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�à¥¤« £ ¥âáï ®¡®¡é¥¨¥ ª« áá¨ç¥áª®© â¥à¬®¤¨ ¬¨ª¨   á«ãç © ¥®¡à â¨¬ëå ¬®£®¯ à ¬¥-
âà¨ç¥áª¨å ¯à®æ¥áá®¢. �®ª § ®, çâ® ª« áá¨ç¥áª ï ä¥®¬¥®«®£¨ç¥áª ï â¥à¬®¤¨ ¬¨ª  ¢ áâà®-
£®© ¯®áâ ®¢ª¥ á¯à ¢¥¤«¨¢  ¤«ï ®¡à â¨¬ëå ¤¢ãå¯ à ¬¥âà¨ç¥áª¨å ¯à®æ¥áá®¢. �®ª §ë¢ ¥âáï, çâ®
¯à¨à é¥¨¥ ¢ãâà¥¥© í¥à£¨¨ ¢ ¥®¡à â¨¬ëå ¯à®æ¥áá å ¥ ¥áâì ¯®«ë© ¤¨ää¥à¥æ¨ « ¯® ®â-
®è¥¨î ª ¯à¨à é¥¨ï¬ ¯ à ¬¥âà®¢ ¯à®æ¥áá ,   ¯®«ë© ¯à¨â®ª â¥¯«  ¢ ®¡é¥¬ á«ãç ¥ ¬®¦¥â
¨ ¥ ¨¬¥âì ¨â¥£à¨àãîé¥£® ¤¥«¨â¥«ï ¤«ï ¬®£®¯ à ¬¥âà¨ç¥áª¨å ¯à®æ¥áá®¢. �® íâ¨¬ ¯à¨ç¨ ¬
¯à¨à é¥¨ï ¢ãâà¥¥© í¥à£¨¨ ¨ ª®«¨ç¥áâ¢  â¥¯«  ¢ á¨áâ¥¬¥ à áá¬ âà¨¢ îâáï ª ª «¨¥©ë¥
¤¨ää¥à¥æ¨ «ìë¥ (¯ä ää®¢ë) ä®à¬ë ¯® ®â®è¥¨î ª ¯à¨à é¥¨ï¬ ¯ à ¬¥âà®¢ ¯à®æ¥áá ,
¢ª«îç¥ëå ¢ á¨áâ¥¬ã ¯ à ¬¥âà®¢ á®áâ®ï¨ï. � á¨áâ¥¬ã ¯ à ¬¥âà®¢ á®áâ®ï¨ï ¢å®¤ïâ à¥ ªæ¨¨
áà¥¤ë   ¨§¬¥¥¨ï ¯ à ¬¥âà®¢ ¯à®æ¥áá  ¨ ¯ à ¬¥âàë á¢®©áâ¢ áà¥¤ë. �¥ ªæ¨¨ à áá¬ âà¨¢ îâ-
áï ª ª ®¡®¡é¥ë¥ á¨«ë, ¯à®¨§¢®¤ïé¨¥ à ¡®âã   ¯à¨à é¥¨ïå ¯ à ¬¥âà®¢ ¯à®æ¥áá  ª ª  
®¡®¡é¥ëå ¯¥à¥¬¥é¥¨ïå. �á¯®«ì§ãîâáï ¨§¢¥áâë¥ à¥§ã«ìâ âë ® ¢®§¬®¦ëå ¯à¥¤áâ ¢«¥¨ïå
¯ä ää®¢ëå ä®à¬ ç¥à¥§ á¨áâ¥¬ë ¥§ ¢¨á¨¬ëå äãªæ¨© ¯ à ¬¥âà®¢ ¯à®æ¥áá . � áá¬ âà¨¢ îâáï
¥ª®â®àë¥ ç áâë¥ á«ãç ¨, ¥ á¢®¤¨¬ë¥ ª ª« áá¨ç¥áª®¬ã (âà ¤¨æ¨®®¬ã) ¢ à¨ âã â¥à¬®¤¨-
 ¬¨ª¨.

1. � ª«îç¥ãî ¢ ®¡ê¥¬¥ V ¢ â¥ªãé¨© ¬®¬¥â ¢à¥¬¥¨ t ¢ï§ªãî áà¥¤ã ¡ã¤¥¬ à áá¬ âà¨¢ âì
ª ª § ªàëâãî â¥à¬®¤¨ ¬¨ç¥áªãî á¨áâ¥¬ã, â.¥. ¡¥§ ®¡¬¥  ¬ áá®© á ¢¥è¥© áà¥¤®©. �à¨ íâ®¬
ª ¦¤ë© ¬ «ë© ®¡ê¥¬ dV áà¥¤ë á ¬ áá®© dm   ®âà¥§ª¥ ¢à¥¬¥¨ � = t� t0 ¯à¨ ¬ «®¬ � > 0 (�
| ¤®áâ â®ç® ¬ «®) ¯à¥¤áâ ¢«ï¥â á®¡®© â®¦¥ § ªàëâãî á¨áâ¥¬ã. �¤¥áì t0 | ¬®¬¥â ¢à¥¬¥¨, ¢
ª®â®àë© áä®à¬¨à®¢ «¨áì dV0 á ¥á ¬®¯¥à¥á¥ª îé¥©áï £à ¨æ¥© ds0 ¨ § ª«îç¥ ï ¢ ¨å ¬ áá 
áà¥¤ë dm0. �¥à¥§ £à ¨æã � ®¡ê¥¬  V á ¢¥è¥© ®à¬ «ìî n ¢ â¥ªãé¥¬ á®áâ®ï¨¨ ¢®§¬®¦¥
â¥¯«®¢®© ¯®â®ª, ®¯à¥¤¥«ï¥¬ë© ¢¥ªâ®à®¬ q { ¢¥ªâ®à®¬ ¯®â®ª  â¥¯« . �¢¥¤¥¬ ¢ áà¥¤¥ á¨áâ¥¬ã
®âáç¥â  � £à ¦  xi (i = 1; 2; 3), ¨ ¢¥ªâ®à r(xi; t0), ®¯à¥¤¥«ïîé¨© ¯®«®¦¥¨¥ ¬ â¥à¨ «ìëå
â®ç¥ª áà¥¤ë ¢ ¥ª®â®àë© ¬®¬¥â ¢à¥¬¥¨ t0 ®â®á¨â¥«ì® « ¡®à â®à®© á¨áâ¥¬ë ª®®à¤¨ â yi

