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1. �¥®à¥¬  ®¡ íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâ¨

�à¨§­ ª¨ íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâ¨ «¨­¥©­ëå ¤¨ää¥à¥­æ¨ «ì­®-à §­®áâ­ëå ãà ¢­¥-
­¨© (����) ¢ ï¢­®¬ ¢¨¤¥ á®¤¥à¦ â ãá«®¢¨¥ ãáâ®©ç¨¢®áâ¨ \­¥©âà «ì­®© ç áâ¨" | ®¡à â¨¬®áâì
à §­®áâ­®£® ®¯¥à â®à , ¤¥©áâ¢ãîé¥£® ­  áâ àèãî ¯à®¨§¢®¤­ãî ([1], ¯. 12.4{12.6; [2], £«. 3). �®-
¯à®á ® ­¥®¡å®¤¨¬®áâ¨ íâ®£® ãá«®¢¨ï ¨§ãç « �.�.�ãà¡ â®¢ ¢ à ¡®â å [3], [4]. � ([5], £«. 5) ¯®ª § ­®,
çâ® ãáâ®©ç¨¢®áâì ­¥©âà «ì­®© ç áâ¨ ï¢«ï¥âáï ­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ íªá¯®­¥­æ¨ «ì­®£® ã¡ë-
¢ ­¨ï à¥è¥­¨ï ¨ ¥£® ¯à®¨§¢®¤­®© ¯® ­®à¬¥ Lp(1 � p � 1). � ª®¥ á¢®©áâ¢® à¥è¥­¨© ����
­ §ë¢ ¥âáï ¢ [5] íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâìî ���� ¯® ­®à¬¥ W(1)

p . �â¬¥â¨¬, çâ® á®£« á-
­® â¥®à¥¬¥ 6.3.11 ([5], áá. 111, 112) ¤«ï ���� á £« ¤ª¨¬¨ ª®íää¨æ¨¥­â ¬¨ W(1)

p -ãáâ®©ç¨¢®áâì
íª¢¨¢ «¥­â­  ãáâ®©ç¨¢®áâ¨ ¯® �ï¯ã­®¢ã (â.¥. ãáâ®©ç¨¢®áâ¨ ¢ ç¥¡ëè¥¢áª®© ¬¥âà¨ª¥).

� ¯à¥¤« £ ¥¬®© à ¡®â¥ áä®à¬ã«¨à®¢ ­  â¥®à¥¬ , ¤®¯®«­ïîé ï à¥§ã«ìâ âë �.�.�ãà¡ â®¢ .
� íâ®© â¥®à¥¬¥ ãâ¢¥à¦¤ ¥âáï, ¢ ç áâ­®áâ¨, çâ® ¯à¨ ­ ç «ì­ëå äã­ªæ¨ïå ª« áá  W(1)

1 íªá¯®-
­¥­æ¨ «ì­ ï ãáâ®©ç¨¢®áâì ¯® �ï¯ã­®¢ã ¢«¥ç¥â ãáâ®©ç¨¢®áâì ­¥©âà «ì­®© ç áâ¨ ¢ L1-¬¥âà¨ª¥.
�âáî¤  ¨ ¨§ à¥§ã«ìâ â®¢ [5] á«¥¤ã¥â, çâ® íªá¯®­¥­æ¨ «ì­ ï ãáâ®©ç¨¢®áâì íª¢¨¢ «¥­â­  W(1)

1 -
ãáâ®©ç¨¢®áâ¨ ¯à¨ ¯®áâ®ï­­® ¤¥©áâ¢ãîé¨å L1-¢®§¬ãé¥­¨ïå. �¥§ã«ìâ âë à ¡®âë ¡ë«¨  ­®­á¨-
à®¢ ­ë à ­¥¥ ¢ [6], [7].

� áâ âì¥ ¨á¯®«ì§ãîâáï á«¥¤ãîé¨¥ ®¯à¥¤¥«¥­¨ï ¨ ®¡®§­ ç¥­¨ï.Rn { ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢®

n-¬¥à­ëå ¢¥ªâ®à-áâ®«¡æ®¢ x = colfx1; : : : ; xng á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ hx; yi =
nP
i=1

xiyi,

­®à¬®© kxk =
p
hx; xi ¨ ª®®à¤¨­ â­ë¬ ¡ §¨á®¬ feigni=1, ¯à¨ç¥¬ E = fe1; : : : ; eng| ¥¤¨­¨ç­ ï n�

n-¬ âà¨æ .Mn | ¯à®áâà ­áâ¢® n�n-¬ âà¨æ A = faijgni;j=1 á ®¯¥à â®à­®© ­®à¬®© kAk. L1(�) |
¯à®áâà ­áâ¢® (ª« áá®¢ íª¢¨¢ «¥­â­®áâ¨) ¨§¬¥à¨¬ëåäã­ªæ¨© z : �! Rn, áã¬¬¨àã¥¬ëå ¯® ¬¥à¥
�¥¡¥£  ­  ¯à®¬¥¦ãâª¥ � � R, á ­®à¬®© kzkL1(�) =

R
�

kz(t)kdt; L1(�) | ¯à®áâà ­áâ¢® (ª« áá®¢

íª¢¨¢ «¥­â­®áâ¨) ¢¥ªâ®à-äã­ªæ¨© y : � ! Rn, ¨§¬¥à¨¬ëå ¨ ®£à ­¨ç¥­­ëå ¢ áãé¥áâ¢¥­­®¬ ­ 
¯à®¬¥¦ãâª¥ � � R, á ­®à¬®© kzkL1(�) = vrai sup

t2�
kz(t)k; W1(�) = W

(1)
1 (�) | ¯à®áâà ­áâ¢®

äã­ªæ¨© x : �! Rn,  ¡á®«îâ­® ­¥¯à¥àë¢­ëå ­  ¯à®¬¥¦ãâª¥ � � R ¨ ®£à ­¨ç¥­­ëå ¯® ­®à¬¥
kxkW1(�) = kxkL1(�) + k _xkL1(�).

�¥à¥§ B� ®¡®§­ ç¨¬ ¯à®áâà ­áâ¢®, á®¯àï¦¥­­®¥ «¨­¥©­®¬ã ­®à¬¨à®¢ ­­®¬ã ¯à®áâà ­áâ¢ã
B,   ç¥à¥§ Q� : B� ! B� | ®¯¥à â®à, á®¯àï¦¥­­ë© «¨­¥©­®¬ã ®£à ­¨ç¥­­®¬ã ®¯¥à â®àã
Q : B ! B. �à®áâà ­áâ¢® (L1(�))� ®â®¦¤¥áâ¢«ï¥¬ á ¯à®áâà ­áâ¢®¬ L1(�) ¯®áà¥¤áâ¢®¬ ª -

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©

(£à ­â 96-01-01613).
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­®­¨ç¥áª®© ¤¢®©áâ¢¥­­®áâ¨

(z; y) =
Z
�

hz(t); y(t)idt; z 2 L1(�); y 2 L1(�):

�áî¤ã ­¨¦¥ �� | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  �.
� áá¬®âà¨¬ ãà ¢­¥­¨¥

_x(t) =
X
g2G1

Ag(t) _x(t� g) +
X
h2H

Bh(t)x(t� h); t 2 R; (1)

£¤¥ G1 | ª®­¥ç­®¥ ¬­®¦¥áâ¢® ç¨á¥« g > 0, H | ª®­¥ç­®¥ ¬­®¦¥áâ¢® ç¨á¥« h � 0, ¬ âà¨æë-
äã­ªæ¨¨ Ag : R!Mn ¨ Bh : R!Mn ¨§¬¥à¨¬ë ¯® �¥¡¥£ã ¨ ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

vrai sup
t2R

kAg(t)k <1 ¨ sup
t2R

Z t+1

t

kBh(s)kds <1

¯à¨ ¢á¥å g 2 G1 ¨ h 2 H.
� à ¡®â å [1]{[5] áâ ¢¨âáï ¤«ï ãà ¢­¥­¨ï (1) á«¥¤ãîé ï ­ ç «ì­ ï § ¤ ç . �ãáâì § ¤ ­ë

­ ç «ì­ë© ¬®¬¥­â t0 � 0 ¨ ­ ç «ì­ ï äã­ªæ¨ï � : (�1; t0]! Rn. �à¥¤¯®« £ ¥âáï, çâ® äã­ªæ¨ï
�  ¡á®«îâ­® ­¥¯à¥àë¢­  ­  ª ¦¤®¬ ®âà¥§ª¥ ¯®«ã®á¨ (�1; t0]. �à¥¡ã¥âáï ­ ©â¨ äã­ªæ¨î x :
R! Rn, ã¤®¢«¥â¢®àïîéãî à ¢¥­áâ¢ã (1) ¯à¨ ¯®çâ¨ ¢á¥å t � t0 ¨ ­ ç «ì­®¬ã ãá«®¢¨î

x(t) = �(t) ¯à¨ ¢á¥å t � t0: (2)

�®à®è® ¨§¢¥áâ­® ([2], á. 42; [5], á. 82), çâ® ¯à¨ «î¡ëå ­ ç «ì­ëå ¤ ­­ëå t0 ¨ � § ¤ ç  (1), (2)
¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x(t) = x(t; t0; �).

