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� ­­ ï à ¡®â  ¯à®¤®«¦ ¥â ¨áá«¥¤®¢ ­¨ï, ­ ç âë¥ ¢ [1]. � [1] ¡ë«¨ ®¯à¥¤¥«¥­ë ¤¢¥ áâàãªâã-
àë ®¯¥à ¤ë ­  á¥¬¥©áâ¢¥ ª¢ ¤à â­ëå ¬ âà¨æ á í«¥¬¥­â ¬¨ ¨§ ¬­®¦¥áâ¢ , ª®â®à®¥ ¢ ª®­ªà¥â­ëå
¯à¨¬¥à å ç é¥ ¢á¥£® ®ª §ë¢ ¥âáï ¬®­®¨¤®¬. �¤­  ¨§ íâ¨å áâàãªâãà ¢ [1] ¡ë«  ¨§ãç¥­  ¡®«¥¥ ¤¥-
â «ì­®. � ¤ ­­®© à ¡®â¥ ¡ã¤¥â à áá¬®âà¥­  ¤àã£ ï áâàãªâãà . � â®¬ á«ãç ¥, ª®£¤  ª¢ ¤à â­ë¥
¬ âà¨æë | í«¥¬¥­âë íâ®© ®¯¥à ¤ë ®¯à¥¤¥«¥­ë ­ ¤ ¤¢ãåí«¥¬¥­â­®© ¡ã«¥¢®©  «£¥¡à®©, ­¥ª®â®-
àë¥ ¥¥ ¯®¤®¯¥à ¤ë ¬®¦­® ¨­â¥à¯à¥â¨à®¢ âì ª ª ¬­®¦¥áâ¢  ¬ âà¨æ á¬¥¦­®áâ¨ ­¥ª®â®àëå â¨¯®¢
£à ä®¢ (­¥®à¨¥­â¨à®¢ ­­ëå ¨ ®à¨¥­â¨à®¢ ­­ëå). �à¨ ®âª §¥ ®â ãá«®¢¨ï ®âáãâáâ¢¨ï ¯¥â¥«ì ­ 
¯®«ãç îé¨åáï ®¯¥à ¤ å ã¤ ¥âáï ¢¢¥áâ¨ áâàãªâãàë Epi-®¯¥à ¤ ¢ á¬ëá«¥ [2]. �â® ¯®§¢®«ï¥â ­ ©-
â¨ (á â®ç­®áâìî ¤® à æ¨®­ «ì­®© íª¢¨¢ «¥­â­®áâ¨) ¬­®£®®¡à §¨ï  «£¥¡à ­ ¤ íâ¨¬¨ ®¯¥à ¤ ¬¨,
  ¨¬¥­­®, ­ ©â¨ á¨áâ¥¬ë ®¯¥à æ¨© ¤«ï  «£¥¡à ¤ ­­ëå ¬­®£®®¡à §¨© ¨ á®®â¢¥âáâ¢ãîé¨¥ ¨¬
­ ¡®àë â®¦¤¥áâ¢. �á­®¢­®© à¥§ã«ìâ â à ¡®âë  ­®­á¨à®¢ ­ ¢ [3].

�ã¤ãâ ¨á¯®«ì§®¢ âìáï ­¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï ¨ ®¡®§­ ç¥­¨ï ¨§ [2]. �ãáâì G(n) | ¬­®¦¥-
áâ¢® á¨¬¬¥âà¨ç¥áª¨å n�n-¬ âà¨æ, ª®¬¯®­¥­âë ª®â®àëå ¯à¨­ ¤«¥¦ â ¤¢ãåí«¥¬¥­â­®© ¡ã«¥¢®©
 «£¥¡à¥ f0; 1g. �«¥¬¥­â ¬¨ íâ®£® ¬­®¦¥áâ¢  ï¢«ïîâáï ¬ âà¨æë á¬¥¦­®áâ¨ £à ä®¢ (¢®§¬®¦­®, á
¯¥â«ï¬¨) ¡¥§ ªà â­ëå à¥¡¥à. �¯à¥¤¥«¨¬ â ª¦¥ ª®¬¯®­¥­âã G(0), á®áâ®ïéãî ¨§ ¯ãáâ®© ¬ âà¨æë,
ª®â®à®© á®®â¢¥âáâ¢ã¥â £à ä ¡¥§ ¢¥àè¨­ (­ §®¢¥¬ ¥£® �),   á®®â¢¥âáâ¢ãîéãî ¬ âà¨æã á¬¥¦­®-
áâ¨ | A(�). �®  ­ «®£¨¨ á [1] ®¯à¥¤¥«¨¬ ®¯¥à æ¨î ª®¬¯®§¨æ¨¨ G(m)�G(n1)� � � � �G(nm)!
G(n1 + � � �+ nm) á«¥¤ãîé¨¬ ®¡à §®¬:

AB1 : : : Bm =

0
BBB@
a11 +B1 a12 : : : a1m

a21 a22 +B2 : : : a2m
...

...
. . .

...
am1 am2 : : : amm +Bm

1
CCCA ; (1)

£¤¥ aij = aijJninj , Jninj | ¬ âà¨æ  à §¬¥à  ni � nj, á®áâ®ïé ï ¨§ ¥¤¨­¨æ; aii + Bi | ¬ âà¨æ ,
¯®«ãç ¥¬ ï ¨§ Bi ¯à¨¡ ¢«¥­¨¥¬ aii ª ª ¦¤®¬ã í«¥¬¥­âã Bi.

�¯à¥¤¥«¨¬ â ª¦¥ á¥¬¥©áâ¢® DirG = fDirG(n) j n � 0g, £¤¥ DirG(n) | ¬­®¦¥áâ¢® ­¥ ®¡ï§ -
â¥«ì­® á¨¬¬¥âà¨ç¥áª¨å n� n-¬ âà¨æ á í«¥¬¥­â ¬¨ ¨§ ¤¢ãåí«¥¬¥­â­®© ¡ã«¥¢®©  «£¥¡àë f0; 1g.

�¥®à¥¬  1. �â­®á¨â¥«ì­® ¢¢¥¤¥­­®© ®¯¥à æ¨¨ ª®¬¯®§¨æ¨¨ G = fG(n) j n � 1g ¨ DirG
ï¢«ïîâáï ®¯¥à ¤ ¬¨ á ¥¤¨­¨ç­ë¬ í«¥¬¥­â®¬ | ¬ âà¨æ¥© (0).

