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1. �¢¥¤¥­¨¥

�®¯à®áã ç¨á«¥­­®£® à¥è¥­¨ï á¨­£ã«ïà­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (���) ¯®á¢ïé¥­® ¡®«ì-
è®¥ ç¨á«® ¯ã¡«¨ª æ¨© ([1]{[6] ¨ ¤à.). �áá«¥¤®¢ ­ë á«¥¤ãîé¨¥ ���:
a) ®¤­®¬¥à­ë¥ ��� I-£® à®¤  á ï¤à®¬ �®è¨ [2], [3], [7], ­ ¯à¨¬¥à, ([2], áá. 8, 73),

Z b

a

y(s) ds
x� s

= f(x); a � x � b; (1)

£¤¥ y(s) | ¨áª®¬ ï äã­ªæ¨ï;
b) ��� I-£® à®¤  á ï¤à®¬ �¨«ì¡¥àâ  [2], [3] ¨«¨ á ®¡®¡é¥­­ë¬ ï¤à®¬ �¨«ì¡¥àâ  [3];
c) ��� II-£® à®¤  á ï¤à ¬¨ �®è¨ ¨«¨ �¨«ì¡¥àâ  [1], [4], [7], ­ ¯à¨¬¥à, [4],

A(x)y(x) +
B(x)
2�

Z 2�

0

ctg
x� s

2
y(s)ds+

1
2�

Z 2�

0

h(x; s)y(s)ds = f(x); 0 � x < 2�; (2)

£¤¥ A(x), B(x) | ¨§¢¥áâ­ë¥ ­¥¯à¥àë¢­ë¥ äã­ªæ¨¨,   h(x; s) | ¨§¢¥áâ­ ï 2�-¯¥à¨®¤¨ç¥áª ï
äã­ªæ¨ï; ¥á«¨ A(x) = 0 ¯à¨ ­¥ª®â®àëå, ­® ­¥ ¢á¥å §­ ç¥­¨ïå x, â® ãà ¢­¥­¨¥ (2) ¡ã¤¥â ãà ¢­¥-
­¨¥¬ III-£® à®¤  (áà. [8], á. 140);
d) ��� I-£® ¨«¨ II-£® à®¤  á «®£ à¨ä¬¨ç¥áª¨¬¨ ¨ ¤àã£¨¬¨ (á« ¡® á¨­£ã«ïà­ë¬¨) ï¤à ¬¨, ­ -
¯à¨¬¥à, ([3], á. 6),

� 1
2�

Z 2�

0
ln
��� sin x� s

2

��� y(s) ds+ 1
2�

Z 2�

0
h(x; s) y(s) ds = f(x); 0 � x < 2�: (3)

�à¨ íâ®¬ á¨­£ã«ïà­ë¥ ¨­â¥£à «ë ¯®­¨¬ îâáï «¨¡® ª ª ­¥á®¡áâ¢¥­­ë¥, «¨¡® ¢ á¬ëá«¥ £« ¢-
­®£® §­ ç¥­¨ï ¯® �®è¨{�¥¡¥£ã.

� áá¬®âà¥­ë â ª¦¥ ¤¢ã¬¥à­ë¥ ��� [1], [4], ­¥«¨­¥©­ë¥ ��� [6] ¨ ¤à.
�â® ª á ¥âáï ç¨á«¥­­ëå ¬¥â®¤®¢ à¥è¥­¨ï ���, â® ¯à¨ ¨å ¯®áâà®¥­¨¨ ¨á¯®«ì§®¢ ­ë á«¥¤ã-

îé¨¥ ®á­®¢­ë¥  «£®à¨â¬ë.

�«£®à¨â¬ 1 (á¤¢¨£ á¥â®ª ã§«®¢). � à ¡®â å ([2], á. 8; [3], á. 27; [4]) ¢¢®¤ïâáï ¤¨áªà¥â­ë¥ á¥â-
ª¨ ã§«®¢ ¯® ¯¥à¥¬¥­­ë¬ s ¨ x, ­ ¯à¨¬¥à, ¤«ï ãà ¢­¥­¨ï (1): sj = a + jh, xi = si + �,
j; i = 0; 1; : : : ; n, sn = b, £¤¥ h = (b � a)=n | è £ ¤¨áªà¥â¨§ æ¨¨, � | á¤¢¨£ ¬¥¦¤ã á¥âª ¬¨,
¯®« £ ¥¬ë© à ¢­ë¬ � = h=2 ([2], á. 8) ¨«¨ � 2 [0; h=2] ([3], á. 27) ¨«¨ � 2 (0; h=2) [4]. �¢¥¤¥­¨¥
á¤¢¨£  � ¯®§¢®«ï¥â ãáâà ­¨âì ®á®¡¥­­®áâ¨ ¯à¨ ¨á¯®«ì§®¢ ­¨¨ ç¨á«¥­­ëå ¬¥â®¤®¢, ­ ¯à¨¬¥à,
¬¥â®¤  ª¢ ¤à âãà.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �¨­¨áâ¥àáâ¢  ®¡à §®¢ ­¨ï �®áá¨©áª®© �¥¤¥à æ¨¨, ¯à®-

