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1�. �¢¥¤¥­¨¥. �ãáâì 0 = �0 < �n " +1 (n!1),   àï¤ �¨à¨å«¥

F (s) =
1X
n=0

an expfs�ng; s = � + it; (1)

¨¬¥¥â ­ã«¥¢ãî  ¡áæ¨ááã  ¡á®«îâ­®© áå®¤¨¬®áâ¨. �«ï � < 0 ¯®«®¦¨¬M(�; F ) = maxfjF (�+it)j :
t 2 Rg, ¨ ¯ãáâì �(�; F ) = maxfjanj expf��ng : n � 0g | ¬ ªá¨¬ «ì­ë© ç«¥­, �(�; F ) = maxfn :
expf��ng = �(�; F )g| æ¥­âà «ì­ë© ¨­¤¥ªá,   �(�; f) = ��(�;F ) | æ¥­âà «ì­ë© ¯®ª § â¥«ì àï¤ 
(1).

� ª ¨ ¢ [1], ¯®«®¦¨â¥«ì­ãî ¨§¬¥à¨¬ãî ­  [a; 0) äã­ªæ¨î l ¡ã¤¥¬ ­ §ë¢ âì ¬¥¤«¥­­® ¬¥-
­ïîé¥©áï, ¥á«¨ l(á�) � l(�) ¯à¨ � " 0 ¤«ï «î¡®£® c 2 (0;+1), ¨ ¡ã¤¥¬ ­ §ë¢ âì ¯à ¢¨«ì­®
¬¥­ïîé¥©áï ¯®àï¤ª  � 2 [0;+1), ¥á«¨ l(�) = j�j���(�), £¤¥ � | ¬¥¤«¥­­® ¬¥­ïîé ïáï äã­ª-
æ¨ï. � ¬¥â¨¬, çâ® äã­ªæ¨ï l ¯à ¢¨«ì­® ¬¥­ïîé ïáï ¯®àï¤ª  � â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
l(c�)=l(�) ! c�� ¯à¨ � " 0 ¤«ï «î¡®£® c 2 (0;+1).

�¥«ì ¤ ­­®© áâ âì¨ | ­ å®¦¤¥­¨¥ ãá«®¢¨© ­  ª®íää¨æ¨¥­âë ¨ ¯®ª § â¥«¨ àï¤  (1), ¯à¨ ¢ë-
¯®«­¥­¨¨ ª®â®àëå äã­ªæ¨¨ lnM(�; F ), ln�(�; F ) ¨ �(�; F ) ï¢«ïîâáï ¯à ¢¨«ì­® ¬¥­ïîé¨¬¨áï.

2�. �á­®¢­ ï «¥¬¬ . � ª®© ï¢«ï¥âáï

�¥¬¬  1. �á«¨ � 2 (0;+1), â® á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï à ¢­®á¨«ì­ë:
 ) ln�(�; F ) | ¯à ¢¨«ì­® ¬¥­ïîé ïáï äã­ªæ¨ï ¯®àï¤ª  �;

¡)
j�j�(�; F )
ln�(�; F )

! � (� " 0);

¢)
j�j�(�; F )
ln ja�(�;F )j

!
�

�+ 1
(� " 0);

£) �(�; F ) | ¯à ¢¨«ì­® ¬¥­ïîé ïáï äã­ªæ¨ï ¯®àï¤ª  �+ 1.
�á«¨ ¦¥ � = 0, â® à ¢­®á¨«ì­ë¬¨ ï¢«ïîâáï â®«ìª® ãâ¢¥à¦¤¥­¨ï  ), ¡) ¨ ¢).

�®ª § â¥«ìáâ¢®. �¥ ã¬¥­ìè ï ®¡é­®áâ¨, ¡ã¤¥¬ áç¨â âì, çâ® ln�(�1; F ) = 0. �®£¤  ([2],
c. 182) ¤«ï � 2 (�1; 0)

ln�(�; F ) = ln�(�1; F ) +
Z �

�1

�(x; F )dx =
Z �

�1

�(x; F )dx; (2)

¨ ¢ á¨«ã ­¥ã¡ë¢ ­¨ï äã­ªæ¨¨ �(�; F ) ¤«ï «î¡®£® c 2 (0; 1) ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

(1� c)j�j�(�; F ) � ln�(c�; F ) � ln�(�; F ) � (1� c)j�j�(c�; F );

¯®íâ®¬ã

(1� c)j�j�(�; F )
ln�(�; F )

�
ln�(á�; F )
ln�(�; F )

� 1; 1�
ln�(�; F )
ln�(c�; F )

�
(1� c)j�j�(c�; F )

ln�(c�; F )
;
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â. ¥.

c

1� c

�
1�

ln�(�=c; F )
ln�(�; F )

�
�
j�j�(�; F )
ln�(�; F )

�
1

1� c

�
ln�(á�; F )
ln�(�; F )

� 1
�
: (3)

�ãáâì á­ ç «  � 2 (0;+1) ¨ ln�(�; F ) | ¯à ¢¨«ì­® ¬¥­ïîé ïáï äã­ªæ¨ï ¯®àï¤ª  �. �®£¤ 
¨§ (3) ¯®«ãç¨¬

