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� áá¬®âà¨¬ § ¤ çã �®è¨ ¤«ï áª «ïà®£® ãà ¢¥¨ï

_x(t)� a(t)x(t� !) = f(t); t > 0;

x(�) = 0; � < 0; x(0) = �
(1)

á ¯®áâ®ïë¬ § ¯ §¤ë¢ ¨¥¬ ! > 0 ¨m!-¯¥à¨®¤¨ç¥áª¨¬ ª®íää¨æ¨¥â®¬ a(t) : a(t+m!) = a(t),
m 2 N. �ãáâì ¤®¯®«¨â¥«ì® ¢ë¯®«¥ë ãá«®¢¨ï: a 2 L1[0;m!], f 2 L[0; b] 8b > 0 (L1[0; b]
| ¯à®áâà áâ¢® ¨§¬¥à¨¬ëå ¨ ®£à ¨ç¥ëå ¢ áãé¥áâ¢¥®¬   [0; b] äãªæ¨© y : [0; b] ! R,
kykL1 = vrai sup

0�t�b
jy(t)j; L[0; b] | ¯à®áâà áâ¢® äãªæ¨© y : [0; b]! R, ¨§¬¥à¨¬ëå ¨ áã¬¬¨àã¥¬ëå

  ®âà¥§ª¥ [0; b], kykL =
bR
0

jy(t)jdt).

� ¤ ®© áâ âì¥  ¢â®à ¯à®¤®«¦ ¥â à §¢¨¢ âì ¨¤¥¨ ¨ à¥§ã«ìâ âë �.�. �¥å«¨æª®£® [1], �.�.� -
«ë£¨®© [2], [3] ®¡ ãáâ®©ç¨¢®áâ¨ ãà ¢¥¨ï (1) ¢ à ¬ª å ¬¥â®¤  ¯à®¨§¢®¤ïé¨å äãªæ¨© ([4],
c. 25). �ä®à¬ã«¨à®¢  ¨ ¤®ª §  ªà¨â¥à¨© ãáâ®©ç¨¢®áâ¨ ãà ¢¥¨ï (1). �á¯®«ì§ã¥âáï ªà ¥-
¢ ï § ¤ ç , ª®â®à®© ã¤®¢«¥â¢®àïîâ ª®¬¯®¥âë ¯à®¨§¢®¤ïé¥© äãªæ¨¨, ¯®áâà®¥®© ¯® äãª-
æ¨¨ �®è¨ ãà ¢¥¨ï (1) ([5], c. 115). �¤¥ï ¨á¯®«ì§®¢ ¨ï ãá«®¢¨© à §à¥è¨¬®áâ¨ á¯¥æ¨ «ìëå
ªà ¥¢ëå § ¤ ç ¯à¨ ¨§ãç¥¨¨ ãà ¢¥¨© á ¯¥à¨®¤¨ç¥áª¨¬¨ ¯ à ¬¥âà ¬¨ ¢®§¨ª«  ¤ ¢® (¡¨-
¡«¨®£à ä¨î á¬. ¢ [4]) ¨ ãá¯¥è® à §¢¨¢ « áì ¢ à ¡®â å �.�.�®ª®¢ , �.�.�âª¨  ( ¯à. [6])
(¤«ï ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëåãà ¢¥¨©), �.�. �¢¥àª¨  [7], �.�.�®«£®£® [8], [9] (¤«ï
ãà ¢¥¨© á § ¯ §¤ë¢ îé¨¬  à£ã¬¥â®¬).

� à ¡®â¥ �.�. �¥å«¨æª®£® [1] ¯à¥¤«®¦¥ ªà¨â¥à¨© ãáâ®©ç¨¢®áâ¨ ãà ¢¥¨ï (1).
�ãáâì a(t) | ¥¯à¥àë¢ ï   [0;m!] ª®¬¯«¥ªá®§ ç ï äãªæ¨ï; ¤«ï â®£® çâ®¡ë ¯à¨ ¢á¥å

®£à ¨ç¥ëå ¨ ¥¯à¥àë¢ëå äãªæ¨ïå f(t) § ¤ ç  (1) ¨¬¥«  ®£à ¨ç¥ë¥ à¥è¥¨ï x(t), ¥-
®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ¢á¥ ª®à¨ z� 2 C ¯à¨ ¢á¥å � 2 [0; !] ãà ¢¥¨ï 4m(�; z) = 0
«¥¦ «¨ ¢¥ ¥¤¨¨ç®£® ªàã£ : jz�j > 1.

�¥ ¢ë¯¨áë¢ ï ï¢® ¢ëà ¦¥¨¥ 4m(�; z), ¯à¨¢®¤¨¬®¥ ¢ [1], ®â¬¥â¨¬ â®«ìª®, çâ® 4m(�; z) |
®¯à¥¤¥«¨â¥«ì m-£® ¯®àï¤ª , í«¥¬¥âë ª®â®à®£® ï¢«ïîâáï àï¤ ¬¨ (æ¥«ë¬¨ äãªæ¨ï¬¨) ®â®-
á¨â¥«ì® z á ª®íää¨æ¨¥â ¬¨, § ¢¨áïé¨¬¨ ®â ¯ à ¬¥âà  �. � ª¨¬ ®¡à §®¬, ¯à®¢¥àª  ãá«®¢¨ï
ªà¨â¥à¨ï �¥å«¨æª®£® ¤«ï ª®ªà¥â®£® ãà ¢¥¨ï | íâ® á ¬®áâ®ïâ¥«ì ï âàã¤®¥¬ª ï § ¤ ç  ¨
¢ ¤®áâ â®ç® ®¡é¥¬ á«ãç ¥ ¥é¥ ¥à¥è¥ ï.

