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�â âìï ¯à®¤®«¦ ¥â æ¨ª« à ¡®â ¯® à §¢¨â¨î ª®­áâàãªâ¨¢­®£® ¬¥â®¤  ¢ â¥®à¨¨ äã­ªæ¨®­ «ì-
­®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© [1]{[5]. �¡ê¥ªâ®¬ ­ áâ®ïé¥£® ¨áá«¥¤®¢ ­¨ï ï¢«ï¥âáï «¨­¥©­®¥
¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ á ¯à®¨§¢®«ì­ë¬ ®âª«®­¥­¨¥¬  à£ã¬¥­â .

�ã¤¥â ã¬¥áâ­ë¬ ãª § âì ­  àï¤ à ¡®â § àã¡¥¦­ëå  ¢â®à®¢, ®â­®áïé¨åáï ª íâ®¬ã ­ ¯à -
¢«¥­¨î. � ¡®âë [6], [7] ¯®á¢ïé¥­ë ¯®áâà®¥­¨î ª®­áâàãªâ¨¢­ëå ¬¥â®¤®¢ ¨áá«¥¤®¢ ­¨ï ®¡ëª­®-
¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ¨ ¨­â¥£à «ì­ëå ãà ¢­¥­¨©. � [8] à áá¬ âà¨¢ îâáï ¨­â¥à¢ «ì­ë¥
¬¥â®¤ë  ­ «¨§  ®¯¥à â®à­ëå ãà ¢­¥­¨©. � à ¡®â¥ [9] ¯à¥¤« £ îâáï ª®­áâàãªâ¨¢­ë¥ ¬¥â®¤ë
¨áá«¥¤®¢ ­¨ï à §à¥è¨¬®áâ¨ ­¥«¨­¥©­ëå ªà ¥¢ëå § ¤ ç ¤«ï ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨©.

� ¢¢®¤­®© ç áâ¨ à ¡®âë ¤ ¥âáï ªà âª¨© ®¡§®à ­¥®¡å®¤¨¬ëå á¢¥¤¥­¨© ¨§ â¥®à¨¨ äã­ªæ¨®­ «ì-
­®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. � «¥¥ ®¯¨áë¢ ¥âáï ®¡®á­®¢ ­¨¥ ª®­áâàãªâ¨¢­®£®, ®à¨¥­â¨-
à®¢ ­­®£® ­  ¯à¨¬¥­¥­¨¥ ª®¬¯ìîâ¥à , ¬¥â®¤  ¨áá«¥¤®¢ ­¨ï áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ¤«ï ¤¨ä-
ä¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï á ¯à®¨§¢®«ì­ë¬ ®âª«®­¥­¨¥¬  à£ã¬¥­â . � § ª«îç¥­¨¥ ¯à¨¢®¤¨âáï
¨««îáâà¨àãîé¨© ¯à¨¬¥à.

1. �¡®§­ ç¥­¨ï

�áî¤ã ­¨¦¥: R | ¯à®áâà ­áâ¢® ¢¥é¥áâ¢¥­­ëå ç¨á¥« á ­®à¬®© j � j; L| ¯à®áâà ­áâ¢® áã¬¬¨-
àã¥¬ëå äã­ªæ¨© z : [0; T ] ! R; kzkL =

R T
0 jz(s)jds; L1 | ¯à®áâà ­áâ¢® äã­ªæ¨© z : [0; T ] ! R;

kzkL1 = vrai sup
t2[0;T ]

jz(t)j; D | ¯à®áâà ­áâ¢®  ¡á®«îâ­® ­¥¯à¥àë¢­ëå äã­ªæ¨© x : [0; T ] ! R;

kxkD = jx(0)j + k _xkL; Sh : D ! L { ®¯¥à â®à ¢­ãâà¥­­¥© áã¯¥à¯®§¨æ¨¨:

(Sh)(x) =

8<
:
x[h(t)]; ¥á«¨ h(t) 2 [0; T ];

0; ¥á«¨ h(t) =2 [0; T ];