(1 + o(1))c(1 � c�)
1� c

�
j�j�(�; F )
ln�(�; F )

�
(1 + o(1))(c�� � 1)

1� c
; � " 0:

�áâà¥¬«ïï §¤¥áì c " 1, ¯®«ãç¨¬ ãâ¢¥à¦¤¥­¨¥ ¡).
� ®¡®à®â, ¥á«¨ ¢ë¯®«­¥­® ãá«®¢¨¥ ¡), â® ¨§ (2) ¨¬¥¥¬

ln�(�; F ) = (1 + o(1))�
Z �

�1

ln�(x; F )
jxj

dx; � " 0; (4)

¨ «¥£ª® ¯®ª § âì, çâ® äã­ªæ¨ï

�(�) = j�j�
Z �

�1

ln�(x; F )
jxj

dx

ï¢«ï¥âáï ¬¥¤«¥­­® ¬¥­ïîé¥©áï. �¥©áâ¢¨â¥«ì­®, ¢ á¨«ã ¥¥ ­¥¯à¥àë¢­®© ¤¨ää¥à¥­æ¨àã¥¬®áâ¨
¨ á ãç¥â®¬ (4) ¨¬¥¥¬

j�j�0(�)
�(�)

=
ln�(�; F )
�R
�1

ln�(x;F )
jxj

dx
� �! 0; � " 0:

� ª¨¬ ®¡à §®¬, ãâ¢¥à¦¤¥­¨ï  ) ¨ ¡) íª¢¨¢ «¥­â­ë. �®íâ®¬ã

j�j�(�; F )
ln�(�; F )

! �;
cj�j�(c�; F )
ln�(c�; F )

! � (� " 0)

¨
�(c�; F )
�(�; F )

= (1 + o(1))
ln�(c�; F )
c ln�(�; F )

= (1 + o(1))c�(�+1); � " 0;

â. ¥. �(�; F ) | ¯à ¢¨«ì­® ¬¥­ïîé ïáï äã­ªæ¨ï ¯®àï¤ª  �+ 1.
�á«¨ ¦¥ �(�; F ) | ¯à ¢¨«ì­® ¬¥­ïîé ïáï äã­ªæ¨ï ¯®àï¤ª  �+ 1, â® ¢ á¨«ã (2)

ln�(c�; F ) =

c�Z
�1

�(x; F )dx +O(1) = c

�Z
�1

�(cx; F )dx +O(1) =

= (1 + o(1))c��
�Z

�1

�(x; F )dx = (1 + o(1))c�� ln�(�; F ); � " 0;

á«¥¤®¢ â¥«ì­®, ln�(�; F ) | ¯à ¢¨«ì­® ¬¥­ïîé ïáï äã­ªæ¨ï ¯®àï¤ª  �.
� ª®­¥æ, ¯®áª®«ìªã ln�(�; F ) = ln ja�(�;F )j+ ��(�; F ), â® ãâ¢¥à¦¤¥­¨ï ¡) ¨ ¢) à ¢­®á¨«ì­ë.

�¥¬¬  1 ¢ á«ãç ¥ � 2 (0;+1) ¤®ª § ­ .
� á«ãç ¥ � = 0 íª¢¨¢ «¥­â­®áâì ãâ¢¥à¦¤¥­¨©  ) ¨ ¡) ¢ëâ¥ª ¥â ¨§ ­¥à ¢¥­áâ¢ (3),   ãâ¢¥à-

¦¤¥­¨© ¡) ¨ ¢) | ¨§ à ¢¥­áâ¢  ln�(�; F ) = ln ja�(�;F )j+��(�; F ). � «¥¥, ¨§ ¬¥¤«¥­­®£® ¨§¬¥­¥­¨ï
äã­ªæ¨¨ j�j�(�; F ), ª ª ¢¨¤­® ¨§ ¤®ª § â¥«ìá¢  «¥¬¬ë ¢ á«ãç ¥ � 2 (0;+1), ¢ëâ¥ª ¥â ¬¥¤«¥­-
­®¥ ­¥ã¡ë¢ ­¨¥ äã­ªæ¨¨ ln�(�; F ), ­® ­¥ ­ ®¡®à®â, ­  çâ® ãª §ë¢ ¥â ¯à¨¬¥à àï¤  �¨à¨å«¥

F (s) = 2es +
1P
n=2

esn, ¤«ï ª®â®à®£® ln�(�; F ) = ln 2 | ¬¥¤«¥­­® ­¥ã¡ë¢ îé ï äã­ªæ¨ï,   äã­ª-

æ¨ï j�j�(�; F ) = j�j â ª®© ­¥ ï¢«ï¥âáï.
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3�. �à ¢¨«ì­®¥ ¢®§à áâ ­¨¥ «®£ à¨ä¬  ¬ ªá¨¬ «ì­®£® ç«¥­ . �à¥¦¤¥ ¢á¥£® § ¬¥â¨¬, çâ®
¥á«¨ an = O(1), n!1, â® ln�(�; F ) = O(1), � " 0, ¨ ¢ á¨«ã ­¥ã¡ë¢ ­¨ï ln�(�; F ) íâ  äã­ªæ¨ï
¬¥¤«¥­­® ­¥ã¡ë¢ îé ï.