(i = 1; 2; 3). � â¥ªãé¨© ¬®¬¥â ¢à¥¬¥¨ t = t0 + � ¯®«®¦¥¨¥ íâ¨å ¬ â¥à¨ «ìëå â®ç¥ª ®â-
®á¨â¥«ì® « ¡®à â®àëå ª®®à¤¨ âëå ®á¥© yi ®¯à¥¤¥«ï¥â ¢¥ªâ®à r(xi; t0) + u(xi; t), £¤¥ u |
¢¥ªâ®à ¯¥à¥¬¥é¥¨ï §  ¢à¥¬ï � . �¢¥¤¥¬ ¯ à ¬¥âàë á®áâ®ï¨ï áà¥¤ë, ¢ ç¨á«® ª®â®àëå ¢ª«î-
ç¨¬: ¯ à ¬¥âàë ¯à®æ¥áá  �i (i = 1; 2; : : : ; n,  ¯à., ¤¥ä®à¬ æ¨¨, â¥¬¯¥à âãà ); à¥ ªæ¨¨ áà¥¤ë �j
(j = 1; 2; : : : ;m,  ¯à.,  ¯àï¦¥¨ï)   ¨§¬¥¥¨ï ¯ à ¬¥âà®¢ ¯à®æ¥áá , ¯à®¨§¢®¤ïé¨¥ à ¡®âã  
¯à¨à é¥¨ïå ¯ à ¬¥âà®¢ ¯à®æ¥áá  ª ª ®¡®¡é¥ë¥ á¨«ë   ®¡®¡é¥ëå ¯¥à¥¬¥é¥¨ïå; ¯ à -
¬¥âàë á¢®©áâ¢ áà¥¤ë k (k = 1; 2; : : : ; l,  ¯à., ª®íää¨æ¨¥â ¢ï§ª®áâ¨, ¬®¤ã«¨ ã¯àã£®áâ¨ ¨ â.¯.).
�¡à â¨¬ë¬  §®¢¥¬ â ª®© ¯à®æ¥áá, ¯à¨ ª®â®à®¬ ¯ à ¬¥âàë á®áâ®ï¨ï ¢ ¯®«®© ¨å á®¢®ªã¯®-
áâ¨ ¬®£ãâ ¢®§¢à â¨âìáï ª § ç¥¨ï¬, ¨¬¥¢è¨¬ ¬¥áâ® à ¥¥. � ¯à®â¨¢®¬ á«ãç ¥ ¯® ®¯à¥¤¥«¥¨î
¯à®æ¥áá  §®¢¥¬ ¥®¡à â¨¬ë¬.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

¯à®¥ªâ ò96-01-00518, ¨ �ª ¤¥¬¨¨ � ãª � â àáâ  .
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�à®æ¥áá ®¯à¥¤¥«ï¥âáï «®ª «ì® ®¡à â¨¬ë¬, ¥á«¨ ¤«ï ª ¦¤®£® ¯à®¬¥¦ãâ®ç®£® á®áâ®ï¨ï
á¨áâ¥¬ë ¢á¥ ãà ¢¥¨ï ¤«ï ¡¥áª®¥ç® ¬ «ëå ¯à¨à é¥¨© ¯ à ¬¥âà®¢ ¯à®æ¥áá  ã¤®¢«¥â¢®àï-
îâáï â ª¦¥ ¯à¨ § ¬¥¥ § ª®¢ íâ¨å ¯à¨à é¥¨©   ®¡à âë¥ [1].

�¯à¥¤¥«ïï, ª ª ®¡ëç®, ¯à¨à é¥¨¥ ¢ãâà¥¥© í¥à£¨¨ á¨áâ¥¬ë ª ª à §®áâì ¬¥¦¤ã ¯à¨-
â®ª®¬ í¥à£¨¨ ¨§¢¥ ¨ ¯à¨à é¥¨¥¬ ª¨¥â¨ç¥áª®© í¥à£¨¨ ¢ á¨áâ¥¬¥ ¢ á¨«ã § ª®  á®åà ¥¨ï
í¥à£¨¨ ¯®«ãç¨¬

�E = �Ae + �Qe = dK + �U(i):

�¤¥áì �E | ¯à¨â®ª í¥à£¨¨ ¨§¢¥,

�Ae =
Z
v

�aedV; �Qe =
Z
v

�qedV;

�Ae | ¯à¨â®ª ¬¥å ¨ç¥áª®© í¥à£¨¨, �ae | ¥¥ ¯«®â®áâì, �Qe | ¯à¨â®ª â¥¯«®¢®© í¥à£¨¨, �qe
| ¥¥ ¯«®â®áâì,

dK =
Z
v

dk dV; �U(i) =
Z
v

�u(i)dV;

dK | ¯à¨à é¥¨¥ ª¨¥â¨ç¥áª®© í¥à£¨¨, k | ¥¥ ¯«®â®áâì, �U(i) | ¯à¨à é¥¨¥ ¢ãâà¥¥©
í¥à£¨¨, u(i) | ¥¥ ¯«®â®áâì. �á«¨

�E =
Z
v

�" dV =
Z
m

�"mdm; ��"m = �";

â® ¢ å à ªâ¥à¨áâ¨ª å, ®â¥á¥ëå ª ¥¤¨¨æ¥ ¬ ááë,   çâ® ãª §ë¢ ¥â ¨¤¥ªá m, ¨¬¥¥¬

�"m = �ame + �qme = v dv + �um(i);

�ame = �ae=�; �qme = �qe=�; �um(i) = �ui=�

§  áç¥â ¯à¥®¡à §®¢ ¨© dV = 1
�
dm ¢ ¨â¥£à «ìëå ç«¥ å. �¤¥áì � | ¯«®â®áâì áà¥¤ë. � ª

ª ª à ¡®â  ¢¥è¨å á¨« ¯à¥®¡à §ã¥âáï ¢ í¥à£¨î ¤¥ä®à¬¨à®¢ ¨ï ¨ ª¨¥â¨ç¥áªãî í¥à£¨î
á®£« á® ¯à¥®¡à §®¢ ¨ï¬

�Ae =
Z
�

P��u d� +
Z
v

Q�udV =
Z
v

�ik�"ikdV +
Z
v

dk dV; (1.1)

â® ¨¬¥¥¬

�u(i) =
1
�
�ik�"ik + �qe; (1.2)

£¤¥

2�"ik =
�
ri +

@u

@xi

�
@�u

@xk
+
�
rk +

@u

@xk

�
@�u

@xi
: (1.3)

�¤¥áì ¨ ¤ «¥¥ ¨¤¥ªá \m", ®¡®§ ç îé¨© ®â¥á¥®áâì ª ¥¤¨¨æ¥ ¬ ááë, á¨¬ ¥¬ ¨ á®®â¢¥âáâ¢ã-
îé¨¥ ¢¥«¨ç¨ë áç¨â ¥¬ ®â¥á¥ë¬¨ ª ¥¤¨¨æ¥ ¬ ááë. �§ ª®â¥ªáâ  ïá®, ¢ ª ª¨å á«ãç ïå íâ®
¯à®¨áå®¤¨â.