äã­ªæ¨ï �h ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬

(�h)(t) =

8<
:
0; ¥á«¨ h(t) 2 [0; T ];

�[h(t)]; ¥á«¨ h(t) =2 [0; T ]:

2. �¢¥¤¥­¨¥

�à¨¢¥¤¥¬ ­¥®¡å®¤¨¬ë¥ á¢¥¤¥­¨ï ¨§ â¥®à¨¨ «¨­¥©­ëå äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨© [1].
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� áá¬ âà¨¢ ¥âáï ãà ¢­¥­¨¥

(Lx)(t) = f(t); t 2 [0; T ]; (1)

f 2 L; L : D ! L | «¨­¥©­ë© ®£à ­¨ç¥­­ë© ®¯¥à â®à. �«ï ¢áïª®£® x 2 D ¨¬¥¥â ¬¥áâ®
¯à¥¤áâ ¢«¥­¨¥ x(t) =

R t
0 _x(s)ds+ x(0), ¢ á¨«ã ª®â®à®£® ãà ¢­¥­¨¥ (1) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

(Lx)(t) = (Q _x)(t) +A(t)x(0) = f(t); t 2 [0; T ]; (2)

£¤¥ ®¯¥à â®à Q : L ! L; (Qz)(t) = L
�R (�)

0 _x(s)ds
�
, ­ §ë¢ ¥âáï £« ¢­®© ç áâìî ®¯¥à â®à  L;

A(t) = (Le)(t); e(t) = 1, t 2 [0; t]. �«ï è¨à®ª®£® ª« áá  äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨© ®¯¥à â®à Q äà¥¤£®«ì¬®¢ ¨ ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥ Q = I � K, £¤¥ K : L ! L |
¨­â¥£à «ì­ë© ¢¯®«­¥ ­¥¯à¥àë¢­ë© ®¯¥à â®à: (Kz)(t) =

R T
0 k(t; s)z(s)ds; I | â®¦¤¥áâ¢¥­­ë©

®¯¥à â®à. �à¨¢¥¤¥¬ ¯à¨¬¥àë â ª¨å ãà ¢­¥­¨©.
������ 1. �¡ëª­®¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥

(Lx)(t) � _x(t) + p(t)x(t) = f(t); p 2 L; t 2 [0; T ]:

� íâ®¬ á«ãç ¥ (Kz)(t) = � R t0 p(t)z(s)ds.
������ 2. �¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ á ¯à®¨§¢®«ì­ë¬ ®âª«®­¥­¨¥¬  à£ã¬¥­â 

(Lx)(t) � _x(t) + p(t)x[h(t)] = f(t); t 2 [0; T ];

x(�) = �(�); � =2 [0; T ];
(3)

p; f 2 L, � 2 L1, h : [0; T ] ! R | ¨§¬¥à¨¬ ï äã­ªæ¨ï. � ãç¥â®¬ ®¯à¥¤¥«¥­¨ï ®¯¥à â®à 
¢­ãâà¥­­¥© áã¯¥à¯®§¨æ¨¨ ¨áå®¤­®¥ ãà ¢­¥­¨¥ ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

(Lx)(t) � _x(t) + p(t)(Shx)(t) = f(t)� p(t)�h(t); t 2 [0; T ]:

� íâ®¬ á«ãç ¥ (Kz)(t) = � R T0 p(t)�(t; s)z(s)ds, £¤¥ �(t; s) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®-
¦¥áâ¢  f(t; s) 2 [0; T ]� [0; T ] : 0 � s � h(t) � Tg.

�â¬¥â¨¬, çâ® ¢ ¯à¨¬¥à¥ 1 ®¯¥à â®à Q ®¡à â¨¬,   ¢ ¯à¨¬¥à¥ 2 ®¯¥à â®à Q ­¥ ï¢«ï¥âáï, ¢®®¡é¥
£®¢®àï, ®¡à â¨¬ë¬. �¡à â¨¬®áâì ®¯¥à â®à  Q ¨¬¥¥â ¬¥áâ® ¢ á«ãç ¥ h(t) � t, t 2 [0; T ] (á«ãç ©
§ ¯ §¤ë¢ îé¥£®  à£ã¬¥­â ).