� §«¨ç­ë¥ ®¯à¥¤¥«¥­¨ï ãáâ®©ç¨¢®áâ¨ á¢ï§ ­ë á ¢ë¡®à®¬ à §­ëå ¬¥âà¨ª ¢ ¯à®áâà ­áâ¢¥
­ ç «ì­ëå äã­ªæ¨© ¨ ¯à®áâà ­áâ¢¥ à¥è¥­¨© ([1], á. 130; [2], á. 105; [5], á. 90). � ¤ ­­®© áâ âì¥
¯à¨­ïâ®

�¯à¥¤¥«¥­¨¥ 1. �ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢­¥­¨¥ (1) à ¢­®¬¥à­® (¯® ­ ç «ì­®¬ã ¬®¬¥­âã
t0 � 0) íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢®, ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ ª®­áâ ­âë N > 0 ¨ 
 > 0, çâ® ¯à¨
¢á¥å t0 � 0 ¨ � 2 W1(�1; t0] à¥è¥­¨¥ x = x(�; t0; �) ­ ç «ì­®© § ¤ ç¨ (1), (2) ¯à¨ ¢á¥å t � t0
ã¤®¢«¥â¢®àï¥â íªá¯®­¥­æ¨ «ì­®© ®æ¥­ª¥

kx(t)k � Ne�
(t�t0)k�kW1(�1;t0]:

�­ë¬¨ á«®¢ ¬¨, ãà ¢­¥­¨¥ (1) à ¢­®¬¥à­® íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢®, ¥á«¨ âà¨¢¨ «ì­®¥
à¥è¥­¨¥ x(t) = x(t; t0; 0) � 0 íâ®£® ãà ¢­¥­¨ï à ¢­®¬¥à­® íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢® ¯® �ï¯ã-
­®¢ã ®â­®á¨â¥«ì­® W1-¢®§¬ãé¥­¨© ­ ç «ì­®© äã­ªæ¨¨ �.

� è¥ ¨áá«¥¤®¢ ­¨¥ íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâ¨ áãé¥áâ¢¥­­® ®á­®¢ ­® ­  á¯¥æ¨ «ì­®¬
¯à¥¤áâ ¢«¥­¨¨ à¥è¥­¨© § ¤ ç¨ (1), (2). � ª á«¥¤ã¥â ¨§ à¥§ã«ìâ â®¢ ([2], £«. 1; [3], £«. 5; [8], £«. 5;
[9]), íâ® à¥è¥­¨¥ ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥ ä®à¬ã«ë �®è¨

x(t) = X(t; t0)�(t0) +
Z t

t0

C(t; s)f�(s)ds; t � t0 � 0: (3)

�¤¥áì X(t; t0) | äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ , C(t; s) | ¬ âà¨æ  �®è¨, äã­ªæ¨ï f� ®¯à¥¤¥«ï¥âáï
à ¢¥­áâ¢®¬

f�(t) =
X
g2G1:
g�t�t0

Ag(t) _�(t� g) +
X
h2H:
h�t�t0

Bh(t)�(t� h):
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�ã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  Xt0(t) � X(t; t0) ï¢«ï¥âáï ([8], £«. 3, x 3.4) à¥è¥­¨¥¬ ¬ âà¨ç­®© § ¤ -
ç¨ �®è¨8><

>:
_Xt0(t) =

P
g2G1

Ag(t) _Xt0(t� g) +
P
h2H

Bh(t)Xt0(t� h) ¯à¨ t � t0 � 0;

Xt0(t) = 0 ¯à¨ t < t0; Xt0(t0) = E:
(4)

� âà¨æ  �®è¨ C(t; s) ¥áâì ï¤à® ¨­â¥£à «ì­®£® ¯à¥¤áâ ¢«¥­¨ï à¥è¥­¨ï ¯®«ã®¤­®à®¤­®© § ¤ ç¨
�®è¨. �â  § ¤ ç  ¨§ãç¥­  ­¨¦¥.

�§ ä®à¬ã«ë �®è¨ (3) á«¥¤ã¥â, çâ® ­ «¨ç¨¥ â®£® ¨«¨ ¨­®£® á¢®©áâ¢  ãáâ®©ç¨¢®áâ¨ à¥è¥­¨©
ãà ¢­¥­¨ï (1) ®¯à¥¤¥«ï¥âáï  á¨¬¯â®â¨ç¥áª¨¬ ¯®¢¥¤¥­¨¥¬ äã­¤ ¬¥­â «ì­®© ¬ âà¨æë ¨ ¬ âà¨-
æë �®è¨. � ç áâ­®áâ¨, ¥á«¨ á¯à ¢¥¤«¨¢ë íªá¯®­¥­æ¨ «ì­ë¥ ®æ¥­ª¨

kX(t; t0)k � Ne�
(t�t0); t � t0 � 0;

kC(t; s)k � Ne�
(t�s); t � s � t0 � 0;
(5)

£¤¥ N; 
 > 0, â® ãà ¢­¥­¨¥ (1) à ¢­®¬¥à­® íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢®. � ®á­®¢­®© â¥®à¥¬¥
áâ âì¨ ãâ¢¥à¦¤ ¥âáï, çâ® ­ «¨ç¨¥ â ª¨å ®æ¥­®ª ï¢«ï¥âáï ­¥ â®«ìª® ¤®áâ â®ç­ë¬, ­® ¨ ­¥®¡å®-
¤¨¬ë¬ ãá«®¢¨¥¬ íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâ¨ ¤«ï à áá¬ âà¨¢ ¥¬®£® ª« áá  ãà ¢­¥­¨©.

�«ï ¯®«ãç¥­¨ï ãá«®¢¨© íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâ¨ ¯à¨¬¥­ïîâáï à §«¨ç­ë¥ ¬¥â®¤ë.
� ¨¡®«¥¥ à á¯à®áâà ­¥­­ë¥ ¬¥â®¤ë ®á­®¢ ­ë ­  ¯®áâà®¥­¨¨ äã­ªæ¨© �ï¯ã­®¢  ¨«¨ äã­ªæ¨®-
­ «®¢ �ï¯ã­®¢ {�à á®¢áª®£® [1], [2]. �«ï áâ æ¨®­ à­ëå ãà ¢­¥­¨© íää¥ªâ¨¢¥­ ®¯¥à æ¨®­­ë©
¬¥â®¤ [1], [2], ¤«ï ¯¥à¨®¤¨ç¥áª¨å | ¬¥â®¤ ¯à®¨§¢®¤ïé¨å äã­ªæ¨© [10]{[13].

�®é­ë¬ ¬¥â®¤®¬ ¯®«ãç¥­¨ï íªá¯®­¥­æ¨ «ì­ëå ®æ¥­®ª ï¢«ï¥âáï W -¬¥â®¤ ([8]{[10]). �ãâì
¬¥â®¤  á®áâ®¨â ¢ à¥¤ãªæ¨¨ § ¤ ç¨ ®¡ ãáâ®©ç¨¢®áâ¨ ª § ¤ ç¥ ®¡ ®¡à â¨¬®áâ¨ «¨­¥©­®£® ®¯¥à â®à 
¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥. � ª ï à¥¤ãªæ¨ï ®á­®¢ ­  ­  ®¡®¡é¥­¨ïå ¨§¢¥áâ­®© â¥®à¥¬ë �®«ï{
�¥àà®­  ([5], £«. 5; [8], £«. 5; [9]).