�§ ®¡é¥© â¥®à¨¨ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¨§¢¥áâ® ([5], c. 84), çâ® § -
¤ ç  (1) ¨¬¥¥â ¥¤¨áâ¢¥®¥ à¥è¥¨¥

x(t) = X(t)� +
Z t

0

C(t; s)f(s)ds;

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 96-01-01613.
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£¤¥ X(t) = C(t; 0) | \äã¤ ¬¥â «ì®¥ à¥è¥¨¥" ãà ¢¥¨ï (1), C(t; s) | \äãªæ¨ï �®è¨"
ãà ¢¥¨ï (1). � [10] ¯®ª § ®, çâ® C(t; s) ï¢«ï¥âáï à¥è¥¨¥¬ § ¤ ç¨

@C(t; s)
@t

= a(t)C(t� !; s); t > s;

C(�; s) = 0; � < s; C(s; s) = 1:
(2)

�ë ¡ã¤¥¬ ¯®«ì§®¢ âìáï á«¥¤ãîé¥© â¥®à¥¬®© �¥àà® -� «  ï-�ëèª¥¢¨ç  ([11], á. 31).
� ¦¤®¬ã f 2 L1[0;1) á®®â¢¥âáâ¢ã¥â ¥¯à¥àë¢®¥ ®£à ¨ç¥®¥   [0;1] à¥è¥¨¥ x(t) § -

¤ ç¨ (1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  äãªæ¨ï �®è¨ ãà ¢¥¨ï (1) ã¤®¢«¥â¢®àï¥â ¥à ¢¥áâ¢ã

jC(t; s)j � N exp(��(t� s)); t � s � 0; (3)

¯à¨ ¥ª®â®àëå N > 0, � > 0.
� à ¡®â å �.�.� «ë£¨®© [2], [3] áä®à¬ã«¨à®¢  ¨ ¤®ª §  á«¥¤ãîé¨© ªà¨â¥à¨© ãáâ®©ç¨-

¢®áâ¨.
�«ï â®£® çâ®¡ë äãªæ¨ï �®è¨ C(t; s) ãà ¢¥¨ï (1) ã¤®¢«¥â¢®àï«  ®æ¥ª¥ (3), ¥®¡å®¤¨¬®

¨ ¤®áâ â®ç®, çâ®¡ë ¤«ï äãªæ¨¨ r(�), � 2 [0; !], ®¯à¥¤¥«¥®© ãá«®¢¨ï¬¨

r(�) = minfjzj : z 2 C nh(R� )g;

h(R�) = fz 2 C : m�m-¬ âà¨æ  (E � zR�(z)) ®¡à â¨¬ g;

¢ë¯®«ï«®áì ¥à ¢¥áâ¢® r(�) > 1. �¤¥áì C | ¬®¦¥áâ¢® ª®¬¯«¥ªáëå ç¨á¥«, R�(z) | £à®-
¬®§¤ª¨© ¬ âà¨çë© àï¤. � ¬¥â¨¬, çâ® r(�) ï¢«ï¥âáï à ¤¨ãá®¬ áå®¤¨¬®áâ¨ ¥ª®â®à®£® äãªæ¨-

® «ì®£® àï¤ 
1P
n=0

dn(�; )zn.

�¨¦¥ áä®à¬ã«¨àã¥¬ ãá«®¢¨ï, ¯à¨ ª®â®àëå ¢ ªà¨â¥à¨¨ �¥å«¨æª®£® äãªæ¨ï 4m(�; z) ¥
§ ¢¨á¨â ®â �, ¨ ¢ ªà¨â¥à¨¨ � «ë£¨®© r(�) � z0, £¤¥ z0 |  ¨¬¥ìè¨© ¯® ¬®¤ã«î ª®à¥ì ãà ¢-
¥¨ï 4m(0; z) = 0. �à®¬¥ â®£®, ¤«ï á«ãç ¥¢ m = 2; 3 ¯à¥¤« £ ¥âáï ã¯à®é¥ë© ¢¨¤ äãªæ¨¨
4m(0; z).

1. �à ¥¢ ï § ¤ ç 

�à®¨§¢®¤ïé¥© äãªæ¨¥© F (z) ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ í«¥¬¥â®¢ fdng1n=0  §ë¢ ¥âáï áã¬¬ 

áâ¥¯¥®£® àï¤ 
1P
n=0

dnz
n = F (z) [12]; äãªæ¨ï F (z) ®¯à¥¤¥«¥  ¨   «¨â¨ç  ¢ ®¡« áâ¨ jzj < r,

r | à ¤¨ãá áå®¤¨¬®áâ¨ àï¤ .
�ãáâì C(t; s) | à¥è¥¨¥ § ¤ ç¨ (2). � «¥¥, t = s + n! +  (¤«ï ä¨ªá¨à®¢ ®£® t � s

áãé¥áâ¢ãîâ â ª¨¥ n 2 N ¨  2 [0; !]). �¡®§ ç¨¬ C(s+ n! + ; s) = dn(; s) (§¤¥áì d0(; s) = 1).
� áá¬®âà¨¬ ¯à®¨§¢®¤ïéãî äãªæ¨î F (z; ; s) ¤«ï ¯®á«¥¤®¢ â¥«ì®áâ¨ fdn(; s)g1n=0 ¨ ¢ë¤¥«¨¬
¢ ¥© m ª®¬¯®¥â Fi(z; ; s), i = 1; : : : ;m:

F (z; ; s) =
1X
n=0

dn(; s)z
n =

1X
k=0

dmk(; s)z
mk +

+
1X
k=0

dmk+1(; s)z
mk+1 + � � �+

1X
k=0

dmk+m�1(; s)z
mk+m�1 def=

= Fm(z; ; s) + Fm�1(z; ; s) + � � �+ F1(z; ; s):

� ¯à¥¤¯®«®¦¥¨¨, çâ® Fi(z; ; s), i = 1; : : : ;m, ¨¬¥îâ ®¤ã ¨ âã ¦¥ ®¡« áâì   «¨â¨ç®áâ¨,
á¯à ¢¥¤«¨¢ 
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�¥¬¬  1. �à¨ ä¨ªá¨à®¢ ëå z ¨ s (z 2 C , s > 0) äãªæ¨¨ Fi(z; ; s), i = 1; : : : ;m, ã¤®¢«¥-
â¢®àïîâ ¯® ,  2 [0; !], á¨áâ¥¬¥ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©(