3. �á­®¢­ ï ¨¤¥ï ¨áá«¥¤®¢ ­¨ï

�¡®§­ ç¨¢ z = _x, § ¯¨è¥¬ ãà ¢­¥­¨¥ (3) ¢ ¨­â¥£à «ì­®© ä®à¬¥

z(t)�
Z T

0
k(t; s)z(s)ds = g(t); t 2 [0; T ]; (4)

£¤¥ k(t; s) = �p(t)�(t; s); g(t) = f(t) � p(t)�(t; 0)x(0) � p(t)�h(t). �â® ãà ¢­¥­¨¥ �à¥¤£®«ì¬  2-
£® à®¤  á ¢¯®«­¥ ­¥¯à¥àë¢­ë¬ ®¯¥à â®à®¬ K : L ! L; (Kz)(t) =

R T
0 k(t; s)z(s)ds ([1], c. 141).

� ª ¨§¢¥áâ­®, ï¤à® k(t; s) ¬®¦¥â ¡ëâì á «î¡®© ­ ¯¥à¥¤ § ¤ ­­®© â®ç­®áâìî  ¯¯à®ªá¨¬¨à®¢ ­®
¢ëà®¦¤¥­­ë¬ ï¤à®¬

ka(t; s) =
nX
i=1

ui(t)vi(s); ui 2 L; vi 2 L1; i = 1; : : : ; n: (5)

�ãáâì ¯à¨ íâ®¬ k�KkL!L � �0, £¤¥

(�Kz)(t) =
Z T

0
fk(t; s) � ka(t; s)gz(s)ds:
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� ª ¨§¢¥áâ­® (­ ¯à., [10]), ¤«ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ¢¨¤ 

z(t)�
Z T

0

ka(t; s)z(s)ds = g(t) (6)

®¤­®§­ ç­ ï à §à¥è¨¬®áâì (®¡à â¨¬®áâì ®¯¥à â®à  [I�Ka]) íª¢¨¢ «¥­â­  ®¡à â¨¬®áâ¨ ­¥ª®â®-
à®© ª®­¥ç­®¬¥à­®© ¬ âà¨æë �. �à¥¤¯®«®¦¨¬, çâ® ®¡à â¨¬®áâì ®¯¥à â®à  [I �Ka] ãáâ ­®¢«¥­ 
¨ ¯®áâà®¥­ à¥§®«ì¢¥­â­ë© ®¯¥à â®à Ra = [I �Ka]�1 � I:

(Rag)(t) =
Z T

0
ra(t; s)g(s)ds;

¤ îé¨© ¯à¥¤áâ ¢«¥­¨¥ ¤«ï à¥è¥­¨ï z ãà ¢­¥­¨ï (6),

z(t) = g(t) +
Z T

0

ra(t; s)g(s)ds:

�ãáâì kI +RakL!L � �0. �®£¤  ¯® â¥®à¥¬¥ ®¡ ®¡à â­®¬ ®¯¥à â®à¥ (­ ¯à., [11], á. 99) ¢ á«ãç ¥,
¥á«¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® �0 < 1=�0, ®¯¥à â®à [I �K] â ª¦¥ ®¡à â¨¬.

�®áâà®¥­¨¥ ®¯¥à â®à®¢ [I � Ka], Ra, ¬ âà¨æë �, ª®­áâ ­â �0, �0 ¤«ï ¤¨ää¥à¥­æ¨ «ì­ëå
ãà ¢­¥­¨© c ¯à®¨§¢®«ì­ë¬ ®âª«®­¥­¨¥¬  à£ã¬¥­â  ¨ ï¢«ï¥âáï ¯à¥¤¬¥â®¬ ¤ «ì­¥©è¥£® à áá¬®-
âà¥­¨ï.