� ªâ íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâ¨ ãà ¢­¥­¨ï (1) áãé¥áâ¢¥­­® á¢ï§ ­ á ¯®¢¥¤¥­¨¥¬ à¥è¥-
­¨© à §­®áâ­®£® ãà ¢­¥­¨ï

8><
>:
y(t) =

P
g2G1

Ag(t)y(t� g) + p(t); t � 0;

y(�) = 0; ¥á«¨ � < 0;
(6)

¯à¨ p 2 L1[0;+1). �¥è¥­¨¥ y íâ®£® ãà ¢­¥­¨ï ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥

y(t) = p(t) +
X
g2G

Pg(t)p(t� g): (7)

�¤¥áì G| ¬­®¦¥áâ¢® ¢á¥¢®§¬®¦­ëå áã¬¬ g = g0+� � �+gm�1 ®âª«®­¥­¨© gi 2 G1, ª®íää¨æ¨¥­âë
Pg ¢ëç¨á«ïîâáï ¯® ä®à¬ã«¥

Pg(t) =
X

g0+���+gm�1=g

m�1Y
k=0

Agk

�
t�

kX
i=0

gi

�
: (8)

�¯à¥¤¥«¥­¨¥ 2. �ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢­¥­¨¥ (6) ãáâ®©ç¨¢®, ¥á«¨ ­ ©¤¥âáï â ª ï ¯®«®-
¦¨â¥«ì­ ï ª®­áâ ­â  q, çâ® ¯à¨ ª ¦¤®¬ b > 0 ¨ ¤«ï ¢á¥å p 2 L1[0;+1) à¥è¥­¨¥ y ãà ¢­¥­¨ï
(6) ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥

Z b

0

ky(t)kdt � qkpkL1[0;+1): (9)
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�áâ®©ç¨¢®áâì ãà ¢­¥­¨ï (6) ®§­ ç ¥â ¥£® à §à¥è¨¬®áâì ¢ ¯à®áâà ­áâ¢¥ L1[0;+1) ¨«¨, çâ®
íª¢¨¢ «¥­â­®, ®¡à â¨¬®áâì à §­®áâ­®£® ®¯¥à â®à  I � S : L1[0;+1)! L1[0;+1), ¤¥©áâ¢ãîé¥£®
­  ¯à®¨§¢®¤­ãî _x ¢ ãà ¢­¥­¨¨ (1). �¤¥áì I { â®¦¤¥áâ¢¥­­ë© ®¯¥à â®à,

(Sy)(t) =
X
g2G1

Ag(t)(Sgy)(t); t � 0;

(Sgy)(t) =
8<
:
y(t� g); t � g;

0; t < g:

� §à¥è¨¢ ãà ¢­¥­¨¥ (1) ®â­®á¨â¥«ì­® _x, ¯®«ãç¨¬ ãà ¢­¥­¨¥

_x(t) =
X
g2G

X
h2H

Rgh(t)x(t� g � h); t 2 R; (10)

£¤¥ Rgh(t) = Pg(t)Bh(t� g). �â® ãà ¢­¥­¨¥ ¬®¦­® ¤®¯®«­¨âì ­ ç «ì­ë¬ ãá«®¢¨¥¬ â¨¯  (2). �¤-
­ ª® á«¥¤ã¥â ®â¬¥â¨âì, çâ® ¯à¨ íâ®¬ ¬­®¦¥áâ¢  à¥è¥­¨© ¯®«ãç¥­­®© § ¤ ç¨ ¨ ¨áå®¤­®© § ¤ ç¨
(1), (2) ­¥ á®¢¯ ¤ îâ. �®íâ®¬ã  á¨¬¯â®â¨ç¥áª¨¥ á¢®©áâ¢  à¥è¥­¨© ãà ¢­¥­¨ï (10) áãé¥áâ¢¥­­®
®â«¨ç îâáï ®â  á¨¬¯â®â¨ç¥áª¨å á¢®©áâ¢ à¥è¥­¨© ãà ¢­¥­¨ï (1).

� ç «ì­ ï § ¤ ç  (1), (2) á¢®¤¨âáï ª § ¤ ç¥ �®è¨
8><
>:
_x(t) =

P
g2G

P
h2H

Rgh(t)x(t� g � h) + f(t); t � t0 � 0;

x(�) = 0; ¯à¨ � < t0;
(11)

x(t0) = x0: (12)

�¥®¤­®à®¤­®áâì f ¢ ãà ¢­¥­¨¨ (11) ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (6) ¯à¨ t0 � 0 ¨ ­¥ª®â®à®©
¯à ¢®© ç áâ¨ p 2 L1[0;+1), ®¯à¥¤¥«ï¥¬®© ­ ç «ì­®© äã­ªæ¨¥© �.

�¥è¥­¨¥ § ¤ ç¨ �®è¨ (11), (12) ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥ (á¬., ­ ¯à., [14])

x(t) = X(t; t0)x0 +
Z t

t0

X(t; s)f(s) ds: (13)

�ã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  Xs(t) = X(t; s) ï¢«ï¥âáï à¥è¥­¨¥¬ ¬ âà¨ç­®© § ¤ ç¨ �®è¨ (4) ¨«¨,
ª ª ¯®ª § ­® ¢ [14], à¥è¥­¨¥¬ ¬ âà¨ç­®© § ¤ ç¨ �®è¨

_Xs(t) =
X
g2G

X
h2H

RghXs(t� g � h); t � s � t0;

Xs(t) = 0 ¯à¨ t < s; Xs(s) = E:

�®à¬ã«  (13) ¯®§¢®«ï¥â ãáâ ­®¢¨âì á¢ï§ì à ¢­®¬¥à­®© íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâ¨ á
íªá¯®­¥­æ¨ «ì­®© ®æ¥­ª®©

kX(t; s)k �Me��(t�s); t � s � t0 � 0; (14)

£¤¥ M;� > 0.
�á­®¢­ë¬ à¥§ã«ìâ â®¬ áâ âì¨ ï¢«ï¥âáï

�¥®à¥¬ . �à ¢­¥­¨¥ (1) à ¢­®¬¥à­® íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢® â®£¤  ¨ â®«ìª® â®£¤ ,

ª®£¤  ãáâ®©ç¨¢® ãà ¢­¥­¨¥ (6) ¨ äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  ãà ¢­¥­¨ï (11) ¨¬¥¥â íªá¯®­¥­-

æ¨ «ì­ãî ®æ¥­ªã (14).
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�«ï ¯®ïá­¥­¨ï ¨¤¥¨ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ®â¬¥â¨¬ ­¥ª®â®àë¥ á¢®©áâ¢  ãà ¢­¥­¨ï (1).
� ª å®à®è® ¨§¢¥áâ­® ([8], £«. 5), à¥è¥­¨¥ § ¤ ç¨

8><
>:
_x(t) =

P
g2G1

Ag(t) _x(t� g) +
P
h2H

Bh(t)x(t� h) + f(t); t � 0;

x(�) = 0 ¯à¨ � < 0;
(15)

x(0) = x0

¤«ï «î¡®£® f 2 L1[0;+1) ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥

x(t) = X(t; 0)x0 +
Z t

0

C(t; s)f(s) ds: (16)