F 0i;(z; ; s) = za(s+ (m� i)! + )Fi+1(z; ; s); i = 1; : : : ;m� 1;

F 0m;(z; ; s) = za(s+ )F1(z; ; s);
 2 (0; !); (4)

á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ (
Fi(z; 0; s) = zFi+1(z; !; s); i = 1; : : : ;m� 1;

Fm(z; 0; s) = zF1(z; !; s) + 1:
(5)

�®ª § â¥«ìáâ¢®. �à¨ i = 1; : : : ;m� 1 ¢ á¨«ã (2) ¨¬¥¥¬

d0mk+m�i;(; s) = C 0(s+ (mk +m� i)! + ; s) = _Ct(s+ (mk +m� i)! + ; s) =

= a(s+ (mk +m� i)! + ) � C(s+ (mk +m� i� 1)! + ; s) = a(s+ (m� i)! + )dmk+m�i�1(; s):

� ª¨¬ ®¡à §®¬,

F 0i;(z; ; s) =
1X
k=0

d0mk+m�i;(; s)z
mk+m�i =

= za(s+ (m� i)! + )
1X
k=0

dmk+m�i�1(; s)z
mk+m�i�1 =

= za(s+ (m� i)! + )Fi+1(z; ; s);

çâ® ¨ ¤ ¥â ¯¥à¢ë¥ m� 1 ãà ¢¥¨© á¨áâ¥¬ë (4). m-¥ ãà ¢¥¨¥ ¯®«ãç¨¬   ®á®¢¥ à ¢¥áâ¢ 

d0mk;(; s) = C 0(s+mk! + ; s) = _Ct(s+mk! + ; s) =

= a(s+mk! + ) � C(s+ (mk � 1)! + ; s) = a(s+ )dmk�1(; s):

�ç¨âë¢ ï, çâ® d0(; s) = 1, ¨¬¥¥¬

F 0m;(z; ; s) =
1X
k=0

d0mk;(; s)z
mk =

1X
k=1

d0mk;(; s)z
mk =

= za(s+ )
1X
k=1

dmk�1(; s)zmk�1 = za(s+ )
1X
l=0

dml+m�1(; s)zml+m�1 = za(s+ )F1(z; ; s);

çâ® ¤ ¥â m-¥ ãà ¢¥¨¥ ¢ (4). �®«ãç¨¬ ¯¥à¢ë¥ m� 1 ªà ¥¢ëå ãá«®¢¨© ¢ (5). �¬¥¥¬

dmk+m�i(0; s) = C(s+ (mk +m� i)!; s) =

= C(s+ (mk +m� i� 1)! + !; s) = dmk+m�i�1(!; s); i = 1; : : : ;m� 1:

�¬®¦ ï   zmk+m�i à ¢¥áâ¢® dmk+m�i(0; s) = dmk+m�i�1(!; s) ¨ áã¬¬¨àãï ¯® k = 0; 1; 2; : : : ,
¯®«ãç ¥¬

Fi(z; 0; s) = zFi+1(z; !; s); i = 1; : : : ;m� 1:

m-¥ ªà ¥¢®¥ ãá«®¢¨¥ ¢ (5) ¯®«ãç ¥¬ ¨§ à ¢¥áâ¢  dmk(0; s) = dmk�1(!; s), ã¬®¦ ï   zmk ¨
áã¬¬¨àãï ¯® k = 1; 2; : : : ,

1X
k=1

dmk(0; s)z
mk = z

1X
k=1

dmk�1(!; s)z
mk�1 = z

1X
l=0

dml+m�1(!; s)z
ml+m�1;

¨«¨ Fm(z; 0; s) � 1 = zF1(z; !; s).
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�¡®§ ç¨¬ a(t) = �1(t); a(!+ t) = �2(t); : : : ; a((m�1)!+ t) = �m(t). �®£« á® «¥¬¬¥ 1 ¯®áâà®-
¥¨¥ äãªæ¨© Fi(z; ; s), i = 1; : : : ;m, á¢®¤¨âáï ª à¥è¥¨î á¨áâ¥¬ë m-£® ¯®àï¤ª  ®¡ëª®¢¥ëå
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©

y0() = zA(s+ )y();  2 (0; !); y() = colfy1(); : : : ; ym()g (6)

á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨

y(0) = zV y(!) + �; (7)

£¤¥

A(s+ ) =

0
BBBBBB@

0 �m 0 : : : 0
0 0 �m�1 : : : 0
...

...
...

. . .
...

0 0 0 : : : �2

�1 0 0 : : : 0

1
CCCCCCA
(s+ );

(m�m)-¬ âà¨æ  V ¨ m-¬¥àë© ¢¥ªâ®à � ®¯à¥¤¥«ïîâáï à ¢¥áâ¢ ¬¨

V =

0
BBBBBB@

0 1 0 : : : 0
0 0 1 : : : 0
...

...
...

. . .
...