�â¬¥â¨¬, çâ® â¥§®à "ik ¢ (1.3) § ¤  ¢ ®áïå xi á ª®®à¤¨ âë¬¨ ¢¥ªâ®à ¬¨ ri = @r=@xi,
á®®â¢¥âáâ¢ãîé¨¬¨ ¯®«®¦¥¨î áà¥¤ë   ¬®¬¥â ¢à¥¬¥¨ t0, â®£¤  ª ª â¥§®à �ik ¢ (1.1) § ¤ 
¢ ®áïå xi á ª®®à¤¨ âë¬¨ ¢¥ªâ®à ¬¨ ri + @iu ¢ â¥ªãé¥¬ á®áâ®ï¨¨   ¬®¬¥â t = t0 + � . �¤¥áì
ri | ª®®à¤¨ âë¥ ¢¥ªâ®àë ®á¥© Oxi, ¨¬¥¢è¨å ¬¥áâ® ¢ á®áâ®ï¨¨, ®â ª®â®à®£® ®â¬¥àï¥âáï
¯¥à¥¬¥é¥¨¥ u. �á«¨

�Q =
Z
v

�q dV

| ¯®«®¥ ¯à¨à é¥¨¥ ª®«¨ç¥áâ¢  â¥¯«  ¢ áà¥¤¥, á®®â¢¥âáâ¢ãîé¥¥ ¯à¨à é¥¨ï¬ ¯ à ¬¥âà®¢
¯à®æ¥áá  ��i, �q | ¥£® ¯«®â®áâì, â®

�q = �qe + �qi; (1.4)
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£¤¥ �qi | ¯à¨à é¥¨¥ â¥¯«  §  áç¥â ¯¥à¥å®¤  ¬¥å ¨ç¥áª®© í¥à£¨¨ ¢ â¥¯«®¢ãî. �  áç¥â â®£®
¦¥ ¯à¥®¡à §®¢ ¨ï dV = dm

�
¢ (1.4) áç¨â ¥¬ ¢á¥ ¢¥«¨ç¨ë ®â¥á¥ë¬¨ ª ¥¤¨¨æ¥ ¬ ááë. �ãáâì

�q(i) =
1
�
� ij�ij � 0; (1.5)

£¤¥ � ij | ¥ª®â®àë© â¥§®à â¨¯  â¥§®à   ¯àï¦¥¨©, ª®â®àë© ¯à®¨§¢®¤¨â   ¢ï§ª®© ç áâ¨
¤¥ä®à¬ æ¨© ��ij à ¡®âã, à áá¥¨¢ ¥¬ãî ¢ ¢¨¤¥ â¥¯« . �«¥¤ã¥â ®â¬¥â¨âì, çâ® â¥§®à � ij ¢ ®¡é¥¬
á«ãç ¥ ¬®¦¥â ¥ á®¢¯ ¤ âì á â¥§®à®¬ ¯®«®£®  ¯àï¦¥¨ï �ij , çâ® ¯®ª § ® ¨¦¥. � «¥¥ á
ãç¥â®¬ (1.5) à ¢¥áâ¢® (1.4) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

�q = C��� + C ik
" �"ik + C ik

� ��ik; (1.6)

£¤¥ C�, C ik
" , C

ik
� |ª «®à¨ç¥áª¨¥ ª®íää¨æ¨¥âë, á®®â¢¥âáâ¢ãîé¨¥ ¢ë¡®àã ¢ ª ç¥áâ¢¥ ¯ à ¬¥âà®¢

¯à®æ¥áá  �, "ik ¨ �ik. � á«ãç ¥ ¢ë¡®à  ¢ ª ç¥áâ¢¥ ¯ à ¬¥âà®¢ ¯à®æ¥áá  �, �ik, �ik ¢¬¥áâ® (1.6)
¯®«®¦¨¬

�q = D��� +Dik
� ��ik +Dik

� ��ik ;

£¤¥ D�, Dik
� Dik

� | ª «®à¨ç¥áª¨¥ ª®íää¨æ¨¥âë, á®®â¢¥âáâ¢ãîé¨¥ ®¢®¬ã  ¡®àã ¯ à ¬¥âà®¢
¯à®æ¥áá .

2. � ª ª ª ¯à¨ ¥®¡à â¨¬ëå ¯à®æ¥áá å, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ®¡¥á¯¥ç¨¢ ¥âáï ¢ë-
¯®«¥¨¥¬ ãá«®¢¨ï (1.5), ¥â ®á®¢ ¨© ¢¥áâ¨ à §£®¢®à ® § ¬ªãâëå ¯ãâïå ¯à®æ¥áá  ¢ ¯à®-
áâà áâ¢¥ ¯ à ¬¥âà®¢ á®áâ®ï¨ï, â® ¥â ®á®¢ ¨© ãâ¢¥à¦¤ âì, çâ® ¯à¨à é¥¨¥ í¥à£¨¨ �" ¨,
á«¥¤®¢ â¥«ì®, ¯à¨à é¥¨¥ ¢ãâà¥¥© í¥à£¨¨ áãâì ¯®«ë¥ ¤¨ää¥à¥æ¨ «ë ¯® ®â®è¥¨î ª
¯à¨à é¥¨ï¬ ¯ à ¬¥âà®¢ ¯à®æ¥áá  [2]. �«¥¤®¢ â¥«ì®, ¯à ¢ ï ç áâì à ¢¥áâ¢  (1.2) ¯à¥¤áâ ¢«ï-
¥â ¯®ª  ¥ ¡®«¥¥ ç¥¬ «¨¥©ãî ¤¨ää¥à¥æ¨ «ìãî ä®à¬ã (¯ä ää®¢ã ä®à¬ã) ¯® ®â®è¥¨î
ª ¯à¨à é¥¨ï¬ ¯ à ¬¥âà®¢ ¯à®æ¥áá  "ik, �ik ¨ �. � «®£¨ç® ¯à ¢ ï ç áâì à ¢¥áâ¢  (1.4) ¯®ª 
â®¦¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ¥ ¡®«¥¥ ç¥¬ «¨¥©ãî ¤¨ää¥à¥æ¨ «ìãî ä®à¬ã.