�®à¬ã«  (16) ï¢«ï¥âáï à á¯à®áâà ­¥­¨¥¬ ­  ãà ¢­¥­¨¥ (15) ¨§¢¥áâ­®© ä®à¬ã«ë ¯à¥¤áâ ¢«¥-
­¨ï à¥è¥­¨ï § ¤ ç¨ �®è¨ ¤«ï «¨­¥©­®£® ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï. �«ï
ãà ¢­¥­¨©, à §à¥è¥­­ëå ®â­®á¨â¥«ì­® ¯à®¨§¢®¤­®©, â ª®¥ ¯à¥¤áâ ¢«¥­¨¥ ¡ë«® ¨§ãç¥­® ¢ á ¬®©
®¡é¥© á¨âã æ¨¨ ¢ [14]. �®«ì ä®à¬ã«ë (16), ¨¬¥îé¥© ¬¥áâ® ¤«ï è¨à®ª®£® ª« áá  äã­ªæ¨®­ «ì­®-
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©, ®â¬¥ç « áì, ­ ¯à¨¬¥à, ¢ [1], [2], [5], [8]{[11], [14]. �®«¥¥ £«ã¡®ª®¥
¨áá«¥¤®¢ ­¨¥ á¢®©áâ¢ ¬ âà¨æë �®è¨ C(t; s) áãé¥áâ¢¥­­® ®á«®¦­ï¥âáï ­¥®¯à¥¤¥«¥­­®áâìî ¢
¢ë¡®à¥ ¯à¨ ª ¦¤®¬ t > 0 ¯à¥¤áâ ¢¨â¥«ï ª« áá  íª¢¨¢ «¥­â­®áâ¨ C(t; �). � ¯à¨¬¥à, ¢®§­¨ª îâ
âàã¤­®áâ¨ ¯à¨ ¨§ãç¥­¨¨ ¢®¯à®á  ® ¯®¢¥¤¥­¨¨ à¥è¥­¨© § ¤ ç¨ (1), (2), ª®£¤  ¯®á«¥¤®¢ â¥«ì­®áâì
¢®§¬ãé¥­¨© f áå®¤¨âáï ª �-äã­ªæ¨¨. �®§­¨ª îâ ¡®«ìè¨¥ âàã¤­®áâ¨ á ®¯à¥¤¥«¥­¨¥¬ ¬ âà¨æë
�®è¨ ª ª ®¡®¡é¥­­®£® à¥è¥­¨ï ãà ¢­¥­¨ï (1). �®íâ®¬ã ¢®¯à®á ® ­ «¨ç¨¨ íªá¯®­¥­æ¨ «ì­®©
®æ¥­ª¨ (5) ­¥ á®¢á¥¬ ª®àà¥ªâ¥­. �â® ­¥à ¢¥­áâ¢® ­ ¤® ¯®­¨¬ âì ¯®çâ¨ ¢áî¤ã. �¯à ¢¥¤«¨¢ 

�¥¬¬ . �à ¢­¥­¨¥ (1) à ¢­®¬¥à­® íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 
­ ©¤ãâáï ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë N ¨ 
 ¨ ¨§¬¥à¨¬®¥ ¬­®¦¥áâ¢® � � [0;+1), â ª¨¥, çâ®
mes ([0;+1)n�) = 0 ¨ ¯à¨ ¢á¥å t 2 [0;+1), s 2 �, t � s á¯à ¢¥¤«¨¢  ®æ¥­ª  (5).

� ¬¥ç ­¨¥. �à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë ãáâ ­®¢«¥­  íª¢¨¢ «¥­â­®áâì á«¥¤ãîé¨å á¢®©áâ¢
ãà ¢­¥­¨ï (1):

1) à ¢­®¬¥à­ ï íªá¯®­¥­æ¨ «ì­ ï ãáâ®©ç¨¢®áâì;
2) íªá¯®­¥­æ¨ «ì­ ï ®æ¥­ª  (5) ¬ âà¨æë �®è¨ C(t; s);
3) á¨«ì­ ï L1-ãáâ®©ç¨¢®áâì (â.¥. x; _x 2 L1[0;+1) ¯à¨ «î¡®¬ f 2 L1[0;+1) ¢ ãà ¢­¥­¨¨

(15));
4) ®¡à â¨¬®áâì ®¯¥à â®à  I � S ¢ ¯à®áâà ­áâ¢¥ L1[0;+1) ¨ íªá¯®­¥­æ¨ «ì­ ï ®æ¥­ª  (14)

äã­¤ ¬¥­â «ì­®© ¬ âà¨æë X(t; s).

�à®¢¥¤¥­­®¥ ¢ [9] ¨§ãç¥­¨¥ á¨«ì­®© ãáâ®©ç¨¢®áâ¨ ¯®ª §ë¢ ¥â, çâ® ¤«ï ���� «î¡®© ¯à¨§­ ª
â ª®© ãáâ®©ç¨¢®áâ¨ (¨, á«¥¤®¢ â¥«ì­®, íªá¯®­¥­æ¨ «ì­®© ®æ¥­ª¨ (5) ¬ âà¨æë �®è¨ C(t; s)) ¬®-
¦¥â ¡ëâì ¯®«ãç¥­ W -¬¥â®¤®¬.

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë ¯à¥¤« £ ¥¬®© à ¡®âë ¡ë«¨ ¨á¯®«ì-
§®¢ ­ë à¥§ã«ìâ âë �.�¥©á  (­ ¯à., [15]) ® ¯à¥¤áâ ¢«¥­¨¨ ¯®àï¤ª®¢® ­¥¯à¥àë¢­ëå ®¯¥à â®à®¢,
¤¥©áâ¢ãîé¨å ¢ ¯à®áâà ­áâ¢ å ¨§¬¥à¨¬ëå äã­ªæ¨©. �à®¬¥ â®£®, ¢ ¤®ª § â¥«ìáâ¢¥ ¨á¯®«ì§®¢ ­ 
¨¤¥ï, ¡«¨§ª ï ª ¨¤¥¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë �.�.�®«¥á®¢  ¨§ à ¡®âë [16]. � §à¥è¨¬®áâì ®â-
­®á¨â¥«ì­® ¯à®¨§¢®¤­®© ª ª ­¥®¡å®¤¨¬®¥ ãá«®¢¨¥ íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâ¨ ¯® ­®à¬¥ C
à áá¬ âà¨¢ « �.�.�ãà¡ â®¢ ¢ áâ âì¥ [17]. � à ¡®â¥ [18] ¢ë¤¥«¥­ ª« áá â ª¨å ����, ¤«ï ª®â®àëå
C-ãáâ®©ç¨¢®áâì, C1-ãáâ®©ç¨¢®áâì ¨ W(1)

1 -ãáâ®©ç¨¢®áâì íª¢¨¢ «¥­â­ë.
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2. �à¥¤áâ ¢«¥­¨¥ à¥è¥­¨© ����

�«¥¤ãï áå¥¬¥, ¨§«®¦¥­­®© ¢ [8], á¢¥¤¥¬ ­¥®¤­®à®¤­ãî § ¤ çã

_x(t) =
X
g2G1

Ag(t) _x(t� g) +
X
h2H

Bh(t)x(t� h) + f(t); t 2 [0; b]; (17)

x(�) = 0 ¯à¨ � � 0 (18)

ª «¨­¥©­®¬ã ®¯¥à â®à­®¬ã ãà ¢­¥­¨î ¢ ¯à®áâà ­áâ¢¥ L1[0; b]. �¡®§­ ç ï _x = z ¨ ãç¨âë¢ ï (18),
¨§ (17) ¯®«ãç¨¬ ãà ¢­¥­¨¥

(I � Sb)z �Qbz = f: (19)

�®«ìâ¥àà®¢ë ®¯¥à â®àë Sb;Qb : L1[0; b]! L1[0; b] ¤¥©áâ¢ãîâ ¯® ¯à ¢¨« ¬

(Sbz)(t) =
X
g2G1

Ag(t)(Sg;bz)(t);

(Qbz)(t) =
X
h2H

Bh(t)(Sh;bJbz)(t);

£¤¥

(Sg;bz)(t) =
8<
:
z(t� g) ¯à¨ g � t � b;

0 ¯à¨ 0 � t < g;

(Jbz)(t) =
Z t

0

z(s) ds:

� ¬¥â¨¬, çâ® ­®à¬ë kSbk1;b ¨ kQbk1;b ®¯¥à â®à®¢ Sb;Qb : L1[0; b] ! L1[0; b] ã¤®¢«¥â¢®àïîâ
®æ¥­ª ¬

kSbk1;b �
X
g2G1

vrai sup
t�0

kAg(t)k;

kQbk1;b �
X
h2H

Z b

0

kBh(t)kdt:

� ãá«®¢¨ïå ®á­®¢­®© â¥®à¥¬ë ®¯¥à â®à (I � Sb) : L1[0; b] ! L1[0; b] ¢®«ìâ¥àà®¢® ®¡à â¨¬.
�¡à â­ë© ®¯¥à â®à Db = (I � Sb)�1 ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥

(Dby)(t) = y(t) +
X
g2G

Pg(t)(Sg;by)(t); t 2 [0; b]: (20)

�®íää¨æ¨¥­âë Pg ¢ëç¨á«ïîâáï ¯® ä®à¬ã«¥ (8). �à¨¬¥­¨¢ ª ®¡¥¨¬ ç áâï¬ ãà ¢­¥­¨ï (19)
®¯¥à â®à Db, ¯®«ãç¨¬ ãà ¢­¥­¨¥

z �Pbz = Dbf; (21)

£¤¥ Pb = DbQb. �®£« á­® ([8], £«. 1, x 1.2, á. 18), ®¯¥à â®à Qb ª®¬¯ ªâ¥­, çâ® ¢«¥ç¥â ª®¬¯ ªâ­®áâì
®¯¥à â®à  Pb. �¯¥ªâà «ì­ë© à ¤¨ãá ª®¬¯ ªâ­®£® ¢®«ìâ¥àà®¢  ®¯¥à â®à  Pb : L1[0; b] ! L1[0; b]
à ¢¥­ ­ã«î ([5], £«. 4, x 4.4, ¯. 4.4.12, á. 81; [19], £«. V, x 6, ¯. 6.2, á. 153). �âáî¤ 

(I � P b)
�1 =

1X
k=0

Pk
b : (22)

�§ (20){(22) ­ å®¤¨¬

(I � Sb �Qb)�1 = (I � P b)�1Db = (I + P b(I � P b)�1)Db = Db + Pb(I � P b)�1Db:
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� ª¨¬ ®¡à §®¬, à¥è¥­¨¥ z ãà ¢­¥­¨ï (19) ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥

z = Ubf; (23)

£¤¥

Ub = Db +Kb: (24)

�¯¥à â®à Kb = Pb(I � P b)�1Db ª®¬¯ ªâ¥­ ¢ á¨«ã ª®¬¯ ªâ­®áâ¨ ®¯¥à â®à  Pb. �®£¤ , ®ç¥¢¨¤­®,
®¯¥à â®à Kb á« ¡® ª®¬¯ ªâ¥­ ¨ á®£« á­® § ¬¥ç ­¨î ¨§ ([20], £«. VI, 8.11, á. 547) ®¯¥à â®à Kb

ï¢«ï¥âáï ¨­â¥£à «ì­ë¬ ®¯¥à â®à®¬: áãé¥áâ¢ã¥â ¬ âà¨æ -äã­ªæ¨ïKb : [0; b]�[0; b] !Mn â ª ï,
çâ®

(Kby)(t) =
Z b

0
Kb(t; s)y(s) ds: (25)

� ª ª ª ®¯¥à â®à Kb ¢®«ìâ¥àà®¢, â® Kb(t; s) = 0 ¤«ï ª ¦¤®£® t 2 [0; b] ¯à¨ ¯®çâ¨ ¢á¥å s > t.
�¥è¥­¨¥ x = colfx1; : : : ; xng § ¤ ç¨ (17), (18) ­ ©¤¥¬, ¨­â¥£à¨àãï à ¢¥­áâ¢® (23)

xi(t) =
�Z t

0

z(s)ds; ei

�
=
�Z t

0

(Ubf)(s)ds; ei
�
=
Z b

0

hf(s); (U�b �[0;t]ei)(s)ids =

=
Z b

0

� nX
j=1

hf(s); ejiej ; (U�b �[0;t]ei)(s)
�
ds =

Z b

0

nX
j=1

fj(s)hej ; (U�b �[0;t]ei)(s)ids:

� ª¨¬ ®¡à §®¬, à¥è¥­¨¥ § ¤ ç¨ (17), (18) ¤®¯ãáª ¥â ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥

x(t) =
Z t

0
Cb(t; s)f(s) ds (26)

á ï¤à®¬ Cb(�; �), ®¯à¥¤¥«ï¥¬ë¬ à ¢¥­áâ¢®¬

Cbij(t; s) = (�hej ; (U�b �[0;t]ei)(�)i)(s): (27)

�¤¥áì � { «î¡®© ®¯¥à â®à ¢ë¡®à  ¯à¥¤áâ ¢¨â¥«ï ¨§ ª« áá  íª¢¨¢ «¥­â­ëå ¯® ¬¥à¥ �¥¡¥£ 
¨§¬¥à¨¬ëå ¨ ®£à ­¨ç¥­­ëå ¢ áãé¥áâ¢¥­­®¬ äã­ªæ¨©, ¯à¨¬¥­ï¥¬ë© ª áª «ïà­®© äã­ªæ¨¨
hej ; (U�b �[0;t]ei)(�)i.

�à®¤®«¦¨¬ ¨§ãç¥­¨¥ á¢®©áâ¢ ¨­â¥£à «ì­®£® ¯à¥¤áâ ¢«¥­¨ï (26). �§ (24) á«¥¤ã¥â à ¢¥­áâ¢®

U�b = D�b +K�b : (28)

�¯ãáª ï ¯à®áâë¥ ¢ëç¨á«¥­¨ï, ®á­®¢ ­­ë¥ ­  ¯à¥¤áâ ¢«¥­¨ïå (20) ¨ (25), ¯à¨¢¥¤¥¬ ¢¨¤ á®¯àï-
¦¥­­ëå ®¯¥à â®à®¢

(D�bv)(s) = v(s) +
X
g2G

R>g (s+ g)(S�g;bv)(s); (29)

(K�bv)(s) =
Z b

s

K>
b (t; s)v(t)dt; (30)

£¤¥

(S�g;bv)(s) = (S�g;bv)(s) =
8<
:
z(t+ g) ¯à¨ 0 � t � b� g;

0 ¯à¨ b� g < t � b;

\>" | §­ ª âà ­á¯®­¨à®¢ ­¨ï ¬ âà¨æë.
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�®«ãç¥­­ë¥ à ¢¥­áâ¢  § ¯¨è¥¬ ¢ ¢¨¤¥ ¨­â¥£à «®¢ ¯® Mn-§­ ç­®© (¬ âà¨ç­®©) á«ãç ©­®©
¬¥à¥ [15]. �¯à¥¤¥«¨¬ á«ãç ©­ë¥ ¬¥àë �ab (s;�) ¨ �ib(s;�) ¡®à¥«¥¢áª®£® ¬­®¦¥áâ¢  � � [0; b]
à ¢¥­áâ¢ ¬¨

�ab (s;�) =
X
g2G

��(s+ g)P>g (s+ g) + ��(s) (31)

¨

�ib(s;�) =
Z
�
K>

b (#; s) d#: (32)

�â¬¥â¨¬, çâ® ¢ëè¥ ­¥ï¢­® ¨ ­¥ª®­áâàãªâ¨¢­® ¯à®¨§¢¥¤¥­ ¢ë¡®à ¯à¥¤áâ ¢¨â¥«¥© ¨§ ª« áá®¢
íª¢¨¢ «¥­â­®áâ¨ ª®íää¨æ¨¥­â®¢ P>g ¨ K>

b (t; �).
�¥àë, ®¯à¥¤¥«¥­­ë¥ à ¢¥­áâ¢ ¬¨ (31) ¨ (32), ®¡« ¤ îâ ¢á¥¬¨ á¢®©áâ¢ ¬¨ á«ãç ©­ëå ¬¥à:

¤«ï ª ¦¤®£® ¡®à¥«¥¢áª®£® ¬­®¦¥áâ¢  � � [0; b] äã­ªæ¨¨ �ab (�;�) ¨ �ib(�;�) ¨§¬¥à¨¬ë, ¯à¨ ª -
¦¤®¬ s 2 [0; b] äã­ªæ¨¨ ¬­®¦¥áâ¢  �ab (s; �) ¨ �ib(s; �) { ¡®à¥«¥¢áª¨¥ ¬¥àë. �«ï «î¡®© ¡®à¥«¥¢áª®©
¢¥ªâ®à-äã­ªæ¨¨ v : [0; b]! Rn à ¢¥­áâ¢® (29) ¥áâì á«ãç ©­ë© ¨­â¥£à «

(D�bv)(s) =
Z
[0;b]

�ab (s; d#)v(#);

  à ¢¥­áâ¢® (30) | á«ãç ©­ë© ¨­â¥£à «

(K�bv)(s) =
Z
[0;b]

�ib(s; d#)v(#):

�« ááë íª¢¨¢ «¥­â­®áâ¨ íâ¨å á«ãç ©­ëå ¨­â¥£à «®¢ ­¥ § ¢¨áïâ ®â ª®­ªà¥â­®£® ¢ë¡®à  ¡®-
à¥«¥¢áª¨å ¯à¥¤áâ ¢¨â¥«¥© ª« áá  v 2 L1[0; b].