¥ªâ òE00-3.2-387.
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�«£®à¨â¬ 2 (¬¥â®¤ ª¢ ¤à âãà). � à ¡®â¥ ([2], á. 8) ¯à¨ ¯®áâà®¥­¨¨ ¬¥â®¤  ¤¨áªà¥â­ëå ¢¨å-
à¥© (®¤­®£® ¨§ ¢ à¨ ­â®¢ ¬¥â®¤  ª¢ ¤à âãà) ¨­â¥£à « ¢ (1) à á¯¨áë¢ ¥âáï ¯® ä®à¬ã«¥ «¥¢ëå
¯àï¬®ã£®«ì­¨ª®¢, ¯à¨ç¥¬ ¯®« £ ¥âáï, çâ® ­  ª ¦¤®¬ ¯à®¬¥¦ãâª¥ [sj ; sj+1) ¢áï ¯®¤¨­â¥£à «ì­ ï
äã­ªæ¨ï y(s)

x�s = const = y(sj)

x�sj ¯à¨ ­¥ª®â®à®¬ ä¨ªá¨à®¢ ­­®¬ x = xi. � à¥§ã«ìâ â¥ ¯à¨ ¨á¯®«ì§®-
¢ ­¨¨ ¤¨áªà¥â­ëå á¥â®ª ¯® s ¨ x ¨ á¤¢¨£  � ¬¥¦¤ã ­¨¬¨ ¯®«ãç ¥âáï á¨áâ¥¬  «¨­¥©­ëå  «£¥¡à -
¨ç¥áª¨å ãà ¢­¥­¨© (����) ®â­®á¨â¥«ì­® §­ ç¥­¨© yj � y(sj), ¬ âà¨æ  ª®â®à®© ¨¬¥¥â ¯à¥®¡« -

¤ îéãî ¤¨ £®­ «ì. � à ¡®â¥ [4] ¯à¨ à¥è¥­¨¨ ãà ¢­¥­¨ï (2) ¨­â¥£à «
2�R
0

h(x; s) y(s) ds â ª¦¥ à á-

¯¨áë¢ ¥âáï ¯® ä®à¬ã«¥ «¥¢ëå ¯àï¬®ã£®«ì­¨ª®¢ ¨ ¯®« £ ¥âáï h(x; s) y(s) = const = h(x; sj) y(sj)

¯à¨ s 2 [sj ; sj+1), ¨­â¥£à « ¦¥
2�R
0

ctg x�s
2
y(s)ds à á¯¨áë¢ ¥âáï ¯® ®¡®¡é¥­­®© ä®à¬ã«¥ «¥¢ëå

¯àï¬®ã£®«ì­¨ª®¢ (áà. [9], á. 57), á®£« á­® ª®â®à®© «¨èì y(s) = const = y(sj) ¯à¨ s 2 [sj ; sj+1),  

¨­â¥£à «
sj+1R
sj

ctg xi�s
2
ds ¢ëç¨á«ï¥âáï  ­ «¨â¨ç¥áª¨. �à¨ íâ®¬, çâ®¡ë ®­ ­¥ ®¡à é «áï ¢ ¡¥áª®-

­¥ç­®áâì ­¨ ¯à¨ ª ª®© ª®¬¡¨­ æ¨¨ i ¨ j, ¨á¯®«ì§®¢ ­ á¤¢¨£ á¥â®ª � 2 (0; h=2).

�«£®à¨â¬ 3 ( ¯¯à®ªá¨¬ æ¨ï à¥è¥­¨ï). � à ¡®â¥ ([3], áá. 15, 27),   â ª¦¥ ([1], áá. 149, 159)
¨áª®¬®¥ à¥è¥­¨¥ y(s)  ¯¯à®ªá¨¬¨àã¥âáï  «£¥¡à ¨ç¥áª¨¬ ¨«¨ âà¨£®­®¬¥âà¨ç¥áª¨¬ ¬­®£®ç«¥-
­®¬ ym(s) ¯®àï¤ª  m ¨«¨ ¯®«¨­®¬¨ «ì­ë¬ á¯« ©­®¬. �à¨ íâ®¬, ­ ¯à¨¬¥à, ¢ (3) ¨­â¥£à «
2�R
0

h(x; s)ym(s)ds § ¬¥­ï¥âáï ª®­¥ç­®© áã¬¬®© ¯® ä®à¬ã«¥ «¥¢ëå ¯àï¬®ã£®«ì­¨ª®¢,   ¨­â¥£à «

2�R
0

ln j sin x�s
2
jym(s)ds ¢ëç¨á«ï¥âáï  ­ «¨â¨ç¥áª¨. � à¥§ã«ìâ â¥ ª®íää¨æ¨¥­âë  ¯¯à®ªá¨¬¨àãî-

é¥£® ¬­®£®ç«¥­  ym(s) ®¯à¥¤¥«ïîâáï ¨§ ãá«®¢¨ï ¬¨­¨¬ã¬  ­¥¢ï§ª¨, çâ® ¯à¨¢®¤¨â ª â®¬ã ¨«¨
¨­®¬ã ¯à®¥ªæ¨®­­®¬ã ¬¥â®¤ã (¬¥â®¤ã ª¢ ¤à âãà, ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢, � «�¥àª¨­ , ª®««®ª -
æ¨¨, á¯« ©­®¢ ¨ â. ¤.) ¨ ª à¥è¥­¨î á®®â¢¥âáâ¢ãîé¥© ����.

