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1. �¢¥¤¥¨¥

�à¥®¡à §®¢ ¨ï �íª«ã¤  ï¢«ïîâáï ®¤¨¬ ¨§ ®á®¢ëå ¬¥â®¤®¢ ¯®áâà®¥¨ï á®«¨â®ëå à¥-
è¥¨© ¥«¨¥©ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. � ç¨ ï á 1880 £.,   ¯à®âï¦¥¨¨ ¯®çâ¨ áâ 
«¥â ¯à¥®¡à §®¢ ¨ï �íª«ã¤  à áá¬ âà¨¢ «¨áì «¨èì ª ª ®à¨£¨ «ìë©, ® ¢¬¥áâ¥ á â¥¬ ¨áªãá-
áâ¢¥ë© ¯à¨¥¬ ¨â¥£à¨à®¢ ¨ï ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©. �¤ ª® ¢ ª®æ¥ 20-£® áâ®«¥â¨ï
¢ëïá¨«®áì, çâ® ®â®¡à ¦¥¨ï �íª«ã¤  (¯à¥®¡à §®¢ ¨ï �íª«ã¤  | íâ® ç áâë© á«ãç © ®â®-
¡à ¦¥¨© �íª«ã¤ ) ¯à¥¤áâ ¢«ïîâ á®¡®© ¥ ¯à®áâ® ¯à ªâ¨ç¥áª¨© ¯à¨¥¬, ® ¢¥áì¬  £«ã¡®ª®¥
¨ á®¤¥à¦ â¥«ì®¥ ¯®ïâ¨¥, á¢ï§ ®¥ ¥ â®«ìª® á ¤¨ää¥à¥æ¨ «ìë¬¨ ãà ¢¥¨ï¬¨, ® ¯à¥-
¦¤¥ ¢á¥£® á £¥®¬¥âà¨¥©. �§ãç¥¨¥ ¯à¨à®¤ë ®â®¡à ¦¥¨© �íª«ã¤  ®âªàë¢ ¥â ¬®£®®¡¥é îé¨¥
¯¥àá¯¥ªâ¨¢ë ¨áá«¥¤®¢ ¨ï.

�à ¤¨æ¨®® ¯®ïâ¨¥ ®â®¡à ¦¥¨ï �íª«ã¤  âà ªâãîâ á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì ¤ ®
¤¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥, á¢ï§ë¢ îé¥¥ n  à£ã¬¥â®¢ xi (i; j; : : : = 1; : : : ; n), ¥¨§¢¥áâãî
äãªæ¨î z ¨ ¥¥ ç áâë¥ ¯à®¨§¢®¤ë¥ zj ; zkl; : : :

F (xi; z; zj ; zkl; : : :) = 0: (1)

�â®¡à ¦¥¨¥¬ �íª«ã¤  ¤«ï ãà ¢¥¨ï (1) ®¡ëç®  §ë¢ îâ á¨áâ¥¬ã

	�(xi; z; y; zk; yl; : : :) = 0; (2)

ª®â®à ï   à¥è¥¨ïå z = z(x1; : : : ; xn) ãà ¢¥¨ï (1) (¨ â®«ìª®   à¥è¥¨ïå) ¯à¥¢à é ¥âáï
¢® ¢¯®«¥ ¨â¥£à¨àã¥¬ãî á¨áâ¥¬ã ãà ¢¥¨© ®â®á¨â¥«ì® ¥¨§¢¥áâ®© äãªæ¨¨ y; §¤¥áì � |
¨¤¥ªá, ¯à®¡¥£ îé¨© ¥ª®â®àãî á®¢®ªã¯®áâì § ç¥¨©. �á«¨ ¯à¨ íâ®¬ ª ¦¤®¥ ¨§ à¥è¥¨©
ãà ¢¥¨ï (2) (¯à¨ z = z(x1; : : : ; xn)) ï¢«ï¥âáï ®¤®¢à¥¬¥® à¥è¥¨¥¬ ¤¨ää¥à¥æ¨ «ì®£®
ãà ¢¥¨ï

�(xi; y; yj ; ykl; : : :) = 0; (3)

â® ®â®¡à ¦¥¨¥ �íª«ã¤   §ë¢ îâ ¯à¥®¡à §®¢ ¨¥¬ �íª«ã¤  ãà ¢¥¨ï (1) ¢ ãà ¢¥¨¥ (3)
(¨®£¤ , ®¯à¥¤¥«ïï ¯à¥®¡à §®¢ ¨¥ �íª«ã¤ , ¤®¯®«¨â¥«ì® âà¥¡ãîâ, çâ®¡ë ®® ¡ë«® ª ª ¯à¥-
®¡à §®¢ ¨¥¬ à¥è¥¨© ãà ¢¥¨ï (1) ¢ à¥è¥¨ï ãà ¢¥¨ï (3), â ª ¨ ¯à¥®¡à §®¢ ¨¥¬ à¥è¥¨©
ãà ¢¥¨ï (3) ¢ à¥è¥¨ï ãà ¢¥¨ï (1)). �¤ ª® â ª®¥, âà ¤¨æ¨®®¥, ®¯à¥¤¥«¥¨¥ ¯®ïâ¨ï
®â®¡à ¦¥¨ï �íª«ã¤  ¥ ï¢«ï¥âáï ¨¢ à¨ âë¬.

�â®¡à ¦¥¨ï¬ �íª«ã¤  ¬®¦® ¤ âì ¨¢ à¨ âãî âà ªâ®¢ªã, ¥á«¨ ¨â¥à¯à¥â¨à®¢ âì ¨å
£¥®¬¥âà¨ç¥áª¨. � ¤ ®© à ¡®â¥ ¯®áâà®¥  ¨¢ à¨ â ï â¥®à¨ï ®â®¡à ¦¥¨© �íª«ã¤  ¤«ï
í¢®«îæ¨®ëå ãà ¢¥¨© 2-£® ¯®àï¤ª 

zt � f(t; xi; z; zj ; zkl) = 0: (4)
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� íâ®© â¥®à¨¨ ®á®¢ë¬ ¯®ïâ¨¥¬ ï¢«ï¥âáï ¯®ïâ¨¥ á¢ï§®áâ¨ ¢ à áá«®¥®¬ ¬®£®®¡à -
§¨¨. �à¨ íâ®¬ á¨áâ¥¬ â¨ç¥áª¨ ¨á¯®«ì§ã¥âáï ¨¢ à¨ âë©   «¨â¨ç¥áª¨© ¬¥â®¤ �.� àâ  {
�.�.� ¯â¥¢  (á¬. [1],   â ª¦¥ ®á®¢®¯®« £ îé¨¥ à ¡®âë �.�.� ¯â¥¢  [2]{[6]). �¥à¥¬¥ë¥ t,
x1; : : : ; xn, z à áá¬ âà¨¢ îâáï ª ª  ¤ ¯â¨à®¢ ë¥ «®ª «ìë¥ ª®®à¤¨ âë (n+ 2)-¬¥à®£® à á-
á«®¥¨ï ®¡é¥£® â¨¯  E á à áá«®¥®© (n+ 1)-¬¥à®© ¡ §®©, «®ª «ìë¬¨ ª®®à¤¨ â ¬¨ ª®â®à®©
á«ã¦ â ¯¥à¥¬¥ë¥ t, x1; : : : ; xn. �®¯ãáâ¨¬ë¬¨ ¯à¥®¡à §®¢ ¨ï¬¨ «®ª «ìëå ª®®à¤¨ â ï¢«ï-
îâáï ¥¢ëà®¦¤¥ë¥ ¯à¥®¡à §®¢ ¨ï

et = '0(t); exi = 'i(t; x1; : : : ; xn); ez = 'n+1(t; x1; : : : ; xn; z): (5)

�à¨ â ª¨å ¯à¥®¡à §®¢ ¨ïå í¢®«îæ¨®®¥ ãà ¢¥¨¥ ®áâ ¥âáï í¢®«îæ¨®ë¬ (á®åà ï¥â ¢¨¤
(4)).

� x 2 à áá¬ âà¨¢ îâáï á¯¥æ¨ «ìë¥ á¢ï§®áâ¨ ¢ £« ¢ëå à áá«®¥¨ïå R�E ¨
_

R�E (ä ª-

â®à¬®£®®¡à §¨ï à áá«®¥¨ï à¥¯¥à®¢ R1E). �¨ ¨¬¥îâ ®¡éãî ¡ §ã
�

J1E (ä ªâ®à¬®£®®¡à §¨¥
¬®£®®¡à §¨ï áâàã© 1-£® ¯®àï¤ª ). �å áâàãªâãàë¬¨ £àã¯¯ ¬¨ ï¢«ïîâáï á®®â¢¥âáâ¢¥® £àã¯-
¯ë GL(n+ 1) (¯®¤£àã¯¯  £àã¯¯ë GL(n+ 1)) ¨ GL(n+ 1) (¯®¤£àã¯¯  £àã¯¯ë GL(n+ 1)). � â¥¬
¢¢®¤¨âáï ¯®ïâ¨¥ á¢ï§®áâ¨ �íª«ã¤ , á®®â¢¥âáâ¢ãîé¥© § ¤ ®¬ã í¢®«îæ¨®®¬ã ãà ¢¥¨î
(4).