�®£« á­® (28) ¨¬¥¥¬

(U�b v)(s) =
Z
[0;b]

�b(s; d#)v(#); (33)

£¤¥ �b = �ab +�
i
b. � á¨«ã (31) ª®¬¯®­¥­â  �ab ï¢«ï¥âáï ¤¨áªà¥â­®© ( â®¬ à­®©) á«ãç ©­®© ¬¥à®©,

  ¢ á¨«ã (32) ª®¬¯®­¥­â  �ia ï¢«ï¥âáï á«ãç ©­®© ¬¥à®©,  ¡á®«îâ­® ­¥¯à¥àë¢­®© ®â­®á¨â¥«ì­®
¬¥àë �¥¡¥£  mes. �®à¬ã«  (33) ¯®§¢®«ï¥â \ª®­áâàãªâ¨¢­®" ®¯à¥¤¥«¨âì ¯à¨ ª ¦¤®¬ t 2 [0; b]
¯à®æ¥¤ãàã ¢ë¡®à  ¯à¥¤áâ ¢¨â¥«ï ¨§ ª« áá  íª¢¨¢ «¥­â­®áâ¨ ï¤à  Cb(t; �) ¢ ¨­â¥£à «ì­®¬ ¯à¥¤-
áâ ¢«¥­¨¨ (26). � ¢¥­áâ¢® (27) ®¯à¥¤¥«ï¥â á«ãç ©­ë© ¨­â¥£à «

Cb(t; s) =
Z
[0;b]

�[0;t](#)�b(s; d#) (34)

¨«¨, çâ® íª¢¨¢ «¥­â­®, | á«ãç ©­ãî ¬¥àã

Cb(t; s) = �b(s; [0; t]):

� ª¨¬ ®¡à §®¬, ¯à¨ ª ¦¤®¬ s 2 [0; b] äã­ªæ¨ï Cb(�; s) ï¢«ï¥âáï äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï ¬ -
âà¨ç­®© ¬¥àë �b(s; �). �â  äã­ªæ¨ï ¨¬¥¥â ®£à ­¨ç¥­­ãî ­  [0; b] ¢ à¨ æ¨î ¨ ­¥¯à¥àë¢­  á¯à ¢ .
�à®¬¥ â®£®, Cb(�; s) = Ca

b (�; s)+C i
b(�; s), â ª ª ª �b = �ab +�

i
b. �®¬¯®­¥­â  C

a
b (�; s) ï¢«ï¥âáï äã­ª-

æ¨¥© à á¯à¥¤¥«¥­¨ï ¤¨áªà¥â­®© ¬¥àë. �®íâ®¬ã ¯à¨ ª ¦¤®¬ s 2 [0; b] Ca
b (�; s) | áâã¯¥­ç â ï

äã­ªæ¨ï, ¨¬¥îé ï à §àë¢ë ¢ â®çª å t = s+ g, g 2 G.
�®£« á­® (31)

Cb(s+ g + 0; s)�Cb(s+ g � 0; s) = P>g (s; g): (35)

�®¬¯®­¥­â  C i
b(�; s) ¯à¨ ª ¦¤®¬ s 2 [0; b] ï¢«ï¥âáï äã­ªæ¨¥© à á¯à¥¤¥«¥­¨ï  ¡á®«îâ­®

­¥¯à¥àë¢­®© ¬¥àë. �®íâ®¬ã äã­ªæ¨ï C i
b(�; s)  ¡á®«îâ­® ­¥¯à¥àë¢­ . �¢®©áâ¢  à §«®¦¥­¨ï
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Cb(�; s) = Ca
b (�; s) + C i

b(�; s) áãé¥áâ¢¥­­® ¨á¯®«ì§ãîâáï ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë. �á®¡® ¯®¤-
ç¥àª¨¢ ¥¬, çâ® áâã¯¥­ç â ï ª®¬¯®­¥­â  Ca

b (�; s) ®¯à¥¤¥«ï¥âáï à §­®áâ­ë¬ ®¯¥à â®à®¬ D�b .

3. �ªá¯®­¥­æ¨ «ì­ ï ®æ¥­ª  ¬ âà¨æë �®è¨. �®ª § â¥«ìáâ¢® «¥¬¬ë

� ª ®â¬¥ç¥­® ¢ ¯. 1, à¥è¥­¨¥ § ¤ ç¨ �®è¨ (15) ¤«ï «î¡®£® f 2 L1[0;+1) ¨¬¥¥â ¯à¥¤áâ ¢«¥-
­¨¥ ¢ ¢¨¤¥ ä®à¬ã«ë (16).

� âà¨æ  �®è¨ C(t; s) ®¯à¥¤¥«ï¥âáï á¢®¨¬¨ áã¦¥­¨ï¬¨ Cb(t; s): ­ ©¤¥âáï ¬ âà¨æ -äã­ªæ¨ï
C : [0;+1) � [0;+1) ! Mn â ª ï, çâ® ¯à¨ «î¡®¬ b > 0 ¨¬¥¥¬ C(t; s) = Cb(t; s) ¤«ï ª ¦¤®£®
t 2 [0; b] ¯à¨ ¯®çâ¨ ¢á¥å s 2 [0; b].

�«ï ®¯à¥¤¥«¥­¨ï ï¤à  C(t; s) ¯à¥¤áâ ¢«¥­¨ï (16) ¯®«®¦¨¬ C(t; s) = Ck(t; s) ¯à¨ ¢á¥å t 2
[k; k+1) ¨ ¯®çâ¨ ¢á¥å s 2 [0; k+1), £¤¥ Ck(t; s) ¤«ï ª ¦¤®£® k = 0; 1; : : : ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©
(34). �®£¤  ¯à¨ «î¡®¬ s 2 [0;+1) äã­ªæ¨ï C(�; s) ï¢«ï¥âáï ­¥¯à¥àë¢­®© á¯à ¢  äã­ªæ¨¥©
®£à ­¨ç¥­­®© ¢ à¨ æ¨¨ ­  ª ¦¤®¬ ®âà¥§ª¥ [0; b].

�®ª § â¥«ìáâ¢® «¥¬¬ë. �¥®¡å®¤¨¬®áâì. �ãáâì s 2 [0;+1). �«ï ª ¦¤®£® y 2 Rn ®¯à¥-
¤¥«¨¬ �-®¡à §­ãî ¯®á«¥¤®¢ â¥«ì­®áâì ¢®§¬ãé¥­¨© fk à ¢¥­áâ¢®¬

fk(t) = k��k(t)y; k = 1; 2; : : : ;

£¤¥ �k = [s; s+ 1=k].
�¥è¥­¨¥ x § ¤ ç¨ (15) ¯à¨ f = fk ¥áâì à¥è¥­¨¥ § ¤ ç¨ (1), (2) ¯à¨ t0 = s+ 1=k ¨ ­ ç «ì­®©

äã­ªæ¨¨ �k 2W1(�1; t0], ï¢«ïîé¥©áï áã¦¥­¨¥¬ äã­ªæ¨¨ xk ­  ¯®«ã®áì (�1; t0]. � á¨«ã (16)
¨¬¥¥¬ �(t) = 0 ¯à¨ t � s.