�® ¢á¥å ¯¥à¥ç¨á«¥­­ëå ¬¥â®¤ å ¨¬¥¥â ¬¥áâ® á ¬®à¥£ã«ïà¨§ æ¨ï, ¯à¨ç¥¬ à®«ì ¯ à ¬¥âà 
à¥£ã«ïà¨§ æ¨¨ ¨£à ¥â �. �à¨ íâ®¬ ç¥¬ ¡®«ìè¥ � 2 (0; h=2], â¥¬ ãáâ®©ç¨¢¥¥ à¥è¥­¨¥ y, ­®
¬¥­ìè¥ à §à¥è îé ï á¯®á®¡­®áâì ç¨á«¥­­®£® ¬¥â®¤ , ¨ ç¥¬ ¬¥­ìè¥ �, â¥¬ ¬¥­¥¥ ãáâ®©ç¨¢®
à¥è¥­¨¥, ­® ¢ëè¥ à §à¥è¥­¨¥.

� ¤ ­­®© à ¡®â¥ ¯à¥¤« £ ¥âáï ¨­®© ¢ à¨ ­â ç¨á«¥­­®£® à¥è¥­¨ï ­¥ª®â®àëå ���. � ¨¬¥­­®,
á¥âª¨ ã§«®¢ ¯® x ¨ ¯® s ¯®« £ îâáï á®¢¯ ¤ îé¨¬¨ (â. ¥. � = 0),   ®á®¡¥­­®áâ¨ ãáâà ­ïîâáï § 
áç¥â ¨á¯®«ì§®¢ ­¨ï ®¡®¡é¥­­®© ª¢ ¤à âãà­®© ä®à¬ã«ë (áà. [9], á. 57). � ª ï ¬¥â®¤¨ª  ¬®¦¥â
¡ëâì ¯à¨¬¥­¥­  ­¥ ¤«ï ¢á¥å ���. �­  ­¥ ¯à¨¬¥­¨¬  ¤«ï ��� á ï¤à ¬¨ �®è¨ ¨«¨ �¨«ì¡¥à-
â , ­® ¯à¨¬¥­¨¬  ¤«ï ­¥ª®â®àëå ��� á «®£ à¨ä¬¨ç¥áª¨¬¨ ¨ ¤àã£¨¬¨ (á« ¡® á¨­£ã«ïà­ë¬¨)
ï¤à ¬¨ ([3], áá. 6, 232). � ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ îâáï «¨èì ��� I-£® à®¤  á ï¤à®¬ ¢¨¤ 
K(x; s) = s=

p
s2 � x2 ¨ á ¯¥à¥¬¥­­ë¬ ­¨¦­¨¬ ¯à¥¤¥«®¬ (ãà ¢­¥­¨¥ �¡¥«ï) ¨ ¬¥â®¤ ª¢ ¤à âãà

(®¡®¡é¥­­ë© ¬¥â®¤ ª¢ ¤à âãà) ¥£® à¥è¥­¨ï.

2. �¥â®¤ ç¨á«¥­­®£® à¥è¥­¨ï ���

­  ®á­®¢¥ ®¡®¡é¥­­®© ª¢ ¤à âãà­®© ä®à¬ã«ë

� áá¬®âà¨¬ á¨­£ã«ïà­®¥ ¨­â¥£à «ì­®¥ ãà ¢­¥­¨¥ �¡¥«ï (ãà ¢­¥­¨¥ I-£® à®¤  á ¯¥à¥¬¥­­ë¬
­¨¦­¨¬ ¯à¥¤¥«®¬) ¢ ä®à¬¥1Z R

x

sp
s2 � x2

y(s)ds = f(x); 0 � x � R; (4)

1�à ¢­¥­¨¥ �¡¥«ï ­ å®¤¨â è¨à®ª®¥ ¯à¨¬¥­¥­¨¥ ¢ ¯à¨ª« ¤­ëå § ¤ ç å ¤¨ £­®áâ¨ª¨ ¯« §¬ë,  áâà®-

ä¨§¨ª¨, ®¯â¨ç¥áª®© ¨ à¥­â£¥­®¢áª®© ¤¨äà ªæ¨¨ ¨ â. ¤. ([8], á. 109; [10], á. 97{98). �  áâà®ä¨§¨ª¥ ®­® ç áâ®