�¥®à¥¬  1. �ãáâì àï¤ �¨à¨å«¥ (1) ¨¬¥¥â ­ã«¥¢ãî  ¡áæ¨ááã  ¡á®«îâ­®© áå®¤¨¬®áâ¨ ¨

lim
n!1

janj = +1. �®£¤  ¤«ï â®£® çâ®¡ë äã­ªæ¨ï ln�(�; F ) ¡ë«  ¯à ¢¨«ì­® ¬¥­ïîé¥©áï ¯®àï¤ª 

� 2 [0;+1), ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë áãé¥áâ¢®¢ «  ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì-

­®áâì ­¥®âà¨æ â¥«ì­ëå æ¥«ëå ç¨á¥« (nk)1k=0 â ª ï, çâ® ¯à¨ «î¡®¬ k � 0

{k :=
ln jank j � ln jank+1 j

�nk+1 � �nk
" 0; k !1; (5)

janj expf{k�ng � jank j expf{k�nkg; n 2 (nk; nk+1); (6)

j{kj�nk+1
ln jank+1 j

!
�

�+ 1
; k !1; (7)

j{kj�nk
ln jank j

!
�

�+ 1
; k !1: (8)

�®ª § â¥«ìáâ¢®. �ãáâì ln�(�; F ) | ¯à ¢¨«ì­® ¬¥­ïîé ïáï äã­ªæ¨ï ¯®àï¤ª  � 2 [0;+1).
� ª ª ª lim

n!1
janj = 1, â® �(�; F ) ¯à¨­¨¬ ¥â ¡¥áª®­¥ç­®¥ ç¨á«® §­ ç¥­¨© n0 < n1 < n2 < � � � .

�®ª ¦¥¬, çâ® ¤«ï íâ®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ (nk)1k=0 ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï (5){(8).
�ãáâì ({k)1k=0 | ¢®§à áâ îé ï ª 0 ¯®á«¥¤®¢ â¥«ì­®áâì ¢á¥å â®ç¥ª à §àë¢  �(�; F ). �®£¤ 

([2], á. 180{183) ¯à¨ «î¡®¬ k � 0 ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢  jank j expf{k�nkg = jank+1 j expf{k�nk+1g
¨

�(�; F ) = nk+1; �(�; F ) = jank+1 je
��nk+1 (� 2 [{k;{k+1)): (9)

�âáî¤  ¯®«ãç ¥¬ (5) ¨ (6).
� á¨«ã ãâ¢¥à¦¤¥­¨ï ¢) «¥¬¬ë 1 ¨¬¥¥¬

j{kj�nk+1
ln jank+1 j

=
j{kj�({k; F )
ln ja�({k;F )j

!
�

�+ 1
; k !1;

â. ¥. á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥ (7).
� ª®­¥æ, ¯ãáâì �k 2 [{k;{k+1) â ª®¥, çâ® �k � {k+1, k !1. �ç¨âë¢ ï (9) ¨ ãâ¢¥à¦¤¥­¨¥ ¢)

«¥¬¬ë 1, ¯®«ãç¨¬

j{k+1j�nk+1
ln jank+1 j

=
j{k+1j

j�kj
�
j�kj�(�k; F )
ln ja�(�k;F )j

!
�

�+ 1
; k !1;

â. ¥. ¢ë¯®«­ï¥âáï á®®â­®è¥­¨¥ (8).
� ®¡®à®â, ¯à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ã¥â ¢®§à áâ îé ï ¯®á«¥¤®¢ â¥«ì­®áâì ­¥®âà¨æ â¥«ì-

­ëå æ¥«ëå ç¨á¥« (nk)1k=0, ¤«ï ª®â®à®© ¯à¨ «î¡®¬ k � 0 ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï (5){(8). �¥
ã¬¥­ìè ï ®¡é­®áâ¨, ¬®¦¥¬ áç¨â âì, çâ® n0 = 0. �®£¤  ¢ á¨«ã (5) ¨ (6) ¤«ï «î¡ëå � 2 [{k;{k+1)
¨ k � 0 ¨¬¥¥¬: ¥á«¨ n � nk+1 ¨ n 2 [np; np+1), £¤¥ p � k, â®

janje
��n

jank+1 je
��nk+1

�
janp je

{p(�np��n)e��n

jank+1 je
��nk+1

=
e{p(�np��n)

e�(�nk+1��n)

kY
i=p

jani j

jani+1 j
=

=
e{p(�np��n)

e�(�nk+1��n)

kY
i=p

e{i(�ni+1��ni ) �
e{k(�np��n)

e�(�nk+1��n)

kY
i=p

e{k(�ni+1��ni ) =
e{k(�nk+1��n)

e�(�nk+1��n)
� 1;
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  ¥á«¨ n > nk+1 ¨ n 2 (np; np+1], £¤¥ p � k + 1, â®

janje
��n

jank+1 je
��nk+1

�
janp je

{p(�np��n)e��n

jank+1 je
��nk+1

= e�(�n��nk+1 )e{p(�np+1��n)
pY

i=k+1

jani+1 j

jani j
=

= e�(�n��nk+1 )e{p(�np+1��n)
pY

i=k+1

1

e{i(�ni+1��ni )
�

�
e�(�n��nk+1 )e{p(�np+1��n)

e{k+1(�np��nk+1 )e{p(�np+1��np )
�

e�(�n��nk+1 )

e{k+1(�n��nk+1 )
< 1;