4. �¯¨á ­¨¥ ®¡ê¥ªâ  ¨áá«¥¤®¢ ­¨ï

�áá«¥¤ã¥âáï § ¤ ç  �®è¨ ¤«ï ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï á ¯à®¨§¢®«ì­ë¬ ®âª«®­¥­¨¥¬
 à£ã¬¥­â 

(Lx)(t) � _x(t) + p(t)x[h(t)] = f(t); t 2 [0; T ];

x(�) = 0; � =2 [0; T ]; x(0) = �:
(7)

�¤¥áì p; f 2 L; h | ªãá®ç­®-­¥¯à¥àë¢­ ï äã­ªæ¨ï, â®çª¨ à §àë¢  ª®â®à®© ä¨ªá¨à®¢ ­ë, ¨å
ç¨á«® ª®­¥ç­®, ¤®¯ãáª îâáï â®«ìª® à §àë¢ë 1-£® à®¤ ; � 2 R. �®â ä ªâ, çâ® ¢ § ¤ ç¥ (7)
¤«ï ã¯à®é¥­¨ï ¢ëª« ¤®ª ¢§ïâ  ­ã«¥¢ ï ­ ç «ì­ ï äã­ªæ¨ï (�(�) � 0), ­¥ ã¬¥­ìè ¥â ®¡é­®-
áâ¨ ¯®«ãç ¥¬®£® à¥§ã«ìâ â , â. ª. ®¡à â¨¬®áâì £« ¢­®© ç áâ¨ ¨áá«¥¤ã¥¬®£® ¤¨ää¥à¥­æ¨ «ì­®£®
®¯¥à â®à  ­¥ § ¢¨á¨â ®â ¢¨¤  ­ ç «ì­®© äã­ªæ¨¨. � ¯¨è¥¬ § ¤ çã (7) ¢ ¨­â¥£à «ì­®© ä®à¬¥

z(t)�
Z T

0

�p(t)�(t; s)z(s)ds = g(t); t 2 [0; T ]: (8)

�¤¥áì g(t) = f(t)� p(t)�(t; 0)�.

5. �å¥¬  ¨áá«¥¤®¢ ­¨ï à §à¥è¨¬®áâ¨ § ¤ ç¨ (7)

� «¥¥ ¯®íâ ¯­® ®¯¨áë¢ ¥âáï ª®­áâàãªâ¨¢­ ï áå¥¬  ¨áá«¥¤®¢ ­¨ï à §à¥è¨¬®áâ¨ § ¤ ç¨ �®-
è¨ (7).

5.1. �¯¯à®ªá¨¬ æ¨ï ¨áå®¤­®© § ¤ ç¨. �ãáâì �1; : : : ; �n� | â®çª¨ à §àë¢  äã­ªæ¨¨ h ¨ ª®à­¨
ãà ¢­¥­¨© h(t) = 0; h(t) = T ; t 2 [0; T ]; ¨ ¯ãáâì � r1 ; : : : ; �

r
nr�

| à æ¨®­ «ì­ë¥ ¨§ íâ¨å â®ç¥ª.
�¯à¥¤¥«¨¬ ª®­áâ ­âã � = ���(T; � r1 ; : : : ; �

r
nr�
)10�� (� > 0). �¯à¥¤¥«¨¬ n = T=� ¨ ¯®áâà®¨¬

á¨áâ¥¬ã â®ç¥ª ti = i � �; i = 0; : : : ; n; ®¡®§­ ç¨¬ Bi = [ti�1; ti), i = 1; : : : ; n� 1; Bn = [tn�1; T ]; �i(�)
| å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  Bi; i = 0; : : : ; n. � à ¬¥âà � ¢ë¡¨à ¥âáï ¨§ ãá«®¢¨ï
¬¨­¨¬¨§ æ¨¨ ®è¨¡ª¨  ¯¯à®ªá¨¬ æ¨¨,   â ª¦¥ ¥£® §­ ç¥­¨¥ ¤®«¦­® ¡ëâì â ª¨¬, çâ®¡ë ª ¦¤®¥
¨§ ¬­®¦¥áâ¢ Bj «¨¡® ­¥ á®¤¥à¦ «® ¨àà æ¨®­ «ì­ëå â®ç¥ª �i, «¨¡® á®¤¥à¦ «® â®«ìª® ®¤­ã ¨§
­¨å.
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� ä¨ªá¨àã¥¬ i = 1; : : : ; n; t 2 Bi; äã­ªæ¨ï h(�)  ¯¯à®ªá¨¬¨àã¥âáï à æ¨®­ «ì­®© ª®­áâ ­â®©
hai á ®æ¥­ª®© ¯®£à¥è­®áâ¨ h