�§ ®£à ­¨ç¥­¨© ­  ª®íää¨æ¨¥­âë ãà ¢­¥­¨ï (1) á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ â ª®£® ¯®«®¦¨â¥«ì-
­®£® c (á¬. [5], £«. 4, x 4.1, ¯. 4.1.5, á. 73), çâ®

k�kkW1(�1;t0] � ckfkkL1[0;+1):

�§ ãá«®¢¨© â¥®à¥¬ë ¨¬¥¥¬

kxk(t)k � N1e
�
(t�t0)k�kkW1(�1;t0]:

�âáî¤  á ãç¥â®¬ xk(t) = 0 ¯à¨ t � s ¯®«ãç ¥¬

kxk(t)k � Ne�
(t�s)kfkkL1[0;+1) � Ne�
(t�s)kyk (36)

¯à¨ s � t � s+ 1=k, £¤¥ N = c exp 
 �maxf1; N1g.
�§ ä®à¬ã«ë �®è¨ (16) ¯®«ãç¨¬

xk(t) =
Z t

s

C(t; #)fk(#) d# = k

Z s+1=k

s

C(t; #)y d#:

�®£« á­® â¥®à¥¬¥ �¥¡¥£  ® ¯à¥¤¥«ì­®¬ ¯¥à¥å®¤¥ ¯®¤ §­ ª®¬ ¨­â¥£à «  ([20], £«. III, 6.16, á. 168)
¯à¨ ª ¦¤®¬ t 2 [0;+1) ¯®á«¥¤®¢ â¥«ì­®áâì xk(t) áå®¤¨âáï ¯à¨ ¯®çâ¨ ¢á¥å s 2 [0;+1) ª C(t; s)y.
�âáî¤  ¨ ¨§ (36) § ª«îç ¥¬ á«¥¤ãîé¥¥: ¯à¨ ä¨ªá¨à®¢ ­­ëå t 2 [0;+1) ¨ y 2 Rn ­ ©¤¥âáï
¨§¬¥à¨¬®¥ ¬­®¦¥áâ¢® �(t; y) � [0;+1) â ª®¥, çâ® mes ([0;+1)n�(t; y)) = 0 ¨ ¯à¨ ¢á¥å s 2 �(t; y)
á¯à ¢¥¤«¨¢  ®æ¥­ª 

kC(t; s)yk � Ne�
(t�s)kyk: (37)

�ë¡¥à¥¬ áç¥â­®¥ ¢áî¤ã ¯«®â­®¥ ¢ [0;+1) ¯®¤¬­®¦¥áâ¢® M ¨ áç¥â­®¥ ¢áî¤ã ¯«®â­®¥ ¢ Rn

¯®¤¬­®¦¥áâ¢® Y. �­®¦¥áâ¢® � =
T

t2M

T
y2Y

�(t; y) ï¢«ï¥âáï ¬­®¦¥áâ¢®¬ ¯®«­®© ¬¥àë ª ª ¯¥à¥-

á¥ç¥­¨¥ áç¥â­®£® ­ ¡®à  ¬­®¦¥áâ¢ ¯®«­®© ¬¥àë. �à¨ ¢á¥å t 2 M ¨ s 2 � ­¥à ¢¥­áâ¢® (37)
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¢ë¯®«­¥­® ­  ¯«®â­®¬ ¯®¤¬­®¦¥áâ¢¥ Y � Rn. �®íâ®¬ã ¨§ (37) á«¥¤ã¥â ¯à¨ ¢á¥å t 2 M ¨ s 2 �
®æ¥­ª  (5).

�«ï ä¨ªá¨à®¢ ­­®£® t 2 [0;+1) ¯®¤¡¥à¥¬ ¬®­®â®­­® ã¡ë¢ îéãî ¨ áå®¤ïéãîáï ª t0 ¯®á«¥-
¤®¢ â¥«ì­®áâì ftkg �M. � á¨«ã ­¥¯à¥àë¢­®áâ¨ á¯à ¢  ¬ âà¨æë-äã­ªæ¨¨ C(�; s) ¯®«ãç¨¬

kC(t; s)k = lim
k!1

kC(tk; s)k � Ne�
(t�s):

�®áâ â®ç­®áâì.�ãáâì � = maxfg; hg(g 2 G1; h 2 H). �¥è¥­¨¥ x § ¤ ç¨ (1), (2) á ­ ç «ì­ë¬¨
¤ ­­ë¬¨ t0 = s � 0, � 2W1(�1; s] ¨¬¥¥â ¯à¨ s � t � s+ � ®æ¥­ªã

kx(t)k � c1�k�kW1(�1;s]:

�®«®¦¨¬ � = minf1; sg. �¯à¥¤¥«¨¬ äã­ªæ¨î  ãá«®¢¨ï¬¨:  (t) = x(t) ¯à¨ t 2 [s; s + �],

 (t) = x(s)(1 +
t� s

�
) ¯à¨ t 2 [s� �; s] ¨  (t) = 0 ¯à¨ t � s� �. �¥è¥­¨¥ § ¤ ç¨ (1), (2) ¯à¨ ¢á¥å

t � s á®¢¯ ¤ ¥â á à¥è¥­¨¥¬ § ¤ ç¨ (15) ¯à¨ ¢®§¬ãé¥­¨¨ f , ®¯à¥¤¥«ï¥¬®¬ à ¢¥­áâ¢®¬

f(t) =

8><
>:
0 ¯à¨ t � s+ �;
_ (t)� P

g2G1

Ag
_ (t� g)� P

h2H
Bh(t) (t � h) ¯à¨ t < s+ �:

�®£« á­® ¯®áâà®¥­¨î

kfkL1[0;+1) � ckxkW1 [s;s+�] � c1c�k�kW1(�1;s]:

� ¯à¥¤¯®«®¦¥­¨¨ ®æ¥­ª¨ (5) ¯à¨ t � s+ � ¨¬¥¥¬

kx(t)k � N

Z s+�

0

e�
(t�#)kf(#)kd# � Ne
se�
(t�s)
Z s+�

0

e�
(s+��#)kf(#)kd# �

� Ne
se�
(t�s)
Z +1

0
kf(#)kd# = Ne
se�
(t�s)kfkL1[0;+1) � Nc1c�e


se�
(t�s)k�kW1(�1;s]:

�¥¬¬  ¤®ª § ­ .

4. �®ª § â¥«ìáâ¢® ®á­®¢­®© â¥®à¥¬ë

�¥®¡å®¤¨¬®áâì. �ãáâì ãà ¢­¥­¨¥ (1) à ¢­®¬¥à­® íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢®. �®£¤  ¢ á¨«ã
«¥¬¬ë ¬ âà¨æ  �®è¨ C(t; s) ãà ¢­¥­¨ï (15) ¨¬¥¥â íªá¯®­¥­æ¨ «ì­ãî ®æ¥­ªã (5). �§ à¥§ã«ìâ â®¢
¯. 2 á«¥¤ã¥â, çâ® ¯à¨ ä¨ªá¨à®¢ ­­®¬ s 2 � â®çª¨ à §àë¢  äã­ªæ¨¨ C(�; s) à á¯®« £ îâáï ­ 
¤¨áªà¥â­®¬ ¬­®¦¥áâ¢¥ G(s) = fs+ h : g 2 Gg.

�§ (35) ¨ (5) ¯à¨ ª ¦¤®¬ s 2 � ¨¬¥¥¬

kP>g (s+ g)k = kC(s+ g + 0; s)� C(s+ g � 0; s)k �
� kC(s+ g + 0; s)k+ kC(s+ g � 0; s)k � 2Ne�g: (38)

�¨á«® á«®¢ ¤«¨­ë k ¢ ª®¬¬ãâ â¨¢­®© ¯®«ã£àã¯¯¥ G � [0;+1), ¯®à®¦¤¥­­®© ª®­¥ç­ë¬
¬­®¦¥áâ¢®¬ G1 = fg1; : : : ; glg, ­¥ ¯à¥¢®áå®¤¨â �kl�1, � > 0. �¨á«® g, á®®â¢¥âáâ¢ãîé¥¥ á«®¢ã
¤«¨­ë k = 0; 1; : : : , ­¥ ¬¥­ìè¥, ç¥¬ kd, £¤¥ d = minfg : g 2 G1g > 0, ¯®íâ®¬ã ¨§ (38) á«¥¤ã¥â

kP>g (s+ g)k � 2Ne�kd;