�¢ï§®áâì �íª«ã¤  | íâ® á¢ï§®áâì ¢  áá®æ¨¨à®¢ ®¬ à áá«®¥¨¨ á ®¤®¬¥àë¬ â¨¯®¢ë¬

á«®¥¬ F (
_

R�E) (dimF = 1), ¯®à®¦¤¥ ï á¯¥æ¨ «ì®© á¢ï§®áâìî ¢
_

R�E, ®¯à¥¤¥«ïîé¥© ¯à¥¤-
áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï (4). � ¬¥â¨¬, çâ® ¯à¨ n = 1 à áá«®¥¨¥ F (R�E)

(dimF = 1) ¥ áãé¥áâ¢ã¥â, ® áãé¥áâ¢ã¥â à áá«®¥¨¥ F (
_

R�E) (dimF = 1).
� ¯®¬¨¬, çâ® á¢ï§®áâì ¢ £« ¢®¬ à áá«®¥¨¨ P (B;G) á ¡ §®© B ¨ áâàãªâãà®© £àã¯¯®©

G  §ë¢ ¥âáï á¢ï§®áâìî, ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ¤¨ää¥à¥æ¨-
 «ì®£® ãà ¢¥¨ï (1), ¥á«¨ ¥¥ ä®à¬ë ªà¨¢¨§ë ®¡à é îâáï ¢ ã«ì   à¥è¥¨ïå (â®ç¥¥,  
á®®â¢¥âáâ¢ãîé¨å ¯®¤ïâ¨ïå à¥è¥¨©) ¨ â®«ìª®   à¥è¥¨ïå. �¥¬ ¦¥ á¢®©áâ¢®¬ ®¡« ¤ ¥â ¨
á¢ï§®áâì ¢  áá®æ¨¨à®¢ ®¬ à áá«®¥¨¨ F (P (B;G)), ¯®à®¦¤¥ ï á¢ï§®áâìî ¢ P (B;G), ®¯à¥-
¤¥«ïîé¥© ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë, â. ª. ä®à¬ë ªà¨¢¨§ë ¢ F (P (B;G)) ¨¬¥îâ ¢¨¤ (á¬.,
 ¯à., [1] ¨«¨ ¦¥ [2]{[6])

e�I = dY I � �IA(Y
1; : : : ; Y N)e!A; (6)

£¤¥ I; J;K; : : : = 1; : : : ; N (N = dimF ), ¨ ã¤®¢«¥â¢®àïîâ áâàãªâãàë¬ ãà ¢¥¨ï¬

de�I = e�K ^

�
�
@�IA
@Y K

e!A�� �IA

A:

�¤¥áì e!A | ä®à¬ë á¯¥æ¨ «ì®© á¢ï§®áâ¨ ¢ P (B;G) (A;B;C; : : : = 1; : : : ; N); 
A | ä®à¬ë
ªà¨¢¨§ë, á®®â¢¥âáâ¢ãîé¨¥ á¯¥æ¨ «ì®© á¢ï§®áâ¨; äãªæ¨¨ �IA (Y 1; : : : ; Y N) ã¤®¢«¥â¢®àïîâ
â®¦¤¥áâ¢ ¬ �¨

@�IB
@Y K

�KC �
@�IC
@Y K

�KB = �IAC
A
BC; (7)

£¤¥ CA
BC | áâàãªâãàë¥ ª®áâ âë £àã¯¯ë G. � á«ãç ¥, ª®£¤  dimF = 1, á¨áâ¥¬  ä®à¬ á¢ï§-

®áâ¨ ¢ F (P (B;G)) á®áâ®¨â ¨§ ®¤®© ä®à¬ë

e� = dY � �A(Y )e!A: (8)

�¥ á®®â®è¥¨ï, ª®â®àë¥ âà ¤¨æ¨®® ®¡®§ ç îâ â¥à¬¨®¬ \®â®¡à ¦¥¨¥ �íª«ã¤ " (á®-
®â®è¥¨ï (2)), ¯à¥¤áâ ¢«ïîâ á®¡®© ¥ çâ® ¨®¥, ª ª á¨áâ¥¬ã ãà ¢¥¨© á ç áâë¬¨ ¯à®¨§¢®¤-
ë¬¨, íª¢¨¢ «¥âãî ¯à¨ á¯¥æ¨ «ì®¬ ¢ë¡®à¥ £« ¢ëå ä®à¬ ¢¯®«¥ ¨â¥£à¨àã¥¬®¬ã ãà ¢¥-
¨î �ä ää  e�

�
= 0;
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£¤¥ e�
�
| ä®à¬  á¢ï§®áâ¨ �íª«ã¤ , à áá¬ âà¨¢ ¥¬ ï  ¤ à¥è¥¨¥¬ � � E ãà ¢¥¨ï (4). �ë-

ïá¨«®áì, çâ® íâ  á¨áâ¥¬  (ãá«®¢¨¬áï  §ë¢ âì ¥¥ á¨áâ¥¬®© �íª«ã¤ ) ®âî¤ì ¥ ¯à®¨§¢®«ì ,
® ¨¬¥¥â ¢¥áì¬  á¯¥æ¨ «ìë© ¢¨¤. �à¨ n = 1, â. ¥. ¤«ï í¢®«îæ¨®®£® ãà ¢¥¨ï

zt � f(t; x; z; zx; zxx) = 0 (9)

á¨áâ¥¬ã �íª«ã¤  ¬®¦® § ¯¨á âì á«¥¤ãîé¨¬ ®¡à §®¬ (â¥®à¥¬  2.1):

yt = �yg101 + 100;

yx = �y111 + 101;
(10)

£¤¥ 100, 
1
01, g

1
01, 

1
11 | ª®íää¨æ¨¥âë á¯¥æ¨ «ì®© á¢ï§®áâ¨ ¢

_

R�E (n = 1), ®¯à¥¤¥«ïîé¥©
¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë, à áá¬ âà¨¢ ¥¬ë¥  ¤ ¯®¤ïâë¬ á¥ç¥¨¥¬ �1 � J1E (®¨
§ ¢¨áïâ ®â t, x, z, zx).

� ¬¥ç ¨¥ 1.1. �§« £ ¥¬ ï ¢ ¤ ®© áâ âì¥ £¥®¬¥âà¨ç¥áª ï â¥®à¨ï ®â®¡à ¦¥¨© �íª«ã-
¤  ¤«ï í¢®«îæ¨®ëå ãà ¢¥¨© 2-£® ¯®àï¤ª    «®£¨ç  ¯®áâà®¥®©  ¬¨ à ¥¥ ¢ [7]{[11]
â¥®à¨¨ ®â®¡à ¦¥¨© �íª«ã¤  ¤«ï ãà ¢¥¨© ®¡é¥£® ¢¨¤  (¥í¢®«îæ¨®ëå). � ®¡®¨å á«ãç ïå
®â®¡à ¦¥¨¥ �íª«ã¤  ®¯à¥¤¥«ï¥âáï § ¤ ¨¥¬ á¢ï§®áâ¨ �íª«ã¤ , ¯®à®¦¤¥®© á¯¥æ¨ «ì®©

á¢ï§®áâìî ¢
_

R�E, ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë. �¤ ª® à áá«®¥¨¥
_

R�E ¢
á«ãç ¥ í¢®«îæ¨®®£® ãà ¢¥¨ï ¢ë¡¨à ¥âáï ¨ ç¥, ç¥¬ ¢ á«ãç ¥ ãà ¢¥¨ï ®¡é¥£® ¢¨¤  (ª®£¤ 
¥ ¢ë¤¥«ï¥âáï ¯à¨¢¨«¥£¨à®¢ ë©  à£ã¬¥â t | \¢à¥¬ï"). � ç áâ®áâ¨, áâàãªâãà ï £àã¯¯ 