0 0 0 : : : 1
1 0 0 : : : 0

1
CCCCCCA
; � =

0
BBBBBB@

0
0
...
0
1

1
CCCCCCA
:

�ãáâì Y (z; ; s) | äã¤ ¬¥â «ì ï ¬ âà¨æ  á¨áâ¥¬ë (6). �¥¯®áà¥¤áâ¢¥®© ¯®¤áâ ®¢ª®©
ã¡¥¦¤ ¥¬áï, çâ® à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ (6), (7) ¨¬¥¥â ¯à¥¤áâ ¢«¥¨¥

y(z; ; s) = �Y (z; ; s)(zV Y (z; !; s) �E)�1�:

�¤¥áì E | ¥¤¨¨ç ï ¬ âà¨æ  m-£® ¯®àï¤ª . �¡®§ ç¨¬

(zV Y (z; !; s)�E)�1 =
B(z; s)
4m(z; s)

;

£¤¥ B(z; s) | ¯à¨á®¥¤¨¥ ï ¬ âà¨æ  ª ¬ âà¨æ¥ (zV Y (z; !; s)�E),

4m(z; s) = det(zV Y (z; !; s)�E) def= jzV Y (z; !; s)�Ej: (8)

�®£¤ 

y(z; ; s) = �
Y (z; ; s)B(z; s)�

4m(z; s)
: (9)

�â¬¥â¨¬, çâ® äã¤ ¬¥â «ì ï ¬ âà¨æ  Y (z; ; s) ®¯à¥¤¥«ï¥âáï à ¢¥áâ¢®¬ [13]

Y (z; ; s) = E + z

Z 

0
A(s+ t1)dt1 + z2

Z 

0
A(s+ t1)dt1

Z t1

0
A(s+ t2)dt2 +

+ z3
Z 

0

A(s+ t1)dt1

Z t1

0

A(s+ t2)dt2

Z t2

0

A(s+ t3)dt3 + � � � ; (10)

¯à¨ç¥¬ ¢á¥ í«¥¬¥âë ¬ âà¨æë Y (z; ; s) ï¢«ïîâáï æ¥«ë¬¨ äãªæ¨ï¬¨ ¯® z (¯à¨ ¢á¥å  2 [0; !],
s > 0), ¥á«¨ a 2 L1[0;m!].

�ãáâì r(; s) { à ¤¨ãá áå®¤¨¬®áâ¨ àï¤ 

1X
n=0

dn(; s)zn = F (z; ; s): (11)
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�á¥ ª®¬¯®¥âë yi(z; ; s) ¢¥ªâ®à  y(z; ; s) ¢ (9) ¥áâì ¤à®¡¨ á ®¤¨¬ § ¬¥ â¥«¥¬ 4m(z; s),
ï¢«ïîé¨¬áï æ¥«®© äãªæ¨¥© ¯® z ¯à¨ s > 0, ¨ ã¦¥ á¢®¨¬ ¤«ï ª ¦¤®£® i, 1 � i � m, ç¨á«¨â¥«¥¬,
â®¦¥ ï¢«ïîé¨¬áï æ¥«®© äãªæ¨¥© ¯® z ¯à¨ s > 0 ¨  2 [0; !]. �®íâ®¬ã äãªæ¨¨ Fi(z; ; s) �
yi(z; ; s), 1 � i � m, ¨¬¥îâ ®¤ã ®¡« áâì   «¨â¨ç®áâ¨, çâ® ¯à¥¤¯®« £ «®áì ¢ «¥¬¬¥ 1. � ª
ª ª

F (z; ; s) =
mX
i=1

Fi(z; ; s) =
mX
i=1

yi(z; ; s); (12)

â® äãªæ¨ï F (z; ; s) ¨¬¥¥â âã ¦¥ ®¡« áâì   «¨â¨ç®áâ¨, çâ® ¨ ¥¥ ª®¬¯®¥âë Fi(z; ; s), i =
1; : : : ;m. � ª ª ª ¢ á¨«ã (10) ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® Y (z; ; s+ T ) = Y (z; ; s), T = m!, ¯à¨ ¢á¥å
z 2 C ¨  2 [0; !], â® ¬®¦® áç¨â âì, çâ® s 2 [0; T ].

�  ®á®¢ ¨¨ áª § ®£® ¨¬¥¥¬

r(; s) � r(0; s) ¯à¨ s 2 [0; T ]: (13)

2. �«ãç ¨ m = 2; 3

� íâ®¬ ¯ à £à ä¥ ¤ ¤¨¬ ï¢®¥ ¯à¥¤áâ ¢«¥¨¥ ®¯à¥¤¥«¨â¥«ï 4m(z) ªà ¥¢®© § ¤ ç¨ (6), (7)
¯à¨ m = 2; 3.

1. � áá¬®âà¨¬ á«ãç © m = 2: a(t+ 2!) = a(t). � âà¨æ  A(s+ ) ¢ (6) ¨¬¥¥â ¢¨¤

A(s+ ) =
�
0 �2

�1 0

�
(s+ ); §¤¥áì a(t) =

(
�1(t); t 2 [0; !);

�2(t); t 2 [!; 2!):

�ã¤ ¬¥â «ìãî ¬ âà¨æã á¨áâ¥¬ë (6) ®¡®§ ç¨¬

Y (z; ; s) =
�
y11 y12
y21 y22

�
(z; ; s):

�¨èì í«¥¬¥âë y12, y21, áâ®ïé¨¥   ¯®¡®ç®© ¤¨ £® «¨ ¬ âà¨æë Y (z; ; s), ¨á¯®«ì§ãîâáï ¢
¤ «ì¥©è¥¬. � ¯¨è¥¬ íâ¨ í«¥¬¥âë ¢ ï¢®¬ ¢¨¤¥

y12(z; ; s) = z

Z s+

s

�2 + z3
Z s+

s

�212 + z5
Z s+

s

�[21]22 + � � �+ z2n+1

Z s+

s

�[21]n2 + � � � ;

y21(z; ; s) = z

Z s+

s

�1 + z3
Z s+

s

�121 + z5
Z s+

s

�[12]21 + � � �+ z2n+1

Z s+

s

�[12]n1 + � � � ;

(14)

£¤¥ Z s+

s

�1 =
Z s+

s

�1(t)dt =
Z s+

s

a(t)dt;
Z s+

s

�2 =
Z s+

s

�2(t)dt =
Z s+

s

a(t+ !)dt;

Z s+

s

�i1i2:::ik =
Z s+

s

�i1(t1)dt1

Z t1

s

�i2(t2)dt2� � �
Z tk

s

�ik(tk)dtk =

=
Z s+

s

a(t1 + (i1 � 1)!)dt1

Z t1

s

a(t2 + (i2 � 1)!)dt2� � �
Z tk�1

s

a(tk + (ik � 1)!)dtk: (15)

�¨¬¢®« [i1i2]n ®§ ç ¥â ¯®¢â®à¥¨¥ n à § £àã¯¯ë ¨¤¥ªá®¢ i1i2.
�¬¥¥â ¬¥áâ®

�¥¬¬  2.