�§¢¥áâ® [3], çâ® ¯ä ää®¢  ä®à¬ 


 =
nX
i=1

!id�
i; n � 3;

£¤¥ !i | äãªæ¨¨ ª« áá  C1 ¯ à ¬¥âà®¢ �i, ¢á¥£¤  «®ª «ì® ¯à¨¢®¤¨¬  ª ¢¨¤ã [3]


 =
nX

i=1

!id�
i = du+

pX
j=1

wjdvj ; n � 3; (2.1)

£¤¥ 2p+1 � n. �¤¥áì u, wj , vj | ¥§ ¢¨á¨¬ë¥ äãªæ¨¨ ¯ à ¬¥âà®¢ �i ¨ ¨å ç¨á«®, ¥áâ¥áâ¢¥®, ¥
¬®¦¥â ¯à¥¢ëè âì n | ç¨á«  ¥§ ¢¨á¨¬ëå ¯ à ¬¥âà®¢ �i. �à¨ íâ®¬ äãªæ¨¨ wj ¯à¨ ¤«¥¦ â
ª« ááã C1,   äãªæ¨¨ u ¨ vj | ª« ááã C2 [3]. �á«¨ du = 0 ¢ (2.1), â®, ®ç¥¢¨¤®, ¤®«¦® ¡ëâì
¢ë¯®«¥® ãá«®¢¨¥ 2p � n. � ª¨¬ ®¡à §®¬, «¨¥©ë¥ ¤¨ää¥à¥æ¨ «ìë¥ ä®à¬ë (1.2) ¨ (1.4)
¬®¦® § ¯¨á âì ¢ ¢¨¤¥ ¯à ¢ëå ç áâ¥© à ¢¥áâ¢

1
�
�ij�"ij + �qe = du1 +

p1X
j=1

w1jdv1j ; (2.2)

1
�
� ij��ij + �qe = du2 +

p2X
j�1

w2jdv2j (2.3)

¯à¨ ãá«®¢¨ïå

2p1 + 1 � n ¯à¨ du1 6= 0; ¨«¨ 2p1 � n ¯à¨ du1 = 0;

2p2 + 1 � n ¯à¨ du2 6= 0; ¨«¨ 2p2 � n ¯à¨ du2 = 0:
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�ãªæ¨¨ ui, wij , vij ¬®£ãâ § ¢¨á¥âì ®â à §®£® ¯®àï¤ª  ¯à®¨§¢®¤ëå ¯® ¢à¥¬¥¨ ®â ¯ à ¬¥âà®¢
¯à®æ¥áá .

�à¨¢¥¤¥¨¥ ¯ä ää®¢®© ä®à¬ë 
 ª ¢¯®«¥ ¨â¥£à¨àã¥¬®¬ã ¢¨¤ã, â.¥., «¨¡® ª ¢¨¤ã

nX
j=1

!jd�j = du (n � 3); (2.4)

«¨¡® ª ¢¨¤ã

nX
j=1

!jd�j = w dv (n � 3); (2.5)

¢®§¬®¦® «¨èì ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨© �à®¡¥ãá  [3], ª®â®àë¬ ¤®«¦ë ã¤®¢«¥â¢®àïâì äãª-
æ¨¨ !j (�j). �à¨¢¥¤¥¨¥ ¤¨ää¥à¥æ¨ «ìëå ä®à¬ (2.2) ª ¢¨¤ã (2.4) ¥§ ¢¨á¨¬® ®â ç¨á«  ¯ à -
¬¥âà®¢ ¯à®æ¥áá  ¢®§¬®¦® «¨èì ¤«ï ®¡à â¨¬ëå ¯à®æ¥áá®¢ ¢ á¨«ã § ª®  ® á®åà ¥¨¨ í¥à£¨¨
¨ ¢®§¬®¦® ¯à¨ âà ¤¨æ¨®ëå ãá«®¢¨ïå

@!i

@�j

=
@!j

@�i

:

�à¨¢¥¤¥¨¥ ¦¥ ä®à¬ (2.2) ¨ (2.3) ª ¢¨¤ã (2.5) ¢á¥£¤  ¢®§¬®¦® ¤«ï ¤¢ãå¯ à ¬¥âà¨ç¥áª¨å ¯à®-
æ¥áá®¢, ¥á«¨ äãªæ¨¨ !j ¥¯à¥àë¢ë á® á¢®¨¬¨ ¯¥à¢ë¬¨ ¯à®¨§¢®¤ë¬¨ (¯à¨ ¤«¥¦®áâì ª
ª« ááã C1).

� á«ãç ¥ n � 3 ¢®§¬®¦®áâì ¯à¨¢¥¤¥¨ï (2.2) ¨«¨ (2.3) ª ¢¨¤ã (2.5) á®áâ®¨â ¢ ¢ë¯®«¥¨¨
ãá«®¢¨©

!i

�
@!j

@�k

�
@!k

@�j

�
+ !j

�
@!k

@�i

�
@!i

@�k

�
+ !k

�
@!i

@�j

�
@!j

@�i

�
= 0; i; j; k = 1; 2; : : : ; n:

�â¨ ®£à ¨ç¥¨ï áãé¥áâ¢¥® áã¦ îâ ª« áá ¤®¯ãáª ¥¬ëå ª à áá¬®âà¥¨î ¯à®æ¥áá®¢ ¨ ¯® íâ®©
¯à¨ç¨¥ ¤ «¥¥ ¢ë¯®«¥¨¥ ãá«®¢¨© �à®¡¥¨ãá ,  ¯à¨®à¨ ®¡¥á¯¥ç¨¢ îé¨å á¢¥¤¥¨¥ ¤¨ää¥à¥-
æ¨ «ìëå ä®à¬, ¯à¥¤áâ ¢«¥ëå «¥¢ë¬¨ ç áâï¬¨ à ¢¥áâ¢ (2.2), (2.3), ª ¢¨¤ ¬ (2.4) ¨«¨ (2.5)
¥ ¯à¥¤¯®« £ ¥âáï. �à¥¤áâ ¢«¥¨ï ¯à¨à é¥¨ï ¢ãâà¥¥© í¥à£¨¨ ¨ ª®«¨ç¥áâ¢  â¥¯«  ¢ ¢¨¤¥
¯à ¢ëå ç áâ¥© (2.2) ¨ (2.3) ¯à¨æ¨¯¨ «ì® ®â«¨ç ¥â à §¢¨¢ ¥¬ë©  ¬¨ ¯®¤å®¤ ®â âà ¤¨æ¨®®-
£® ¨«¨, áª ¦¥¬, ª« áá¨ç¥áª®£® ¢ à¨ â  â¥à¬®¤¨ ¬¨ª¨ ¥®¡à â¨¬ëå ¨ ®¡à â¨¬ëå ¯à®æ¥áá®¢
[1], [4]{[6] ¨ ¥£® ¬®¤¨ä¨ª æ¨© [7], ¢ ª®â®àëå ¢á¥£¤  p1 = 0, p2 = 1 ¯à¨ u2 = 0. �¬¥áâ® ¡ã¤¥â
¯®¤ç¥àªãâì, çâ® ¯®¤å®¤ ª ¯®áâà®¥¨î â¥à¬®¤¨ ¬¨ª¨, ¯à¨ ª®â®à®¬ p1 = 0, p2 = 1, u2 = 0 (â.e.
¥áâì ¯à¨à é¥¨¥ ¢ãâà¥¥© í¥à£¨¨ ª ª ¤¨ää¥à¥æ¨ «ì ï ä®à¬ , ¥áâì ¯®«ë© ¤¨ää¥à¥æ¨-
 «,   ¯à¨à é¥¨¥ â¥¯«  ª ª ¤¨ää¥à¥æ¨ «ì ï ä®à¬  ¤®¯ãáª ¥â ¨â¥£à¨àãîé¨© ¬®¦¨â¥«ì),
¥ ¯à¥â¥à¯¥« ¨§¬¥¥¨© á® ¢à¥¬¥ �¨¡¡á  [8], ¢ë¯®«¨¢è¥£® á¢®¨ ¢ë¤ îé¨¥áï ¨áá«¥¤®¢ ¨ï ¢
ª®æ¥ XIX ¢¥ª .