à áá«®¥¨ï
_

R�E ¢ á«ãç ¥ í¢®«îæ¨®®£® ãà ¢¥¨ï (£àã¯¯  GL(n+ 1)) ¨ áâàãªâãà ï £àã¯¯ 

à áá«®¥¨ï
_

R�E ¢ á«ãç ¥ ãà ¢¥¨ï ®¡é¥£® ¢¨¤  (£àã¯¯  SL(n)) à §«¨çë. �á«¥¤áâ¢¨¥ íâ®£®
®â®¡à ¦¥¨¥ (á¨áâ¥¬ ) �íª«ã¤  ¤«ï í¢®«îæ¨®®£® ãà ¢¥¨ï (9) ¨ ®â®¡à ¦¥¨¥ (á¨áâ¥¬ )
�íª«ã¤  ¤«ï ãà ¢¥¨ï 2-£® ¯®àï¤ª  ®¡é¥£® ¢¨¤ 

F (xi; z; zj ; zkl) = 0 (i; j; : : : = 1; 2) (11)

¨¬¥îâ à §«¨çë© ¢¨¤. �«ï ãà ¢¥¨ï (9) ®® ¨¬¥¥â ¢¨¤ (10),   ¤«ï ãà ¢¥¨ï (11) ¥£® ¬®¦®
¯® ¦¥« ¨î § ¯¨á âì ¢ ®¤®¬ ¨§ á«¥¤ãîé¨å ¢¨¤®¢ [8], [9], [11]:

yi = �i + Cey�12i �
1
C
e�y�21i (C = const; C 6= 0);

ui = ��21i + u�i + u2�12i;

Xi = �12i � �21i � sinX�i � cosX(�12i + �21i);

£¤¥ �1;�2;�ijk (i 6= j) | ª®¬¯®¥âë á¯¥æ¨ «ì®© á¢ï§®áâ¨ ¢
_

R�E, ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥¨¥
ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï (11).

� x 3 ¢ë¢¥¤¥ë ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï ®â®¡à ¦¥¨© �íª«ã¤  ¤«ï í¢®«îæ¨®®£® ãà ¢¥-
¨ï 2-£® ¯®àï¤ª  á ®¤®© ¯à®áâà áâ¢¥®© ¯¥à¥¬¥®©, â. ¥. ¤«ï ãà ¢¥¨ï (9). � ª ¢ëïá¨«®áì
(â¥®à¥¬a 3.1), ¤«ï â®£® çâ®¡ë â ª®¥ ãà ¢¥¨¥ ¤®¯ãáª «® ®â®¡à ¦¥¨¥ �íª«ã¤ , ¥®¡å®¤¨¬®,
çâ®¡ë ®® ¨¬¥«® ¢¨¤

zt � L(t; x; z; zx)zxx �M(t; z; zx) = 0: (12)

�á«¨ ¯à¨ íâ®¬ ª®íää¨æ¨¥âë 100, 
1
01, g

1
01, 

1
11 á¨áâ¥¬ë �íª«ã¤  (10) § ¢¨áïâ â®«ìª® ®â z ¨ zx,

â® ãà ¢¥¨¥ (12) ¨¬¥¥â á«¥¤ãîé¨© ¢¨¤ (á¬. § ¬¥ç ¨¥ 3.1):

zt � L(z; zx)zxx �M(z; zx) = 0: (13)
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�à®¬¥ â®£®, ¢ íâ®¬ á«ãç ¥ 111 ¨ 
1
01 ï¢«ïîâáï äãªæ¨ï¬¨ ®¤®© ¯¥à¥¬¥®© z, ¨, á«¥¤®¢ â¥«ì®,

yt = �yg101(z; zx) + 100(z; zx);

yx = �y111(z) + 101(z):
(14)

� áâë¬ á«ãç ¥¬ ãà ¢¥¨© ¢¨¤  (13) ï¢«ïîâáï ãà ¢¥¨ï

zt � zxx �M(z; zx) = 0: (15)

�à ¢¥¨¥ (15) ¤®¯ãáª ¥â ¯à¥®¡à §®¢ ¨ï �íª«ã¤  á ª®íää¨æ¨¥â ¬¨ 100, 
1
01, g

1
01, 

1
11,

§ ¢¨áïé¨¬¨ â®«ìª® ®â z ¨ zx, «¨èì ¢ â®¬ á«ãç ¥, ª®£¤  ®® ¨¬¥¥â ¢¨¤ («¥¬¬  3.1)

zt � zxx � �(z)(zx)
2 � �(z)zx � �(z) = 0: (16)

�à®¡«¥¬  áãé¥áâ¢®¢ ¨ï ¯à¥®¡à §®¢ ¨© �íª«ã¤  à¥è¥  ¢ x 4 ¤«ï ãà ¢¥¨©

zt � zxx � �(z)(zx)
2 � �(z)zx = 0; (17)

ª®â®àë¥ ¯à¥¤áâ ¢«ïîâ á®¡®© ç áâë© á«ãç © ãà ¢¥¨© (16). �®ª § ® (á¬. â¥®à¥¬ã 4.1), çâ®
áãé¥áâ¢ãîâ â®«ìª® ¤¢  â¨¯  ãà ¢¥¨© ¢¨¤  (17), ¤®¯ãáª îé¨å ¯à¥®¡à §®¢ ¨ï �íª«ã¤ .

(A). �à ¢¥¨¥

zt � zxx �
�00(z)
�0(z)

(zx)
2 � �(z)zx = 0 (�0(z) 6= 0);

ª®â®à®¥ ¯à¨ ¢¢¥¤¥¨¨ ®¢®© ¥¨§¢¥áâ®© äãªæ¨¨ Z = ��(z) ¯à¥¢à é ¥âáï ¢ ãà ¢¥¨¥ �îà-
£¥àá 

Zt � Zxx + ZZx = 0: (18)

(B). �à ¢¥¨¥
zt � zxx � �(z)(zx)

2 � kzx = 0 (k = const);

ª®â®à®¥ ¯à¨ ¢¢¥¤¥¨¨ ®¢®© ¥¨§¢¥áâ®© äãªæ¨¨ Z =
Z
eF (z)dz; £¤¥ F (z) | ª ª ï-«¨¡® ¯¥à¢®-

®¡à § ï äãªæ¨¨ �(z), ¯à¥¢à é ¥âáï ¢ ãà ¢¥¨¥

Zt � Zxx � kZx = 0: (19)

�®ª § ® â ª¦¥, çâ® ¯à¥®¡à §®¢ ¨ï �íª«ã¤  ¤«ï ãà ¢¥¨© â¨¯  (A) ¨¬¥îâ ¢¨¤

yt = (�y + c1)
�
1
2
�0(z)zx +

1
4
�2(z)�

�
c2

2c

�2�
+ c

�
1
2
�(z) +

c2

2c

�
;

yx = (�y + c1)
�
1
2
�(z)�

c2

2c

�
+ c;

(20)

£¤¥ c, c1, c2 | ¯à®¨§¢®«ìë¥ ª®áâ âë (c 6= 0).
�«ï ãà ¢¥¨© â¨¯  (B) ¯à¥®¡à §®¢ ¨ï �íª«ã¤  ¨¬¥îâ ¢¨¤

yt = (k � a)
�
�ay + c

Z
eF (z)dz + c1

�
+ ceF (z)zx;

yx = �ay + c

Z
eF (z)dz + c1;

(21)

£¤¥ F (z) | ¥ª®â®à ï ¯¥à¢®®¡à § ï äãªæ¨¨ �(z); á¨¬¢®«®¬
Z
eF (z)dz ®¡®§ ç¥  ®¤  ¨§

¯¥à¢®®¡à §ëå äãªæ¨¨ eF (z); a, c, c1 | ¯à®¨§¢®«ìë¥ ¯®áâ®ïë¥ (a; c 6= 0).
�à¨ ¯à¥®¡à §®¢ ¨¨ (20) ãà ¢¥¨¥ â¨¯  (A) ¯¥à¥©¤¥â ¢ ãà ¢¥¨¥

yt � yxx � yx

�
c2

c
� 2

yx � c

y � c1

�
= 0;
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ª®â®à®¥ ¯®á«¥ ¢¢¥¤¥¨ï ®¢®© ¥¨§¢¥áâ®© äãªæ¨¨ Y = �( 2c
y�c1

+ c2
c
) ¯à¥¢à é ¥âáï ¢ ãà ¢¥-

¨¥ �îà£¥àá  (18) ®â®á¨â¥«ì® ¥¨§¢¥áâ®© Y . �à¨ ¯à¥®¡à §®¢ ¨¨ (21) ãà ¢¥¨¥ â¨¯  (B)
¯¥à¥©¤¥â ¢ ãà ¢¥¨¥ (19) ®â®á¨â¥«ì® ¥¨§¢¥áâ®© y.