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ­¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®©, ¨á¯®«ì§ãîé¥© (1),   â ª¦¥ «¥¬-
¬ã 1 ¨ â¥®à¥¬ã 1 ¨§ [1]. �

� ¬¥ç ­¨¥ 1. G(0) á®¤¥à¦¨â ¥¤¨­áâ¢¥­­ë© í«¥¬¥­â | ¯ãáâãî ¬ âà¨æã, jG(0)j = 1. �á«¨
áà¥¤¨ ¬ âà¨æ B1; : : : ; Bm ¢áâà¥ç ¥âáï Bi 2 G(0), â® ª®¬¯®§¨æ¨ï (1) ¤®¯®«­ï¥âáï á«¥¤ãîé¨¬
¯à ¢¨«®¬: ¨§ A ¢ëç¥àª¨¢ îâáï ¡«®ç­ë¥ i-ï áâà®ª  ¨ i-© áâ®«¡¥æ,   § â¥¬ ¡¥à¥âáï ª®¬¯®§¨æ¨ï á
®áâ ¢è¨¬¨áï Bj . �  ï§ëª¥ £à ä®¢ ¯®¤áâ ­®¢ª  £à ä  �i = � ¢¬¥áâ® i-© ¢¥àè¨­ë �0 ¯à¨¢®¤¨â
ª â®¬ã, çâ® ã¤ «ï¥âáï á ¬  íâ  i-ï ¢¥àè¨­ , ¨ ¢á¥ à¥¡à  (  ¢ ®à¨¥­â¨à®¢ ­­®¬ á«ãç ¥ | ¤ã£¨),
¥© ¨­æ¨¤¥­â­ë¥.

� ¯®¬®éìî ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 2 ¨§ [1] ¯®«ãç ¥âáï
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�¥¬¬  1. �  ï§ëª¥ £à ä®¢ ª®¬¯®§¨æ¨ï (1) ®¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

A(�0)A(�1) : : : A(�m) = A(�0�1 : : :�m);

£¤¥ � = �0�1 : : :�m ¯®«ãç ¥âáï ¨§ �0 ¯®¤áâ ­®¢ª®© ¢¬¥áâ® ¢¥àè¨­ë i ¢á¥å ¢¥àè¨­ �i, ¯à¨
íâ®¬ ¯à®¨áå®¤¨â ¯¥à¥­ã¬¥à æ¨ï : j-ï ¢¥àè¨­  �i á®®â¢¥âáâ¢ã¥â ¢¥àè¨­¥ n1 + � � � + ni�1 + j

£à ä  �; ¥á«¨ k ¨ l ¡ë«¨ ¨­æ¨¤¥­â­ë ¢ �0 (¤«ï ®à¨¥­â¨à®¢ ­­®£® á«ãç ï | ¥á«¨ ¢¥àè¨­  k

¡ë«  á¬¥¦­  ª l), â® ¢á¥ ¢¥àè¨­ë �k ¨ �l (¯®á«¥ ¨å ¯®¤áâ ­®¢ª¨) á®¥¤¨­ïîâáï à¥¡à ¬¨ (¤«ï
®à¨¥­â¨à®¢ ­­®£® á«ãç ï | ¢á¥ ¢¥àè¨­ë £à ä  �k áâ ­®¢ïâáï á¬¥¦­ë¬¨ ª® ¢á¥¬ ¢¥àè¨­ ¬

£à ä  �l); à¥¡à  �k ¨ �l ¯®á«¥ ¯®¤áâ ­®¢ª¨ ®áâ îâáï â¥¬¨ ¦¥ á ¬ë¬¨, ¥á«¨ ¢¥àè¨­ë k ¨ l ¢ �0
­¥ ¨¬¥«¨ ¯¥â¥«ì; ¥á«¨ ¢¥àè¨­  i 2 V (�0) ®¡« ¤ «  ¯¥â«¥©, â® ª ¦¤ ï ¢¥àè¨­  �i ¢ �0�1 : : :�m
á®¥¤¨­ï¥âáï à¥¡à®¬ á ª ¦¤®© ¤àã£®© ¢¥àè¨­®© �i (¢ â®¬ ç¨á«¥ á á ¬®© á®¡®©, â. ¥. ¯®ï¢«ïîâáï

¯¥â«¨ ¢ ª ¦¤®© ¢¥àè¨­¥). �«ï ®à¨¥­â¨à®¢ ­­®£® á«ãç ï | ¥á«¨ ¢ £à ä¥ �0 ¨¬¥« áì ¤ã£  ¢¨¤ 
(i; i), â® ª ¦¤ ï ¢¥àè¨­  �i ¢ �0�1 : : :�m áâ ­®¢¨âáï á¬¥¦­®© ª® ¢á¥¬ ¢¥àè¨­ ¬ �i, ¢ â®¬
ç¨á«¥ ¨ ª á¥¡¥ á ¬®©.

� áá¬®âà¨¬ ª â¥£®à¨î Epi, ¢¢¥¤¥­­ãî ¢ [2]. � ¯®¬­¨¬, çâ® ¥¥ ®¡ê¥ªâ ¬¨ ï¢«ïîâáï ¬­®¦¥-
áâ¢  [n] = f0; 1; : : : ; ng,   ¬®àä¨§¬ ¬¨ | áîàê¥ªâ¨¢­ë¥ ®â®¡à ¦¥­¨ï f : [n] ! [m] á ãá«®¢¨¥¬,
çâ® f(i) = 0 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  i = 0. � ¦¤®¬ã â ª®¬ã ®â®¡à ¦¥­¨î á®¯®áâ ¢¨¬

m � n-¬ âà¨æã M(f) =
nP

j=1
E

(mn)
f(j);j , ª®â®à ï á®¤¥à¦¨â ¥¤¨­¨æã ¢ f(j)-© áâà®ª¥ ¨ j-¬ áâ®«¡æ¥,

  ¢á¥ ®áâ «ì­ë¥ í«¥¬¥­âë | ­ã«¥¢ë¥. �á«¨ ¤ ­® ¥é¥ ®¤­® ®â®¡à ¦¥­¨¥ g : [m] ! [k], â®
M(gf) = M(g)M(f). �à®¬¥ â®£®, ®¯à¥¤¥«¨¬ ¤¥©áâ¢¨¥ ¬®àä¨§¬®¢ Epi ­  ª®¬¯®­¥­â å G á«¥-
¤ãîé¨¬ ®¡à §®¬: ¥á«¨ A 2 G, f : [n] ! [m], â® fA = M(f)AM(f)t, £¤¥ fA 2 G(m),   M(f)t |
¬ âà¨æ , âà ­á¯®­¨à®¢ ­­ ï ª M(f).

�ç¥¢¨¤­®© ï¢«ï¥âáï

�¥¬¬  2. (gf)A = g(fA), 1[n]A = A.

�¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï¥âáï

�¥¬¬  3. �á«¨ B = fA, â® m�m-¬ âà¨æ  B ãáâà®¥­  á«¥¤ãîé¨¬ ®¡à §®¬: bij =
P

f(k)=i
f(l)=j

akl,

¯à¨ç¥¬ bij = 0, ¥á«¨ â ª¨å k ¨ l ­¥â ¨«¨ ­¥â å®âï ¡ë ®¤­®£® ¨§ ­¨å.

� ¬¥ç ­¨¥ 2. �  ï§ëª¥ £à ä®¢ íâ® ¬®¦­® ®¯¨á âì â ª: ¥á«¨ A = A(�), A(f�) = fA, â®
f� | £à ä á ¢¥àè¨­ ¬¨ 1; 2; : : : ;m, ¯à¨ç¥¬ ¢¥àè¨­ë i ¨ j ¢ f� á¬¥¦­ë (  ¢ ®à¨¥­â¨à®¢ ­­®¬
á«ãç ¥ | i á¬¥¦­  ª j ¢ f�) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  i = f(k), j = f(l) ¤«ï ­¥ª®â®àëå
k; l 2 V (�). �á«¨ â ª¨å k; l ­¥áª®«ìª®, â® à¥¡à® (¤ã£ ), á®¥¤¨­ïîé¥¥ i ¨ j, ¢á¥ à ¢­® ¡ã¤¥â
¥¤¨­áâ¢¥­­ë¬ (¢ á¨«ã 1 + � � � + 1 = 1). �á«¨ f(k) = f(l) = i, â® ¢ ¢¥àè¨­¥ i ¡ã¤¥â ¯¥â«ï (¨«¨
¤ã£  ¢¨¤  (i; i) ¢ ®à¨¥­â¨à®¢ ­­®¬ á«ãç ¥).