X
g2G

kP>g (s+ g)k =
1X
k=1

X
g=g1+���+gk;

gk2G1

kP>g (s+ g)k � 2N�
1X
k=1

kl�1e�kd <1:
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�§ à ¢¥­áâ¢  (29) ¤«ï ¡®à¥«¥¢áª®© ¢¥ªâ®à-äã­ªæ¨¨ v 2 L1[0; b] á«¥¤ã¥â, çâ® ¤«ï ¢á¥å s 2 �
¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 

k(D�bv)(s)k � kv(s)k +
X
g2G

kP>g (s+ g)k � k(S�g;bv)(s)k �

� kv(s)k +
�
sup
s2�

�X
g2G

kP>g (s+ g)k
���

sup
g2G

fk(S�g;bv)(s)kg
�
�

� q �max
n
kv(s)k; sup

g2G
fk(S�g;bv)(s)kg

o
;

£¤¥

q = 1 + sup
s2�

X
g2G

kP>g (s+ g)k:

� ª ª ª � { ¬­®¦¥áâ¢® ¯®«­®© ¬¥àë, â® ®âáî¤  á«¥¤ã¥â ®æ¥­ª 

kD�bvk1;b � qmaxfkvk1;b; sup
g2G

fkS�g;bvk1;bgg � qkvk1;b:

�®£¤ 

kDbk1;b = kD�bk1;b � q:

�¤¥áì ¨ ­¨¦¥ kvk1;b (kQk1;b) | ­®à¬  í«¥¬¥­â  v 2 L1[0; b] (®¯¥à â®à  Q : L1[0; b]! L1[0; b]),
kuk1;b (kPk1;b) | ­®à¬  í«¥¬¥­â  u 2 L1[0; b] (®¯¥à â®à  P : L1[0; b]! L1[0; b]).

�â ª, ¯®«ãç¥­  à ¢­®¬¥à­ ï ¯® b > 0 ®æ¥­ª  ­®à¬ë à §­®áâ­®£® ®¯¥à â®à  Db = (I � Sb)�1 :
L1[0; b] ! L1[0; b]. � ª ï ®æ¥­ª  íª¢¨¢ «¥­â­  ®æ¥­ª¥ (9) ¤«ï ¢á¥å b > 0. � íâ® ¨ ®§­ ç ¥â
ãáâ®©ç¨¢®áâì à §­®áâ­®£® ãà ¢­¥­¨ï (6). �¥®¡å®¤¨¬®áâì ¯¥à¢®£® ãá«®¢¨ï â¥®à¥¬ë ¤®ª § ­ .

� ¤ ç  (15) íª¢¨¢ «¥­â­  ®¯¥à â®à­®¬ã ãà ¢­¥­¨î

(I � S) _x�Rx = f; (39)

£¤¥ ®¯¥à â®àë R; S : L1[0;+1)! L1[0;+1) ®¯à¥¤¥«¥­ë à ¢¥­áâ¢ ¬¨

(Rx)(t) =
X
h2H

Bh(t)(Shx)(t);

(Sz)(t) =
X
g2G1

Ag(t)(Sgz)(t):

�§ ¤®ª § â¥«ìáâ¢  ­¥®¡å®¤¨¬®áâ¨ ¯¥à¢®£® ãá«®¢¨ï â¥®à¥¬ë á«¥¤ã¥â ®¡à â¨¬®áâì ®¯¥à â®à 
I � S, ¯à¨ç¥¬ ¤«ï ®¯¥à â®à  D = (I � S)�1 ¨¬¥¥¬ kDk1;1 � q:

� ª ª ª ¬ âà¨æ -äã­ªæ¨ï �®è¨ ãà ¢­¥­¨ï (1) á®£« á­® «¥¬¬¥ ¨¬¥¥â íªá¯®­¥­æ¨ «ì­ãî
®æ¥­ªã (5), â® á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

kxk1;1 =
Z +1

0






Z t

0

C(t; #)f(#)d#




dt � N

Z +1

0

Z t

0

e�
(t�#)kf(#)kd# dt �

� N

Z +1

0

Z +1

#

e�
(t�#)dtkf(#)kd# � N

Z +1

0

Z +1

0

e�
(t�#)dtkf(#)kd# � N



kfk1;1:

�â ª, ¯à¨ «î¡®© f 2 L1[0;+1) à¥è¥­¨¥ x ãà ¢­¥­¨ï (39) áã¬¬¨àã¥¬® ­  [0;+1).
� ª ª ª _x = D(Rx + f), â® _x 2 L1[0;+1). � ª¨¬ ®¡à §®¬, ¯à¨ «î¡®© f 2 L1[0;+1) ¨¬¥¥¬

x; _x 2 L1[0;+1). � â¥à¬¨­®«®£¨¨ áâ âì¨ [9] íâ® á¢®©áâ¢® ®§­ ç ¥â á¨«ì­ãî L1-ãáâ®©ç¨¢®áâì
ãà ¢­¥­¨ï (39). �¯¥à â®àë R ¨ S ¢¢¨¤ã ãá«®¢¨© ­  ª®íää¨æ¨¥­âë ¨ ®£à ­¨ç¥­­®áâ¨ § ¯ §-
¤ë¢ ­¨© ã¤®¢«¥â¢®àïîâ �L1-ãá«®¢¨î [9] (¨«¨ ãá«®¢¨î íªá¯®­¥­æ¨ «ì­®£® ã¡ë¢ ­¨ï ¯ ¬ïâ¨
([3]{[5], [12], [13], [17], [18]). �ã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  Xs(t) = X(t; s) ãà ¢­¥­¨ï (11) ï¢«ï¥âáï
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([8], £«. 3, x 3.4, á. 62; [14]) à¥è¥­¨¥¬ ¬ âà¨ç­®© § ¤ ç¨ �®è¨ (4) ¨ á®¢¯ ¤ ¥â á äã­¤ ¬¥­â «ì­®©
¬ âà¨æ¥© ãà ¢­¥­¨ï (1).

�®£¤  á®£« á­® â¥®à¥¬¥ 4 áâ âì¨ [9] á¨«ì­ ï L1-ãáâ®©ç¨¢®áâì ¯à¨ ¢ë¯®«­¥­¨¨ �L1-ãá«®¢¨ï
¢«¥ç¥â ¯à¨ ­¥ª®â®àëå ¯®«®¦¨â¥«ì­ëå M ¨ � íªá¯®­¥­æ¨ «ì­ãî ®æ¥­ªã (14) ¤«ï ¬ âà¨æë
X(t; s).

�®áâ â®ç­®áâì. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ®¯¥à â®à (I � S) : L1[0;+1) ! L1[0;+1) ¢®«ì-
â¥àà®¢® ®¡à â¨¬ ¨ äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  X(t; s) ¨¬¥¥â íªá¯®­¥­æ¨ «ì­ãî ®æ¥­ªã (14).

� á¨«ã ¢®«ìâ¥àà®¢®© ®¡à â¨¬®áâ¨ ®¯¥à â®à  (I � S) : L1[0;+1) ! L1[0;+1) à¥è¥­¨¥ x
ãà ¢­¥­¨ï (39) ¯à¨ «î¡®© f 2 L1[0;+1) ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥ [14]

x(t) =
Z t

0

X(t; s)(Df)(s)ds:

�á¯®«ì§ãï ®æ¥­ªã (14) ¤«ï X(t; s) ¨ à ááã¦¤ ï â ª ¦¥, ª ª ¢ ¯. 1, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢ 

kxk1;1 � M

�
kDk1;1 � kfk1;1 � M

�
qkfk1;1:

�â ª, x 2 L1[0;+1) ¯à¨ «î¡®© f 2 L1[0;+1). � «¥¥ ¨§ à ¢¥­áâ¢  _x = D(Rx + f) ¯®«ãç -
¥¬, çâ® _x 2 L1[0;+1). � ª¨¬ ®¡à §®¬, ãà ¢­¥­¨¥ (39) á¨«ì­® L1-ãáâ®©ç¨¢®. �âáî¤  á®£« á­®
â¥®à¥¬¥ 5 ¨§ [9] á«¥¤ã¥â íªá¯®­¥­æ¨ «ì­ ï ®æ¥­ª  (5) ¬ âà¨æë �®è¨ C(t; s) ¨ ¢ á¨«ã «¥¬¬ë |
à ¢­®¬¥à­ ï íªá¯®­¥­æ¨ «ì­ ï ãáâ®©ç¨¢®áâì. �

�¨â¥à âãà 
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