� ¬¥ç ¨¥ 1.2. � ¤ ®© à ¡®â¥ § ¤ ¨¥ ¯à¥®¡à §®¢ ¨ï �íª«ã¤  âà ªâã¥âáï ª ª § ¤ -

¨¥ á¢ï§®áâ¨ �íª«ã¤ , â. ¥. á¢ï§®áâ¨ ¢  áá®æ¨¨à®¢ ®¬ à áá«®¥¨¨ F (
_

R�E) (dimF = 1),

¯®à®¦¤¥®© á¯¥æ¨ «ì®© á¢ï§®áâìî ¢
_

R�E, ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë.
�ãé¥áâ¢ã¥â ¨ ¤àã£®© ¯®¤å®¤, ¯à¥¤«®¦¥ë© �.�. � á¨«ì¥¢ë¬ (á¬.,  ¯à., [12], £«. VIII, x 4), £¤¥
à áá¬ âà¨¢ ¥âáï ¤¢ ¦¤ë à áá«®¥®¥ ¬®£®®¡à §¨¥ ¢¥áì¬  á¯¥æ¨ «ì®£® â¨¯  ¨ ¢ ¥¬ § ¤ ¥âáï
à á¯à¥¤¥«¥¨¥, âà á¢¥àá «ì®¥ ª ®¡®¨¬ á«®ï¬. � àï¤¥ á«ãç ¥¢ § ¤ ¨¥ ¯®¤®¡®© ª®áâàãª-
æ¨¨ ¬®¦® ¨â¥à¯à¥â¨à®¢ âì ª ª § ¤ ¨¥ ¯à¥®¡à §®¢ ¨ï �íª«ã¤ . �â®â ¯®¤å®¤ ¯à¨¢®¤¨â
ª ¨â¥à¥áë¬ ¨ § ç¨â¥«ìë¬ à¥§ã«ìâ â ¬. �¤ ª® ¯à¨ ®âëáª ¨¨ ãá«®¢¨©, ª®â®àë¬ ¤®«¦-
ë ã¤®¢«¥â¢®àïâì ãà ¢¥¨ï, ¤®¯ãáª îé¨¥ ¯à¥®¡à §®¢ ¨ï �íª«ã¤ ,   â ª¦¥ ¯à¨ ®âëáª ¨¨
¯à¥®¡à §®¢ ¨© �íª«ã¤  ¤«ï § à ¥¥ § ¤ ®£® ¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï â ª®© ¯®¤å®¤
 ¬ ¯à¥¤áâ ¢«ï¥âáï ¥ ¢á¥£¤  íää¥ªâ¨¢ë¬.

�¥à¢ë¥ ¤¢  ¯ à £à ä  íâ®© áâ âì¨  ¯¨á ë �.�. �ë¡¨ª®¢ë¬ ¨ �.�.�¥¬�¥®¢ë¬ á®¢¬¥áâ®,
x 3 ¨ x 4 | �.�.�ë¡¨ª®¢ë¬. �¥§ã«ìâ âë ¤ ®© à ¡®âë  oá¨à®¢ ë ¢ â¥§¨á å [13]{[15].

2. �¯¥æ¨ «ìë¥ á¢ï§®áâ¨ ¢ £« ¢ëå à áá«®¥¨ïå R�
E ¨

_

R
�
E,

á¢ï§®áâ¨ �íª«ã¤  ¨ ®â®¡à ¦¥¨ï �íª«ã¤ 

2.1. �ãáâì ¤ ® í¢®«îæ¨®®¥ ãà ¢¥¨¥ 2-£® ¯®àï¤ª  (4). �¥à¥¬¥ë¥ t, x1; : : : ; xn, z, ª ª
ã¦¥ ã¯®¬¨ «®áì ¢ x 1, à áá¬ âà¨¢ ¥¬ ª ª  ¤ ¯â¨à®¢ ë¥ «®ª «ìë¥ ª®®à¤¨ âë (n+ 2)-
¬¥à®£® à áá«®¥¨ï E á à áá«®¥®© (n+ 1)-¬¥à®© ¡ §®©, «®ª «ìë¬¨ ª®®à¤¨ â ¬¨ ª®â®à®©
á«ã¦ â ¯¥à¥¬¥ë¥ t, x1; : : : ; xn. �à¨ íâ®¬ ¤®¯ãáâ¨¬ë¥ ¯à¥®¡à §®¢ ¨ï «®ª «ìëå ª®®à¤¨ â
¨¬¥îâ ¢¨¤ (5).

� ¤ E ª ª  ¤ ¡ §®© ¬®¦® áâà®¨âì à áá«®¥¨ï JrE (r = 1; 2; : : : ) £®«®®¬ëå r-áâàã©.

�ãáâì x
_

i , z, p_
j
; : : : ; p_

i 1:::
_

i r
(¨¬¥¥â ¬¥áâ® á¨¬¬¥âà¨ï ¯® ¨¦¨¬ ¨¤¥ªá ¬) |  ¤ ¯â¨à®¢ ë¥

«®ª «ìë¥ ª®®à¤¨ âë ¢ JrE. �¤¥áì
_

i ;
_

j ; : : : = 0; 1; : : : ; n; x0 = t. �«ï «î¡®£® á¥ç¥¨ï � � E,
§ ¤ ®£® ãà ¢¥¨¥¬ z = z(t; x1; : : : ; xn), ¬®¦® à áá¬ âà¨¢ âì ¯®¤ïâë¥ á¥ç¥¨ï (¯®¤ïâ¨ï)
�r � JrE, § ¤ ë¥ ãà ¢¥¨ï¬¨ z = z(t; x1; : : : ; xn); p_

i 1:::
_

i �
= z_

i 1:::
_

i �
(� = 1; : : : ; r). �¤¥áì

z0 = @z
@t
, z00 = @2z

@t2
, z0i = @2z

@t@xi
; : : :

�¨ää¥à¥æ¨ «ì®¥ ãà ¢¥¨¥ (4) ¬®¦® § ¯¨á âì ¢ ¡®«¥¥ ®¡é¥¬ ¢¨¤¥

p0 � f(t; xi; z; pj ; pkl) = 0: (22)

�  ¯®¤ïâ¨¨ �2 � J2E ¯à®¨§¢®«ì®£® á¥ç¥¨ï � � E ãà ¢¥¨¥ (22) ¯à¨¨¬ ¥â ¢¨¤ (4). �¥ç¥¨ï
� � E,   ¯®¤ïâ¨ïå ª®â®àëå ãà ¢¥¨¥ ã¤®¢«¥â¢®àï¥âáï â®¦¤¥áâ¢¥®, áãâì à¥è¥¨ï.

�ãáâì

!
_

i ;!n+1;!0
0 ;!

i
_

j
;!n+1n+1 ;!

n+1
_

j
;!0

00;!
i
_

j
_

k
;!n+1n+1;n+1;!

n+1
_

j ;n+1
;!n+1_

j
_

k
; : : : (23)

| ¯®á«¥¤®¢ â¥«ì®áâì (á¨¬¬¥âà¨çëå ¯® ¨¦¨¬ ¨¤¥ªá ¬) áâàãªâãàëå ä®à¬ à áá«®¥¨©

à¥¯¥à®¢ (¯®àï¤ª®¢ 1; 2; : : : ) ¬®£®®¡à §¨ï E. �à¨ íâ®¬ ä®à¬ë !
_

i , !n+1, !n+1_

i 1:::
_

i �

(� = 1; : : : ; r)

ï¢«ïîâáï £« ¢ë¬¨ ä®à¬ ¬¨ ¢ JrE. � ç áâ®áâ¨, £« ¢ë¬¨ ä®à¬ ¬¨ à áá«®¥¨ï J1E ï¢«ïîâáï
ä®à¬ë

!
_

i ; !n+1; !n+1_

j
: (24)
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�à¨ íâ®¬ ä®à¬ë !
_

i , !n+1, !n+1j ®¡à §ãîâ ¢¯®«¥ ¨â¥£à¨àã¥¬ãî ¯®¤á¨áâ¥¬ã á¨áâ¥¬ë (24)

¨ ï¢«ïîâáï £« ¢ë¬¨ ä®à¬ ¬¨ ¬®£®®¡à §¨ï
�

J1E (ä ªâ®à¬®£®®¡à §¨¥ ¬®£®®¡à §¨ï J1E).
�âàãªâãàë¥ ãà ¢¥¨ï, ª®â®àë¬ ã¤®¢«¥â¢®àïîâ ä®à¬ë (23), á®áâ®ïâ ¨§ ãà ¢¥¨©

d!0 = !0 ^ !0
0;

d!i = !0 ^ !i0 + !j ^ !ij;

d!n+1 = !0 ^ !n+10 + !j ^ !n+1j + !n+1 ^ !n+1n+1

(25)