v
i � jh(t)�hai j; äã­ªæ¨ï p(�)  ¯¯à®ªá¨¬¨àã¥âáï ¬­®£®ç«¥­®¬ á à æ¨-

®­ «ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨ pai (�) c ®æ¥­ª®© ¯®£à¥è­®áâ¨ pvi �
R ti
ti�1

jp(s)�pai (s)jds; äã­ªæ¨ï f(�)
 ¯¯à®ªá¨¬¨àã¥âáï ¬­®£®ç«¥­®¬ á à æ¨®­ «ì­ë¬¨ ª®íää¨æ¨¥­â ¬¨ fai (�) c ®æ¥­ª®© ¯®£à¥è­®-
áâ¨ f vi �

R ti
ti�1

jf(s)�fai (s)jds; ª®­áâ ­â  � ¯à¨¡«¨¦ ¥âáï à æ¨®­ «ì­®© ª®­áâ ­â®© �a á ®æ¥­ª®©
¯®£à¥è­®áâ¨ �v � j�� �aj. �¡®§­ ç¨¬

pa(t) =
nX
i=1

�i(t)p
a
i (t); fa(t) =

nX
i=1

�i(t)f
a
i (t); ha(t) =

nX
i=1

�i(t)h
a
i :

� ¯¨è¥¬  ¯¯à®ªá¨¬¨àãîéãî (7) § ¤ çã �®è¨

(Lax)(t) � _x(t) + pa(t)x[ha(t)] = fa(t); t 2 [0; T ];

x(�) = 0; � =2 [0; T ]; x(0) = �a;
(9)

¨«¨ ¢ ¨­â¥£à «ì­®© ä®à¬¥

z(t)�
Z T

0

�pa(t)�a(t; s)z(s)ds = ga(t); t 2 [0; T ]; (10)

£¤¥ �a(t; s) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  f(t; s) 2 [0; T ]�[0; T ] : 0 � s � ha(t) � Tg;
ga(t) = fa(t) � pa(t)�a(t; 0)�a. �¯à¥¤¥«¨¬ ka(t; s) = �pa(t)�a(t; s). � á¨«ã ®¯à¥¤¥«¥­¨ï ka(t; s) |
¢ëà®¦¤¥­­®¥ ï¤à® ¢¨¤  (5), £¤¥

ui(t) = ��i(t)pai (t); vi(s) = �[0;sns
i
](s); (11)

sns
i
=

8<
:
hai ; hai 2 [0; T ];

0; hai =2 [0; T ];
�[0;� ](�) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ®âà¥§ª  [0; � ].

5.2. �¥è¥­¨¥ ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï (10) ¨ ¯®áâà®¥­¨¥ à¥§®«ì¢¥­â­®£® ®¯¥à â®à . �«¥¤ãï
¨§¢¥áâ­®© ¬¥â®¤¨ª¥ [10], à¥è¥­¨¥ za ãà ¢­¥­¨ï (10) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

za(t) =
nX
i=1

ui(t)
i + ga(t):

�¤¥áì n-¢¥ªâ®à 
 = colf
1; : : : ; 
ng ¥áâì à¥è¥­¨¥ á¨áâ¥¬ë  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

�
 = �; (12)

£¤¥ � = colf�1; : : : ; �ng; �i =
R T
0 vi(s)ga(s)ds, i = 1; : : : ; n; � = f�ijgni;j=1; �ij = �ij �

R T
0 uj(s)vi(s)ds;

�ij | á¨¬¢®« �à®­¥ª¥à .
�ãáâì ¬ âà¨æ  � ®¡à â¨¬  ¨ ¬ âà¨æ  M = ��1; M = fmijgni;j=1. �®£¤  
i =