â ª çâ® �(�; F ) = nk+1. �®íâ®¬ã ¤«ï ¢á¥å � 2 [{k;{k+1) ¨ k � 0

j{k+1j�nk+1
ln jank+1 j

�
j�j�(�k; F )
ln ja�(�;F )j

�
j{kj�nk+1
ln jank+1 j

:

�«¥¤®¢ â¥«ì­®, ¢ á¨«ã (7), (8) ¨ ãâ¢¥à¦¤¥­¨ï ¢) «¥¬¬ë 1 äã­ªæ¨ï ln�(�; F ) ¯à ¢¨«ì­® ¬¥­ïî-
é ïáï ¯®àï¤ª  � 2 [0;+1).

� ¬¥â¨¬, çâ® ¢ á«ãç ¥ � = 0 ãá«®¢¨¥ (8) ¢ â¥®à¥¬¥ 1 ¨§«¨è­¥¥,   ¢ á«ãç ¥ � 2 (0;+1) ¥£®
¬®¦­® § ¬¥­¨âì ãá«®¢¨¥¬ {k={k+1 ! 1, k !1.

4�. � ªá¨¬ã¬ ¬®¤ã«ï ¨ ¬ ªá¨¬ «ì­ë© ç«¥­. �®ª ¦¥¬, çâ® ¨§ ¯à ¢¨«ì­®£® ¢®§à áâ ­¨ï
ln�(�; F ) ­¥ ¢ëâ¥ª ¥â, ¢®®¡é¥ £®¢®àï, ¯à ¢¨«ì­®¥ ¢®§à áâ ­¨¥ lnM(�; F ), ¨ ­ ®¡®à®â.

�â¢¥à¦¤¥­¨¥ 1. �«ï «î¡®£® � 2 [0;+1) áãé¥áâ¢ã¥â àï¤ �¨à¨å«¥ (1) á ­ã«¥¢®©  ¡áæ¨áá®©
 ¡á®«îâ­®© áå®¤¨¬®áâ¨ â ª®©, çâ® ln�(�; F ) | ¯à ¢¨«ì­® ¬¥­ïîé ïáï äã­ªæ¨ï ¯®àï¤ª  �,  
lnM(�; F ) ­¥ ï¢«ï¥âáï ¯à ¢¨«ì­® ¬¥­ïîé¥©áï äã­ªæ¨¥© â®£® ¦¥ ¯®àï¤ª .

�®ª § â¥«ìáâ¢®. �ãáâì á­ ç «  � 2 (0;+1),   p = 1=(2(� + 1)) ¨ F1(s) =
1P
n=1

expfln1�p n+

s ln1+p ng. �ã­ªæ¨ï ln1�p x+ � ln1+p x, x � 1, ¨¬¥¥â ¥¤¨­áâ¢¥­­ãî â®çªã ¬ ªá¨¬ã¬ 

x(�) = exp
��

1� p

(1 + p)j�j

�1=2p �

¨, ¯®áª®«ìªã j�(�; F1)� x(�)j � 1, â®

�(�; F1) = ln �(�; F1) =
�

1� p

(1 + p)j�j

�1=2p

+ o(1); � " 0;

â. ¥. ¢ á¨«ã (2)

ln�(�; F1) = (1 + o(1))
�
1� p

1 + p

�1=(2p)
�Z

�1

jxj�1=(2p)dx =

= (1 + o(1))
�
1� p

1 + p

�1=(2p) 2p
1� 2p

�
1
j�j

�1=(2p)�1

=
(1 + o(1))

�

�
2�+ 1
2�+ 3

��+1 � 1
j�j

��

; � " 0;

â ª çâ® ln�(�; F1) | ¯à ¢¨«ì­® ¬¥­ïîé ïáï äã­ªæ¨ï ¯®àï¤ª  �. � â® ¦¥ ¢à¥¬ï

M(�; F1) =
Z 1

1
expfln1�p x+ s ln1+p xgdx+O(�(�; F1)); � " 0:
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� ª ª ª

1Z
0

expft1�p � j�jt1+p + tgdt >

(2j�j)�1=pZ
0

expft(1 � j�jtp)gdt >

>

(2j�j)�1=pZ
0

expft=2gdt = 2(1 + o(1)) exp

(
1
2

�
1
2j�j

�2(�+1)
)
; � " 0;

â® lnM(�; F1) �
1+o(1)

2

�
1

2j�j

�2(�+1)
, � " 0, â. ¥. lnM(�; F1) ­¥ ï¢«ï¥âáï ¯à ¢¨«ì­® ¬¥­ïîé¥©áï

äã­ªæ¨¥© ¯®àï¤ª  �.
�â®¡ë ¤®ª § âì ãâ¢¥à¦¤¥­¨¥ 1 ¢ á«ãç ¥ � = 0, à áá¬®âà¨¬ àï¤ �¨à¨å«¥ F2(s) = e +