�¥®à¥¬  2. �¯¥à ¤ë G ¨ DirG ï¢«ïîâáï Epi-®¯¥à ¤ ¬¨ (¢ á¬ëá«¥ [2]).

�®ª § â¥«ìáâ¢®. �à®¢¥à¨¬ á¢®©áâ¢  Epi-®¯¥à ¤ë. �ãáâì ¤ ­ë áîàê¥ªæ¨¨ fi : [ni] ! [ki],
1 � i � m,

A(f1B1) : : : (fmBm) = (f1 t � � � t fm)(AB1 : : : Bm): (2)

�¥¢ ï ç áâì (2) ¯à¥¤áâ ¢«ï¥â á®¡®© ¬ âà¨æã

0
BBB@
a11 +M(f1)B1M(f1)t a12 : : : a1m

a21 a22 +M(f2)B2M(f2)t : : : a2m
...

...
. . .

...
am1 am2 : : : amm +M(fm)BmM(fm)t

1
CCCA ; (3)
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£¤¥ aii +M(fi)BiM(fi)t = aiiJkiki +M(fi)BiM(fi)t, aij = aijJkiki . �à ¢ ï ç áâì (2) á ãç¥â®¬

M(f1 t � � � t fm) =

0
BBB@
M(f1) 0 : : : 0
0 M(f2) : : : 0
...

...
. . .

...
0 0 : : : M(fm)

1
CCCA

¨¬¥¥â ¢¨¤
0
BBB@
M(f1) : : : 0
0 : : : 0
...

. . .
...

0 : : : M(fm)

1
CCCA

0
BBB@
a11 +B1 a12 : : : a1m

a21 a22 +B2 : : : a2m
...

...
. . .

...
am1 am2 : : : amm +Bm

1
CCCA

0
BBB@
M(f1)t : : : 0

0 : : : 0
...

. . .
...

0 : : : M(fm)t

1
CCCA ;

£¤¥ aii +Bi = aiiJnini +Bi, aij = aijJninj .
�®á«¥ ¯¥à¥¬­®¦¥­¨ï ¯®«ãç¨¬

0
BBB@

M(f1)(a11Jn1n1+B1)M(f1)
t M(f1)a12Jn1n2M(f2)

t : : : M(f1)a1mJn1nmM(fm)t

M(f2)a21Jn2n1M(f1)
t M(f2)(a22Jn2n2+B2)M(f2)

t : : : M(f2)a2mJn2nmM(fm)t

...
...

. . .
...

M(fm)am1Jnmn1M(f1)
t M(fm)am2Jnmn2M(f2)

t : : : M(fm)(ammJnmnm+Bm)M(fm)t

1
CCCA : (4)

�®¢¥àè¨¢ í«¥¬¥­â à­ë¥ ¯à¥®¡à §®¢ ­¨ï, ¯®«ãç ¥¬

M(fi)(aiiJnini +Bi)M(fi)t = aii(M(fi)JniniM(fi)t) +M(fi)BiM(fi)t:

�®áâ â®ç­® ã¡¥¤¨âìáï, çâ® M(fi)JniniM(fi)t = Jkikj . � ª ª ª fi | áîàê¥ªæ¨ï, â® ¢ ª ¦¤®©
áâà®ª¥M(fi) ¥áâì ¯® ªà ©­¥© ¬¥à¥ ®¤­  ¥¤¨­¨æ  (¨ ¢ ª ¦¤®¬ áâ®«¡æ¥M(fj)t â ª¦¥ ¯à¨áãâáâ¢ã¥â
å®âï ¡ë ®¤­  ¥¤¨­¨æ ). � ãç¥â®¬ â®£®, çâ® 1 + 1 = 1, ¯®«ãç¨¬ M(fi)Jninj = Jkinj , JkinjM(fj)t =
Jkikj . �âáî¤  á«¥¤ã¥â á®¢¯ ¤¥­¨¥ ¬ âà¨æ (3) ¨ (4).

� áá¬®âà¨¬ f : [k] ! [m], A 2 G(k), Bi 2 G(ni), 1 � i � m. �ãáâì � = (n1; : : : ; nm). �®ª ¦¥¬
â®¦¤¥áâ¢®

(fA)B1 : : : Bm = (f � �)ABf(1) : : : Bf(k): (5)

� âà¨æ  M(f � �) | íâ® ¡«®ç­ ï m� k-¬ âà¨æ , £¤¥ ¡«®ª Mij (1 � i � m, 1 � j � k) ¨¬¥¥â
à §¬¥àë ni�nf(j),Mf(j);j = Enf(j) , ®áâ «ì­ë¥ ¡«®ª¨, à §¬¥àë ª®â®àëå ®¤­®§­ ç­® ®¯à¥¤¥«ïîâáï,
­ã«¥¢ë¥.

�®£« á­® «¥¬¬¥ 3 B = fA =M(f)AM(f)t á®áâ®¨â ¨§ í«¥¬¥­â®¢ bij =
P

f(s)=i; f(t)=j

ast. �®£¤ 

(fA)B1 : : : Bm =

0
BBBB@
b11 +B1 b12 : : : b1m

b21 b22 +B2 : : : b2m
...

...
. . .

...
bm1 bm2 : : : bmm +Bm

1
CCCCA ; (6)

£¤¥ bii +Bi = biiJnini +Bi, bij = bijJninj .
� ¤àã£®© áâ®à®­ë,

C = ABf(1) : : : Bf(k) =

0
BBB@
a11 +Bf(1) a12 : : : a1m

a21 a22 +Bf(2) : : : a2m
...

...
. . .

...
ak1 ak2 : : : akk +Bf(k)

1
CCCA :
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�¤¥áì ¡«®ª¨

Cij = aij = aijJnf(i)nf(j) ; i 6= j;
Cii = aii +Bf(i) = aiiJnf(i)nf(i) +Bf(i);

1 � i; j � k: (7)

�¡®§­ ç¨¬ ç¥à¥§ M 0 ¡«®ç­ãî k�m-¬ âà¨æã M t, lj-© ¡«®ª ª®â®à®© | ¬ âà¨æ  M 0
lj , ¯à¨ç¥¬

M 0
lf(l) = Enf(l) ,   ¢á¥ ®áâ «ì­ë¥ M

0
lj ­ã«¥¢ë¥. � áá¬®âà¨¬ ¡«®ç­ãî m�m-¬ âà¨æã

D =MCM t; (8)

Dij =
mX
q=1

mX
l=1

MiqCqlM
0
lj =

X
f(q)=i; f(l)=j

Cql:

�á«¨ i 6= j, â® ¯® (7)

