¨ï ¯à¥¤¥«ì®£® ¯¥à¥å®¤  ¢ ¯®á«¥¤¥¬ á« £ ¥¬®¬ «¥¢®© ç áâ¨ (38) § ¯¨è¥¬
á«¥¤ãîéãî æ¥¯®çªã à ¢¥áâ¢:

I =
Z T

0

Z



(�� bp+� �ms(�� bp�)�� bp�� )@��vi

@xi
dx dt =

=
Z T

0

Z



�� bw+
�

@��vi

@xi
dx dt�m

Z T

0

Z



s(��� bp�� )�� bp�� @��vi

@xi
dx dt:

�á¯®«ì§ãï (6), (28), (29) ¨ â¥®à¥¬ã �¥¡¥£  ® ¯à¥¤¥«ì®¬ ¯¥à¥å®¤¥, ¤®ª ¦¥¬, çâ® ¯à¨ � ! 0,
"! 0

I !

Z T

0

Z



w+ @evi
@xi

dx�

Z T

0

Z



ms(�p�)p�
@evi
@xi

dx =
Z T

0

Z



(p+ �ms(p)p�)
@evi
@xi

dx:

�¥§ã«ìâ â ¯à¥¤¥«ì®£® ¯¥à¥å®¤  ¢ ¯à ¢®© ç áâ¨ à ¢¥áâ¢  (38) â ª¦¥ ¯®ïâ¥, ¯®áª®«ìªã
äãªæ¨¨ fi ¥¯à¥àë¢ë, á«¥¤®¢ â¥«ì®,

fi
�
s(��p� )

�
! fi

�
s(p)

�
¯. ¢. ¢ QT :

�â ª, ¨§ (38) ¯à¨ � ! 0, "! 0 ¯®«ãç¨¬

Z T

0

Z



� 2X
j=1

�
Aij"(u) +Bij"

�
@u

@t

��
@evi
@xj

� (p+ � s(p)p�)
@evi
@xi

�
dx dt =

=
Z T

0

�Z



fi(s(p))evidx+ �i2

Z
�3

F (x; t)evidx�dt: (39)

�ç¥¢¨¤®, (39) ¡ã¤¥â á¯à ¢¥¤«¨¢ë¬ ¨ ¤«ï evi 2 L2(0; T ;
�

V ). �«¥¤®¢ â¥«ì®, äãªæ¨¨ u1, u2,
p, ®¯à¥¤¥«¥ë¥ á®®â®è¥¨ï¬¨ (26), (27), ã¤®¢«¥â¢®àïîâ à ¢¥áâ¢ ¬ (13).

�¡®áã¥¬ â¥¯¥àì á¯à ¢¥¤«¨¢®áâì (14). �ãáâì ez | ¯à®¨§¢®«ì ï äãªæ¨ï ¨§ C1(
), á«¥¤
ª®â®à®©   �4�[0; T ] ¥¯®«®¦¨â¥«¥, �(t) | ¥®âà¨æ â¥«ì ï äãªæ¨ï â ª ï, çâ® �(t) 2 C1(0; T )
¨ �(T ) = 0. � (17) ¢ë¡¥à¥¬ z = z� = ez(t)�(t), ¯à®áã¬¬¨àã¥¬ ¯® t ®â 0 ¤® T � � ¨ ¯à¥®¡à §ã¥¬,
¨á¯®«ì§ãï ä®à¬ã«ã áã¬¬¨à®¢ ¨ï ¯® ç áâï¬ ¨ «¥£ª® ¯à®¢¥àï¥¬®¥ ¥à ¢¥áâ¢®

T��X
t=0

�

Z
�4

bw+
� z�dx � 0:

� à¥§ã«ìâ â¥ ¡ã¤¥¬ ¨¬¥âì

T��X
t=0

�

Z


fs(bp�) div(y)tz� +r bw� � rz�gdx�

T��X
t=0

�m

Z


s(bp�)(z� )tdx�

�m

Z



s(p0)z� (x; 0)dx �
T��X
t=0

�

Z



b(s(p� ))�g2
@z� (t)
@x2

dx: (40)

�¥à ¢¥áâ¢® (40) ¯¥à¥¯¨è¥¬ ¢ íª¢¨¢ «¥â®¬ ¢¨¤¥, ¨á¯®«ì§ãï ¢®á¯®«¥¨¥ �� ,Z T

0

Z



s(�� bp�)�� div
by � y

�
��z� (t)dx dt+

+
Z T

0

Z



r�� bw� � r��z�dx dt�m

Z T

0

Z



s(�� bp� )�� (z� )tdx dt�

�m

Z



s(p0)z� (x; 0)dx dt �
Z T

0

Z



b(s(��p�))�g2��

@z�

@x2
dx dt: (41)
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� (41) ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯à¨ �; " ! 0. �à¨ íâ®¬ ãçâ¥¬, çâ® ¨§ ®£à ¨ç¥®áâ¨ äãªæ¨¨ s(p),
«¥¬¬ë 3, á¨«ì®© áå®¤¨¬®áâ¨ ��z� ª ez�(t) ¢ L2(QT ) á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥¨ï

s(�� bp�)��z� ! s(p)ez�(t) ¢ L2(QT ):

�®íâ®¬ã Z T

0

Z



s(�� bp�)�� div
by � y

�
��z�dx dt!