1P
n=2

expfs ln2 ng. �«ï ­¥£® äã­ªæ¨ï ln�(�; F2) = 1 ¬¥¤«¥­­® ­¥ã¡ë¢ îé ï ¨, ª ª ¢ëè¥,

M(�; F ) �

1Z
e

expf� ln2 tgdt =

1Z
1

expf�j�jx2 + xgdx �

�

1=(2j�j)Z
1

expfx=2gdx = 2
�
exp

�
4
j�j

�
� exp

�
1
2

��
;

â. ¥. lnM(�; F ) � 4(1+o(1))
j�j

, � " 0, ¨ äã­ªæ¨ï lnM(�; F ) ­¥ ï¢«ï¥âáï ¬¥¤«¥­­® ¢®§à áâ îé¥©.

�â¢¥à¦¤¥­¨¥ 2. �«ï «î¡®£® � 2 [0;+1) áãé¥áâ¢ã¥â àï¤ �¨à¨å«¥ (1) á ­ã«¥¢®©  ¡áæ¨áá®©
 ¡á®«îâ­®© áå®¤¨¬®áâ¨ â ª®©, çâ® lnM(�; F ) | ¯à ¢¨«ì­® ¬¥­ïîé ïáï äã­ªæ¨ï ¯®àï¤ª  �,
  ln�(�; F ) ­¥ ï¢«ï¥âáï ¯à ¢¨«ì­® ¬¥­ïîé¥©áï äã­ªæ¨¥© â®£® ¦¥ ¯®àï¤ª .

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á­ ç «  á«ãç © � = 0. �ãáâì a0 = 1,   ¤«ï ¢á¥å k � 0 ¨ n � 0
¯®«®¦¨¬ nk = [exp3 k], ank = n2

k, an = n (1 � n 6= nk), �n = n. �®áª®«ìªã lnan=�n ! 0, n!1, â®
àï¤ �¨à¨å«¥ (1) á â ª ®¯à¥¤¥«¥­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¨ ¯®ª § â¥«ï¬¨ ¨¬¥¥â ­ã«¥¢ãî  ¡áæ¨ááã
 ¡á®«îâ­®© áå®¤¨¬®áâ¨.

�ãáâì

F1(s) = 1 +
1X

n=1; n6=nk

nens; F2(s) =
1X
k=1

n2
ke

nks; F (s) = F1(s) + F2(s):

�®£¤  M(�; F ) = F (�) = F1(�) + F2(�), �(�; F ) = maxf�(�; F1); �(�; F2)g.
� áá¬®âà¨¬ äã­ªæ¨î h(x) = xex�. �â  äã­ªæ¨ï ¤®áâ¨£ ¥â á¢®¥£® ¬ ªá¨¬ã¬  ¢ â®çª¥ x(�) =

1=j�j. �®áª®«ìªã j�(�; F1)�x(�)j � 2, â® �(�; F1) = �(�; F1) = (1+o(1))=j�j, � " 0. �«¥¤®¢ â¥«ì­®,

ln�(�; F1) = lna�(�;F1) + ��(�; F1) = (1 + o(1)) ln
1
j�j

; � " 0: (10)

�¡®§­ ç¨¬ {k =
ln ank�ln ank+1

nk+1�nk
. �®£¤  {k " 0, k !1, ¨

{k =
2(lnnk � lnnk+1)

nk+1 � nk
= �(2 + o(1))

lnnk+1

nk+1

; k !1;

â ª çâ® ln�(�; F2) = lnank + nk� ¤«ï ¢á¥å � 2 [{k�1;{k) (k � 0) ¨ {k�1={k ! +1, k ! 1,  
¯®íâ®¬ã c{k�1 2 [{k�1;{k), k � k0(c), ¤«ï «î¡®£® ä¨ªá¨à®¢ ­­®£® c 2 (0; 1). �«¥¤®¢ â¥«ì­®, ¯à¨
k � k0(c)

ln�(c{k�1; F2) = 2 lnnk + nkc{k�1 = 2 lnnk � (2c+ o(1)) lnnk =

= (2� 2c� o(1)) ln
1

j{k�1j
; k !1: (11)
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� á¨«ã (10) ln�(c{k�1; F1) = (1 + o(1)) ln 1
j{k�1j

, k !1. �âáî¤  ¨ ¨§ (11) ¯à¨ k !1 ¨¬¥¥¬

ln�
�
1
3
{k�1; F

�
= ln�

�
1
3
{k�1; F2

�
�
4
3
ln

1
j{k�1j

;

ln�
�
1
6
{k�1; F

�
= ln�

�
1
6
{k�1; F2

�
�
5
3
ln

1
j{k�1j

;

¨, â ª¨¬ ®¡à §®¬,

ln�({k�1=3; F )
ln�({k�1=6; F )

!
4
5
6= 1;

â. ¥. ln�(�; F ) ­¥ ï¢«ï¥âáï ¬¥¤«¥­­® ¬¥­ïîé¥©áï äã­ªæ¨¥©.
�®ª ¦¥¬, çâ® lnM(�; F ) | ¬¥¤«¥­­® ¬¥­ïîé ïáï äã­ªæ¨ï. �¬¥¥¬