� ª ª ª á®®â®è¥¨ï (2.2), (2.3) á®®â¢¥âáâ¢ãîâ ®¤®¬ã ¨ â®¬ã ¦¥ ¯à®æ¥ááã á ®¡é¨¬ ¥¤¨-
ë¬ ç¨á«®¬ ¯ à ¬¥âà®¢ ¯à®æ¥áá , â® ®¡é¥¥ ç¨á«® ¥§ ¢¨á¨¬ëå äãªæ¨© u1, u2, w1j , w2j , v1j ,
v2j ¥ ¤®«¦® ¯à¥¢ëè âì n | ç¨á«  ¥§ ¢¨á¨¬ëå ¯ à ¬¥âà®¢ ¯à®æ¥áá . �¤¥à¦ ¨¥ ¢ ¯à ¢ëå
ç áâïå à ¢¥áâ¢ (2.2), (2.3) å à ªâ¥à¨áâ¨ç¥áª¨å äãªæ¨© ®¡é¨¬ ç¨á«®¬ m, ¬¥ìè¨¬ ç¨á«  ¥-
§ ¢¨á¨¬ëå ¯ à ¬¥âà®¢ ¯à®æ¥áá , ®§ ç ¥â, çâ® ¨áâ¨ë© ¨§ãç ¥¬ë© ¯à®æ¥áá  ¯¯à®ªá¨¬¨àã¥âáï
ã¯à®é¥ë¬ á â®© ¨«¨ ¨®© áâ¥¯¥ìî â®ç®áâ¨. �á«¨ â®ç®áâì ®¯¨á ¨ï ¯à®æ¥áá  ¯à¨ ¢ë¡à -
®¬ m ®ª § « áì ¥¤®áâ â®ç®©, â®, ¥áâ¥áâ¢¥®, á«¥¤ã¥â ¢ª«îç¨âì ¢ à áá¬®âà¥¨¥ ¡®«ìè¥¥
ç¨á«® â¥à¬®¤¨ ¬¨ç¥áª¨å ¯®â¥æ¨ «®¢. � á¢¥â¥ áª § ®£® á«ãç © p1 = 0, p2 = 1, u2 = 0 ¯à¥¤-
áâ ¢«ï¥â á®¡®© ¥ª®â®àãî  ¯¯à®ªá¨¬ æ¨î, ¯®£à¥è®áâì ª®â®à®© ¬®¦¥â ¡ëâì ®æ¥¥  á ¡®«¥¥
®¡é¨å ¯®§¨æ¨©, à §¢¨¢ ¥¬ëå  ¬¨. �¤ ª® á«ãç © p1 = 0, ¨á¯®«ì§ã¥¬ë© ¤® ¯®á«¥¤¥£® ¢à¥¬¥¨
¤«ï ¥®¡à â¨¬ëå ¯à®æ¥áá®¢, á®¤¥à¦¨â ¯à¨æ¨¯¨ «ì®¥  àãè¥¨¥ ¨áâ¨ë. �®  ç¥àâ ¨î á®-
®â®è¥¨© (2.2), (2.3) á ãç¥â®¬ (1.6) ¢¨¤®, çâ® ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¢ ç¨á«® ¯ à ¬¥âà®¢

75



¯à®æ¥áá  ¢å®¤ïâ ¢¥«¨ç¨ë "ik, �ik ¨ �. �¢¥¤¥¬ ¢ à áá¬®âà¥¨¥ áª®à®áâ¨ ¤¥ä®à¬ æ¨©, ¨áå®¤ï ¨§
â®£®, çâ®

d"ik = (ri + @iu)@kdu+ (rk + @ku)@idu;

£¤¥ du = v dt,   v | ¢¥ªâ®à áª®à®áâ¨ ¯¥à¥¬¥é¥¨ï ç áâ¨æë áà¥¤ë. �¡®§ ç ï eik = d"ik=dt,
¯®«ãç¨¬ eik = (ri + @iu)@kv + (rk + @ku)@iv. � ª ª ª â¥§®à E = "ikr

irk ¨¬¥¥â á®áâ ¢«ïîé¨¬¨
ª®¬¯®¥âë "ik, ®â¥á¥ë¬¨ ª á®áâ®ï¨î ¢ ¬®¬¥â ¢à¥¬¥¨ t = t0,   ¯à¨à é¥¨ï du á®®â¢¥â-
áâ¢ãîâ ¯à¨à é¥¨î dt = d� ¢ ®âáç¥â¥ ®â ¬®¬¥â  t = t0 + � , â® dE = d"ikr

irk. �«¥¤®¢ â¥«ì®,
¯à¨à é¥¨¥ â¥§®à  ¤¥ä®à¬ æ¨¨ ®¯à¥¤¥«ï¥âáï ¯à¨à é¥¨ï¬¨ ¥£® ª®¬¯®¥â,   á ¬ â¥§®à áª®-
à®áâ¥© ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ _E = eikr

irk.

3. � â¥¬, çâ®¡ë á®¡«îáâ¨ ¯à¥¥¬áâ¢¥®áâì á ª« áá¨ç¥áª®© â¥à¬®¤¨ ¬¨ª®©, ¢ â®¬ ç¨á«¥ ¨
  ¢¨§ã «ì®¬ ãà®¢¥, ¢ë¤¥«¨¬ ¨§ áã¬¬ë ¢ (2.3) ç«¥ T ds = w21dv21 ¨ ¯¥à¥¯¨è¥¬ (2.2), (2.3) ¢
¢¨¤¥

1
�
�ij�"ij + �qe = du+

p1X
j=1

w1jdv1j ; (3.1)

1
�
� ij��ij + �qe = dv + T ds+

p2X
j=2

w2jdv2j ; (3.2)

£¤¥ ®¡®§ ç¥®
u = u1; v = u2; �qe = c��� + cij� ��ij + cij" �"ij :

�ç¥¢¨¤®, çâ®

C ij
" = cij" ; C� = c�; C ij

� =
1
�
� ij + cij� :

