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� ¡®â  ¯®á¢ïé¥  ¨§ãç¥¨î áâà®¥¨ï á¨«ì® à¥£ã«ïàëå ¬®¤ã«¥© ¨ ª®«¥æ, ¢ ç áâ®áâ¨,
á¨«ì® à¥£ã«ïàëå ¯à®¥ªâ¨¢ëå ¨ ¨ê¥ªâ¨¢ëå ¬®¤ã«¥©. �¥¬ á ¬ë¬ áãé¥áâ¢¥® ¤®¯®«ïîâ-
áï ¨áá«¥¤®¢ ¨ï, ¯à®¢¥¤¥ë¥ ¢ [1]{[4]. � áá¬ âà¨¢ îâáï  áá®æ¨ â¨¢ë¥ ª®«ìæ  á ¥¤¨¨æ¥© ¨
ã¨â àë¥ ¬®¤ã«¨  ¤ ¨¬¨. �ã¤¥¬ ®¡®§ ç âì ç¥à¥§ J(R) ¨ J(M) à ¤¨ª « �¦¥ª®¡á®  á®®â-
¢¥âáâ¢¥® ª®«ìæ  R ¨ ¬®¤ã«ï M .

� ¯®¬¨¬ ®¯à¥¤¥«¥¨ï ¨§ [1]{[4]. �à ¢ë© R-¬®¤ã«ì M  §ë¢ ¥âáï á« ¡® à¥£ã«ïàë¬ (á®®â-
¢¥âáâ¢¥® á¨«ì® à¥£ã«ïàë¬), ¥á«¨ ¤«ï ª ¦¤®£® ¯®¤¬®¤ã«ï N ¬®¤ã«ï M , N * J(M), áãé¥-
áâ¢ã¥â ¯®¤¬®¤ã«ì Q ¬®¤ã«ï N â ª®©, çâ® Q 6� J(M) ¨M = Q�Q0 (á®®â¢¥âáâ¢¥® M = N�Q0).
�®«ìæ® R  §ë¢ ¥âáï á« ¡® à¥£ã«ïàë¬ (á¨«ì® à¥£ã«ïàë¬), ¥á«¨ ®®, à áá¬ âà¨¢ ¥¬®¥ ª ª
¯à ¢ë© R ¬®¤ã«ì, ï¢«ï¥âáï á« ¡® à¥£ã«ïàë¬ (á¨«ì® à¥£ã«ïàë¬). �à ¢ë© R-¬®¤ã«ìM  §ë-
¢ ¥âáï n-à¥£ã«ïàë¬, ¥á«¨ ª ¦¤ë© ¥£® ¯®¤¬®¤ã«ì N , ¯®à®¦¤¥ë© n í«¥¬¥â ¬¨ ¨ N 6� J(M),
ï¢«ï¥âáï ¯àï¬ë¬ á« £ ¥¬ë¬ ¬®¤ã«ï M . �à ¢ë© R-¬®¤ã«ì M  §ë¢ ¥âáï «®ª «ìë¬, ¥á«¨ à -
¤¨ª « J(M) ï¢«ï¥âáï  ¨¡®«ìè¨¬ ¯®¤¬®¤ã«¥¬ ¬®¤ã«ï M , ¨ ¯®«ã¯à®áâë¬, ¥á«¨ ® ï¢«ï¥âáï
¯àï¬®© áã¬¬®© ¯à®áâëå ¯à ¢ëå R-¬®¤ã«¥©. �á«¨M = J(M), â® ¯à ¢ë© R-¬®¤ã«ì M  §ë¢ ¥â-
áï à ¤¨ª «ìë¬. � ¤¨ª «ìë© ¯à ¢ë© R-¬®¤ã«ì M , ®ç¥¢¨¤®, ï¢«ï¥âáï á¨«ì® à¥£ã«ïàë¬,  
à¥£ã«ïà®¥ (¢ á¬ëá«¥ �¥©¬  ) ª®«ìæ® ï¢«ï¥âáï n-à¥£ã«ïàë¬ ¤«ï «î¡®£® æ¥«®£® n. �¥à¥å®¤¨¬
ª ¨§«®¦¥¨î à¥§ã«ìâ â®¢.