¨ ãà ¢¥¨©, ¢®§¨ª îé¨å ¢ ¯à®æ¥áá¥ ¯à ¢¨«ì®£® ¯à®¤®«¦¥¨ï (á¬. [4]) ãà ¢¥¨© (25).
�¯®«¥ ¨â¥£à¨àã¥¬ ï á¨áâ¥¬ , á®áâ®ïé ï ¨§ ä®à¬

!
_

i ; !n+1; !n+1j ; !0
0; !i0; !ij ; (26)

¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã áâàãªâãàëå ä®à¬ ¬®£®®¡à §¨ï R�E (ä ªâ®à¬®£®®¡à §¨¥ ¬®-
£®®¡à §¨ï à¥¯¥à®¢ 1-£® ¯®àï¤ª ). �®£®®¡à §¨¥ R�E ¨¬¥¥â áâàãªâãàã £« ¢®£® à áá«®¥¨ï á

¡ §®©
�

J1 �E ¨ áâàãªâãà®© £àã¯¯®© GL(n+ 1), ª®â®à ï ï¢«ï¥âáï ¯®¤£àã¯¯®© «¨¥©®© £àã¯¯ë

GL(n+ 1). �à¨ ä¨ªá æ¨¨ â®çª¨ ¡ §ë
�

J 1 �E á«®¥¢ë¥ ä®à¬ë !0
0, !

i
0, !

i
j ¯à¥¢à é îâáï ¢ ¨¢ à¨-

 âë¥ áâàãªâãàë¥ ä®à¬ë !00; !
i
0; !

i
j £àã¯¯ë GL(n+ 1). �®¦® § ¬¥¨âì á¨áâ¥¬ã áâàãªâãàëå

ä®à¬ (26) ¬®£®®¡à §¨ï R�E á¨áâ¥¬®© ä®à¬

!
_

i ; !n+1; !n+1j ; !0
0 + !ii; !i0; ;!

i
j � �ij!

0
0;

  á¨áâ¥¬ã ¨¢ à¨ âëå áâàãªâãàëå ä®à¬ £àã¯¯ë GL(n+ 1) | á®®â¢¥âáâ¢¥® á¨áâ¥¬®©

!00 + !ii; !i0; !ij � �ij!
0
0: (27)

�¨áâ¥¬  áâàãªâãàëå ãà ¢¥¨© £àã¯¯ë GL(n+ 1), ª®â®àë¬ ã¤®¢«¥â¢®àïîâ ä®à¬ë (27), à á-
¯ ¤ ¥âáï   ¤¢¥ ¯®¤á¨áâ¥¬ë

d!i0 = !j0 ^ (!
i
j � �ij!

0
0);

d(!i
j � �ij!

0
0) = (!mj � �mj !

0
0) ^ (!

i
m � �im!

0
0);

(28.1)

d(!0
0 + !ii) = 0: (28.2)

�à ¢¥¨ï (28.1) | íâ® áâàãªâãàë¥ ãà ¢¥¨ï £àã¯¯ë á ¨¢ à¨ âë¬¨ áâàãªâãàë¬¨ ä®à¬ -
¬¨ !i0, !

i
j��

i
j!

i
j , ª®â®àãî ¬ë ®¡®§ ç¨¬ GL(n+ 1) (®  ï¢«ï¥âáï ¯®¤£àã¯¯®© £àã¯¯ë GL(n+ 1)).

�®¤á¨áâ¥¬  (28.2), á®áâ®ïé ï ¨§ ®¤®£® ãà ¢¥¨ï, ¯à¥¤áâ ¢«ï¥â á®¡®© á¨áâ¥¬ã áâàãªâãàëå
ãà ¢¥¨© ®¤®¯ à ¬¥âà¨ç¥áª®© £àã¯¯ëG1 (á ¨¢ à¨ â®© áâàãªâãà®© ä®à¬®© !0

0+!
i
i). �àã¯-

¯  GL(n+ 1) ï¢«ï¥âáï ¯àï¬ë¬ ¯à®¨§¢¥¤¥¨¥¬ £àã¯¯ GL(n+ 1) ¨ G1.
�ç¥¢¨¤®,  àï¤ã á à áá«®¥¨¥¬ R�E ¬®¦® à áá¬ âà¨¢ âì ¤¢  ¥£® ä ªâ®à¬®£®®¡à §¨ï:

£« ¢®¥ à áá«®¥¨¥
_

R�E (á® á«®¥¢ë¬¨ ä®à¬ ¬¨ !i0, !
i
j � �ij!

0
0) ¨ £« ¢®¥ à áá«®¥¨¥ r�E (á®¢®-

ªã¯®áâì ¥£® á«®¥¢ëå ä®à¬ á®áâ®¨â ¨§ ®¤®© ä®à¬ë !0
0+!

i
i). �á¥ âà¨ à áá«®¥¨ï R

�E,
_

R�E, r�E

¨¬¥îâ ®¡éãî ¡ §ã
�

J1E, ¨å áâàãªâãàë¬¨ £àã¯¯ ¬¨ ï¢«ïîâáï á®®â¢¥âáâ¢¥® £àã¯¯ëGL(n+ 1),
GL(n+ 1) ¨ G1.

2.2. �§ ¬®¦¥áâ¢  á¢ï§®áâ¥©, § ¤ ëå ¢ £« ¢®¬ à áá«®¥¨¨ R�E ¨¢ à¨ âë¬ ®¡à -
§®¬ ¢ë¤¥«ïîâáï á¯¥æ¨ «ìë¥ á¢ï§®áâ¨ (¯®ïâ¨¥ á¯¥æ¨ «ì®© á¢ï§®áâ¨ ¡ë«® ¢¢¥¤¥® ¢ [16]).
�®à¬ë á¢ï§®áâ¨, á®®â¢¥âáâ¢ãîé¨¥ á¯¥æ¨ «ìë¬ á¢ï§®áâï¬, ¨¬¥îâ ¢¨¤

e!0
0 = !0

0 + �000!
0;

e!i0 = !i0 + �i00!
0 + �i0j!

j ;

e!ij = !ij +�i0j!
0 + �ijk!

k;
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£¤¥ �000, �
i
00, �

i
0j , �

i
jk | ª®¬¯®¥âë ®¡ê¥ªâ  á¢ï§®áâ¨ (¬ë à áá¬ âà¨¢ ¥¬ á«ãç ©, ª®£¤  ®¨

á¨¬¬¥âà¨çë ¯® ¨¦¨¬ ¨¤¥ªá ¬). �âàãªâãàë¥ ãà ¢¥¨ï á¯¥æ¨ «ì®© á¢ï§®áâ¨ ¢ R�E

¨¬¥îâ ¢¨¤

de!0
0 = 
0

0;

de!i0 � e!0
0 ^ e!i0 � e!m0 ^ e!im = 
i

0;

de!ij � e!mj ^ e!im = 
i
j ;

£¤¥


0
0 = 2R0

00k!
0 ^ !k + 2R0

00;n+1!
0 ^ !n+1 + 2R0k

00!
0 ^ !n+1k ;


i
_

j
= Ri

_

j
_

k
_

l
!
_

k ^ !
_

l + 2Ri
_

j
_

k ;n+1
!
_

k ^ !n+1 + 2Ril
_

j
_

k
!
_

k ^ !n+1l

| ä®à¬ë ªà¨¢¨§ë.

�¥¬¬  2.1 ([16], [17]). �¥§®à ªà¨¢¨§ë á¯¥æ¨ «ì®© á¢ï§®áâ¨ á®¤¥à¦¨â ¯®¤â¥§®à á

ª®¬¯®¥â ¬¨ R0
00k, R_

j
_

k
_

l
.

� ¬¥ç ¨¥ 2.1. �¯¥æ¨ «ì ï á¢ï§®áâì ï¢«ï¥âáï á¢ï§®áâìî, ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥-
¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï (22), â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤    «î¡®¬ à¥è¥¨¨ � � E

ãà ¢¥¨ï (22) (¨ â®«ìª®   à¥è¥¨¨)

R0
0
�

0k = Ri
_

j
_

k
�

_

l
= 0:

�¤¥áì R0
0
�

0k, R
i
_

j
_

k
�

_

l
| ª®¬¯®¥âëR0

00k, R
i
_

j
_

k
_

l
, à áá¬ âà¨¢ ¥¬ë¥  ¤ ¯®¤ïâ¨¥¬ �2 � J2E á¥ç¥¨ï

� � E.