�¢¥¤¥¬ á¢ï§ì ¬¥¦¤ã �ik ¨ � ik á®®â®è¥¨ï¬¨

�ik = � ik +	ik: (3.3)

�à¨ íâ®¬, ª ª ®¡ëç®, ¯®«®¦¨¬

�ik = �0g
ik + �ik

(d); �ik
(d)gik = 0; �0 =

1
3
�ikgik;

� ik = �0g
ik + � ik(d); � ik(d)gik = 0; �0 =

1
3
� ikgik;

	ik = 	0g
ik +	ik

(d); 	ik
(d)gik = 0; 	0 =

1
3
	ikgik;

"ik =
1
3
"0gik + "ik(d); "ik(d)g

ik = 0; "0 = "ikg
ik;

�ik =
1
3
�0gik + �ik(d); �ik(d)g

ik = 0; �0 = �ikg
ik:

(3.4)

� ãç¥â®¬ ¯à¥¤áâ ¢«¥¨© (3.4) á®®â®è¥¨ï¬ (3.1) ¨ (3.2) ¯à¨¤ ¤¨¬ ¢¨¤

1
�
�0(�"0 � ��0) +

1
�
�ik
(d)(�"ik(d) � ��ik(d)) +

1
�
	0��0 +

1
�
	ik
(d)��ik(d) =

= d(u� v)� T ds+
p1X
j=1

w1j dv1j �
p2X
j=2

w2jdv2j ; (3.5)

1
�
�0��0 +

1
�
� ik(d)��ik(d) + �qe = dv + T ds+

p2X
j=2

w2jdv2j : (3.6)

�®®â®è¥¨ï (3.5), (3.6) ¯®«ãç¥ë ¨§ (3.1), (3.2) ¯®á«¥ ¨áª«îç¥¨ï ¨§ (3.1) ç«¥  �qe á ¯®¬®éìî
á®®â®è¥¨ï (3.2).
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�áâ ®¢¨¬áï   á«ãç ¥

d"ik(e;d) = d"ik(d) � d�ik(d) = 0: (3.7)

�â® ãá«®¢¨¥ ®§ ç ¥â, çâ® ¢ ¦¨¤ª®áâ¨ ¥ ä®à¬¨àãîâáï ã¯àã£¨¥ ¤¥ä®à¬ æ¨¨ á¤¢¨£  ¨ ¯ ¬ïâì
  â ª¨¥ ¤¥ä®à¬ æ¨¨ ®âáãâáâ¢ã¥â. �®£¤  �ik

(d) á®£« á® (3.5) ¯à®¨§¢®«ì® ¨ ¢ ¯à¥¤áâ ¢«¥¨¨ (3.3)
¬®¦® áç¨â âì

�ik
(d) = � ik(d) ¯à¨ 	ik

(d) = 0 (3.8)

¡¥§ ãé¥à¡  ¤«ï ®¡é®áâ¨ ¢ ¯à¥¤¥« å ãá«®¢¨ï (3.7). �á«¨ ¯à¨ïâì d�0 = 0, çâ® ®§ ç ¥â ®âáãâ-
áâ¢¨¥ ç áâ¨ ¢ï§ª®© ¤¥ä®à¬ æ¨¨, ¯à¨¢®¤ïé¥© ª ¨§¬¥¥¨î ®¡ê¥¬ , â® ¯à®¨§¢®«ì® 	0 = �0 � �0
¨ â®£¤  ¬®¦® áç¨â âì �0 = 0 ¨ 	0 = �0. � íâ®¬ ã¯à®é¥®¬ ¢ à¨ â¥ á®®â®è¥¨ï (3.5) ¨ (3.6)
¯à¨¬ãâ ¢¨¤

1
�
�0�"0 = d(u� v)� T ds+

p1X
j=1

w1jdv1j �
p2X
j=2

w2jdv2j ; (3.9)

1
�
� ik(d)��ik(d) + �qe = dv + T ds+

p2X
j=2

w2jdv2j : (3.10)

�ç¥¢¨¤®, çâ® ®£à ¨ç¥¨ï (3.7) ¨ (3.8) ¬®¦® áïâì, çâ® ¯à¨¢¥¤¥â ª à áè¨à¥¨î ç¨á« 
¯ à ¬¥âà®¢ ¯à®æ¥áá  ¨ á®®â¢¥âáâ¢ãîé¥£® à áè¨à¥¨ï ç¨á«  ®¯à¥¤¥«ïîé¨å á®®â®è¥¨©.

4. � áá¬®âà¨¬ ¤ «¥¥ ¯«®áª®¥ â¥ç¥¨¥ ¯¥à¯¥¤¨ªã«ïà® ®á¨ Ox3, â.¥. ¢ (3.9), (3.10) i; k = 1; 2.

a) � á«ãç ¥ á¦¨¬ ¥¬®© ¢ï§ª®© ¦¨¤ª®áâ¨ ¢ ç¨á«® ¯ à ¬¥âà®¢ ¯à®æ¥áá  ¢å®¤ïâ ¢¥«¨ç¨ë �,
"0 ¨ ���(d) ¯à¨ �; � = 1; 2. �¥¦¤ã d"0 ¨ d� áãé¥áâ¢ã¥â á¢ï§ì [1]

�"0 = gik�"ik = gikeikdt = divv dt = �
��

�
;

¨ ¢¬¥áâ® "0 ¢ ª ç¥áâ¢¥ íª¢¨¢ «¥â®£® ¥¬ã ¯ à ¬¥âà  ¬®¦® à áá¬ âà¨¢ âì �. � ª ª ª ¢ à á-
á¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¯à®æ¥áá ®¯¨áë¢ ¥âáï âà¥¬ï ¯ à ¬¥âà ¬¨ ¯à®æ¥áá  �, � ¨ �12(d), â® p1 = 1,
p2 = 1 ¨, á«¥¤®¢ â¥«ì®, á®®â®è¥¨ï (3.9) ¨ (3.10) ¨¬¥îâ ¢¨¤

� �0�
�1
�

�
= du� T ds+ w11dv11; (4.1)

2
�
� 12(d)��12(d) + �qe = dv + T ds (4.2)

¢ ¯à¥¤¯®«®¦¥¨¨, çâ® c12�(d) ¬ «® ¢ áà ¢¥¨¨ á �
12
(d)=� ¨

�qe = c��� + c0"�"0 = c��� + �c0"�(1=�); c0" = cij" gij=3:

�à¨ ¯¥à¥å®¤¥ ®â (3.9) ª (4.1) ¡¥§ ¯®â¥à¨ ®¡é®áâ¨ d(u� v) ¯¥à¥®¡®§ ç¥® ª ª du.
�â¬¥â¨¬, çâ® å à ªâ¥à¨áâ¨ç¥áª¨¥ äãªæ¨¨, ¡ã¤ãç¨ áª «ïà ¬¨, ¬®£ãâ ¢ ª ç¥áâ¢¥  à£ã¬¥â®¢