�¥®à¥¬  1. �á«¨ ¯à ¢ë© R-¬®¤ã«ì M 2-à¥£ã«ïà¥, M 6= 0, â® «¨¡® M = J(M), «¨¡®

J(M) = 0, «¨¡® M «®ª «ìë©; ¨  ®¡®à®â, ¥á«¨ M ¥áâì 1-à¥£ã«ïàë© ¯à ¢ë© R-¬®¤ã«ì, ã¤®¢«¥-
â¢®àïîé¨© ®¤®¬ã ¨§ ¯à¥¤ë¤ãé¨å ®£à ¨ç¥¨©   ¬®¤ã«ì M , â® M ¥áâì 2-à¥£ã«ïàë© ¯à ¢ë©

R-¬®¤ã«ì.

�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¢ ¥áª®«ìª¨å ¯ãªâ å.
1. �ãáâì M 6= J(�), J(M) 6= 0. �®ª ¦¥¬, çâ® ¢ íâ®¬ á«ãç ¥M ï¢«ï¥âáï «®ª «ìë¬ ¯à ¢ë¬

R-¬®¤ã«¥¬. �à¥¤¯®«®¦¨¬, çâ®M | ¥ «®ª «ìë© R-¬®¤ã«ì. � ª ª ªM 6= J(M), â® áãé¥áâ¢ã¥â
â ª®© a 2M , çâ® aR 6� J(�).

2.1. � áá¬®âà¨¬ á«ãç © M = aR. �®áª®«ìªã aR | ¥ «®ª «ìë© ¯à ¢ë© R-¬®¤ã«ì, â®
áãé¥áâ¢ã¥â bR � aR, bR 6= aR, bR 6� J(aR). �®ª ¦¥¬, çâ® J(aR) = J(bR). �ãáâì áãé¥áâ¢ã¥â
â ª®© z 2 J(aR), çâ® bR+zR 6= bR. �¢¨¤ã 2-à¥£ã«ïà®áâ¨ R-¬®¤ã«ï aR ¨¬¥¥¬ aR = (bR+zR)�N .
� á¨«ã á«¥¤áâ¢¨ï 9.1.3 ( ) [5] ¯®¤¬®¤ã«ì zR ª®áãé¥áâ¢¥¥ ¢ aR, ¯®íâ®¬ã aR = bR�N . �âáî¤ 
bR+zR = (bR+zR)

T
aR = (bR+zR)

T
(bR�N) = bR, ¯à¨è«¨ ¢ ¯à®â¨¢®à¥ç¨¥ á ¯à¥¤¯®«®¦¥¨¥¬

bR + zR 6= bR. � ç¨â, z 2 J(aR) ¢«¥ç¥â z 2 bR, ¯®íâ®¬ã J(aR) = J(bR) ¨ aR = bR � N . �á«¨
N = 0, â® ¯®«ãç¨¬ aR = bR ¨ ¯à¨å®¤¨¬ ¢ ¯à®â¨¢®à¥ç¨¥ á ¯à¥¤¯®«®¦¥¨¥¬ aR 6= bR.

2.2. �ãáâì N 6= 0. � ª ª ª J(aR) = J(M) 6= 0, â® áãé¥áâ¢ã¥â z 6= 0, z 2 J(aR), q 2 N , q 6= 0,
zR� qR 6� J(aR). �®¢  ¢ á¨«ã 2-à¥£ã«ïà®áâ¨ ¬®¤ã«ï aR ¢ëâ¥ª ¥â, çâ® aR = zR� qR�N� =
N1� zR� qR�N2, £¤¥ N1� zR = bR, qR�N2 = N . �âáî¤  ¢ á¨«ã ª®áãé¥áâ¢¥®áâ¨ ¯®¤¬®¤ã«ï
zR ¯®«ãç¨¬ aR = N1 � qR � N2, ¯®íâ®¬ã z = 0 ¨ J(aR) = 0, ¯à¨è«¨ ª ¯à®â¨¢®à¥ç¨î, ¨¡®
J(aR) 6= 0. �«¥¤®¢ â¥«ì®, M = aR | «®ª «ìë© ¯à ¢ë© R-¬®¤ã«ì.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(£à â ò. 96-01-00717).
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2.3. � áá¬®âà¨¬ ®¡é¨© á«ãç ©: a 2 M , aR 6� J(M), áãé¥áâ¢ã¥â z 2 J(M), zR 6� aR, aR +
zR 6= aR, aR + zR 6� J(M). �®£¤ , ª ª ¨ ¢ ¯. 2.1, ¢ á¨«ã 2-à¥£ã«ïà®áâ¨ ¬®¤ã«ï M ¨¬¥¥¬
M = (aR+ zR)�Q = aR�Q; aR+ zR = aR, ¯à¨è«¨ ª ¯à®â¨¢®à¥ç¨î. � ç¨â, J(M) = J(aR) ¨ ¢
á¨«ã á«¥¤áâ¢¨ï 9.1.5 [5] ¢ëâ¥ª ¥â J(Q) = 0. �á«¨ Q = 0, â® ¯à¨å®¤¨¬ ª à áá¬®âà¥®¬ã á«ãç î
¯. 2.1, £¤¥ M = aR.