M(�; F ) = 1 +
1X

n=1; n 6=nk

nen� +
1X
k=1

n2
ke

nk� =

=
Z 1

0

tet�dt�

Z 1

0

tet�dn(t) +
Z 1

0

t2et�dn(t) +O(1); � " 0;

£¤¥ n(t) =
P
nk�t

1 | áç¨â îé ï äã­ªæ¨ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ (nk). � ª ª ª n(t) � ln3(t + 1) �

2 ln3 t, t � exp3 1, â®Z 1

0

t2et�dn(t) = �

Z 1

0

n(t)et�(t2� + 2t)dt � j�j

Z 1

0

n(t)et�t2dt �

� j�j

�
O(1) + 2

Z 1

exp3 1

et�t2 ln3 tdt
�
= o(1) +

2
j�j2

Z 1

j�j exp3 1

e�xx2 ln3
x

j�j
dx �

K

j�j2
ln3

1
j�j

; � " 0;

£¤¥ K = const > 0. �ç¨âë¢ ï â¥¯¥àì, çâ®Z 1

0

tet�dt =
1
j�j2

;

Z 1

0

tet�dn(t) �
Z 1

0

t2et�dn(t) +O(1);

¯®«ãç ¥¬
1
j�j2

+O(1) �M(�; F ) �
K

j�j2
ln3

1
j�j

+O(1); � " 0;

â. ¥. lnM(�; F ) = 2(1+o(1)) ln 1
j�j
, � " 0. �âáî¤  á«¥¤ã¥â, çâ® lnM(�; F ) | ¬¥¤«¥­­® ¬¥­ïîé ïáï

äã­ªæ¨ï, ¨ ãâ¢¥à¦¤¥­¨¥ 2 ¢ á«ãç ¥ � = 0 ¤®ª § ­®.
�®ª ¦¥¬ ãâ¢¥à¦¤¥­¨¥ 2 ¢ á«ãç ¥ � 2 (0;+1). �ãáâì nk = [exp3 k] (k � 1), � = (� + 1)=�,

� > 0, � = (1 + 2�)=2 ¨

F1(s) =
1X

n=1; n6=nk

n�es ln
� n; F2(s) =

1X
k=1

n�ke
s ln� nk ; F3(s) =

1X
n=1

n�es ln
� n:

� áá¬®âà¨¬ àï¤ �¨à¨å«¥ F (s) = F1(s) + F2(s). �®áª®«ìªã lnn = o(�n) ¨ lnan = o(�n) ¯à¨
n!1, â® íâ®â àï¤ ¨¬¥¥â ­ã«¥¢ãî  ¡áæ¨ááã  ¡á®«îâ­®© áå®¤¨¬®áâ¨.

�«ï «î¡®£® ä¨ªá¨à®¢ ­­®£® � 2 (�1; 0) äã­ªæ¨ï x� expf� ln� xg ¤®áâ¨£ ¥â á¢®¥£® ¬ ªá¨-

¬ã¬  ¢ â®çª¥ x(�) = exp
��

�
�j�j

�1=(��1)	
,   ¯®áª®«ìªã j�(�; Fj) � x(�)j � 2 ¤«ï j = 1 ¨ j = 3,

â®

�(�; Fj) = ln� �(�; Fj) =
�

�

�j�j

��=(��1)

+ o(1); � " 0:
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�®íâ®¬ã, ¢®á¯®«ì§®¢ ¢è¨áì (2), ¯®«ãç¨¬

ln�(�; Fj) =
Z �

�1

�
�

�jxj

��=(��1)

dx+O(1) = (� � 1)
�
�

�

��=(��1)� 1
j�j

�1=(��1)

+O(1) =

=
����+1

(�+ 1)�+1

�
1
j�j

��

+O(1); � " 0 (j = 1; 3): (12)

�¡®§­ ç¨¬ â¥¯¥àì {k =
ln ank�lnank+1
�nk+1��nk

. �®£¤  {k " 0 ¨

{k =
�(lnnk � lnnk+1)

ln� nk+1 � ln� nk
=
��+ o(1)

ln��1 nk+1

¯à¨ k !1, ln�(�; F2) = lnank + ��nk ¤«ï ¢á¥å � 2 [{k�1;{k) (k � 0) ¨ {k�1={k ! +1, k !1,  
¯®íâ®¬ã c{k�1 2 [{k�1;{k), k � k0(c), ¤«ï «î¡®£® ä¨ªá¨à®¢ ­­®£® c 2 (0; 1]. �«¥¤®¢ â¥«ì­®, ¯à¨
k � k0(c)

ln�(c{k�1; F2) = � lnnk + c{k�1 ln
� nk = � lnnk + (��c+ o(1)) lnnk =

= ((1 � c) + o(1))��+1

�
1

j{k�1j

��

; k !1: (13)

�ë¡¥à¥¬ c = �=(�+ 1). �®£¤ 

(1� c)��+1 > (1� c)��+1 =
��+1

�+ 1
=

����+1

(�+ 1)�+1c�

¨, ¯®áª®«ìªã �(�; F ) = maxf�(�; F1); �(�; F2)g, ¨§ (12) ¨ (13) § ª«îç ¥¬, çâ® ¯à¨ k0 � k !1

ln�({k�1; F )
ln�(c{k�1; F )