­ §ë¢ ¥âáï ãà ¢­¥­¨¥¬ �¥©¯¥«ï ([8], á. 109).
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£¤¥ y(s) { ¨áª®¬ ï äã­ªæ¨ï ¨, ¢ ç áâ­®áâ¨, R =1. � ¬¥â¨¬, çâ® ¢ âà ¤¨æ¨®­­®© ä®à¬¥ ãà ¢-
­¥­¨¥ �¡¥«ï § ¯¨áë¢ ¥âáï ª ª ([8], á. 107; [11], á. 19)Z x

0

y(s)p
x� s

ds = 2f(x); x > 0; (5)

¯à¨ç¥¬ ¬¥¦¤ã (4) ¨ (5) ¨¬¥¥â ¬¥áâ® ¢§ ¨¬­® ®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥.
�à ¢­¥­¨¥ (4) ï¢«ï¥âáï á¨­£ã«ïà­ë¬ ãà ¢­¥­¨¥¬ á® á« ¡®© ®á®¡¥­­®áâìî. � ­­®¥ ãà ¢­¥­¨¥

¨¬¥¥â  ­ «¨â¨ç¥áª®¥ à¥è¥­¨¥ ([10], á. 98)

y(s) = � 2
�

Z R

s

f 0(x)p
x2 � s2

dx; 0 � s � R: (6)

�¤­ ª® à¥è¥­¨¥ (6) á®¤¥à¦¨â ¯à®¨§¢®¤­ãî f 0(x) ®â ®¡ëç­® íªá¯¥à¨¬¥­â «ì­®©,   §­ ç¨â,
§ èã¬«¥­­®© äã­ªæ¨¨ f(x),   § ¤ ç  ç¨á«¥­­®£® ¤¨ää¥à¥­æ¨à®¢ ­¨ï § èã¬«¥­­®© äã­ªæ¨¨
ï¢«ï¥âáï ­¥ª®àà¥ªâ­®© ([12], á. 18{19). �à®¬¥ â®£®, ¨­â¥£à « ¢ ¯à ¢®© ç áâ¨ (6) ï¢«ï¥âáï ­¥á®¡-
áâ¢¥­­ë¬. �®íâ®¬ã § ¤ ç  ¢ëç¨á«¥­¨ï à¥è¥­¨ï (6) ­¥ ï¢«ï¥âáï âà¨¢¨ «ì­®©. � ¤ ­­®© à ¡®â¥
¯à¥¤« £ îâáï ¤¢  ç¨á«¥­­ëå ¬¥â®¤  ¯®«ãç¥­¨ï à¥è¥­¨ï ãà ¢­¥­¨ï �¡¥«ï.

1-© ¬¥â®¤ (¬¥â®¤ ª¢ ¤à âãà ç¨á«¥­­®£® à¥è¥­¨ï ãà ¢­¥­¨ï (4) ­  ®á­®¢¥ ®¡®¡é¥­­®© ä®à-
¬ã«ë «¥¢ëå ¯àï¬®ã£®«ì­¨ª®¢ | ®¡®¡é¥­­ë© ¬¥â®¤ ª¢ ¤à âãà). �¢¥¤¥¬ à ¢­®¬¥à­ë¥ á®¢¯ ¤ -
îé¨¥ á¥âª¨ ã§«®¢ ¯® x ¨ s

xi = ih; sj = xj = jh; i; j = 0; 1; : : : ; n; xn = sn = R; (7)

£¤¥ h = �x = �s = R=n = const | è £ ¤¨áªà¥â¨§ æ¨¨ (R áç¨â ¥¬ ª®­¥ç­ë¬). �  ­¥ª®â®à®¬
¯à®¬¥¦ãâª¥ [sj ; sj+1), j 2 [0; n� 1], ¯®« £ ¥¬

y(s) = y(sj) = const : (8)

�¥£ª® ¯à®¢¥àï¥âáï

�¥¬¬  1. �à¨ ãá«®¢¨¨ (8) ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®Z sj+1

sj

sp
s2 � x2

y(s) ds =
�q

s2j+1 � x2 �
q
s2j � x2

�
yj ; j 2 [0; n� 1]; (9)

£¤¥ yj � y(sj), x � sj < sj+1 � R.

�¯à¥¤¥«¥­¨¥ 1. � §®¢¥¬ ä®à¬ã«ã (9) ®¡®¡é¥­­®© ä®à¬ã«®© «¥¢ëå ¯àï¬®ã£®«ì­¨ª®¢ (áà.

[9], áá. 57, 74) ¤«ï á¨­£ã«ïà­®áâ¨ sp
s2�x2 ,   ¬­®¦¨â¥«¨

�q
s2j+1 � x2�

q
s2j � x2

�
| ª¢ ¤à âãà­ë¬¨

ª®íää¨æ¨¥­â ¬¨ íâ®© ä®à¬ã«ë.