� á¯à ¢¥¤«¨¢®áâ¨ íâ®£® ãâ¢¥à¦¤¥¨ï ¥âàã¤® ã¡¥¤¨âìáï, ¥á«¨ ¢ ª ç¥áâ¢¥ £« ¢ëå ä®à¬
¢§ïâì ª®â ªâë¥ ä®à¬ë

!
_

i = dx
_

i ; !n+1 = dz � p_
i
dx

_

i ; !n+1_

j
= dp_

j
� p_

j
_

k
dx

_

k ; : : :

� íâ®¬ á«ãç ¥ áâàãªâãàë¥ ãà ¢¥¨ï   ¯®¤ïâ¨¨ «î¡®£® á¥ç¥¨ï ¨¬¥îâ ¢¨¤

de!0
0 = R0

0
�

0kdx
0 ^ dxk;

de!i0 � e!0
0 ^ e!i0 � e!m0 ^ e!im = Ri

0
_

k
�

_

l
dx

_

k ^ dx
_

l ;

de!ij � e!mj ^ e!im = Ri

j
_

k
�

_

l
dx

_

k ^ dx
_

l ;

¯®áª®«ìªã ¯®¤ïâ¨ï �k�1 � Jk�1E á¥ç¥¨© � � E ¨ â®«ìª® ®¨ ï¢«ïîâáï ¨â¥£à «ìë¬¨ ¬®-
£®®¡à §¨ï¬¨ á¨áâ¥¬ë �ä ää  !n+1 = !n+1_

j
= � � � = !n+1_

i 1:::
_

i k

= 0, ¥á«¨ ä®à¬ë !n+1, !n+1_

j
; : : :

ª®â ªâë¥.

2.3. � àï¤ã á® á¯¥æ¨ «ì®© á¢ï§®áâìî ¢ R�E, ¬®¦® à áá¬ âà¨¢ âì á¯¥æ¨ «ìãî á¢ï§®áâì

¢
_

R�E á ä®à¬ ¬¨ á¢ï§®áâ¨

ee!i0 = !i0 + i00!
0 + i0j!

j ;

ee!ij = !ij � �ij!
0
0 + gi0j!

0 + ijk!
k:

�à¨ íâ®¬ ®£à ¨ç¨¬áï á«ãç ¥¬, ª®£¤  ¨¬¥¥â ¬¥áâ® á¨¬¬¥âà¨ï ª®íää¨æ¨¥â®¢ ijk ¯® ¨¦¨¬
¨¤¥ªá ¬ (ijk = ikj).
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� ¬¥ç ¨¥ 2.2. � ¤ ¢ ï á¯¥æ¨ «ìãî á¢ï§®áâì ¢ R�E á ª®¬¯®¥â ¬¨ �000, �
i
00, �

i
0j , �

i
jk,

®¤®¢à¥¬¥® § ¤ ¥¬ á¯¥æ¨ «ìãî á¢ï§®áâì ¢
_

R�E á ª®¬¯®¥â ¬¨ á¢ï§®áâ¨

i00 = �i00; i0j = �i0j ;

gi0j = �i0j � �ij�
0
00; ijk = �ijk:

(29)

�à¨ n = 1 á®®â®è¥¨ï (29) ¬®¦® à §à¥è¨âì ®â®á¨â¥«ì® �000, �
1
00, �

1
01, �

1
11:

�000 = 101 � g101; �100 = 100; �101 = 101; �111 = 111:

�§ íâ®£® á«¥¤ã¥â

� ¬¥ç ¨¥ 2.3. � á«ãç ¥ n = 1 § ¤ ¨¥ á¯¥æ¨ «ì®© á¢ï§®áâ¨ ¢
_

R�E à ¢®á¨«ì® § ¤ ¨î
á¯¥æ¨ «ì®© á¢ï§®áâ¨ ¢ R�E.

� áá¬®âà¨¬ ®â¤¥«ì® á¯¥æ¨ «ìãî á¢ï§®áâì ¢
_

R�E ¯à¨ n = 1. �á«¨ ¢ ª ç¥áâ¢¥ £« ¢ëå
ä®à¬ ¢®§ì¬¥¬ ª®â ªâë¥ ä®à¬ë, â® !0

0 = !1
0 = !1

1 = 0 ¨, á«¥¤®¢ â¥«ì®,

ee!1

0 = 100dt+ 101dx;ee!1

1 = g101dt+ 111dx:
(30)

�®¬¯®¥âë ®¡ê¥ªâ  á¢ï§®áâ¨ 100, 
1
01, g

1
01, 

1
11 § ¢¨áïâ ®â x

0 = t, x1 = x; z ¨ ®â p1. �à¨ íâ®¬
áâàãªâãàë¥ ãà ¢¥¨ï   ¯®¤ïâ¨¨ ¯à®¨§¢®«ì®£® á¥ç¥¨ï � � E ¨¬¥îâ ¢¨¤

dee!1

0 �
ee!1

0 ^
ee!1

1 = 2�1001dt ^ dx;

dee!1

1 = 2�01dt ^ dx;
(31)

£¤¥

2�01 =
@111
@t

�
@g101
@x

+
@111
@z

p0 �
@g101
@z

p1 +
@111
@p1

p01 �
@g101
@p1

p11;

2�1001 =
@101
@t

�
@100
@x

+
@101
@z

p0 �
@100
@z

p1 +
@101
@p1

p01 �
@100
@p1

p11 � 100
1
11 + 101g

1
01

(32)

¯à¨ ãá«®¢¨¨ p0 = zt, p1 = zx, p01 = ztx, p11 = zxx.

2.4. � àï¤ã á® á¯¥æ¨ «ìë¬¨ á¢ï§®áâï¬¨ ¢ £« ¢ëå à áá«®¥¨ïå R�E ¨
_

R�E ¬®¦® à áá¬ -

âà¨¢ âì ¯®à®¦¤¥ë¥ ¨¬¨ á¢ï§®áâ¨ ¢  áá®æ¨¨à®¢ ëå à áá«®¥¨ïå F (R�E) ¨ F (
_

R�E) á â¨¯®-
¢ë¬ á«®¥¬ F . �¨¯®¢®© á«®© à áá«®¥¨ï F (R�E) ï¢«ï¥âáï ¯à®áâà áâ¢®¬ ¯à¥¤áâ ¢«¥¨ï £àã¯¯ë

GL(n+ 1),   â¨¯®¢®© á«®© F (
_

R�E) | ¯à®áâà áâ¢®¬ ¯à¥¤áâ ¢«¥¨ï £àã¯¯ë GL(n+ 1). �®¦-
®, ¢ ç áâ®áâ¨, à áá¬ âà¨¢ âì à áá«®¥¨ï á ®¤®¬¥àë¬ â¨¯®¢ë¬ á«®¥¬ F (R�E) (dimF = 1)

¨ F (
_

R�E) (dimF = 1). �à¨ íâ®¬ § ¬¥â¨¬, çâ® ¢ á«ãç ¥ n = 1 à áá«®¥¨¥ F (
_

R�E) (dimF = 1)
áãé¥áâ¢ã¥â, ¢ â® ¢à¥¬ï ª ª à áá«®¥¨¥ F (R�E) (dimF = 1) ¢ á«ãç ¥ n = 1 ¥ áãé¥áâ¢ã¥â, ¯®-
áª®«ìªã ¥ áãé¥áâ¢ãîâ ®¤®¬¥àë¥ ¯à¥¤áâ ¢«¥¨ï £àã¯¯ë GL(1 + 1) (íâ® ¬®¦® ãáâ ®¢¨âì,
  «¨§¨àãï â®¦¤¥áâ¢  �¨).

� ¯®¬¨¬, çâ® áâàãªâãàë¥ (á«®¥¢ë¥) ä®à¬ë à áá«®¥¨ï F (P (B;G)) á N -¬¥àë¬ â¨¯®¢ë¬
á«®¥¬ F ¨ r-¯ à ¬¥âà¨ç¥áª®© £àã¯¯®© G,  áá®æ¨¨à®¢ ®£® á £« ¢ë¬ à áá«®¥¨¥¬ P (B;G),
¨¬¥îâ ¢¨¤ [1], [3], [6]

�I = dY I � �IA(Y
1; : : : ; Y N)!A;

£¤¥ !A | áâàãªâãàë¥ (á«®¥¢ë¥) ä®à¬ë £« ¢®£® à áá«®¥¨ï P (B;G),   ª®íää¨æ¨¥âë �IA
(A;B;C; : : : = 1; : : : ; r; I; J;K; : : : = 1; : : : ; N) ã¤®¢«¥â¢®àïîâ (7). � ¬¥â¨¬, çâ® ¯à¨ ä¨ªá æ¨¨
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â®çª¨ ¡ §ë B ä®à¬ë !A ¯à¥¢à é îâáï ¢ ä®à¬ë !A (¨¢ à¨ âë¥ áâàãªâãàë¥ ä®à¬ë £àã¯¯ë
G) ¨ ¤¨ää¥à¥æ¨ «ìë¥ ãà ¢¥¨ï

dY I � �IA(Y
1; : : : ; Y N)!A = 0

§ ¤ îâ ¯à¥¤áâ ¢«¥¨¥ £àã¯¯ë G ¢ N -¬¥à®¬ ¯à®áâà áâ¢¥ F . �à¨ N = 1 á¨áâ¥¬  áâàãªâãàëå
(á«®¥¢ëå) ä®à¬  áá®æ¨¨à®¢ ®£® à áá«®¥¨ï á®áâ®¨â ¨§ ®¤®© ä®à¬ë � = dY � �(Y )!A.