á®¤¥à¦ âì â®«ìª® áª «ïàë ¨«¨ ¨¢ à¨ âë â¥§®à®¢ ¯® ®â®è¥¨î ª ¯à¥®¡à §®¢ ¨ï¬ ª®®à-
¤¨ â. � ª ç¥áâ¢¥  à£ã¬¥â®¢ å à ªâ¥à¨áâ¨ç¥áª¨å äãªæ¨© ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¢¢¥¤¥¬
¢¥«¨ç¨ë �, � ¨ ¨¢ à¨ âë

I2�� = ���(d)�
��

(d); I2�e = ���(d)e
��

(d); I2ee = e��(d)e
��

(d): (4.3)

�à¥¤ã ¡ã¤¥¬ áç¨â âì ¥ ®¡« ¤ îé¥© ¯ ¬ïâìî   ¢¥«¨ç¨ë ¤¥ä®à¬ æ¨© á¤¢¨£  ¨ ¯®«®¦¨¬

���(d) =
Z t0+�

0

e��(d)d� =
Z t0+�

t0

e��(d)d� = e��(d)(t0)� (4.4)
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¯à¨ ¤®áâ â®ç® ¬ «ëå � . �âáî¤  ¤«ï ¤¨ää¥à¥æ¨ «  ���(d) ¨¬¥¥¬

d���(d) = e��(d)(t0)d�;

£¤¥ ¯à¨à é¥¨¥ d���(d) ®âáç¨âë¢ ¥âáï ®â ¬®¬¥â  ¢à¥¬¥¨ t0, ª®â®à®¥ ¯à¨ � ! 0 áâ ®¢¨âáï
â¥ªãé¨¬ ¬®¬¥â®¬ ¢à¥¬¥¨, ¨, ¢®®¡é¥ £®¢®àï, ¨¬¥¥â á¬ëá« § ¯¨áì

d���(d) = e��(d)(t)dt;

â®£¤  ª ª áã¬¬¨à®¢ ¨¥ ¯à¨à é¥¨© ¯®¨¬ ¥âáï ¢ á¬ëá«¥ (4.4). � â® ¦¥ ¢à¥¬ï ¯à¨¨¬ ¥â
ª®¥çë¥ § ç¥¨ï ¢¥«¨ç¨  Z t

0

���(d)d���(d) =
Z t

0

���(d)e��(d)dt;

¯à¥¤áâ ¢«ïîé ï á®¡®© ¯«®â®áâì à áå®¤  í¥à£¨¨   ¯à¥®¤®«¥¨¥ ¢ï§ª®£® á®¯à®â¨¢«¥¨ï áà¥¤ë.
� ª¨¥ ¦¥ á¢®©áâ¢  á«¥¤ã¥â ¯à¨á¢®¨âì äãªæ¨ï¬ �ik(d) ¨ ¢ âà¥å¬¥à®¬ á«ãç ¥.

�§ á®®â®è¥¨© (4.1), (4.2) á«¥¤ã¥â

��0 =
@u

@(1=�)
� T

@s

@(1=�)
+ w11

@v11
@(1=�)

;

0 =
@u

@�
� T

@s

@�
+ w11

@v11
@�

;

0 =
@u

@�12(d)
� T

@s

@�12(d)
+ w11

@v11
@�12(d)

;

2
�
� 12(d) =

@v

@�12(d)
+ T

@s

@�12(d)
;

�c� =
@v

@�
+ T

@s

@�
;

�c0" =
@v

@(1=�)
+ T

@s

@(1=�)
:

(4.5)

�á«¨ '(�; �; I2��; I2�e; I2ee) | «î¡ ï ¨§ å à ªâ¥à¨áâ¨ç¥áª¨å äãªæ¨© ¨«¨ ¥¥ ¯à®¨§¢®¤ ï ¯®
¯ à ¬¥âà ¬ ¯à®æ¥áá , ¢å®¤ïé ï ¢ á®®â®è¥¨ï (4.1), (4.2) ¨«¨ (4.5), â® ¢ ®ªà¥áâ®áâ¨ t0 ¯à¨
¬ «ëå � > 0 ¨¬¥¥¬

'(�; �; I2��; I2�e; I2ee) ' '0(�; �; I2ee)t=t0 + '1(�; �; I2ee)�;

£¤¥ '0 ¨ '1 § ¢¨áïâ ¥ â®«ìª® ®â �, �, I2ee, ® ¨ ®â å à ªâ¥à  ¯à®¨§¢®¤ëå ®â ' ¯® � á ãç¥â®¬
(4.3), (4.4). � ç áâ®áâ¨, ¢ ä®à¬ã«¥ ¤«ï � 12(d) ¨§ (4.5) ¨¬¥¥¬

�
@v

@�12(d)

�
t=t0

=
�

@v

@I2e�

@

@�12(d)
(2e12(d)�12(d))

�
�=0

= '0(�; �; I2ee)2e
12
(d);

£¤¥ '0(�; �; I2ee) = (@v=@I2e�)
��
�=0

.

b) � á«ãç ¥ ¥á¦¨¬ ¥¬®© ¢ï§ª®© ¦¨¤ª®áâ¨ (d� = 0) ¨§ (4.1), (4.2) á ãç¥â®¬ ¤¢ãå¯ -
à ¬¥âà¨ç®áâ¨ ¨ ¥®¡à â¨¬®áâ¨ ¯à®æ¥áá  á ¯ à ¬¥âà ¬¨ � ¨ �12 ¯®«ãç¨¬ T ds = w11dv11,
1
�
� 12(d)��12 + c��� = T ds.
� ª¨¬ ®¡à §®¬,

1
�
� 12(d) = T

@s

@�12
; c� = T

@s

@�
:

�¥  àãè ï ®¡é®áâ¨ ¢ ¯à¥¤¥« å à áá¬ âà¨¢ ¥¬®£® ¯à®æ¥áá , ¯®« £ ¥¬ T = w11, s = v11. �á«®¢¨¥
�q(i) = � 12(d)d�12(d) � 0 ®¡¥á¯¥ç¨¢ ¥â ¥®¡à â¨¬®áâì. � ¤ ¨¥ ¯à®æ¥áá  á¢®¤¨âáï ª § ¤ ¨î ¤¢ãå
â¥à¬®¤¨ ¬¨ç¥áª¨å ¯®â¥æ¨ «®¢ T ¨ s ª ª äãªæ¨© �12(d) ¨ �.
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c) �«ï á¦¨¬ ¥¬®© ¨¤¥ «ì®© ¦¨¤ª®áâ¨ ¯à¨ ��12(d) = 0 (â®ç¥¥, ¯à¨ �12(d) = 0) ¨¬¥¥¬ ¯ à -
¬¥âà ¬¨ ¯à®æ¥áá  â¥¬¯¥à âãàã � ¨ ¯«®â®áâì �, a ¤«ï ¢ãâà¥¥© í¥à£¨¨ ¨ ¯à¨â®ª  â¥¯«  |
á®®â®è¥¨ï

��0�
�1
�

�
+ c��� + �c0"�

�1
�

�
= du; c��� + �c0"�

�1
�

�
= T ds; (4.6)

ª ª ¤«ï ¤¢ãå¯ à ¬¥âà¨ç¥áª®© á¨áâ¥¬ë ¡¥§ à áá¥ï¨ï ¬¥å ¨ç¥áª®© í¥à£¨¨ ç¥à¥§ ¯à¥¢à é¥¨¥
¥¥ ¢ â¥¯«®.