Dij =
X

f(q)=i; f(l)=j
q 6=l

Cql =
X

f(q)=i; f(l)=j
q 6=l

aqlJnf(q)nf(l) =

=
X

f(q)=i; f(l)=j
q 6=l

aqlJninj =
� X

f(q)=i; f(l)=j
q 6=l

aql

�
Jninj = bijJninj = bij :

�á«¨ ¦¥ i = j, â®

Dii =
X

f(q)=i; f(l)=i

Cql =
X

f(q)=i

Cqq +
X

f(q)=i;f(l)=j
q 6=l

Cql =

=
X

f(q)=i

(aqqJnini +Bi) +
X

f(q)=i; f(l)=j
q 6=l

aqlJnini =
� X

f(q)=i; f(l)=j

aqq

�
Jnini +Bi = bii +Bi:

�à¨ ¯¥à¥å®¤¥ ª ¯®á«¥¤­¥¬ã à ¢¥­áâ¢ã ãç¨âë¢ ¥âáï, çâ® Bi+Bi = Bi, â. ª. 1+1 = 1, 0+0 = 0.
�â¨¬ ¤®ª § ­®, çâ® (6) á®¢¯ ¤ ¥â á (8), â. ¥. â®¦¤¥áâ¢® (5).

� ª ª ª ­¨£¤¥ ¢ à ááã¦¤¥­¨ïå ­¥ ¨á¯®«ì§ã¥âáï á¢®©áâ¢® á¨¬¬¥âà¨ç­®áâ¨ ¬ âà¨æ, â® íâ®
¤®ª § â¥«ìáâ¢® ¯à¨¬¥­¨¬® ¨ ª ®¯¥à ¤¥ DirG.

�¡®§­ ç¨¬ ç¥à¥§ �� £à ä á ¤¢ã¬ï ¢¥àè¨­ ¬¨ 1, 2, á®¥¤¨­¥­­ë¬¨ à¥¡à®¬,   ç¥à¥§ �+ |
£à ä á ¢¥àè¨­ ¬¨ 1, 2, ­¥ ¨¬¥îé¨© à¥¡¥à, ��;�+ 2 G(2). �ã¤¥¬ £®¢®à¨âì, çâ® ­¥ª®â®à ï Epi-
®¯¥à ¤  R ¯®à®¦¤ ¥âáï í«¥¬¥­â ¬¨ ¬­®¦¥áâ¢  X � [

k�0
R(k), ¥á«¨ «î¡®© í«¥¬¥­â z 2 R(n)

¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ z = f(x0x1 : : : xm), £¤¥ xi 2 X, 0 � i � n, x0 2 R(m), xi 2 R(ki),
1 � i � m, k = k1 + � � �+ km, f : [k]! [n] | áîàê¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ ¨§ Epi([k]; [n]).

�¥®à¥¬  3. 1) �¯¥à ¤  G ª ª Epi-®¯¥à ¤  ¯®à®¦¤ ¥âáï £à ä ¬¨ �� ¨ �+. 2) �¯¥à ¤  DirG
ª ª Epi-®¯¥à ¤  ¯®à®¦¤ ¥âáï £à ä ¬¨ �+ ¨ ®à¨¥­â¨à®¢ ­­ë¬  ­ «®£®¬ £à ä  ��, ¢ ª®â®à®¬
¨¬¥¥âáï ¥¤¨­áâ¢¥­­ ï ¤ã£  ¨§ ¢¥àè¨­ë 1 ¢ ¢¥àè¨­ã 2.

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯à®¨§¢®«ì­ë© £à ä � á ¢¥àè¨­ ¬¨ 1; 2; : : : ; n. �ãáâì
e 2 E(�), v1(e) ¨ v2(e) | ª®­æë à¥¡à  (¤ã£¨) e. � ¦¤®¬ã à¥¡àã (¤ã£¥) e 2 E(�) á®¯®áâ ¢¨¬
¬­®¦¥áâ¢® ¨§ ¤¢ãå í«¥¬¥­â®¢ fv1(e); v2(e)g,   ª ¦¤®© ¨§®«¨à®¢ ­­®© ¢¥àè¨­¥ v 2 V (�) | í«¥-
¬¥­â v�.

� áá¬®âà¨¬ ®¡ê¥¤¨­¥­¨¥ ­¥¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢[
e2E(�)

fv1(e); v2(e)g [
[

v | ¨§®«¨à®¢ ­­ ï
¢¥àè¨­  �

fv�g

¨ ¯¥à¥­ã¬¥àã¥¬ ¥£® í«¥¬¥­âë ç¨á« ¬¨ ®â 1 ¤® k. �¡à §ã¥¬ £à ä �� c ¬­®¦¥áâ¢®¬ ¢¥àè¨­
[k] = f1; : : : ; kg, à¥¡à  (¤ã£¨) ª®â®à®£® ®¯¨áë¢ îâáï á«¥¤ãîé¨¬ ®¡à §®¬: ¢¥àè¨­ë i ¨ j á¬¥¦­ë
(¤ã£  (i; j) cãé¥áâ¢ã¥â) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  i = v1(e), j = v2(e). �â®¡à §¨¬ [k] ¢ [n]
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(f : [k]! [n]), á®¯®áâ ¢«ïï ¢¥àè¨­¥ i ¢¥àè¨­ã l, ¥á«¨ «¨¡® i = v�, l = v; «¨¡® i = v1(e) ¨ à¥¡à® e
¨­æ¨¤¥­â­® ¢ � ¢¥àè¨­¥ l (¤ã£  e ¢ëå®¤¨â ¨§ ¢¥àè¨­ë l ¢ �); «¨¡® i = v2(e) ¨ à¥¡à® e ¨­æ¨¤¥­â­®
¢ � ¢¥àè¨­¥ l (¤ã£  e ¢å®¤¨â ¢ ¢¥àè¨­ã l ¢ �).

�â® ª á ¥âáï à¥¡¥à ��, â® v1(e) ¨ v2(e) ¢ �� ¨­æ¨¤¥­â­ë ¤«ï «î¡®£® e 2 E(�) (¤«ï ®à¨¥­â¨-
à®¢ ­­®£® á«ãç ï | ¢¥àè¨­  v1(e) á¬¥¦­  ª v2(e)). �®£¤  ¯® ¯®áâà®¥­¨î

� = f��: (9)

�ãáâì, ­ ¯à¨¬¥à, ­¥®à¨¥­â¨à®¢ ­­ë© £à ä � ¢ë£«ï¤¨â á«¥¤ãîé¨¬ ®¡à §®¬:

�®£¤  £à ä �� ¡ã¤¥â ¨¬¥âì ¢¨¤

�à ä ��, ¢®-¯¥à¢ëå, ­¥ á®¤¥à¦¨â ¯¥â¥«ì (¤ã£ ¢¨¤  (i; i)). �®-¢â®àëå, ¥£® ¢¥àè¨­ë à §¡¨âë
­  ¤¢  ­¥¯¥à¥á¥ª îé¨åáï ¬­®¦¥áâ¢  V1 ¨ V2. �¥àè¨­ë ¨§ ¬­®¦¥áâ¢  V2 ï¢«ïîâáï ¨§®«¨à®¢ ­-
­ë¬¨. �®é­®áâì ¬­®¦¥áâ¢  V1 ¥áâì ç¥â­®¥ ç¨á«®, ¯®áª®«ìªã ®­® ¯à¥¤áâ ¢«ï¥â á®¡®© ¬­®¦¥áâ¢®
¯ à ª®­æ®¢ à¥¡¥à (¤ã£) �. �¨ª ª¨¥ ¤¢  à¥¡à  (¤¢¥ ¤ã£¨) ­¥ ¨­æ¨¤¥­â­ë ®¤­®© ¨ â®© ¦¥ ¢¥àè¨­¥.
�ãáâì jV1j = 2r, jV2j = s, ¨ ­ã¬¥à æ¨ï ¢ �� â ª®¢ , çâ® ¢¥àè¨­ë á ­®¬¥à ¬¨ 2l�1 ¨ 2l (1 � l � r)
¨­æ¨¤¥­â­ë (¤«ï ®à¨¥­â¨à®¢ ­­®£® á«ãç ï | ¤«ï ¢¥àè¨­ á ­®¬¥à ¬¨ 2l�1 ¨ 2l áãé¥áâ¢ã¥â ¨­-
æ¨¤¥­â­ ï ¨¬ ¤ã£ ). �ãáâì O2r+s | £à ä ¡¥§ à¥¡¥à á 2r+s ¢¥àè¨­ ¬¨. �¥£ª® ¯®ª § âì, çâ® O2r+s

¯à¥¤áâ ¢«ï¥â á®¡®© ª®¬¯®§¨æ¨î £à ä®¢ ¢¨¤  �+ ¨ E. �ç¥¢¨¤­®, �� = O2r+s �� : : :��| {z }
r

E : : : E| {z }
s

.

�â ª,

� = f(O2r+s �� : : :��| {z }
r

E : : : E| {z }
s

); (10)

¨ ¢ íâ®¬ á¬ëá«¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë ¤®ª § ­®.

�®«®¦¨¬ a1 + a2 = �+a1a2 = ( r r1 2 )a1a2, a1a2 = ��a1a2 = ( r r1 2 )a1a2. �à¨ ¤®ª § â¥«ìáâ¢¥
á«¥¤ãîé¥© â¥®à¥¬ë ¨á¯®«ì§ã¥âáï ª â¥£®à­ë© ¢ à¨ ­â ®¯à¥¤¥«¥­¨ï à æ¨®­ «ì­®© íª¢¨¢ «¥­â-
­®áâ¨ ¬­®£®®¡à §¨© ã­¨¢¥àá «ì­ëå  «£¥¡à [4]. � ¯®¬­¨¬, çâ® ¬­®£®®¡à §¨ïM1 ¨M2 ï¢«ïîâáï
à æ¨®­ «ì­® íª¢¨¢ «¥­â­ë¬¨ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  áãé¥áâ¢ãîâ äã­ªâ®àë F1 :M1 !M2,
F2 : M2 ! M1 â ª¨¥, çâ® F1F2 = Id, F2F1 = Id ¨ U2F1 = U1, U1F2 = U2, £¤¥ Ui | § ¡ë¢ îé¨¥
äã­ªâ®àë ¨§ ª â¥£®à¨© Mi ¢ ª â¥£®à¨î ¬­®¦¥áâ¢.

� ¯®¬­¨¬ ¨á¯®«ì§ã¥¬®¥ ¤ «¥¥ ®¯à¥¤¥«¥­¨¥  «£¥¡à ­ ¤W -®¯¥à ¤®© R (£¤¥ W | ¢¥à¡ «ì­ ï
ª â¥£®à¨ï [2]).

�«£¥¡à  ­ ¤ R | íâ® ¬­®¦¥áâ¢® A ¢¬¥áâ¥ á § ¤ ­­ë¬¨ ®¯¥à æ¨ï¬¨ ª®¬¯®§¨æ¨¨, ¨¬¥îé¨¬¨
¢¨¤ R(n) � An ! A, n = 0; 1; : : : �¥§ã«ìâ â íâ®© ®¯¥à æ¨¨ ®¡®§­ ç ¥âáï â ª: (x; a1; : : : ; an) 7!
xa1 : : : an, x 2 R(n), ai 2 A, i = 1; : : : ; n. �®«¦­ë ¢ë¯®«­ïâìáï á«¥¤ãîé¨¥ á¢®©áâ¢ :

1) (xy1 : : : ym)a1 : : : am = x(y1a1) : : : (ymam), £¤¥ x 2 R(m), yi 2 R(ni), ai 2 Ani , 1 � i � m;
2) "a = a ¤«ï «î¡®£® a 2 A, " 2 R(1) | ¥¤¨­¨æ  ®¯¥à ¤ë;
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3) (fx)a1 : : : am = xaf(1) : : : af(k), £¤¥ f 2W (k;m), x 2 R(k), ai 2 A.

�®á«¥¤­¥¥ á¢®©áâ¢® ¢¢¥¤¥­® ¢ [5].
�¡ëç­ë¬ ®¡à §®¬ ®¯à¥¤¥«ïîâáï £®¬®¬®àä¨§¬ë  «£¥¡à. � â¥£®à¨ï  «£¥¡à ­ ¤ R ¨ ¨å £®¬®-

¬®àä¨§¬®¢, â. ¥. ¬­®£®®¡à §¨¥ ã­¨¢¥àá «ì­ëå  «£¥¡à, ®¡®§­ ç ¥âáï ç¥à¥§ Alg(R)..

�¥®à¥¬  4. �­®£®®¡à §¨¥ Alg(G)  «£¥¡à ­ ¤ ®¯¥à ¤®© G à æ¨®­ «ì­® íª¢¨¢ «¥­â­® ¬­®£®-

®¡à §¨î  «£¥¡à á ¤¢ã¬ï ¡¨­ à­ë¬¨ ®¯¥à æ¨ï¬¨ á«®¦¥­¨ï ¨ ã¬­®¦¥­¨ï ¨ á ®¤­®© ª®­áâ ­â®©

�, ¯à¨ç¥¬ ¤®«¦­ë ¢ë¯®«­ïâìáï á«¥¤ãîé¨¥ ¤¥áïâì â®¦¤¥áâ¢:

a1 + a2 = a2 + a1; (11)

a1 � a2 = a2 � a1; (12)

a1 + � = a1; (13)

a1 � � = a1; (14)

(a1 + a2) + a3 = a1 + (a2 + a3); (15)

(a1 � a2) � a3 = a1 � (a2 � a3); (16)

a+ a = a; (17)

a � a � a = a � a; (18)

a1 � (a2 + a3) = a1 � a2 + a1 � a3; (19)

a1 � a2 � a3 = a1 � a2 + a2 � a3 + a1 � a3: (20)

�®ª § â¥«ìáâ¢®. �ãáâì M1 = Alg(G),M2 | ¬­®£®®¡à §¨¥, ®¯¨á ­­®¥ ¢ ä®à¬ã«¨à®¢ª¥ â¥®-
à¥¬ë. �®áâà®¨¬ äã­ªâ®àë F1 ¨ F2, ã¤®¢«¥â¢®àïîé¨¥ á¢®©áâ¢ ¬ ¨§ ®¯à¥¤¥«¥­¨ï à æ¨®­ «ì­®©
íª¢¨¢ «¥­â­®áâ¨.