2.4. �ãáâìM = aR�Q, Q 6= 0. �à®¢¥¤ï à ááã¦¤¥¨ï, ª ª ¢ ¯. 2.2, ¯à¨å®¤¨¬ ª ¯à®â¨¢®à¥ç¨î,
  ¨¬¥®, J(M) = 0. �«¥¤®¢ â¥«ì®, ¯à¥¤¯®«®¦¥¨¥, çâ® 2-à¥£ã«ïàë© ¯à ¢ë© R-¬®¤ã«ìM ¯à¨
ãá«®¢¨¨ M 6= J(M), J(M) 6= 0, ¥ ï¢«ï¥âáï «®ª «ìë¬, ¥¢¥à®.

�ãáâì â¥¯¥àì M ï¢«ï¥âáï 1-à¥£ã«ïàë¬ ¯à ¢ë¬ R-¬®¤ã«¥¬. �®£¤  ¯à¨ ¢ë¯®«¥¨¨ ®¤®£®
¨§ ãá«®¢¨©: M = J(M), J(M) = 0 ¨«¨ M «®ª «ìë© | «¥£ª® ãáâ  ¢«¨¢ ¥âáï 2-à¥£ã«ïà®áâì
¬®¤ã«ï M . �¥©áâ¢¨â¥«ì®, ¥á«¨ M = J(M), J(M) = 0, â® íâ® ®ç¥¢¨¤®. �á«¨ ¦¥ M | «®ª «ì-
ë© ¬®¤ã«ì ¨ a1; a2 2 M , â®£¤  ¯®¤¬®¤ã«ì a1R + a2R, ¥ á®¤¥à¦ é¨©áï ¢ J(M), à ¢¥ M , ¨¡®
M | «®ª «ìë© R-¬®¤ã«ì. �

�¥®à¥¬  2. �à ¢ë© R-¬®¤ã«ì M , M 6= 0, M 6= J(M), ï¢«ï¥âáï á¨«ì® à¥£ã«ïàë¬ â®£¤ 

¨ â®«ìª® â®£¤ , ª®£¤  ® «¨¡® ¯®«ã¯à®áâ®©, «¨¡® «®ª «ìë© R-¬®¤ã«ì.

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® ¯®ª ¦¥¬, çâ® ä ªâ®à ¬®¤ã«ì M = M=J(M) ï¢«ï¥âáï ¯®-
«ã¯à®áâë¬ ¬®¤ã«¥¬. �ãáâì U 6= 0 ¥áâì ¯à®¨§¢®«ìë© ¯®¤¬®¤ã«ì ¬®¤ã«ïM . �¡®§ ç¨¬ ç¥à¥§ N
â ª®© ¯®¤¬®¤ã«ì ¬®¤ã«ï M , çâ® J(M) � N , N=J(M) = U . �®áª®«ìªã M | á¨«ì® à¥£ã«ïàë©
R-¬®¤ã«ì ¨ U 6= 0, â® N 6� J(M) ¨ M = N � Q. �®£« á® á«¥¤áâ¢¨î 9.1.5 ([5], á. 213) ¨¬¥¥¬
J(M) = J(N) � J(Q) ¨ ¯®áª®«ìªã J(M) � N , N

T
Q = 0, â® J(Q) � J(M)

T
Q � N

T
Q. � ç¨â,

J(Q) = 0 ¨ J(M) = J(N). �®£¤  M = N=J(N)�Q=J(Q) = U �Q. �«¥¤®¢ â¥«ì®, ª ¦¤ë© ¥ã-
«¥¢®© ¯®¤¬®¤ã«ì U ¬®¤ã«ï M ¢ë¤¥«ï¥âáï ¯àï¬ë¬ á« £ ¥¬ë¬ ¢ ¬®¤ã«¥ M ¨ á®£« á® â¥®à¥¬¥
4.2 ([6]) M ¡ã¤¥â ¯®«ã¯à®áâë¬ ¯à ¢ë¬ R-¬®¤ã«¥¬.