� ª ª ª ¨§ (4.6) á«¥¤ã¥â

��0d
�1
�

�
+ T ds = du;

â®

��0 =
@u

@(1=�)
� T

@s

@(1=�)
: (4.7)

� àï¤ã á íâ¨¬ à ¢¥áâ¢  (4.6) ¤ îâ

�c0" = T
@s

@(1=�)
; c� = T

@s

@�
=

@u

@�
: (4.8)

�á«¨ s = s(�), â.e. c0" = 0, â® á®®â®è¥¨ï (4.7) ¨ (4.8) ¯à¥¤áâ ¢«ïîâ á®¡®© ¨§¢¥áâë¥ [1] ä®à¬ã«ë.
� ª¨¬ ®¡à §®¬, ®¯¨á ¨¥ ¯à®æ¥áá  á¢®¤¨âáï ª § ¤ ¨î ¤¢ãå â¥à¬®¤¨ ¬¨ç¥áª¨å ¯®â¥æ¨ -

«®¢
u = u(�; �); s = s(�; �):

�á«¨ íâ¨ äãªæ¨¨ § ¤ ë,   s = s(�) ¨ à §à¥è¨¬  ®â®á¨â¥«ì® �, â® ¬®¦® áç¨â âì, çâ®
u = u(�; �(s)) ¨ â®£¤  á®£« á® (4.6)

T =
@u

@�

@�

@s
¢ á¨«ã ¥§ ¢¨á¨¬®áâ¨ � ®â � ¨, á«¥¤®¢ â¥«ì®, � ®â s.

� ª ª ª � ®â � ¥ § ¢¨á¨â, â® ¯à¥¤¯®«®¦¥¨¥ o áãé¥áâ¢®¢ ¨¨ § ¢¨á¨¬®áâ¨ T = T (�) ¯à¨¢®¤¨â
ª â®¬ã, çâ® @u=@� ®â � ¥ § ¢¨á¨â. �® ¥áâì äãªæ¨ï u(�; �) ¤®«¦  ¨¬¥âì áâàãªâãàã [6]

u = '1(�) + '2(�);

£¤¥ '1(�), '2(�) | äãªæ¨¨, § ¤ ¢ ¥¬ë¥ ¢ á®®â¢¥âáâ¢¨¨ á íªá¯¥à¨¬¥â «ìë¬¨ ¤ ë¬¨. �ç¥-
¢¨¤®, çâ® ®¡ëç® ¯à¨¨¬ ¥¬®¥ ¯à¥¤¯®«®¦¥¨¥ T = T (�) ï¢«ï¥âáï ¤®áâ â®ç® á¨«ìë¬. � íâ®¬
á«ãç ¥ ¨§ (4.8) á«¥¤ã¥â, çâ® c� ¥áâì äãªæ¨ï ¢¨¤ 

c� = �	(�);

£¤¥ 	(�) | äãªæ¨ï, ®¯à¥¤¥«ï¥¬ ï ¨§ íªá¯¥à¨¬¥â .

5. � ãç¥â®¬ â®£®, çâ®

�Qe =
�Z

v

r dv �

Z
�
q� n d�

�
dt;

£¤¥ r | ¨â¥á¨¢®áâì ¢ãâà¥¨å ¨áâ®ç¨ª®¢ â¥¯«  ¢ ¥¤¨¨æ¥ ®¡ê¥¬ , q { ¢¥ªâ®à ¯®â®ª  â¥¯« 
  £à ¨æ¥ �, n | ®àâ ¢¥è¥© ®à¬ «¨ ª �, ¯®«ãç¨¬

�Qe =
�Z

v

[r �riq
i]dv

�
dt =

Z
m

�qedm:

�¤¥áì q = qiri | ¢¥ªâ®à ¯®â®ª  â¥¯«  ¢ áà¥¤¥, ri(: : : ) | § ª ª®¢ à¨ â®© ¯à®¨§¢®¤®© ¯®
¬¥âà¨ª¥ ¯à®áâà áâ¢  xi ¢ ¬®¬¥â t = t0. � ª¨¬ ®¡à §®¬,

��qe = (r �riq
i)dt
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¢ ¨áâ¨®¬ ¯à®æ¥áá¥. �«¥¤®¢ â¥«ì®, à ¢¥áâ¢® (2.3), § ¯¨á ®¥ ¢ à¥ «ì®¬ ¢à¥¬¥¨, ¤ ¥â ãà ¢-
¥¨¥ â¥¯«®¯à®¢®¤®áâ¨ ¢ ¢¨¤¥

� ij
d�ij
dt

+ r �riq
i = �

�
du2
dt

+
p2X
j=1

w2j

dv2j
dt

�
:

�à¨¨¬ ï ¤«ï ¢¥ªâ®à -¯®â®ª  â¥¯«  q ¢ áà¥¤¥ § ª® �ãàì¥

q = �� grad �;

¯à¨ ®¡®§ ç¥¨¨ r2(: : : ) = rir
i(: : : ) ¯®«ãç¨¬

�r2� + � ijeij + r = �

�
du2
dt

+
p2X
j=1

w2j

dv2j
dt

�
: (5.1)

� âà ¤¨æ¨®®¬ ¢ à¨ â¥ â¥à¬®¤¨ ¬¨ª¨ ¥®¡à â¨¬ëå ¯à®æ¥áá®¢, ®¯¨à îé¥¬áï   ¯à¥¤-
áâ ¢«¥¨ï â¨¯  �qe + �qi = T ds, ®£à ¨ç¥®áâì ª®â®àëå ¡ë«  ¯®ª §   ¢ëè¥, ¢ ¯à ¢®© ç áâ¨
ãà ¢¥¨ï (5.1) ®áâ ¥âáï «¨èì ®¤¨ ç«¥ �T ds=dt ¯à¨ ®¡®§ ç¥¨ïå w21 = T , v21 = s ¥§ ¢¨á¨¬®
®â ç¨á«  ¯ à ¬¥âà®¢ ¯à®æ¥áá .
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