=
ln�({k�1; F1)
ln�(c{k�1; F2)

= (1 + o(1))
��

(�+ 1)�+1

1
(1� c)��+1

=

= (1 + o(1))
�

�

�+ 1

�� � �
�

��+1

6! c�; k !1;

â. ¥. äã­ªæ¨ï ln�(�; F ) ­¥ ï¢«ï¥âáï ¯à ¢¨«ì­® ¬¥­ïîé¥©áï ¯®àï¤ª  �.
�®ª ¦¥¬, çâ® lnM(�; F ) | ¯à ¢¨«ì­® ¬¥­ïîé ïáï äã­ªæ¨ï ¯®àï¤ª  �. �«ï íâ®£® ¢®á¯®«ì-

§ã¥¬áï á«¥¤ãîé¥© «¥¬¬®©.

�¥¬¬  2 ([3], c. 20{22). �ãáâì h | ¯®«®¦¨â¥«ì­ ï ¤¢ ¦¤ë ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥-

¬ ï ­  [a; +1) äã­ªæ¨ï â ª ï, çâ® h0(x) ! +1 (x ! +1), x2h00(x) ! +1 (x ! +1) ¨
h00(u(x)) � h00(x) ¯à¨ ju(x) � xj � A=

p
h00(x), x ! +1, £¤¥ A | ¯à®¨§¢®«ì­®¥ ¯®«®¦¨â¥«ì-

­®¥ ç¨á«®. �®£¤  äã­ªæ¨ï H(x; t) = �h(x) + xt ¨¬¥¥â ¯à¨ ¡®«ìè¨å §­ ç¥­¨ïå x ¥¤¨­áâ¢¥­­ãî

â®çªã ¬ ªá¨¬ã¬  x(t) ¨

Z 1

a

eH(x;t)dx = (1 + o(1))

s
2�

h00(x(t))
eH(x(t);t); t! +1: (14)

�¥£ª® ¯à®¢¥à¨âì, çâ® äã­ªæ¨ï h(x) = x� ã¤®¢«¥â¢®àï¥â ãá«®¢¨ï¬ «¥¬¬ë 2,   ¥¤¨­áâ¢¥­­®©
â®çª®© ¬ ªá¨¬ã¬  äã­ªæ¨¨ H(x; t) = �x� + xt ï¢«ï¥âáï x(t) = (t=�)1=(��1). �«¥¤®¢ â¥«ì­®,
H(x(t); t) = (� � 1)(t=�)1=(��1), ¨ ¨§ (14) ¯®«ãç¨¬

Z 1

a

e�x
�+xtdx = (1 + o(1))

�
2�

�(� � 1)

�
�

t

�(��2)=(��1)�1=2

exp
�
(� � 1)

�
t

�

��=(��1)�
=

= (1 + o(1)) exp
�
(1 + o(1))(� � 1)

�
t

�

��=(��1)�
= exp

�
(1 + o(1))

��

(�+ 1)�+1
t�+1

�
; t! +1:
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�®íâ®¬ã ¢ á¨«ã (12)

F3(�) =
Z 1

1

t�e� ln� tdt+O(�(�; F3)) =
Z 1

0

e(1+�)y+�y
�

dy +O(�(�; F3)) =

= j�j�1=�
Z 1

0

expf�x� + (1 + �)j�j�1=�xgdx+O(�(�; F3)) =

= exp
�
(1 + o(1))

��

(�+ 1)�+1

�
1 + �

j�j1=�

��+1�
+O(�(�; F3)) =

= exp
�
(1 + o(1))

��(1 + �)�+1

(�+ 1)�+1

�
1
j�j

���
; � " 0: (15)

�ãáâì â¥¯¥àì n(t) | áç¨â îé ï äã­ªæ¨ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ (nk). �®£¤  n(t) � 2 ln3 t,
t��1 ln��1 t ln3 t � t� ¯à¨ t � t0 ¨

F2(�) =
Z 1

0
t�e� ln� tdn(t) = �

Z 1

0
n(t)t��1e� ln� t(�� j�j� ln��1 t)dt �

� 2j�j�
�Z 1

t0

t��1e� ln� t ln��1 t ln3 t dt+O(1)
�
�

� 2j�j�
�Z 1

t0

t�e� ln� tdt+O(1)
�
= o(F3(�)); � " 0:

� ª®­¥æ, ãç¨âë¢ ï, çâ® F3(�) �M(�; F ) � F3(�) + F2(�), ¢ á¨«ã (15) ¨¬¥¥¬

lnM(�; F ) �
��(1 + �)�+1

(�+ 1)�+1

�
1
j�j

��

; � " 0;

â. ¥. lnM(�; F ) | ¯à ¢¨«ì­® ¬¥­ïîé ïáï äã­ªæ¨ï ¯®àï¤ª  �. �â¢¥à¦¤¥­¨¥ 2 ¯®«­®áâìî ¤®ª -
§ ­®.