�®áª®«ìªã ¯® ãá«®¢¨î â¥®à¥¬ë R-¬®¤ã«ì M ï¢«ï¥âáï á¨«ì® à¥£ã«ïàë¬, â® ® ï¢«ï¥âáï
2-à¥£ã«ïàë¬ ¬®¤ã«¥¬ ¨ á®£« á® â¥®à¥¬¥ 1 M | «¨¡® «®ª «ìë© R-¬®¤ã«ì, «¨¡® J(M) = 0.
�á«¨ J(M) = 0, â® á®£« á® ¢ëè¥ ¤®ª § ®¬ãM | ¯®«ã¯à®áâ®© ¬®¤ã«ì. �á«¨M | «®ª «ìë©
¬®¤ã«ì, â® ¥®¡å®¤¨¬®áâì ãá«®¢¨© â¥®à¥¬ë ¤®ª §  .

�ãáâì M ï¢«ï¥âáï ¯®«ã¯à®áâë¬ R-¬®¤ã«¥¬, â®£¤  á®£« á® â¥®à¥¬¥ 4.2 [6] M | á¨«ì®
à¥£ã«ïàë© ¯à ¢ë© R-¬®¤ã«ì.

�ãáâì â¥¯¥àì M | «®ª «ìë© ¯à ¢ë© R-¬®¤ã«ì. �®£¤  ¯® ®¯à¥¤¥«¥¨î «®ª «ì®£® ¬®¤ã«ï
à ¤¨ª « J(M) ï¢«ï¥âáï  ¨¡®«ìè¨¬ á®¡áâ¢¥ë¬ ¯®¤¬®¤ã«¥¬ R-¬®¤ã«ï M ¨ ¯®íâ®¬ã ª ¦¤ë©
¯®¤¬®¤ã«ì N R-¬®¤ã«ï M , ¥ á®¤¥à¦ é¨©áï ¢ à ¤¨ª «¥ J(M), á®¢¯ ¤ ¥â á ¬®¤ã«¥¬ M .

�«¥¤áâ¢¨¥ 1. �à®¥ªâ¨¢ë© ¯à ¢ë© R-¬®¤ã«ì P ï¢«ï¥âáï á¨«ì® à¥£ã«ïàë¬ â®£¤  ¨ â®«ì-
ª® â®£¤ , ª®£¤  ® ï¢«ï¥âáï «¨¡® ¯®«ã¯à®áâë¬, «¨¡® «®ª «ìë¬ R-¬®¤ã«¥¬.

� ç áâ®áâ¨, ¯à¨ P = R á¯à ¢¥¤«¨¢®

�«¥¤áâ¢¨¥ 2. �®«ìæ® R ï¢«ï¥âáï á¨«ì® à¥£ã«ïàë¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®® |
«¨¡®  àâ¨®¢® ¯®«ã¯à®áâ®¥, «¨¡® «®ª «ì®¥ ª®«ìæ®.

�¥®à¥¬  3. �ãáâì P | ª®¥ç® ¯®à®¦¤¥ë© ¯à®¥ªâ¨¢ë© ¯à ¢ë© R-¬®¤ã«ì. �®£¤  á«¥-

¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

(1) R-¬®¤ã«ì P á¨«ì® à¥£ã«ïà¥,

(2) ª®«ìæ® R-í¤®¬®àä¨§¬®¢ S = EndR(P ) ¯à ¢®£® R-¬®¤ã«ï P ï¢«ï¥âáï á¨«ì® à¥£ã«ïàë¬

ª®«ìæ®¬.