42(z; s) = 1� z2 � z2(
Z s+!

s

�1 +
Z s+!

s

�2)� z4(
Z s+!

s

�121 +
Z s+!

s

�212)�

� z6(
Z s+!

s

�[12]21 +
Z s+!

s

�[21]22)� � � � � z2n+2(
Z s+!

s

�[12]n1 +
Z s+!

s

�[21]n2)� � � � (16)
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�®ª § â¥«ìáâ¢®. � áªàë¢ ï ®¯à¥¤¥«¨â¥«ì

42(z; s) =
����zy21 � 1 zy22
zy11 zy12 � 1

���� (z; !; s)
¢ (8), ¯®«ãç¨¬

42(z; s) = z2jV j jY (z; !; s)j � z(y12 + y21)(z; !; s) + 1; (17)

£¤¥ jV j =
����0 1
1 0

���� = �1 ¨ ¯® ä®à¬ã«¥ �¨ã¢¨««ï ([14], á. 87)

jY (z; !; s)j = exp(z
Z !

0
SpA(s+ )d) = 1:

�§ (14) ¨¬¥¥¬

(y12 + y21)(z; !; s) = z

�Z s+!

s

�1 +
Z s+!

s

�2

�
+

1X
n=1

z2n+1

�Z s+!

s

�[12]n1 +
Z s+!

s

�[21]n2

�
;

çâ® ¯à¨ ¯®¤áâ ®¢ª¥ ¢ (17) ¤ ¥â (16).

�¥¬¬  3. 1) �ãªæ¨ï 42(z; s) ¥ § ¢¨á¨â ®â s: 42(z; s) = 42(z; 0)
def= 42(z);

2) r(; s) � const = r ¨ r = jz0j, £¤¥ z0 |  ¨¬¥ìè¨© ¯® ¬®¤ã«î ª®à¥ì ãà ¢¥¨ï 42(z) = 0.

�®ª § â¥«ìáâ¢®. 1) �®ª ¦¥¬ ¥§ ¢¨á¨¬®áâì ®â s áã¬¬ ¨â¥£à «®¢ ¢ (16). �«ï íâ®£® ¢ëïá-
¨¬, çâ® ¯à®¨§¢®¤ ï ¯® s ®â ª®íää¨æ¨¥â  ¯à¨ z2n+2 à ¢  0, n � 0:�Z s+!

s

a(t1)dt1

Z t1

s

a(t2 + !)dt2

Z t2

s

a(t3)dt3 � � �
Z t2n�2

s

a(t2n�1)dt2n�1

Z t2n�1

s

a(t2n + !)dt2nZ t2n

s

a(t2n+1)dt2n+1 +
Z s+!

s

a(t1 + !)dt1

Z t1

s

a(t2)dt2

Z t2

s

a(t3 + !)dt3 � � �Z t2n�2

s

a(t2n�1 + !)dt2n�1

Z t2n�1

s

a(t2n)dt2n

Z t2n

s

a(t2n+1 + !)dt2n+1

�0
s

=

= a(s+ !)
Z s+!

s

a(t1 + !)dt1

Z t1

s

a(t2)dt2 � � �
Z t2n�2

s

a(t2n�1 + !)dt2n�1

Z t2n�1

s

a(t2n)dt2n �

�a(s)
Z s+!

s

a(t1)dt1

Z t1

s

a(t2 + !)dt2 � � �
Z t2n�2

s

a(t2n�1)dt2n�1

Z t2n�1

s

a(t2n + !)dt2n +

+a(s+ 2!)
Z s+!

s

a(t1)dt1

Z t1

s

a(t2 + !)dt2 � � �
Z t2n�2

s

a(t2n�1)dt2n�1

Z t2n�1

s

a(t2n + !)dt2n �

�a(s+ !)
Z s+!

s

a(t1 + !)dt1

Z t1

s

a(t2)dt2 � � �
Z t2n�2

s

a(t2n�1 + !)dt2n�1

Z t2n�1

s

a(t2n)dt2n = 0:

�á«¨ ãç¥áâì à ¢¥áâ¢ Z s+!

s

�[12]n1 =
Z s+!

s

�1[21]n ;

Z s+!

s

�[21]n2 =
Z s+!

s

�2[12]n ;

â® ¯à¨¤¥¬ ª á®®â®è¥¨î�Z s+!

s

�[12]n1 +
Z s+!

s

�[21]n2

�0
s

= �1(s+ !)
Z s+!

s

�[21]n � �1(s)
Z s+!

s

�[12]n +

+ �2(s+ !)
Z s+!

s

�[12]n � �2(s)
Z s+!

s

�[21]n = 0;

¢ ª®â®à®¬ ¨á¯®«ì§®¢ ®, çâ® �1(s+!) = �2(s), �2(s+!) = a(s+2!) = a(s) = �1(s). �â¢¥à¦¤¥¨¥
1) ¤®ª § ®.
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� (9) § ¬¥ â¥«ì 4m(z; s) ¥ § ¢¨á¨â ®â s, ¯®íâ®¬ã ¯à¨ m = 2

y(z; ; s) = �
Y (z; ; s)B(z; s)�

4m(z)
; (18)

¨ à ¢¥áâ¢® (13) § ¬¥ï¥âáï à ¢¥áâ¢®¬ r(; s) � r(0; s) � r. �â¢¥à¦¤¥¨¥ 2) áâ ®¢¨âáï ®ç¥-
¢¨¤ë¬.