Pn
j=1mij�j ¨

za(t) = [(I �Ka)
�1ga](t) = [(I +Ra)ga](t);

£¤¥

(Raga)(t) =
Z T

0

ra(t; s)ga(s)ds; ra(t; s) = �
nX
i=1

nX
j=1

ui(t)vj(s)mij :

5.3. �®áâà®¥­¨¥ ®æ¥­®ª ­®à¬ ®¯¥à â®à®¢ �KL!L, [I+Ra]L!L. �«ï ®æ¥­ª¨ ­®à¬ë ¨­â¥£à «ì-
­®£® ®¯¥à â®à  K : L! L ¢®á¯®«ì§ã¥¬áï ¨§¢¥áâ­ë¬ á®®â­®è¥­¨¥¬ ([10], c. 107)

kKkL!L = vraimax
s

Z T

0
jk(t; s)jdt:
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� «¥¥ ¨¬¥¥¬

kRakL!L = vraimax
s

Z T

0

jra(t; s)jdt �

� vraimax
s

nX
j=1

vj(s)
nX
i=1

Z ti

ti�1

jmijp
a
i (t)jdt �

� vraimax
s

nX
j=1

vj(s) ~mj ;

£¤¥ à æ¨®­ «ì­ ï ª®­áâ ­â  ~mj ®¯à¥¤¥«ï¥âáï ­¥à ¢¥­áâ¢®¬

~mj �
nX
i=1

jmij j
p
�

�Z ti

ti�1

jpai (t)j2dt
�1=2

:

�ª®­ç â¥«ì­® ¯®«ãç ¥¬

kI +RakL!L � 1 + �0; �0 =
nX

j=1

~mj : (13)

�®à¬  ®¯¥à â®à  �K : L! L,

(�Kz)(t) =
Z T

0

[p(t)�(t; s)� pa(t)�a(t; s)]z(s)ds;

®¯à¥¤¥«¨âáï  ­ «®£¨ç­ë¬ ®¡à §®¬

k�KkL!L = vraimax
s

Z T

0
jp(t)�(t; s)� pa(t)�a(t; s)jdt:

�®íâ®¬ã

k�KkL!L = vraimax
s

�Z T

0

jpa(t)j j�(t; s) � �a(t; s)jdt+
Z T

0

jp(t)� pa(t)j�(t; s)dt
�
: (14)

�ãáâì t 2 Bi, i = 1; : : : ; n. �¯à¥¤¥«¨¬ ª®­áâ ­âë

di = max f0; hai � hvi g ; �di = min fT; hai + hvi g :
�¯à ¢¥¤«¨¢ë ®æ¥­ª¨

j�(t; s)� �a(t; s)j � �[d
i
; �di](s)�i(t); �(t; s) � �[0; �di](s)�i(t):

� ãç¥â®¬ ¯®á«¥¤­¨å ­¥à ¢¥­áâ¢ ¯à®¤®«¦¨¬ ®æ¥­ªã (14)

k�KkL!L � vraimax
s

� nX
i=1

Z ti

ti�1

jpa(t)jdt �[d
i
; �di](s) +

nX
i=1

Z ti

ti�1

jp(t)� pa(t)jdt �[0; �di](s)
�
� �0;

£¤¥ à æ¨®­ «ì­ ï ª®­áâ ­â  �0 ®¯à¥¤¥«ï¥âáï ­¥à ¢¥­áâ¢®¬

�0 �
nX
i=1

pvi +max
j

�
pN
qj
1

+ � � �+ pN
qjnj

	
: (15)

�¤¥áì pN� � p
�
�R t�

t��1
jpai (t)j2dt

�1=2
,   ¬ ªá¨¬ã¬ ¨é¥âáï ¯® ¢á¥¬ j, ¤«ï ª®â®àëå mesSj 6= 0, £¤¥

Sj =
n
[dqj

1

; �dqj
1

] \ : : : \ [dqjnj ; �dqjnj ]
o
.
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5.4. �à®¢¥àª  ãá«®¢¨ï à §à¥è¨¬®áâ¨. �®áâà®¥­¨¥ ®æ¥­ª¨ ¯®£à¥è­®áâ¨ à¥è¥­¨ï. �ë¯®«­¥-
­¨¥ ãá«®¢¨ï