�®ª § â¥«ìáâ¢®. �®£« á® á«¥¤áâ¢¨î 1 R-¬®¤ã«ì P ï¢«ï¥âáï «¨¡® ¯®«ã¯à®áâë¬, «¨¡®
«®ª «ìë¬. �ãáâì P ï¢«ï¥âáï «®ª «ìë¬ R-¬®¤ã«¥¬, â®£¤  á®£« á® â¥®à¥¬¥ 2.5 [7] ª®«ìæ®
S = EndR(P ) ¡ã¤¥â «®ª «ìë¬. �ãáâì â¥¯¥àì P | ¯®«ã¯à®áâ®© ¯à ¢ë© R-¬®¤ã«ì, â®£¤  ¢ á¨«ã
ã¯à ¦¥¨ï 1 ([5], c. 103) ª®«ìæ® S ï¢«ï¥âáï à¥£ã«ïàë¬ (¢ á¬ëá«¥ �¥©¬  ) ª®«ìæ®¬ ¨ ¯®íâ®¬ã
J(S) = 0.
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�®«®¦¨¬ P = P1�P2�� � ��Pm, £¤¥ Pi | ¯àï¬ ï áã¬¬  ¢á¥å ¯à®áâëå ¯àï¬ëå á« £ ¥¬ëå R-
¬®¤ã«ï P , ¨§®¬®àäëå ®¤®¬ã ¯à®áâ®¬ã ¯®¤¬®¤ã«î. �®£« á® á«¥¤áâ¢¨î á ¨ á«¥¤áâ¢¨î b ([8],
c. 68) ª®«ìæ® S ï¢«ï¥âáï  àâ¨®¢ë¬, ¯®«ã¯à®áâë¬ ª®«ìæ®¬ ¨ ¯®íâ®¬ã S | á¨«ì® à¥£ã«ïà®¥
ª®«ìæ®. �¥¯¥àì ¤®ª ¦¥¬ ¨¬¯«¨ª æ¨î

(2) =) (1). �ãáâì S = EndR(P ) |  àâ¨®¢® ¯®«ã¯à®áâ®¥ ª®«ìæ®. �®£¤  ®® | á« ¡® à¥£ã«ïà-
®¥ ª®«ìæ®, ¨ ¯®íâ®¬ã R-¬®¤ã«ì P ¡ã¤¥â á« ¡® à¥£ã«ïàë¬. �ãáâì e1; : : : ; em | ¬®¦¥áâ¢® ¢á¥å

à §«¨çëå, ¯à¨¬¨â¨¢ëå, ¯®¯ à® ®àâ®£® «ìëå ¨¤¥¬¯®â¥â®¢ ª®«ìæ  S â ª¨å, çâ®
mP

i=1

ei = 1.

�®«®¦¨¬ Ui = ei(P ) (i = 1; : : : ;m), â®£¤ , ®ç¥¢¨¤®, P = U1 � � � � � Um. �®áª®«ìªã ¯à ¢ë©
R-¬®¤ã«ì P á« ¡® à¥£ã«ïà¥, â® ¢ á¨«ã ª®áãé¥áâ¢¥®áâ¨ à ¤¨ª «  J(P ) R-¬®¤ã«ì Ui ¡ã¤¥â
á¨«ì® à¥£ã«ïàë¬. �á«¨ Ui | ¥ ¯à®áâ®© ¯à ¢ë© R-¬®¤ã«ì, â® ® à §«®¦¨¬ ¢ ¯àï¬ãî áã¬¬ã
¥ã«¥¢ëå ¯®¤¬®¤ã«¥©, ¯®íâ®¬ã ¨¤¥¬¯®â¥â ei à §«®¦¨¬ ¨ ¥¯à¨¬¨â¨¢¥. �à¨è«¨ ª ¯à®â¨¢®-
à¥ç¨î. �«¥¤®¢ â¥«ì®, Ui ï¢«ï¥âáï ¯à®áâë¬ ¯à ¢ë¬ R-¬®¤ã«¥¬ ¨ R-¬®¤ã«ì P ï¢«ï¥âáï ¯àï¬®©
áã¬¬®© ¯à®áâëå ¯à ¢ëå R-¬®¤ã«¥© Ui. �®íâ®¬ã P | á¨«ì® à¥£ã«ïàë© ¯à ¢ë© R-¬®¤ã«ì.

�ãáâì â¥¯¥àì S = EndR(P ) ï¢«ï¥âáï «®ª «ìë¬ ª®«ìæ®¬, â®£¤  á®£« á® â¥®à¥¬¥ 2.5 [7] R-
¬®¤ã«ì P ï¢«ï¥âáï «®ª «ìë¬ ¯à ¢ë¬ R-¬®¤ã«¥¬. �¬¯«¨ª æ¨ï (2) =) (1),   á«¥¤®¢ â¥«ì®, ¨
â¥®à¥¬  ¤®ª § ë.