�¥®à¥¬  1. �¨á«¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (4) ¯® 1-¬ã ¬¥â®¤ã ¢ëà ¦ ¥âáï á«¥¤ãîé¨¬¨

à¥ªãàà¥­â­ë¬¨ ä®à¬ã« ¬¨:

yn = yn�1 =
fn�1

pn�1;n�1
=

fn�1p
R2 � (R� h)2

;

yi =
fi �

n�1P
j=i+1

pij yj

pii
; i = n� 2; n� 3; : : : ; 0;

(10)

£¤¥ fi � f(xi),  

pij =
q
s2j+1 � x2i �

q
s2j � x2i : (11)
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�®ª § â¥«ìáâ¢®. �­â¥£à « ¢ «¥¢®© ç áâ¨ (4) à ¢¥­ áã¬¬¥ ¨­â¥£à «®¢ (9) ¯® ®â¤¥«ì­ë¬
¯à®¬¥¦ãâª ¬ [sj ; sj+1):

Z R

xi

sp
s2 � x2i

y(s) ds =
n�1X
j=i

�q
s2j+1 � x2i �

q
s2j � x2i

�
yj = fi; i = 0; 1; : : : ; n� 1: (12)

�®®â­®è¥­¨ï (12) ®¡à §ãîâ ���� ®â­®á¨â¥«ì­® §­ ç¥­¨© yj, j = 0; 1; : : : ; n � 1. �®áª®«ìªã
¬ âà¨æ  ¤ ­­®© ���� ï¢«ï¥âáï ¢¥àå­¥© âà¥ã£®«ì­®©, â® ¥¥ à¥è¥­¨¥ ¬®¦­® ­ ©â¨ à¥ªãàà¥­â-
­®. �§ (12), ¨§¬¥­ïï i ¢ ­ ¯à ¢«¥­¨¨ ã¡ë¢ ­¨ï, â. ¥. ¯®« £ ï i = n � 1; n � 2; : : : ; 0, ¯®«ãç¨¬
¯®á«¥¤®¢ â¥«ì­® à¥è¥­¨ï ¤«ï yn�1; yn�2; : : : ; y0. �â® ª á ¥âáï §­ ç¥­¨ï yn � y(R), â® ¢¢®¤¨¬
¤®¯®«­¨â¥«ì­®¥ à ¢¥­áâ¢® yn = yn�1. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ä®à¬ã«ë (10), (11).

2-© ¬¥â®¤ (¬¥â®¤ ¢ëç¨á«¥­¨ï ¨­â¥£à «  ¢ ¢ëà ¦¥­¨¨ (6) ¯® ª¢ ¤à âãà­®© ä®à¬ã«¥, ãç¨-
âë¢ îé¥© ¥£® á¨­£ã«ïà­®áâì). � ª ¨ ¢ 1-¬ ¬¥â®¤¥, ¢¢®¤¨¬ á¥âª¨ ã§«®¢ (7). � «¥¥ ¯®« £ ¥¬, çâ®
­  ¯à®¬¥¦ãâª¥ [xi; xi+1), i 2 [0; n� 1], äã­ªæ¨ï

f 0(x) = f 0(xi) = const : (13)

�®£¤  á¯à ¢¥¤«¨¢ 

�¥¬¬  2. �à¨ ãá«®¢¨¨ (13) ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

Z xi+1

xi

f 0(x)p
x2 � s2

dx = ln
xi+1 +

q
x2i+1 � s2

xi +
p
x2i � s2

f 0i ; i 2 [0; n� 1]; (14)

£¤¥ f 0i � f 0(xi), s � xi < xi+1 � R.

�¯à¥¤¥«¥­¨¥ 2. � §®¢¥¬ ä®à¬ã«ã (14) ®¡®¡é¥­­®© ä®à¬ã«®© «¥¢ëå ¯àï¬®ã£®«ì­¨ª®¢ ¤«ï

á¨­£ã«ïà­®áâ¨ 1p
x2�s2 ,   ¬­®¦¨â¥«¨ ln

xi+1+
p

x2
i+1

�s2

xi+
p

x2
i
�s2

| ª¢ ¤à âãà­ë¬¨ ª®íää¨æ¨¥­â ¬¨ íâ®©

ä®à¬ã«ë.

�¥®à¥¬  2. �ãáâì áâà®¨âáï ç¨á«¥­­® à¥è¥­¨¥ (6), ¯à¨ç¥¬ ¨­â¥£à « ¢ ¯à ¢®© ç áâ¨ (6)
¢ëç¨á«ï¥âáï á ¨á¯®«ì§®¢ ­¨¥¬ ®¡®¡é¥­­®© ª¢ ¤à âãà­®© ä®à¬ã«ë «¥¢ëå ¯àï¬®ã£®«ì­¨ª®¢ (14)
­  á¥âª å ã§«®¢ (7). � íâ®¬ á«ãç ¥ à¥è¥­¨¥ (6) ¢ ç¨á«¥­­®¬ ¢¨¤¥ ¯® 2-¬ã ¬¥â®¤ã à ¢­®

y0 =
f0 � h

n�1P
j=1

yj

h
;

yj = � 2
�

n�1X
i=j

qijf
0
i ; j = 1; 2; : : : ; n� 1;

yn = yn�1;

(15)

£¤¥

qij = ln
xi+1 +

q
x2i+1 � s2j

xi +
q
x2i � s2j

:

�®ª § â¥«ìáâ¢®. �­â¥£à « ¢ ¯à ¢®© ç áâ¨ (6) à ¢¥­ áã¬¬¥ ¨­â¥£à «®¢ (14) ¯® ®â¤¥«ì­ë¬
¯à®¬¥¦ãâª ¬ [xi; xi+1):

Z R

sj

f 0(x)q
x2 � s2j

dx =
n�1X
i=j

ln
xi+1 +

q
x2i+1 � s2j

xi +
q
x2i � s2j

f 0i ; j = 1; 2; : : : ; n� 1:
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�âáî¤  ¯®«ãç ¥¬ ¢ëà ¦¥­¨¥ (15) ¤«ï yj, j = 1; 2; : : : ; n�1. �â® ª á ¥âáï §­ ç¥­¨ï yn, â® ¢¢®¤¨¬
¤®¯®«­¨â¥«ì­®¥ à ¢¥­áâ¢® yn = yn�1. �«ï ¯®«ãç¥­¨ï y0 ä®à¬ã«  (14) ­¥ ¬®¦¥â ¡ëâì ¨á¯®«ì-
§®¢ ­ , â. ª. ¤ ¥â à áå®¤¨¬®áâì ¯à¨ x0 = s0 = 0. �®íâ®¬ã ¤«ï ¢ëç¨á«¥­¨ï y0 ¢®á¯®«ì§ã¥¬áï
ä®à¬ã«®© (10) 1-£® ¬¥â®¤  ¯à¨ i = 0. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ä®à¬ã«ë (15).

3. �æ¥­ª¨ ¯®£à¥è­®áâ¥© 1-£® ¬¥â®¤ 

�ë¢¥¤¥¬ ä®à¬ã«ë, ¤ îé¨¥ ®æ¥­ª¨ ¯®£à¥è­®áâ¥© à¥è¥­¨ï ãà ¢­¥­¨ï (4) 1-¬ ¬¥â®¤®¬ (áà.
[8], áá. 42, 122).

�¥¬¬  3. �­â¥£à «

Z sj+1

sj

sp
s2 � x2i

y(s)ds; xi � sj < sj+1 � R; j = i; : : : ; n� 1; i = 0; : : : ; n� 1; (16)

¯à¨ ¨á¯®«ì§®¢ ­¨¨ ®¡®¡é¥­­®© ä®à¬ã«ë «¥¢ëå ¯àï¬®ã£®«ì­¨ª®¢ (9) ¨ ãç¥â¥ ª¢ ¤à âãà­®© ¯®-

£à¥è­®áâ¨ ¬®¦¥â ¡ëâì § ¯¨á ­ ª ª

Z sj+1

sj

sp
s2 � x2i

y(s)ds = yj pij +�Rij ; (17)

£¤¥ pij | ª¢ ¤à âãà­ë© ª®íää¨æ¨¥­â á®£« á­® (11),   �Rij | ª¢ ¤à âãà­ ï ¯®£à¥è­®áâì ­ 

¯à®¬¥¦ãâª¥ [sj ; sj+1), ¯à¨¡«¨¦¥­­® à ¢­ ï

�Rij =
y0(�j)
2

2
4�sj+1 � 2sj

�q
s2j+1 � x2i + sj

q
s2j � x2i + x2i ln

sj+1 +
q
s2j+1 � x2i

sj +
q
s2j � x2i

3
5 ; (18)

¯à¨ç¥¬ �j 2 [sj ; sj+1).

�®ª § â¥«ìáâ¢®. �«ï ¢ëç¨á«¥­¨ï ¨­â¥£à «  (16) ¯à¥¤áâ ¢¨¬ äã­ªæ¨î y(s) ­  ª ¦¤®¬
¯à®¬¥¦ãâª¥ ¨­â¥à¯®«ïæ¨®­­ë¬ ¯®«¨­®¬®¬ � £à ­¦  ­ã«¥¢®© áâ¥¯¥­¨ ey(s) = yj , s 2 [sj ; sj+1),
j 2 [0; n�1]. �®£à¥è­®áâì â ª®© ¨­â¥à¯®«ïæ¨¨ à ¢­  ([13], á. 504) �yj(s) � y(s)�yj = y0(�) (s�sj),
£¤¥ � = �j(s) 2 [sj ; sj+1). �®£¤  y(s) = yj + y0(�) (s� sj) ¨ ¯®«ãç¨¬ (17), £¤¥

�Rij =
Z sj+1

sj

s(s� sj)p
s2 � x2i

y0(�)ds

¨«¨ ¯à¨¡«¨¦¥­­®

�Rij = y0(�j)
Z sj+1

sj

s(s� sj)p
s2 � x2i

ds; �j 2 [sj ; sj+1]: (19)

�­â¥£à « ¢ (19) ¢ëç¨á«ï¥âáï  ­ «¨â¨ç¥áª¨, ¢ à¥§ã«ìâ â¥ ¯®«ãç¨¬ ®æ¥­ªã (18).