�®íää¨æ¨¥­âë ¨ ¯®ª § â¥«¨ ¯®áâà®¥­­®£® ¯à¨ ¤®ª § â¥«ìáâ¢¥ ãâ¢¥à¦¤¥­¨ï 2 ¢ á«ãç ¥ � > 0
àï¤  �¨à¨å«¥ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ lim

n!1

lnn
ln janj

= � > 0 ¨ lim
n!1

ln lnn
ln�n

= �
�+1

. �á«¨ «¨¡® ª®íää¨-

æ¨¥­âë, «¨¡® ¯®ª § â¥«¨ à áâãâ ­¥áª®«ìª® ¡ëáâà¥¥, â® äã­ªæ¨¨ lnM(�; F ) ¨ ln�(�; F ) ï¢«ïîâáï
®¤­®¢à¥¬¥­­® ¯à ¢¨«ì­® ¬¥­ïîé¨¬¨áï ®¤­®£® ¨ â®£® ¦¥ ¯®àï¤ª , ­  çâ® ãª §ë¢ ¥â

�¥®à¥¬  2. �ãáâì àï¤ �¨à¨å«¥ (1) ¨¬¥¥â ­ã«¥¢ãî  ¡áæ¨ááã  ¡á®«îâ­®© áå®¤¨¬®áâ¨. �á«¨

lim
n!1

lnn
ln janj

= 0, â® äã­ªæ¨ï lnM(�; F ) ¯à ¢¨«ì­® ¬¥­ïîé ïáï ¯®àï¤ª  � 2 [0;+1) â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  äã­ªæ¨ï ln�(�; F ) ¯à ¢¨«ì­® ¬¥­ïîé ïáï â®£® ¦¥ ¯®àï¤ª . �á«¨ ¦¥

lim
n!1

ln lnn
ln�n

< �
�+1

, â® äã­ªæ¨ï lnM(�; F ) ¯à ¢¨«ì­® ¬¥­ïîé ïáï ¯®àï¤ª  � 2 (0;+1) â®£¤  ¨

â®«ìª® â®£¤ , ª®£¤  äã­ªæ¨ï ln�(�; F ) ¯à ¢¨«ì­® ¬¥­ïîé ïáï â®£® ¦¥ ¯®àï¤ª .

�®ª § â¥«ìáâ¢®. �á«¨ lim
n!1

lnn
ln janj

= 0, â® ¤«ï «î¡®£® " > 0 àï¤
1P
n=0

janj
�" = K(") < +1.

�®íâ®¬ã

M(�; F ) �
1X
n=0

janj expf��ng =
1X
n=0

janj
�"

�
janj exp

�
��n
1 + "

��1+"

�

� �

�
�

1 + "

�1+" 1X
n=0

janj
�" = K(")�

�
�

1 + "

�1+"

:

� á¨«ã ­¥à ¢¥­áâ¢  �®è¨ �(�; F ) �M(�; F ), ®âáî¤  «¥£ª® ¯®«ãç¨¬ á®®â­®è¥­¨¥

lnM(�; F ) = (1 + o(1)) ln�((1 + o(1))�; F ); � " 0; (16)

¨§ ª®â®à®£® á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ¯¥à¢®© ç áâ¨ â¥®à¥¬ë.
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�§¢¥áâ­® [4], çâ® ¥á«¨ lim
n!1

ln lnn
ln�n

= s < 1 ¨ s < s1 < 1, â® ¤«ï «î¡®£® " 2 (0; 1) ¨ ¢á¥å � 2 [�0; 0)

M(�; F ) � K1

�
1
j�j

�s1=2(1�s1)

�((1� ")�; F ) exp
�
(1� s1)

�
s1
"j�j

�s1=(1�s1) �
;

£¤¥ K1 = K1(s1; ") | ­¥ª®â®à ï ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï. �®íâ®¬ã ¥á«¨ lim
n!1

ln lnn
ln�n

= s < �
�+1

,

â® ¤«ï s < s1 =
�1

�1+1
< �

�+1
, «î¡®£® " 2 (0; 1) ¨ ¢á¥å � 2 [�0; 0) ¨¬¥¥¬

M(�; F ) � K1

�
1
j�j

��1=2

�((1� ")�; F ) exp
�

��11
(1 + �1)1+�1

�
1

"j�j

��1�
;

â. ¥.

ln�(�; F ) � lnM(�; F ) � ln�((1� ")�; F ) +K2

�
1
j�j

��1

;

£¤¥ K2 = K2(�1; ") | ­¥ª®â®à ï ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï. � á¨«ã ­¥à ¢¥­áâ¢  �1 < � ®âáî¤ 
­¥âàã¤­® á¤¥« âì ¢ë¢®¤, çâ® ¥á«¨ ®¤­  ¨§ äã­ªæ¨© ln�(�; F ) ¨«¨ lnM(�; F ) ¯à ¢¨«ì­® ¬¥­ïî-
é ïáï ¯®àï¤ª  �, â® ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥ (16), ¨, â ª¨¬ ®¡à §®¬, ¤àã£ ï ¨§ íâ¨å äã­ªæ¨©
â ª¦¥ ¯à ¢¨«ì­® ¬¥­ïîé ïáï â®£® ¦¥ ¯®àï¤ª .
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