� ç áâ®áâ¨, áâàãªâãà ï (á«®¥¢ ï) ä®à¬  à áá«®¥¨ï F (P (B;GL(1 + 1))) (dimF = 1) ¨¬¥¥â
¢¨¤

� = dY � �(Y )!1
0 � �(Y ) (!1

1 � !0
0) (�(Y ) 6= 0):

�®¦® § ¯¨á âì

� = �(Y )
�
dY

�(Y )
�
�(Y )
�(Y )

(!1
1 � !0

0)� !1
0

�
:

�®¦¤¥áâ¢  �¨, ª®â®àë¬ ã¤®¢«¥â¢®àïîâ ª®íää¨æ¨¥âë �(Y ) ¨ �(Y ), á®áâ®ïâ ¨§ ®¤®£® ãà ¢¥-
¨ï

d�(Y )�(Y )� �(Y )d�(Y ) = ��(Y )dY;

ª®â®à®¥, à §¤¥«¨¢   �2, ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

dY

�(Y )
= �d

�(Y )
�(Y )

:

�®«®¦¨¢ y = ��(Y )
�(Y )

, ¯®«ãç¨¬ dY
�(Y )

= dy, ¨, á«¥¤®¢ â¥«ì®,

� = �(Y ) fdy + y (!1
1 � !0

0)� !1
0g:

�¢ï§®áâì ¢ £« ¢®¬ à áá«®¥¨¨ P (B;G) á ä®à¬ ¬¨ á¢ï§®áâ¨ e!A ¯®à®¦¤ ¥â á¢ï§®áâì ¢
 áá®æ¨¨à®¢ ®¬ à áá«®¥¨¨ F (P (B;G)) á ä®à¬ ¬¨ á¢ï§®áâ¨ (6).

�à¨ N = 1 á®¢®ªã¯®áâì ä®à¬ á¢ï§®áâ¨ ¢ F (P (B;G)) á®áâ®¨â ¨§ ®¤®© ä®à¬ë (8). � ç áâ-

®áâ¨, ä®à¬  á¢ï§®áâ¨ ¢  áá®æ¨¨à®¢ ®¬ à áá«®¥¨¨ F (
_

R�E) (dimF = 1), ¯®à®¦¤¥ ï á¯¥-

æ¨ «ì®© á¢ï§®áâìî ¢
_

R�E ¯à¨ n = 1 á ä®à¬ ¬¨ á¢ï§®áâ¨ ee!1

1, ee!1

0, ¨¬¥¥â ¢¨¤

e� = �(Y ) (dy + yee!1

1 �
ee!1

0): (33)

2.5. �¢ï§®áâì ¢  áá®æ¨¨à®¢ ®¬ à áá«®¥¨¨ F (
_

R�E) (dimF = 1) ãá«®¢¨¬áï  §ë¢ âì á¢ï§-
®áâìî �íª«ã¤ , á®®â¢¥âáâ¢ãîé¥© í¢®«îæ¨®®¬ã ãà ¢¥¨î 2-£® ¯®àï¤ª  (4), ¥á«¨ ®  ¯®-

à®¦¤¥  á¯¥æ¨ «ì®© á¢ï§®áâìî ¢
_

R�E, ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï
ãà ¢¥¨ï (4). �ãáâì e� | ä®à¬  á¢ï§®áâ¨ �íª«ã¤ , á®®â¢¥âáâ¢ãîé¥© § ¤ ®¬ã í¢®«îæ¨®-
®¬ã ãà ¢¥¨î (4). �à ¢¥¨¥ �ä ää 

e� = 0; (34)

à áá¬ âà¨¢ ¥¬®¥  ¤ ¯à®¨§¢®«ìë¬ á¥ç¥¨¥¬ � � E, ¢¯®«¥ ¨â¥£à¨àã¥¬® ¢ á«ãç ¥, ª®£¤ 
á¥ç¥¨¥ � � E ï¢«ï¥âáï à¥è¥¨¥¬ ãà ¢¥¨ï (4) (¨ â®«ìª® ¢ íâ®¬ á«ãç ¥). �â® ãà ¢¥¨¥
§ ¤ ¥â á®®â¢¥âáâ¢¨¥

E � � ! �
�
� F (

_

R�E) (dimF = 1); (35)

¯à¨ ª®â®à®¬ «î¡®¥ à¥è¥¨¥ � � E í¢®«îæ¨®®£® ãà ¢¥¨ï (4) ¯¥à¥å®¤¨â ¢ á¥ç¥¨¥ �
�
�

F (
_

R�E) (dimF = 1), ï¢«ïîé¥¥áï à¥è¥¨¥¬ ãà ¢¥¨ï (34) ¯à¨ § ¤ ®¬ � � E. �á«®¢¨¬áï
 §ë¢ âì á®®â¢¥âáâ¢¨¥ (35) ®â®¡à ¦¥¨¥¬ �íª«ã¤ , á®®â¢¥âáâ¢ãîé¨¬ í¢®«îæ¨®®¬ã ãà ¢-
¥¨î (4),   ãà ¢¥¨¥ (34) | ãà ¢¥¨¥¬ �ä ää , § ¤ îé¨¬ ®â®¡à ¦¥¨¥ �íª«ã¤ .
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�«ï á¢ï§®áâ¨ �íª«ã¤ , á®®â¢¥âáâ¢ãîé¥© í¢®«îæ¨®®¬ã ãà ¢¥¨î 2-£® ¯®àï¤ª  á ®¤-
®© ¯à®áâà áâ¢¥®© ¯¥à¥¬¥®© (ãà ¢¥¨î ¢¨¤  (9)), ãà ¢¥¨¥ �ä ää  (34), § ¤ îé¥¥
®â®¡à ¦¥¨¥ �íª«ã¤ , ¨¬¥¥â ¢ á¨«ã (33) ¢¨¤

dy + yee!1

1 �
ee!1

0 = 0;

£¤¥ ee!1

1, ee!1

0 |ä®à¬ë á¯¥æ¨ «ì®© á¢ï§®áâ¨ ¢
_

R�E (n = 1), ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®©
ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï (9). �á«¨ ¢ ª ç¥áâ¢¥ £« ¢ëå ä®à¬ ¢§ïâë ª®â ªâë¥ ä®à¬ë, íâ®
ãà ¢¥¨¥ ¢ á¨«ã (30) ¯à¨¨¬ ¥â ¢¨¤

dy � (�yg101 + 100)dt� (�y111 + 101)dx = 0: (36)

�à ¢¥¨¥ �ä ää  (36) íª¢¨¢ «¥â® á¨áâ¥¬¥ ãà ¢¥¨© á ç áâë¬¨ ¯à®¨§¢®¤ë¬¨ (10), ª®â®-
àãî ¬ë ãá«®¢¨¬áï  §ë¢ âì á¨áâ¥¬®© �íª«ã¤ . �á«¨ á¨áâ¥¬  �íª«ã¤  à áá¬ âà¨¢ ¥âáï  ¤
¯à®¨§¢®«ìë¬ á¥ç¥¨¥¬ � � E, § ¤ ë¬ ãà ¢¥¨¥¬ z = z(t; x), â® ª®íää¨æ¨¥âë 100, 

1
01, g

1
01,

111 § ¢¨áïâ ®â x
0 = t, x1 = x, z ¨ ç áâ®© ¯à®¨§¢®¤®© zx. �â ª, ¤®ª §  

�¥®à¥¬  2.1. �¨áâ¥¬ã �íª«ã¤ , á®®â¢¥âáâ¢ãîéãî í¢®«îæ¨®®¬ã ãà ¢¥¨î 2-£® ¯®-

àï¤ª  (9), ¢á¥£¤  ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ (10).

� ¬¥â¨¬, çâ® á¨áâ¥¬  (10) | íâ® â  á ¬ ï á¨áâ¥¬  (2), ª®â®àãî ¯® âà ¤¨æ¨¨  §ë¢ îâ ®â®-
¡à ¦¥¨¥¬ �íª«ã¤  (¬ë, ®¤ ª®, ¯à¥¤¯®ç¨â ¥¬ ¨á¯®«ì§®¢ âì â¥à¬¨ \®â®¡à ¦¥¨¥ �íª«ã¤ "
¥ ¯® ®â®è¥¨î ª íâ®© á¨áâ¥¬¥, ® ¯® ®â®è¥¨î ª á®®â¢¥âáâ¢¨î (35)), ¨ ®  ¨¬¥¥â ¢¥áì¬  á¯¥-
æ¨ «ìë© ¢¨¤.