� ¬¥ç ­¨¥ 1. �à®¨§¢®¤­ãî y0(�) ¬®¦­® ¢ëç¨á«¨âì ¯® ¯à¨¡«¨¦¥­­®© ä®à¬ã«¥

y0(�j) � y0j =

8<
:

yj+1�yj
h

; j = 0;

yj+1�yj�1
2h

; j 2 [1; n� 1]:
(20)
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�¥®à¥¬  3. �¨á«¥­­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (4) ­  á¥âª å ã§«®¢ (7) ¬¥â®¤®¬ ª¢ ¤à âãà ­ 

®á­®¢¥ ®¡®¡é¥­­®© ä®à¬ã«ë «¥¢ëå ¯àï¬®ã£®«ì­¨ª®¢ (9) ¢ëà ¦ ¥âáï ä®à¬ã« ¬¨ (10),   ¯®£à¥è-
­®áâ¨ | á«¥¤ãîé¨¬¨ à¥ªãàà¥­â­ë¬¨ ä®à¬ã« ¬¨:

�yn = �yn�1 =
�Rn�1;n�1

pn�1;n�1
;

�yi =
Ri �

n�1P
j=i+1

pij�yj

pii
; i = n� 2; n� 3; : : : ; 0;

(21)

£¤¥

Ri =
n�1X
j=i

�Rij ; (22)

¯à¨ç¥¬ pij, �Rij ¨ y0(�j) ¢ëà ¦ îâáï ä®à¬ã« ¬¨ (11), (18) ¨ (20) á®®â¢¥âáâ¢¥­­®.

�®ª § â¥«ìáâ¢®. � ¯¨è¥¬ ¨­â¥£à « ¢ «¥¢®© ç áâ¨ (4) ¢ ¢¨¤¥ áã¬¬ë ¨­â¥£à «®¢ ¯® ¯à®¬¥-
¦ãâª ¬

Z R

xi

sp
s2 � x2i

y(s)ds =
n�1X
j=i

Z sj+1

sj

sp
s2 � x2i

�
yj +�yj(s)

�
ds =

=
n�1X
j=i

Z sj+1

sj

sp
s2 � x2i

�
yj + y0(�)(s� sj)

�
ds; i = 0; 1; : : : ; n� 1;

®âªã¤ 

n�1X
j=i

Z sj+1

sj

sp
s2 � x2i

�yj(s)ds =
n�1X
j=i

Z sj+1

sj

s(s� sj)p
s2 � x2i

y0(�)ds; i = 0; 1; : : : ; n� 1: (23)

�«ï ¢ëç¨á«¥­¨ï ¨­â¥£à «  ¢ «¥¢®© ç áâ¨ (23) ¨á¯®«ì§ã¥¬ ä®à¬ã«ã «¥¢ëå ¯àï¬®ã£®«ì­¨ª®¢,
â. ¥. ¯®«®¦¨¬ �yj(s) = �y(sj) � �yj = const, s 2 [sj ; sj+1), ¨ ¢ëç¨á«¨¬ ¨­â¥£à «  ­ «®£¨ç­® (9).
�­â¥£à « ¢ ¯à ¢®© ç áâ¨ (23) à ¢¥­ �Rij á®£« á­® (19). �®£¤ 

n�1X
j=i

pij�yj = Ri; i = 0; 1; : : : ; n� 1; (24)

£¤¥ ç¥à¥§ Ri ®¡®§­ ç¥­  áã¬¬  (22). � ¯¨áì (24) ¥áâì ���� ®â­®á¨â¥«ì­® �yj, j = 0; 1; : : : ; n�1.
�à¨ íâ®¬ ¯®« £ ¥âáï, çâ® ¯à¥¤¢ à¨â¥«ì­® ¢ëç¨á«¥­ë §­ ç¥­¨ï yi, i = 0; 1; : : : ; n, ¢ ¢¨¤¥ (10),
  § â¥¬ §­ ç¥­¨ï Ri, i = 0; 1; : : : ; n � 1, á®£« á­® (22), (18), (20). �¥è ï ���� (24) á ¢¥àå­¥©
âà¥ã£®«ì­®© ¬ âà¨æ¥©, ¯®«ãç¨¬ ¢ à¥ªãàà¥­â­®© ä®à¬¥ à¥è¥­¨¥ (21), ¤®¡ ¢¨¢ ¯à¨ íâ®¬ ãá«®¢¨¥
�yn = �yn�1.

� ¬¥ç ­¨¥ 2. �®à¬ã«ë (21) ¤ îâ §­ ç¥­¨ï ¯®£à¥è­®áâ¥© à¥è¥­¨ï �yi á ãç¥â®¬ §­ ª  (áà.
[8], áá. 42, 122),   ­¥ ¯®  ¡á®«îâ­®© ¢¥«¨ç¨­¥ ¢¨¤  j�yij � � � � ¨«¨ ¢¥àå­¨å ®æ¥­®ª j�yij � � � �
¨«¨ ¢¥àå­¨å ®æ¥­®ª ¯® ­®à¬¥ k�yk � � � � ¨«¨  á¨¬¯â®â¨ç¥áª¨å ®æ¥­®ª áª®à®áâ¨ áå®¤¨¬®áâ¨ ª
â®ç­®¬ã à¥è¥­¨î k�yk = O(� � � ), ª ª ¢ ¡®«ìè¨­áâ¢¥ à ¡®â ([3], á. 18{46 ¨ ¤à.). �®íâ®¬ã ¯®á«¥
¯®«ãç¥­¨ï à¥è¥­¨ï yi, i = 0; 1; : : : ; n, ¢ ¢¨¤¥ (10) ¨ ¢ëç¨á«¥­¨ï ¯®£à¥è­®áâ¥© à¥è¥­¨ï �yi,
i = 0; 1; : : : ; n, á®£« á­® (21) ¬®¦­® ¯®«ãç¨âì ãâ®ç­¥­­®¥ à¥è¥­¨¥