�àã£®¥, ¡®«¥¥ á«®¦®¥ ¤®ª § â¥«ìáâ¢® íâ¨å «¥¬¬ (2 ¨ 3) ¡ë«® ¯à¨¢¥¤¥®  ¬¨ ¢ [15].
2. � áá¬®âà¨¬ á«ãç © m = 3: a(t+ 3!) = a(t). � âà¨æ  A(s+ ) ¢ (6) ¨¬¥¥â ¢¨¤

A(s+ ) =

0
@ 0 �3 0
0 0 �2

�1 0 0

1
A (s+ ); ¯à¨ç¥¬ a(t) =

8>><
>>:
�1(t); t 2 [0; !);

�2(t); t 2 [!; 2!);

�3(t); t 2 [2!; 3!):

�ã¤ ¬¥â «ìãî ¬ âà¨æã á¨áâ¥¬ë (6) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

Y (z; ; s) =

0
@y11 y12 y13
y21 y22 y23
y31 y32 y33

1
A (z; ; s):

�¢ë© ¢¨¤ í«¥¬¥â®¢ íâ®© ¬ âà¨æë, áâ®ïé¨å ¢¥ £« ¢®© ¤¨ £® «¨, ¬®¦® ®¯à¥¤¥«¨âì à ¢¥-
áâ¢ ¬¨

y12 = z

Z s+

s

�3 + z4
Z s+

s

�3213 + � � � + z3n+1

Z s+

s

�[321]n3 + � � � ;

y13 = z2
Z s+

s

�32 + z5
Z s+

s

�32132 + � � �+ z3n+2

Z s+

s

�[321]n32 + � � � ;

y21 = z2
Z s+

s

�21 + z5
Z s+

s

�21321 + � � �+ z3n+2

Z s+

s

�[213]n21 + � � � ;

y23 = z

Z s+

s

�2 + z4
Z s+

s

�2132 + � � � + z3n+1

Z s+

s

�[213]n2 + � � � ;

y31 = z

Z s+

s

�1 + z4
Z s+

s

�1321 + � � � + z3n+1

Z s+

s

�[132]n1 + � � � ;

y32 = z2
Z s+

s

�13 + z5
Z s+

s

�13213 + � � �+ z3n+2

Z s+

s

�[132]n13 + � � �

(19)

�¤¥áì ¨á¯®«ì§®¢ ® ®¡®§ ç¥¨¥ (15). �¨¬¢®« [i1i2i3]n ®§ ç ¥â ¯®¢â®à¥¨¥ n à § £àã¯¯ë ¨¤¥ª-
á®¢ i1i2i3.�â¬¥â¨¬, çâ® ¢á¥ í«¥¬¥âë ¬ âà¨æë Y (z; ; s) ï¢«ïîâáï æ¥«ë¬¨ äãªæ¨ï¬¨ ¯® z (¯à¨
¢á¥å  2 [0; !], s 2 [0; 3!]), ¥á«¨ a 2 L1[0; 3!].

�¥¬¬  4.

43(z; s) = �1 + z3 + z3
�Z s+!

s

�1 +
Z s+!

s

�2 +
Z s+!

s

�3 +
Z s+!

s

�13 +
Z s+!

s

�21 +
Z s+!

s

�32

�
+

+ z6
�
�

Z s+!

s

�1231 �

Z s+!

s

�2312 �

Z s+!

s

�3123 +
Z s+!

s

�13213 +
Z s+!

s

�21321 +
Z s+!

s

�32132

�
+ � � �

+ z3n+3

�
(�1)n

�Z s+!

s

�[123]n1 +
Z s+!

s

�[231]n2 +
Z s+!

s

�[312]n3

�
+

+
Z s+!

s

�[132]n13 +
Z s+!

s

�[213]n21 +
Z s+!

s

�[321]n32

�
+ � � � (20)

67



�®ª § â¥«ìáâ¢®. � áªàë¢ ï ®¯à¥¤¥«¨â¥«ì

43(z; s) =

������
zy21 � 1 zy22 zy23
zy31 zy32 � 1 zy33
zy11 zy12 zy13 � 1

������ (z; !; s)
¨§ (8), ¯®«ãç¨¬

43(z; s) = z3jV j jY (z; !; s)j � z2
�����y21 y22
y31 y32

����+
����y21 y23
y11 y13

����+
����y32 y33
y12 y13

����
�
(z; !; s) +

+ z(y21 + y32 + y13)(z; !; s) � 1; (21)

£¤¥ jV j =

������
0 1 0
0 0 1
1 0 0

������ = 1 ¨ ¯® ä®à¬ã«¥ �¨ã¢¨««ï jY (z; !; s)j = 1. �§ (19) á«¥¤ã¥â

(y21 + y32 + y13)(z; !; s) = z2
�Z s+!

s

�21 +
Z s+!

s

�13 +
Z s+!

s

�32

�
+

+
1X
n=1

z3n+2

�Z s+!

s

�[213]n21 +
Z s+!

s

�[132]n13 +
Z s+!

s

�[321]n32

�
: (22)

�â®¡ë ¤ âì ï¢®¥ ¯à¥¤áâ ¢«¥¨¥ ¬®¦¨â¥«ï ¯à¨ z2 ¢ (21) ®¡®§ ç¨¬

U ik
1 (z; ; s) =

����y1i y1k
y2i y2k

���� (z; ; s); U ik
2 (z; ; s) =

����y1i y1k
y3i y3k

���� (z; ; s);
U ik
3 (z; ; s) =

����y2i y2k
y3i y3k

���� (z; ; s); i 6= k:

�®íää¨æ¨¥â ¯à¨ z2 ¢ (21) ¥áâì (U 12
3 � U 13

1 � U 23
2 )(z; !; s). �ç¨âë¢ ï, çâ®

y01i; = z�3(s+ )y2i; y02i; = z�2(s+ )y3i; y03i; = z�1(s+ )y1i;

¨ ®¯ãáª ï ¢¥àå¨¥ ¨¤¥ªáë ik, ¯®«ãç ¥¬ á¨áâ¥¬ã ¤«ï ¢¢¥¤¥ëå ¯¥à¥¬¥ëå8>><
>>:
U 01; = z�2(s+ )U2;