�¥®à¥¬  4. �ãáâì R | ª®«ìæ®, I(R) | ¨ê¥ªâ¨¢ ï ®¡®«®çª  R ª ª ¯à ¢®£® R-¬®¤ã«ï.
�®£¤  á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

(1) ª®«ìæ® R á®¤¥à¦¨âáï ¢ à ¤¨ª «¥ J(I(R)),
(2) ª ¦¤ë© ¨ê¥ªâ¨¢ë© ¯à ¢ë© R-¬®¤ã«ì ï¢«ï¥âáï à ¤¨ª «ìë¬.

�®ª § â¥«ìáâ¢®. (1) =) (2). �ãáâì Q | ¯à®¨§¢®«ìë© ¨ê¥ªâ¨¢ë© ¯à ¢ë© R-¬®¤ã«ì,
q 2 Q. �¯à¥¤¥«¨¬ R-£®¬®¬®àä¨§¬ 'q : R �! Q, ¯®« £ ï '(1) = q. � áá¬®âà¨¬ â®çãî ¯®á«¥¤®-
¢ â¥«ì®áâì ¯à ¢ëå R-¬®¤ã«¥©

0 �! R �!" J(I(R));

£¤¥ " ®¡®§ ç ¥â ¤ ®¥ ¢«®¦¥¨¥ R ¢ J(I(R)). � á¨«ã ¨ê¥ªâ¨¢®áâ¨ ¯à ¢®£® R-¬®¤ã«ï Q
áãé¥áâ¢ã¥â â ª®¥ h : J(I(R)) �! Q, çâ® ' = h � ". �®áª®«ìªã á®£« á® â¥®à¥¬¥ 9.1.4 [5]
h(J(I(R))) � J(Q), â® '(q) 2 J(Q) ¤«ï «î¡®£® í«¥¬¥â  q ¨§ Q. �«¥¤®¢ â¥«ì®, Q � J(Q) ¨
¯®íâ®¬ã Q = J(Q).

�¬¯«¨ª æ¨ï (1) =) (2) ®ç¥¢¨¤ , â.ª. I(R) = J(I(R)).

� â®¬, çâ® ª®«ìæ®, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨ï¬ â¥®à¥¬ë 4, áãé¥áâ¢ã¥â, £®¢®à¨â

�à¨¬¥à. �ãáâì Z | ª®«ìæ® æ¥«ëå ç¨á¥«. �®£« á® ([5], £«. 9.1, ¯à¨¬¥à 1) ¯®«¥ à æ¨® «ì-
ëå ç¨á¥« Q ï¢«ï¥âáï à ¤¨ª «ìë¬ ¨ê¥ªâ¨¢ë¬ Z-¬®¤ã«¥¬ ¨ ¨ê¥ªâ¨¢®© ®¡®«®çª®© ª®«ì-
æ  Z.

�«¥¤áâ¢¨¥ 3. �á«¨ ¨ê¥ªâ¨¢ ï ®¡®«®çª  I(R) ª®«ìæ R ¥à ¤¨ª «ì  ¨ á¨«ì® à¥£ã«ïà ,
â® R | «¨¡®  àâ¨®¢® ¯®«ã¯à®áâ®¥, «¨¡® á ¬®¨ê¥ªâ¨¢®¥ «®ª «ì®¥ ª®«ìæ®.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã ¯® ãá«®¢¨î I(R) 6= J(I(R)), â® á®£« á® â¥®à¥¬¥ 4 R 6�
J(I(R)), ¯®íâ®¬ã ¨§-§  á¨«ì®© à¥£ã«ïà®áâ¨ R-¬®¤ã«ï I(R) ª®«ìæ® R ï¢«ï¥âáï ¯àï¬ë¬ á« £ -
¥¬ë¬ ¨ê¥ªâ¨¢®£® ¯à ¢®£® R-¬®¤ã«ï I(R). �®£¤  ª®«ìæ® R ¡ã¤¥â á ¬®¨ê¥ªâ¨¢ë¬ ¨ á¨«ì®
à¥£ã«ïàë¬. �®£« á® á«¥¤áâ¢¨î 2 ª®«ìæ® R «¨¡® «®ª «ì®¥, «¨¡®  àâ¨®¢® ¯®«ã¯à®áâ®¥.