�ãáâì A |  «£¥¡à  ­ ¤ ®¯¥à ¤®© G. �¯à¥¤¥«¨¬ ­  ¬­®¦¥áâ¢¥ A áâàãªâãàã  «£¥¡àë ¨§ ¬­®-
£®®¡à §¨ïM2. �¯¥à æ¨¨ á«®¦¥­¨ï ¨ ã¬­®¦¥­¨ï ¢ A ¡ã¤ãâ ®£à ­¨ç¥­¨ï¬¨ ®¯¥à æ¨¨ ª®¬¯®§¨æ¨¨
G(2) � A2 �! A ­  ¯®¤¬­®¦¥áâ¢  f�+g � A2 ¨ f��g � A2. �­ë¬¨ á«®¢ ¬¨, a1 + a2 = �+a1a2,
a1a2 = ��a1a2, G(0) á®®â¢¥âáâ¢ã¥â ª®­áâ ­â ¬  «£¥¡à ¨§ Alg(G). � ç áâ­®áâ¨, ¥á«¨ A 2 Alg(G),
â® § ¤ ­® ®â®¡à ¦¥­¨¥ G(0)! A. �¡à § � ¯à¨ íâ®¬ ®â®¡à ¦¥­¨¨ ®¡®§­ ç¨¬ ç¥à¥§ �. �®ª ¦¥¬,
çâ® ®¯à¥¤¥«¥­­ ï â ª¨¬ ®¡à §®¬  «£¥¡à  ¯à¨­ ¤«¥¦¨â ¬­®£®®¡à §¨î M2.

�à¨ ¯à®¢¥àª¥ â®¦¤¥áâ¢ (11){(20) ¢ àï¤¥ á«ãç ¥¢ ¡ã¤¥¬ § ¯¨áë¢ âì ¯à®¢®¤¨¬ë¥ ¯à¥®¡à §®-
¢ ­¨ï £à ä¨ç¥áª¨.

�®ª ¦¥¬ â®¦¤¥áâ¢® (11). �à¨¢®¤¨¬ë¥ ­¨¦¥ ¯à¥®¡à §®¢ ­¨ï ¨á¯®«ì§ãîâ á¢®©áâ¢®

(f�)a1 : : : am = �af(1) : : : af(k)

¨§ ®¯à¥¤¥«¥­¨ï  «£¥¡àë ­ ¤ Epi-®¯¥à ¤®©

a2 + a1 = ( r r1 2 )a2a1 = ( r r1 2 )a�(1)a�(2) = �( r r1 2 )a1a2 = ( r r�(1) �(2) )a1a2 = ( r r2 1 )a1a2 = �+a1a2,

£¤¥ � = ( 1 2
2 1 ) 2 Mor(Epi)

� ª ª ª a1a2 = ��a1a2 ¨ a2a1 = ��a2a1 = ��a�(1)a�(2) = (���)a1a2, £¤¥ ��� = �( r r1 2 ) =

( r r�(1) �(2) ) = ( r r2 1 ) = ( r r1 2 ) = ��, â® (12) ¤®ª § ­®; a1 + � = �+(E�)a1 = Ea1 = a1 ) (13);
a1� = ��(E�)a1 = Ea1 = a1 ) (14).

�®¦¤¥áâ¢® (15) ¢¥à­®, â. ª., á ®¤­®© áâ®à®­ë, (a1 + a2) + a3 = �+(�+E)a1a2a3, £¤¥ �+(�+E) =

( r rr1 32 ). � ¤àã£®© áâ®à®­ë, a1 + (a2 + a3) = �+(E�+)a1a2a3 = ( r rr1 32 )a1a2a3.
�¥¢ ï ç áâì â®¦¤¥áâ¢  (16) ¥áâì (a1 � a2) � a3 = ��(��E)a1a2a3. �à ¢ ï ç áâì a1 � (a2 � a3) =

��(E��)a1a2a3, £¤¥ ��(��E) = r r�� QQ
r

1 3

2

= ��(E��).
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�®ª ¦¥¬ â®¦¤¥áâ¢® (17). �ãáâì a = a1, a1 + a1 = �+a1a1 = �+af(1)af(2), £¤¥ f : [2] ! [1],
f(1) = 1, f(2) = 1. �®£« á­® ®¯à¥¤¥«¥­¨î  «£¥¡àë ­ ¤ ®¯¥à ¤®© W �+af(1)af(2) = (f�+)a1. �

á¢®î ®ç¥à¥¤ì, (f�+) = f( r r1 2 ) = ( r1) = E.
�âáî¤  (f�+)a1 = a1, çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.
� áá¬®âà¨¬ â®¦¤¥áâ¢® (18). �ãáâì á­®¢  a = a1, ¯à¥®¡à §ã¥¬ ¯à ¢ãî ç áâì â®¦¤¥áâ¢ 

a1 � a1 = ��a1a1 = ��af(1)af(2) = (f��)a1, £¤¥ f(1) = 1, f(2) = 1, f�� = f( r r1 2 ) =��
��
r
1
= ��, â. ¥.

¯®«ãç¨«¨ ¯¥â«î ¢ ¢¥àè¨­¥ 1. �à¥®¡à §ã¥¬ «¥¢ãî ç áâì â®¦¤¥áâ¢ 

a � a � a = (a � a) � a = ��(��a1)a1 = ��(��E)a1a1 = (��(��E))af(1)af(2) = (f(��(��E)))a1;

£¤¥ ��(��E) =��
��
r r
1 2

. �®£¤  f(��
��
r r
1 2

) =��
��
r
1
= ��:

�âáî¤  a � a � a = ��a = a � a, çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.

�«ï «¥¢®© ç áâ¨ (19) ¨¬¥¥¬ a1 � (a2 + a3) = ��(E�+)a1a2a3, £¤¥ ��(E�+) = r r�� QQ
r

2 3

1

. �à ¢ãî

ç áâì â®¦¤¥áâ¢  § ¯¨è¥¬ ¢ ¢¨¤¥ a1 �a2+a1 �a3 = �+(����)a1a2a1a3 = �+(����)af(1)af(2)af(3)af(4),
£¤¥ f(1) = 1, f(2) = 2, f(3) = 1, f(4) = 3.

�®£¤  �+(����)af(1)af(2)af(3)af(4) = f(�+����)a1a2a3. � ª ª ª �+���� = ( r r1 2 r r3 4 ), â®

f( r r1 2 r r3 4 ) = r rr1 32


 	= r r�� QQ
r

2 3

1

.

�âáî¤  ��(E�+) = f(�+����), çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.
�®ª ¦¥¬ ¯®á«¥¤­¥¥ â®¦¤¥áâ¢® (20). � ®¤­®© áâ®à®­ë, a1 �a2 �a3 = (a1 �a2)�a3 = ��(��E)a1a2a3,

£¤¥ ��(��E) = r r�� QQ
r

1 2

3

. � ¤àã£®© áâ®à®­ë, (a1 �a2+a2 �a3)+a1 �a3 = �+(a1 �a2+a2 �a3)��(a1a3) =

�+(�+����a1a2a2a3)��(a1a3) = (�+(�+����)��)(a1a2a2a3a1a3).