U 02; = z�3(s+ )U3;

U 03; = �z�1(s+ )U1

¨«¨ U 0 = zC(s+ )U , U = colfU1; U2; U3g,

C(s+ ) =

0
@ 0 �2 0

0 0 �3

��1 0 0

1
A (s+ ):

�ã¤ ¬¥â «ì ï ¬ âà¨æ  U(z; ; s) = (U 12; U 13; U 23)(z; ; s), £¤¥ U(z; 0; s) = E | ¥¤¨¨ç ï
¬ âà¨æ  3-£® ¯®àï¤ª , ¯®«ãç ¥âáï ¨§ ¬ âà¨æë Y (z; ; s) § ¬¥®© ¢ (19) äãªæ¨© �3; �2; �1  
�2; �3;��1 á®®â¢¥âáâ¢¥®. � ª¨¬ ®¡à §®¬,

(U 12
3 �U 13

1 �U 23
2 )(z; !; s) =

�
�z

Z s+!

s

�1+z4
Z s+!

s

�1231�� � �+(�1)n+1z3n+1

Z s+!

s

�[123]n1+ � � �
�
�

�

�
z

Z s+!

s

�2 � z4
Z s+!

s

�2312 + � � �+ (�1)nz3n+1

Z s+!

s

�[213]n2 + � � �

�
�

�

�
z

Z s+!

s

�3 � z4
Z s+!

s

�3123 + � � �+ (�1)nz3n+1

Z s+!

s

�[312]n3 + � � �

�
: (23)

�®¤áâ ¢¨¢ (22) ¨ (23) ¢ (21), ¯®«ãç ¥¬ (20).
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�¥¬¬  5. 1) �ãªæ¨ï 43(z; s) ¥ § ¢¨á¨â ®â s: 43(z; s) = 43(z; 0)
def= 43(z),

2) r(; s) � const = r = jz0j, £¤¥ z0 |  ¨¬¥ìè¨© ¯® ¬®¤ã«î ª®à¥ì ãà ¢¥¨ï 43(z) = 0.

�®ª § â¥«ìáâ¢®   «®£¨ç® ¤®ª § â¥«ìáâ¢ã «¥¬¬ë 3: ¬®¦® ¯®ª § âì, çâ® ¯à®¨§¢®¤ ï
¯® s ®â ª®íää¨æ¨¥â  ¯à¨ z3n+3 à ¢  0, n � 0. �®ª ¦¥¬,  ¯à¨¬¥à, çâ® ¢ëà ¦¥¨¥ ¢ (22) ¥
§ ¢¨á¨â ®â s. � ª ª ª á¯à ¢¥¤«¨¢ë à ¢¥áâ¢ Z s+!

s

�[321]n32 =
Z s+!

s

�3[213]n2;

Z s+!

s

�[213]n21 =
Z s+!

s

�2[132]n1;

Z s+!

s

�[132]n13 =
Z s+!

s

�1[321]n3;

â®

((y21 + y32 + y13)(z; !; s))
0
s = z2

�
�2(s+ !)

Z s+!

s

�1 � �1(s)
Z s+!

s

�2 + �1(s+ !)
Z s+!

s

�3 �

��3(s)
Z s+!

s

�1 + �3(s+ !)
Z s+!

s

�2 � �2(s)
Z s+!

s

�3

�
+

1X
n=1

z3n+2

�
�2(s+ !)

Z s+!

s

�[132]n1 �

��1(s)
Z s+!

s

�[213]n2 + �1(s+ !)
Z s+!

s

�[321]n3 � �3(s)
Z s+!

s

�[132]n1 +

+�3(s+ !)
Z s+!

s

�[213]n2 � �2(s)
Z s+!

s

�[321]n3

�
= 0:

�¤¥áì ¡ë«® ãçâ¥® â ª¦¥, çâ®

�2(s+ !) = �3(s); �1(s+ !) = �2(s); �3(s+ !) = a(s+ 3!) = a(s) = �1(s):

� «®£¨ç® ¬®¦® ¯®ª § âì, çâ® áã¬¬ë ¨â¥£à «®¢ ¢ (23) ¥ § ¢¨áïâ ®â s.
�â ª, ¢ (9) § ¬¥ â¥«ì 43(z; s) ¥ § ¢¨á¨â ®â s, ¯®íâ®¬ã ¯à¥¤áâ ¢«¥¨¥ (18) á¯à ¢¥¤«¨¢®

¨ ¯à¨ m = 3. �®¦¤¥áâ¢® (13) ¯à¨¨¬ ¥â ¢¨¤ r(; s) � r(0; s) � r, ¨ ãâ¢¥à¦¤¥¨¥ 2) «¥¬¬ë
áâ ®¢¨âáï ®ç¥¢¨¤ë¬. �

3. �à¨â¥à¨© ãáâ®©ç¨¢®áâ¨

� íâ®¬ ¯ à £à ä¥ á ãç¥â®¬ «¥¬¬ 2{5 áä®à¬ã«¨à®¢  ªà¨â¥à¨© ãáâ®©ç¨¢®áâ¨ ãà ¢¥¨ï (1)
¯à¨ m = 2; 3.

�ä®à¬ã«¨àã¥¬ ®¤ã ¨§ ¢®§¬®¦ëå ¬®¤¨ä¨ª æ¨© ªà¨â¥à¨ï � «ë£¨®© (¤®ª § â¥«ìáâ¢®
¬®¦® ¯à®¢¥áâ¨ ¯® áå¥¬¥ á ¬®£® ªà¨â¥à¨ï [3]):

�ãáâì r(; s) | à ¤¨ãá áå®¤¨¬®áâ¨ àï¤ 
1P
n=0

dn(; s)zn = F (z; ; s),  2 [0; !], s 2 [0;m!];

dn(; s) = C(s + n! + ; s) = C(t; s) | äãªæ¨ï �®è¨ ãà ¢¥¨ï (1); ¯ãáâì r(; s) � const = r,

äãªæ¨ï F (z; ; s) ¯à¨ ª ¦¤®¬ ä¨ªá¨à®¢ ®¬ �r, 0 < �r < r, ®£à ¨ç¥    ¬®¦¥áâ¢¥

f(z; ; s) : jzj = �r;  2 [0; !] s 2 [0;m!]g. �«ï â®£® çâ®¡ë äãªæ¨ï �®è¨ ãà ¢¥¨ï (1) ¨¬¥« 
íªá¯®¥æ¨ «ìãî ®æ¥ªã (3), ¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë r > 1.