�«¥¤ãîé ï â¥®à¥¬  ¯®§¢®«ï¥â ®å à ªâ¥à¨§®¢ âì  àâ¨®¢® ¯®«ã¯à®áâë¥ ª®«ìæ  ¢ â¥à¬¨ å
á¨«ì® à¥£ã«ïàëå ¬®¤ã«¥©.

�¥®à¥¬  5. �«ï ª®«ìæ  R á«¥¤ãîé¨¥ ãá«®¢¨ï íª¢¨¢ «¥âë:

(1) R |  àâ¨®¢® ¯®«ã¯à®áâ®¥ ª®«ìæ®,

(2) áãé¥áâ¢ã¥â á¨«ì® à¥£ã«ïàë© á¢®¡®¤ë© ¯à ¢ë© R-¬®¤ã«ì à £  2,
(3) áãé¥áâ¢ã¥â ¥à ¤¨ª «ìë© ¨ê¥ªâ¨¢ë© ¯à ¢ë© R-¬®¤ã«ì, ¨ ¯àï¬ ï áã¬¬  ¨ê¥ªâ¨¢-

®© ®¡®«®çª¨ I(R) ª®«ìæ  R á¨«ì® à¥£ã«ïà ,
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(4) ¢á¥ ¨ê¥ªâ¨¢ë¥ ¨ ¢á¥ ¯à®¥ªâ¨¢ë¥ ¯à ¢ë¥ R-¬®¤ã«¨ á¨«ì® à¥£ã«ïàë.

�®ª § â¥«ìáâ¢®. (1) =) (2) ®ç¥¢¨¤®.
(2) =) (1). �ãáâì F = hx1; x2i | á¨«ì® à¥£ã«ïàë© á¢®¡®¤ë© ¯à ¢ë© R-¬®¤ã«ì à £  2

c ¡ §®© x1; x2. �®£¤  J(F ) = x1J(R) � x2J(R). �§ á¨«ì®© à¥£ã«ïà®áâ¨ ¬®¤ã«ï F á«¥¤ã¥â, çâ®
¯®¤¬®¤ã«ì x1J(R)�x2R ¢ë¤¥«ï¥âáï ¯àï¬ë¬ á« £ ¥¬ë¬ ¢ ¬®¤ã«¥ F , â.¥. F = (x1J(R)�x2R)�Q.
�âáî¤  x1R = x1J(R) � N ¨ J(N) = 0, J(x1J(R)) = J(x1R) = x1J(R). �®íâ®¬ã x1J(R) ¡ã¤¥â
¯à®¥ªâ¨¢ë¬ R-¬®¤ã«¥¬ ¨ á®£« á® â¥®à¥¬¥ 9.6.3 [5] x1J(R) = 0. �âáî¤  ¢ á¨«ã á¢®¡®¤®áâ¨
¡ §¨á®£® í«¥¬¥â  x1 ¯®«ãç¨¬ J(R) = 0. �«¥¤®¢ â¥«ì®, R ª ª á¨«ì® à¥£ã«ïà®¥ ª®«ìæ® á
ã«¥¢ë¬ à ¤¨ª «®¬ J(R) ¡ã¤¥â  àâ¨®¢ë¬ ¯®«ã¯à®áâë¬ ª®«ìæ®¬.

(3) =) (1). �®£« á® ãá«®¢¨î (3) áãé¥áâ¢ã¥â ¥à ¤¨ª «ìë© ¨ê¥ªâ¨¢ë© ¯à ¢ë© R-¬®¤ã«ì
Q. �®£¤  ¢ á¨«ã â¥®à¥¬ë 3 R 6� J(I(R)), ¯®íâ®¬ã á®£« á® á«¥¤áâ¢¨î 3 ª®«ìæ® R | á ¬®¨ê¥ª-
â¨¢®¥, «®ª «ì®¥ ª®«ìæ®. �®áª®«ìªã ¯àï¬ ï áã¬¬  ª®«ìæ  R ï¢«ï¥âáï ¨ê¥ªâ¨¢®© ¨ á¨«ì®
à¥£ã«ïà®© ¢ á¨«ã ãá«®¢¨ï (3), â®, ª ª ¨ ¢ëè¥, à ¤¨ª « J(R) = 0. �®íâ®¬ã R |  àâ¨®¢®
¯®«ã¯à®áâ®¥ ª®«ìæ®.

(1) =) (3) ¨ ®áâ «ìë¥ ¨¬¯«¨ª æ¨¨ ®ç¥¢¨¤ë.
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