byi = yi +�yi; i = 0; 1; : : : ; n: (25)
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4. �¨á«¥­­ë¥ ¯à¨¬¥àë

�§«®¦¥­­ãî ¬¥â®¤¨ªã ç¨á«¥­­®£® à¥è¥­¨ï ��� ®¡®¡é¥­­ë¬ ¬¥â®¤®¬ ª¢ ¤à âãà (1-¬ ¬¥-
â®¤®¬) ¯à®¨««îáâà¨àã¥¬ á«¥¤ãîé¨¬¨ ¯à¨¬¥à ¬¨.

�à¨¬¥à 1. �¥è ¥âáï ãà ¢­¥­¨¥ �¡¥«ï (4); â®ç­®¥ à¥è¥­¨¥ y(s) = R � s, 0 � s � R, R = 1,
¯à ¢ ï ç áâì f(x) = R

2

p
R2 � x2 � x2

2
ln R+

p
R2�x2
x

, f(0) = R2=2. �¥âª¨ ã§«®¢ ¯® s ¨ ¯® x: sj =
jh, xj = sj , j = 0; 1; : : : ; n, £¤¥ n = 20 | ç¨á«® è £®¢, h = �s = �x = R=n = 0;05 | è £
¤¨áªà¥â¨§ æ¨¨.

�  à¨á. 1 ¯à¨¢¥¤¥­ë: â®ç­®¥ à¥è¥­¨¥ y(s), ¯à ¢ ï ç áâì f(x), ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ yi á®-
£« á­® (10), ¯®£à¥è­®áâ¨ à¥è¥­¨ï �yi ¢ ¢¨¤¥ (21) ¨ ãâ®ç­¥­­®¥ à¥è¥­¨¥ byi, i = 0; 1; : : : ; n,
á®£« á­® (25).

�¨á. 1

||| | â®ç­®¥ à¥è¥­¨¥ y(s), { { { { | ¯à ¢ ï ç áâì f(x),

� | ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ yi, + | ¯®£à¥è­®áâì à¥è¥­¨ï �yi, � | ãâ®ç­¥­­®¥ à¥è¥­¨¥ byi.

�à¨¬¥à 2. �¥è ¥âáï \ãá¥ç¥­­®¥" ãà ¢­¥­¨¥ �¡¥«ï (¨§ § ¤ ç¨ ¤¨äà ªæ¨¨ à¥­â£¥­®¢áª¨å
«ãç¥©)

Z b

q

sp
s2 � q2

J(s)ds = f(q); a � q � b;

£¤¥ a = 1, b = 71. �®ç­®¥ à¥è¥­¨¥ J(s) = 1=s3, a � s � b, ¯à ¢ ï ç áâì f(q) =
p
b2 � q2=(bq2).

�¥âª¨ ã§«®¢ ¯® s ¨ ¯® q: sj = a+ jh, qj = sj , j = 0; 1; : : : ; n, £¤¥ n = 70 { ç¨á«® è £®¢, h = �s =
�q = (b� a)=n = 1 | è £ ¤¨áªà¥â¨§ æ¨¨.

� à ªâ¥à­ ï ®á®¡¥­­®áâì ¯à¨¬¥à  2 á®áâ®¨â ¢ â®¬, çâ® ¤¨ ¯ §®­ ¨§¬¥­¥­¨ï ª ª J(s), â ª ¨
f(q) á®áâ ¢«ï¥â ­¥áª®«ìª® ¯®àï¤ª®¢.

�  à¨á. 2 ¯à¨¢¥¤¥­ë: â®ç­®¥ à¥è¥­¨¥ J(s), äã­ªæ¨ï 2f(q), ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ Ji á®£« á­®
(10), ¯®£à¥è­®áâ¨ à¥è¥­¨ï �Ji ¢ ä®à¬¥ (21) ¨ ãâ®ç­¥­­®¥ à¥è¥­¨¥ bJi, i = 0; 1; : : : ; n, á®£« á­®
(25).
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�¨á. 2

||| | â®ç­®¥ à¥è¥­¨¥ J(s), { { { { | äã­ªæ¨ï 2f(q),
� | ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ Ji, + | ¯®£à¥è­®áâì à¥è¥­¨ï �Ji, � | ãâ®ç­¥­­®¥ à¥è¥­¨¥ bJi.
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