Z T

0

Z



s(p)
@ div u
@t

ez�(t)dx dt:
� à¥§ã«ìâ â¥ ¯à¥¤¥«ì®£® ¯¥à¥å®¤  ¢ (41) ¯®«ãç¨¬ ¥à ¢¥áâ¢®Z T

0

Z



�
s(p)

@ divu
@t

�(t)ez +rw � r(�(t)ez)�ms(p)
@(�(t)ez)

@t

�
dx dt�

�m

Z



s(p0)ez(x; 0)�(0)dx dt � Z T

0

Z



b(s(p))�g2
@(�(t)ez)
@x2

dx dt; (42)

á¯à ¢¥¤«¨¢®¥ ¤«ï «î¡®© äãªæ¨¨ ez 2 C1(QT ), ¨¬¥îé¥© ¥¯®«®¦¨â¥«ìë© á«¥¤   �4 � [0; T ].
�ç¥¢¨¤®, ¬®¦¥áâ¢® íâ¨å äãªæ¨© ¯«®â® ¢ L2(0; T ;K). �®íâ®¬ã (42) ¨¬¥¥â ¬¥áâ® ¯à¨ «î¡®¬ez 2 L2(0; T ;K), ¢ ç áâ®áâ¨, ¨ ¯à¨ ez = z � w+, z | ¯à®¨§¢®«ì ï äãªæ¨ï ¨§ L2(0; T ;K).

�¥¯¥àì ¢ (17) ¢ë¡¥à¥¬ z = � bw�

� �(t), ã¬®¦¨¬ íâ® à ¢¥áâ¢®   � ¨ ¯à®áã¬¬¨àã¥¬ ¯® t ®â 0
¤® T � � , ¢ à¥§ã«ìâ â¥ ¯®«ãç¨¬

T��X
t=0

�

Z



fs(bp�) div(y)� (��(t) bw�

� ) +r bw� � r(� bw�

� �(t))gdx +

+m
T��X
t=0

�

Z



s(bp�)� s(p�)
�

(��(t) bw�

� )dx =
T��X
t=0

�

Z



b(s(p� ))�g2
@(��(t) bw�

� )
@x2

dx: (43)

�á¯®«ì§ãï (24) ¨ ä®à¬ã«ã áã¬¬¨à®¢ ¨ï ¯® ç áâï¬, ¯®ª ¦¥¬, çâ®

m
T��X
t=0

�

Z



s(bp� )� s(p�)
�

(��(t) bw�

� )dx = m
T��X
t=0

�

Z



'(� bw�

� )� '(�w�

� )
�

(� bw�

� )�(t)dx �

� m
T��X
t=0

�

Z



�(� bw�

� )� �(�w�

� )
�

�(t)dx = m
T��X
t=0

�

Z



(�(�w�

� ))t�(t)dx =

= �m
T��X
t=0

�

Z



�(� bw�

� )(�(t))tdx�m

Z



�(w0)�(0)dx:

�®¤áâ ¢«ïï ¯®«ãç¥ãî ®æ¥ªã ¢ (43), ¡ã¤¥¬ ¨¬¥âìZ T

0

Z



s(�� bp�)�� div
by � y

�
(����(t) bw�

� )dx dt+

+
Z T

0

k��w
�

� k
2
1���(t)dt�m

Z T

0

Z



�(��� bw�

� )�� (�(t))tdx dt�

�m

Z



�(w0)�(0)dx �
Z T

0

Z



b(s(��p� ))�g2
@(����(t) bw�

� )
@x2

dx dt: (44)

� (44) á®¢¥àè¨¬ ¯à¥¤¥«ìë© ¯¥à¥å®¤ ¯à¨ �; "! 0, ãç¨âë¢ ï á®®â®è¥¨ï (26){(29). � à¥§ã«ìâ â¥
¯®«ãç¨¬Z T

0

Z



s(p)
@ divu
@t

(�w�)�(t)dx dt + lim
�!0
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Z



�(w0)�(0)dx �
Z T
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b(s(p))�g2
@(�w��(t))

@x2
dx dt: (45)
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Z T

0
kw�k21� dt =

Z T

0
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rw � r(�w�)�(t)dx dt:

�®íâ®¬ã ¨§ (45) á«¥¤ã¥â ¥à ¢¥áâ¢®Z T

0

Z
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@ divu
@t

(�w�)�(t)dx dt +
Z T

0

Z


rw � r(�w�)�(t)dx dt �

�m

Z T

0
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�(�w�)@t(�(t))dxdt �m
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�(w0)�(0)dx �
Z T

0

Z



b(s(p))�g2
@(�w��(t))

@x2
dx dt: (46)

�ëç¨â ï ¨§ (42) ¯à¨ ez = z � w+ ¥à ¢¥áâ¢® (46), ¯à¨å®¤¨¬ ª (14).
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