� ª ª ª �+���� = ( r r1 2 r r3 4 ), â® � = �+(�+����)�� = ( r r1 2 r r3 4 r r5 6 ), a1a2a2a3a1a3 =
af(1)af(2)af(3)af(4)af(5)af(6), £¤¥ f(1) = 1, f(2) = 2, f(3) = 2, f(4) = 3, f(5) = 1, f(6) = 3. �®íâ®¬ã

�a1a2a2a3a1a3 = (f�)a1a2a3, £¤¥ f� = f( r r1 2 r r3 4 r r5 6 ) = ( r r�� QQ
r

1 2

3

) = ��(��E).

�­ ç¨â, (����E)a1a2a3 = a1 � a2 � a3, çâ® ¨ âà¥¡®¢ «®áì ¤®ª § âì.
�¥¯¥àì ¬®¦­® ®¯à¥¤¥«¨âì äã­ªâ®à F1 : M1 ! M2, ¯®« £ ï F1(A) à ¢­ë¬ ®¯à¥¤¥«¥­­®©

¢ëè¥  «£¥¡à¥ ¨§ ¬­®£®®¡à §¨ï M2. �§ ¯®áâà®¥­¨ï ïá­®, çâ® ¥á«¨ h : A1 ! A2 | £®¬®¬®àä¨§¬
 «£¥¡à ¨§ M1 = Alg(G), â® ®â®¡à ¦¥­¨¥ h ®áâ ­¥âáï £®¬®¬®àä¨§¬®¬ ¬¥¦¤ã F1(A1) ¨ F1(A2)
ª ª  «£¥¡à ¬¨ ¨§ M2. �â® ®§­ ç ¥â, çâ® F1 | äã­ªâ®à. �¢®©áâ¢® U2F1 = U1 ¢ë¯®«­¥­® ¯®
¯®áâà®¥­¨î.

�ëà §¨¬ ¯à®¨§¢®«ì­ãî ®¯¥à æ¨î �a1 : : : am (£¤¥ � 2 G(m)) ç¥à¥§ ®¯¥à æ¨¨ á«®¦¥­¨ï ¨
ã¬­®¦¥­¨ï. �® (9) � = f��, �� 2 G(k), f : [k]! [m] | áîàê¥ªæ¨ï. �«¥¤®¢ â¥«ì­®,

(f��)a1 : : : am = ��af(1) : : : af(k):

�® ®¯à¥¤¥«¥­¨î �� ¯®«ãç ¥¬

�a1 : : : am = ��af(1) : : : af(k) =
X

ff(i);f(j)g | à¥¡à® �

af(i)af(j) +
X

f(l) ­¥ ¨­æ¨¤¥­â­  ¢ �
­¨ª ª®¬ã à¥¡àã

af(l):

� ¯¥à¢®¬ ¨§ á« £ ¥¬ëå ¢ ¯à ¢®© ç áâ¨ ¯®«ãç¥­­®£® â®¦¤¥áâ¢  áã¬¬¨à®¢ ­¨¥ ¢¥¤¥âáï â ª¦¥ ¨
¯® ¨­¤¥ªá ¬ f(i) = f(j). �à¥®¡à §ã¥¬ ¥£®, ¨§¡ ¢¨¢è¨áì ®â f . �ç¨âë¢ ï â®¦¤¥áâ¢® (17), ®ª®­-
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ç â¥«ì­® ¯®«ãç¨¬

�a1 : : : am =
X

fs;tg | à¥¡à® �

asat +
X

r ­¥ ¨­æ¨¤¥­â­ 
­¨ª ª®¬ã à¥¡àã �

ar (1 � s; t; r � m): (21)

�ãáâì â¥¯¥àì A|  «£¥¡à  á â®¦¤¥áâ¢ ¬¨ (11){(20). �¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ G(m)�Am �!
A ¯® ä®à¬ã«¥ (21). �¯à¥¤¥«¨¬ â ª¦¥ ®â®¡à ¦¥­¨¥ G(0)! A, ¯®« £ ï � 7! �.

�à®¢¥à¨¬ ¢ë¯®«­¥­¨¥ á¢®©áâ¢  «£¥¡àë ­ ¤ ®¯¥à ¤®©.
Ea = a, â. ª. ¯¥à¢ ï áã¬¬  ¢ (21) ®âáãâáâ¢ã¥â, ¯®áª®«ìªã ¢ E ­¥â à¥¡¥à,   ¢â®à ï áã¬¬ 

á¢®¤¨âáï ª ®¤­®¬ã á« £ ¥¬®¬ã a (m = 1, a = a1, ¢¥àè¨­  1 ­¥ ¨­æ¨¤¥­â­  ­¨ª ª®¬ã à¥¡àã).
�ãáâì � 2 G(k), f : [k] ! [m] | áîàê¥ªæ¨ï. �«ï ¯à®¢¥àª¨ â®¦¤¥áâ¢  (f�)a1 : : : am =

�af(1) : : : af(k) ¯à¥®¡à §ã¥¬ ¥£® «¥¢ãî ç áâì:

(f�)a1 : : : am =
X

1�i=f(r); j=f(t)�m
fr;tg | à¥¡à® �

aiaj +
X

l ­¥ ¨­æ¨¤¥­â­  ­¨ª ª®¬ãff(r);f(t)g
fr;tg | à¥¡à®

al; 1 � l � m:

�®¦­® ¯à®¤®«¦¨âì ¯à¥®¡à §®¢ ­¨¥, ãç¨âë¢ ï l = f(s), â. ª. f | áîàê¥ªæ¨ï. �®íâ®¬ã áã¬-
¬¨à®¢ ­¨¥ ¢® ¢â®à®© áã¬¬¥ ¢ ¯à ¢®© ç áâ¨ ¯®«ãç¥­­®£® à ¢¥­áâ¢  ¯à®¨áå®¤¨â ¯® ¢á¥¬ â¥¬
¢¥àè¨­ ¬ s, ª®â®àë¥ ­¥ ¨­æ¨¤¥­â­ë ¢ � ­¨ª ª®¬ã à¥¡àã fr; sg 2 E(�). �®£¤  ¯à¨¤¥¬ ª ¢ëà -
¦¥­¨î X

fr;tg | à¥¡à® �

af(r)af(t) +
X

s ­¥ ¨­æ¨¤¥­â­  ­¨ª ª®¬ã
à¥¡àã �

af(s):

� ¯¥à¢®© áã¬¬¥ ¬®£ãâ ¡ëâì ¯®¢â®àïîé¨¥áï á« £ ¥¬ë¥, ¥á«¨, ­ ¯à¨¬¥à, f(r1) = f(r2), f(t1) =
f(t2), fr1; t1g, fr2; t2g | à¥¡à  �. �¢¨¤ã (17) ®â ¯®¢â®àï¥¬®áâ¨ ¬®¦­® ¨§¡ ¢¨âìáï. �«ï ¯à ¢®©
ç áâ¨ ¨¬¥¥¬

�af(1) : : : af(k) =
X

1�r; t�k
fr;tg | à¥¡à® �

af(r)af(t) +
X

1�s�k
s ­¥ ¨­æ¨¤¥­â­  ­¨ª ª®¬ã à¥¡àã �

af(s):