�0 <
1

1 + �0
(16)

®¡¥á¯¥ç¨¢ ¥â ®¤­®§­ ç­ãî ¢áî¤ã à §à¥è¨¬®áâì ¨áá«¥¤ã¥¬®© § ¤ ç¨ (7). �à®¬¥ â®£®, ¨¬¥îâ
¬¥áâ® ®æ¥­ª¨

kI +RkL!L � 1 + �0 +
�0(1 + �0)2

1� �0(1 + �0)
;

kz � zakL � �0(1 + �0)2

1� �0(1 + �0)
(gN + gv) + (1 + �0)gv ;

(17)

£¤¥ [I +R] = [I �K]�1; z | à¥è¥­¨¥ ãà ¢­¥­¨ï (8); ª®­áâ ­âë gN ¨ gv ®¯à¥¤¥«ïîâáï ­¥à ¢¥­-
áâ¢ ¬¨

gN �
Z T

0

jga(t)jdt; gv �
Z T

0

jg(t) � ga(t)jdt:

� ¬¥ç ­¨¥. �ãáâì § ¤ ç  (7) ®¤­®§­ ç­® ¢áî¤ã à §à¥è¨¬ . �®£¤  ¢ á¨«ã á¤¥« ­­ëå ¯à¥¤-
¯®«®¦¥­¨© ® ¯ à ¬¥âà å § ¤ ç¨ (7) ¢á¥£¤  ¬®¦­® ¯®áâà®¨âì á¨áâ¥¬ã äã­ªæ¨© ¢¨¤  (11) â ªãî,
çâ® ¬ âà¨æ  � á¨áâ¥¬ë (12) ¡ã¤¥â ®¡à â¨¬ ,   ª®­áâ ­âë �0 ¨ �0, ®¯à¥¤¥«ï¥¬ë¥ á®®â­®è¥­¨ï¬¨
(15) ¨ (13) á®®â¢¥âáâ¢¥­­®, ¡ã¤ãâ ã¤®¢«¥â¢®àïâì ­¥à ¢¥­áâ¢ã (16).

6. �««îáâà¨àãîé¨© ¯à¨¬¥à

�à¥¤«®¦¥­­ë© ¢ëè¥ ¬¥â®¤ ¨áá«¥¤®¢ ­¨ï ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ § ¤ ç¨ ¢¨¤  (7) ¡ë«
à¥ «¨§®¢ ­ áà¥¤áâ¢ ¬¨ á¨áâ¥¬ë MAPLE. � ¯®¬®éìî à §à ¡®â ­­®© ¯à®£à ¬¬ë, ¢ ç áâ­®áâ¨,
¡ë« ¯à®¢¥¤¥­  ­ «¨§ ¬®¤¥«ì­®£® ¯à¨¬¥à 

_x(t) + p(t)x[h(t)] = t2; t 2 [0; 1];

x(�) = 0; � =2 [0; 1];
(18)

p(t) =

8>><
>>:
2t; t 2 [0; 0:3);

t=4; t 2 [0:3; 0:7);

2t; t 2 [0:7; 1];

h(t) =

8>><
>>:
0:65; t 2 [0; 0:3);

1� t; t 2 [0:3; 0:7);

0:8; t 2 [0:7; 1]:

�ë«® ¤®áâ®¢¥à­® ¯®ª § ­®, çâ® § ¤ ç  (18) ®¤­®§­ ç­® ¢áî¤ã à §à¥è¨¬ , ¯à¨ íâ®¬ ¡ë«¨ ¯®«ã-
ç¥­ë ®æ¥­ª¨

�0 � 0:0008; �0 � 0:8025;
1

1 + �0
� 0:5547;

kI +RkL!L � 1:805; kz � zakL � 0:009; kzkL � 0:7831:

�¨â¥à âãà 
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