� «¥¬¬ å 2, 3 ¯®ª § ®, çâ®

42(z) = 1� z2 �
1X
n=1

Knz
2n; K1 =

Z 2!

0
a(t)dt; (24)

¯à¨ n � 2 ¨¬¥¥¬

Kn =
Z !

0

a(t1)dt1

Z t1

0

a(t2 + !)dt2

Z t2

0

a(t3)dt3 � � �
Z t2n�3

0

a(t2n�2 + !)dt2n�2

Z t2n�2

0

+a(t2n�1)dt2n�1

+
Z !

0
a(t1 + !)dt1

Z t1

0
a(t2)dt2

Z t2

0
a(t3 + !)dt3 � � �

Z t2n�3

0
a(t2n�2)dt2n�2

Z t2n�2

0
a(t2n�1 + !)dt2n�1:
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� «¥¬¬ å 4, 5 ¯®ª § ®, çâ®

43(z) = �1 + z3 +
1X
n=1

Knz
3n; (25)

K1 =
Z 3!

0
a(t)dt+

Z !

0
a(t1)dt1

Z t1

0
a(t2 + 2!)dt2 +

+
Z !

0

a(t1 + !)dt1

Z t1

0

a(t2)dt2 +
Z !

0

a(t1 + 2!)dt1

Z t1

0

a(t2 + !)dt2;

¯à¨ n � 2 ¨¬¥¥¬

Kn = (�1)n�1
2X

i=0

Z !

0
a(t1 + i!)dt1

Z t1

0
a(t2 + (i+ 1)!)dt2

Z t2

0
a(t3 + (i+ 2)!)dt3 � � �

Z t3n�6

0
a(t3n�5 + i!)dt3n�5

Z t3n�5

0
a(t3n�4 + (i+ 1)!)dt3n�4

Z t3n�4

0
a(t3n�3 + (i+ 2)!)dt3n�3

Z t3n�3

0
a(t3n�2 + i!)dt3n�2 +

2X
i=0

Z !

0
a(t1 + i!)dt1

Z t1

0
a(t2 + (i+ 2)!)dt2

Z t2

0
a(t3 + (i+ 1)!)dt3 � � �

Z t3n�6

0
a(t3n�5 + i!)dt3n�5

Z t3n�5

0
a(t3n�4 + (i+ 2)!)dt3n�4

Z t3n�4

0
a(t3n�3 + (i+ 1)!)dt3n�3Z t3n�3

0

a(t3n�2 + i!)dt3n�2

Z t3n�2

0

a(t3n�1 + (i+ 2)!)dt3n�1:

�¥®à¥¬ . �ãáâì a 2 L1[0;m!], a(t+m!) = a(t), m = 2; 3. �ãªæ¨ï �®è¨ C(t; s) ãà ¢¥¨ï
(1) ¨¬¥¥â íªá¯®¥æ¨ «ìãî ®æ¥ªã (3) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤   ¨¬¥ìè¨© ¯® ¬®¤ã«î

ª®à¥ì z0 ãà ¢¥¨ï 4m(z) = 0 «¥¦¨â ¢¥ ¥¤¨¨ç®£® ªàã£ : jz0j > 1.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë ®áãé¥áâ¢«ï¥âáï ááë«ª®©   áä®à¬ã«¨à®¢ ãî ¢ëè¥ ¬®¤¨ä¨-
ª æ¨î ªà¨â¥à¨ï � «ë£¨®©: §¤¥áì r(; s) � r = jz0j, £¤¥ z0 |  ¨¬¥ìè¨© ¯® ¬®¤ã«î ª®à¥ì
ãà ¢¥¨ï 4m(z) = 0, ¢¨¤ 4m(z) ¯à¨ m = 2 ¢ (24), ¯à¨ m = 3 ¢ (25). �ãªæ¨ï F (z; ; s) ¯à¨
ª ¦¤®¬ �r, 0 < �r < r ¥¯à¥àë¢    ®£à ¨ç¥®¬ § ¬ªãâ®¬ ¬®¦¥áâ¢¥ f(z; ; s) : jzj = �r;  2
[0; !] s 2 [0;m!]g, çâ® á«¥¤ã¥â ¨§ (12), (18) ¨ ¥¯à¥àë¢®áâ¨ äã¤ ¬¥â «ì®© ¬ âà¨æë Y (z; ; s)
(10), ¥á«¨ a 2 L1[0;m!].

�â¬¥â¨¬, çâ® á«ãç © m = 2 ¢ ¯à¥¤¯®«®¦¥¨¨, çâ® a(t) | ¥¯à¥àë¢ ï   [0; 2!], 2!-
¯¥à¨®¤¨ç¥áª ï äãªæ¨ï, a(t) � 0, t 2 [0; 2!], a(t) 6� 0, a(t + !) 6� 0, t 2 [0; !], à áá¬ âà¨¢ «áï
�.�.�®«£¨¬ ¢ [8], [9]. �«ãç © m = 2 ¡ë« à áá¬®âà¥  ¬¨ ¢ [15] ¡¥§ ¨á¯®«ì§®¢ ¨ï ªà ¥¢®©
§ ¤ ç¨ (6), (7). �«ãç © m = 3  ¢â®à®¬ ¡ë« ®¯ã¡«¨ª®¢  ¢ [16] ¡¥§ ¤®ª § â¥«ìáâ¢ .
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