�ãáâì ai = (ai1 : : : aini), 1 � i � m, � = �0�1 : : :�m. �«ï ¯à®¢¥àª¨  áá®æ¨ â¨¢­®áâ¨ ¤®ª ¦¥¬
à ¢¥­áâ¢®

(�0�1 : : :�m)a1 : : : am = �0(�1a1) : : : (�mam) (22)

á «¥¢®© ç áâìî

�0�1 : : :�ma1 : : : am =
X

f(i;j);(k;l)g | à¥¡à® �

aijakl +
X

(r;s) | ­¥ ¨­æ¨¤¥­â­ 
à¥¡àã �

ars =

=
X
i

(i;i) | ­¥ ¯¥â«ï �0

X
f(i;j);(i;l)g | à¥¡à® �i

aijail +
X
i

fig | ¯¥â«ï �0

X
1�j;l�ni

aijail +

+
X
i6=k

(i;k) | à¥¡à® �0

X
1�j�ni
1�l�nk

aijakl +
X

r ­¥ ¨­æ¨¤¥­â­  à¥¡àã �0

s ­¥ ¨­æ¨¤¥­â­  à¥¡àã �r

ars:

� áá¬®âà¨¬ ¯à ¢ãî ç áâì ¤®ª §ë¢ ¥¬®£® à ¢¥­áâ¢ 

�0x1 : : : xm =
X

(i;k) | à¥¡à® �0

i 6=k

xixk +
X

fig | ¯¥â«ï �0

xixi +
X

r ­¥ ¨­æ¨¤¥­â­ 
à¥¡àã �0

xr;

£¤¥
xi = �iai =

X
fj1;j2g | à¥¡à® �i

aij1aij2 +
X

s ­¥ ¨­æ¨¤¥­â­ 
à¥¡àã �i

ais:

�®¤áâ ¢¨¢ xi ¢ �0x1 : : : xm ¨ ¯à®¤¥« ¢ ¯à¥®¡à §®¢ ­¨ï, ¯®«ì§ãïáì â®¦¤¥áâ¢ ¬¨ (11){(20),
ã¡¥¦¤ ¥¬áï, çâ® á¢®©áâ¢®  áá®æ¨ â¨¢­®áâ¨ (22) ¢ë¯®«­ï¥âáï.
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�¥¯¥àì ¯®  ­ «®£¨¨ ¬®¦­® ®¯à¥¤¥«¨âì äã­ªâ®à F2 : M2 ! M1, ¯®« £ ï F2(A) = Alg(G) ¨§
¬­®£®®¡à §¨ï M1. �§ ¯®áâà®¥­¨ï ïá­®, çâ® F2 | äã­ªâ®à. �¢®©áâ¢® U1F2 = U2 â ª¦¥ ¢ë¯®«­¥-
­®.

�­ «®£ íâ®© â¥®à¥¬ë áãé¥áâ¢ã¥â ¨ ¤«ï ®à¨¥­â¨à®¢ ­­®£® á«ãç ï.

�¥®à¥¬  5. �­®£®®¡à §¨¥ Alg(DirG)  «£¥¡à ­ ¤ ®¯¥à ¤®© DirG à æ¨®­ «ì­® íª¢¨¢ «¥­â­®

¬­®£®®¡à §¨î  «£¥¡à á ¤¢ã¬ï ¡¨­ à­ë¬¨ ®¯¥à æ¨ï¬¨ á«®¦¥­¨ï ¨ ã¬­®¦¥­¨ï ¨ á ®¤­®© ª®­-

áâ ­â®© �, ¯à¨ç¥¬ ¤®«¦­ë ¢ë¯®«­ïâìáï â®¦¤¥áâ¢  (11), (13){(20).

�®ª § â¥«ìáâ¢®. �®¦¤¥áâ¢  (11), (13){(20) ¤«ï  «£¥¡à ­ ¤ DirG ¯à®¢¥àïîâáï ¯à ªâ¨ç¥áª¨
â ª ¦¥, ª ª ¤«ï  «£¥¡à ­ ¤ G. �«ï ��, á®áâ®ïé¥£® ¨§ ¤¢ãå ¢¥àè¨­ ¨ áâà¥«ª¨ ¬¥¦¤ã ­¨¬¨,
à ¢¥­áâ¢® a1 � a2 = ��a1a2 = a2 � a1 ­¥ ¨¬¥¥â ¬¥áâ , â. ª. ��� 6= ��.

� ª¨¬ ®¡à §®¬, áâà®¨âáï äã­ªâ®à F1 :M1 !M2, £¤¥M1 = Alg(DirG),  M2 | ¬­®£®®¡à §¨¥,
®¯à¥¤¥«¥­­®¥ ¢ ä®à¬ã«¨à®¢ª¥ â¥®à¥¬ë.

�®  ­ «®£¨¨ á ­¥®à¨¥­â¨à®¢ ­­ë¬ á«ãç ¥¬ ¢ëà §¨¬ ¯à®¨§¢®«ì­ãî ®¯¥à æ¨î �a1 : : : am (£¤¥
� 2 G(m)) ç¥à¥§ ®¯¥à æ¨¨ á«®¦¥­¨ï ¨ ã¬­®¦¥­¨ï. �® (9) � = f��, �� 2 G(k), f : [k] ! [m] |
áîàê¥ªæ¨ï,

�a1 : : : am = ��af(1) : : : af(k) =
X

(f(i);f(j)) | ¤ã£  �

af(i)af(j) +
X

f(l) ­¥ ¨­æ¨¤¥­â­  ¢ �
­¨ª ª®© ¤ã£¥

af(l):

� ¯¥à¢®¬ ¨§ á« £ ¥¬ëå ¢ ¯à ¢®© ç áâ¨ ¯®«ãç¥­­®£® â®¦¤¥áâ¢  áã¬¬¨à®¢ ­¨¥ ¢¥¤¥âáï â ª¦¥
¨ ¯® ¨­¤¥ªá ¬ f(i) = f(j). �à¥®¡à §ã¥¬ ¥£®, ¨§¡ ¢¨¢è¨áì ®â f , ¨, ãç¨âë¢ ï â®¦¤¥áâ¢® (17),
®ª®­ç â¥«ì­® ¯®«ãç¨¬

�a1 : : : am =
X

(s;t) | ¤ã£  �

asat +
X

r ­¥ ¨­æ¨¤¥­â­ 
­¨ª ª®© ¤ã£¥ �

ar (1 � s; t; r � m): (23)

�ãáâì â¥¯¥àì A |  «£¥¡à  á â®¦¤¥áâ¢ ¬¨ (11), (13){(20). �¯à¥¤¥«¨¬ ®â®¡à ¦¥­¨¥ G(m) �
Am �! A ¯® ä®à¬ã«¥ (23) ¨ ®â®¡à ¦¥­¨¥ G(0)! A, ¯®« £ ï � 7! �.

�ë¯®«­¥­¨¥ á¢®©áâ¢  «£¥¡àë ­ ¤ ®¯¥à ¤®© ¯à®¢¥àï¥âáï  ­ «®£¨ç­® ­¥®à¨¥­â¨à®¢ ­­®¬ã
á«ãç î, ¯à¨ç¥¬ ¢¬¥áâ® à¥¡¥à à áá¬ âà¨¢ îâáï ¤ã£¨.
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