�à¨¬¥à 2.1. � áá¬®âà¨¬ á¯¥æ¨ «ìãî á¢ï§®áâì ¢
_

R�E (n = 1), ¤«ï ª®â®à®© ª®¬¯®¥âë
®¡ê¥ªâ  á¢ï§®áâ¨ ®â®á¨â¥«ì® ¨áå®¤®© á¨áâ¥¬ë «®ª «ìëå ª®®à¤¨ â (x0 = t, x1 = x; z; p1)
¨¬¥îâ § ç¥¨ï

100 =
C1

2
(z � C2); 101 = �C1;

g101 = �
1
2

�
p1 �

z2

2
+
(C2)2

2

�
; 111 = �

z + C2

2
;

£¤¥ C1; C2 = const (C1 6= 0). �®à¬ë á¢ï§®áâ¨ (¯à¨ !0 = dt, !1 = dx)

ee!1

0 =
C1

2
(z � C2)dt� C1dx;

ee!1

1 = �
1
2

�
p1 �

z2

2
+
(C2)2

2

�
dt�

z + C2

2
dx

ã¤®¢«¥â¢®àïîâ áâàãªâãàë¬ ãà ¢¥¨ï¬, ª®â®àë¥   ¯®¤ïâ¨¨ ¯à®¨§¢®«ì®£® á¥ç¥¨ï � � E,
§ ¤ ®£® ãà ¢¥¨¥¬ z = z(t; x), ¨¬¥îâ ¢¨¤ (¯à¨ ãá«®¢¨¨, çâ® ¢ ª ç¥áâ¢¥ £« ¢ëå ä®à¬ ¢§ïâë
ª®â ªâë¥ ä®à¬ë)

dee!1

0 �
ee!1

0 ^
ee!11 = 0;

dee!1

1 = �
1
2
(zt � zxx + zzx)dt ^ dx:

�ç¥¢¨¤®, à áá¬ âà¨¢ ¥¬ ï á¯¥æ¨ «ì ï á¢ï§®áâì ®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§-
ë ¤«ï ãà ¢¥¨ï �îà£¥àá  (18) ¨, á«¥¤®¢ â¥«ì®, ¯®à®¦¤ ¥â á¢ï§®áâì �íª«ã¤ , á®®â¢¥âáâ¢ã-
îéãî íâ®¬ã ãà ¢¥¨î. �¨áâ¥¬  �íª«ã¤  (10) ¨¬¥¥â ¢ íâ®¬ á«ãç ¥ ¢¨¤

yt = y
1
2

�
zx �

z2

2
+
(C2)2

2

�
+
C1

2
(z � C2);

yx = y
z + C2

2
�C1:

(37)
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� ¬¥ç ¨¥ 2.4. �¨áâ¥¬  �íª«ã¤  (37) | íâ® á¨áâ¥¬  (20) ¯à¨ ãá«®¢¨¨ �(z) = �z, c = �C1,
c1 = 0, c2 = �C1C2.

� ¬¥ç ¨¥ 2.5. � áá¬ âà¨¢ ¥¬®¥ ¢ ¯à¨¬¥à¥ 2.1 ®â®¡à ¦¥¨¥ �íª«ã¤  ï¢«ï¥âáï ¢ ¤¥©áâ¢¨-
â¥«ì®áâ¨  ¢â®¯à¥®¡à §®¢ ¨¥¬ ãà ¢¥¨ï �îà£¥àá .

�¡¥¤¨âìáï ¢ íâ®¬ ¬®¦® á«¥¤ãîé¨¬ ®¡à §®¬. �§ ¢â®à®£® ãà ¢¥¨ï á¨áâ¥¬ë (37) á«¥¤ã¥â
z = 2yx

y
+ 2C1

y
� C2, ¨ ¯®íâ®¬ã zx = 2

y
yxx �

2
y2
(yx)2 � 2C1

y2
yx. �®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥¨ï ¢ ¯¥à¢®¥

ãà ¢¥¨¥ á¨áâ¥¬ë (37), ¯à¨å®¤¨¬ ª ãà ¢¥¨î

yt � yxx +
2
y
(yx)

2 + 2C1

yx

y
� C2yx = 0;

ª®â®à®¥ ¯®á«¥ ¢¢¥¤¥¨ï ®¢®© ¥¨§¢¥áâ®© äãªæ¨¨ Y = 2C1

y
� C2 ¯à¥¢à é ¥âáï ¢ ãà ¢¥¨¥

�îà£¥àá  ®â®á¨â¥«ì® Y .

� ¬¥ç ¨¥ 2.6. �à®¡«¥¬  ®âëáª ¨ï ¯à¥®¡à §®¢ ¨© �íª«ã¤  ¤«ï ãà ¢¥¨ï �îà£¥àá 
¡ë«  ¨áá«¥¤®¢   (¤àã£¨¬¨ ¬¥â®¤ ¬¨) ¢ [18], £¤¥ ¢ë¢¥¤¥ë á®®â®è¥¨ï

qt = �
1
2

�
ux �

u2

2
+
(C2)2

2

�
q �

C1

2
(u� C2)q

2;

qx = �
u+ C2

2
q +C1q

2

(38)

¨ ®â¬¥ç¥®, çâ® \¯à¨ C1 = 1
2
, C2 = 0 á®®â®è¥¨ï (38) ï¢«ïîâáï ¯à¥®¡à §®¢ ¨¥¬ �íª«ã¤ 

ãà ¢¥¨ï �îà£¥àá  ¢ á¥¡ï". � ¬¥â¨¬, çâ® á¨áâ¥¬  (38) | íâ® ¥ çâ® ¨®¥, ª ª á¨áâ¥¬  (37)
(á¨áâ¥¬  (38) ¯à¨¨¬ ¥â ¢¨¤ (37), ¥á«¨ ¯®«®¦¨âì 1

q
= y; u = z), ¨ ¥é¥ à § ®¡à â¨¬ ¢¨¬ ¨¥

ç¨â â¥«ï   § ¬¥ç ¨¥ 2.5.

�à¨¬¥à 2.2. � áá¬®âà¨¬ á¯¥æ¨ «ìãî á¢ï§®áâì ¢
_

R�E (n = 1), ¤«ï ª®â®à®©

100 = cp1 + (k � a)(cz + c1); 101 = cz + c1;

g101 = a(k � a); 111 = a;

£¤¥ a, c, c1, k | ª®áâ âë (a 6= 0, c 6= 0). �®à¬ë á¢ï§®áâ¨ (¯à¨ !0 = dt, !1 = dx)

ee!1

0 = [cp1 + (k � a)(cz + c1)]dt+ (cz + c1)dx;

ee!1

1 = a(k � a)dt+ adx

ã¤®¢«¥â¢®àïîâ áâàãªâãàë¬ ãà ¢¥¨ï¬, ª®â®àë¥   ¯®¤ïâ¨¨ ¯à®¨§¢®«ì®£® á¥ç¥¨ï � � E

¨¬¥îâ (¯à¨ ãá«®¢¨¨, çâ® ¢ ª ç¥áâ¢¥ £« ¢ëå ä®à¬ ¢§ïâë ª®â ªâë¥ ä®à¬ë) ¢¨¤

dee!1

0 �
ee!1

0 ^
ee!1

1 = c(zt � zxx � kzx)dt ^ dx;

dee!1

1 = 0:

�ç¥¢¨¤®, íâ  á¯¥æ¨ «ì ï á¢ï§®áâì ®¯à¥¤¥«ï¥â ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥-
¨ï (19) ¨, á«¥¤®¢ â¥«ì®, ¯®à®¦¤ ¥â á¢ï§®áâì �íª«ã¤ , á®®â¢¥âáâ¢ãîéãî íâ®¬ã ãà ¢¥¨î.
�¨áâ¥¬  �íª«ã¤  ¨¬¥¥â ¢ íâ®¬ á«ãç ¥ ¢¨¤

yt = �a(k � a)y + czx + (k � a)(cz + c1);

yx = �ay + cz + c1:
(39)

� ¬¥ç ¨¥ 2.7. �¨áâ¥¬  �íª«ã¤  (39) ¯®«ãç ¥âáï ¨§ (21) ¯à¨ �(z) = 0 ¨ F (z) = 0.

� ¬¥ç ¨¥ 2.8. � áá¬ âà¨¢ ¥¬®¥ ¢ ¯à¨¬¥à¥ 2.2 ®â®¡à ¦¥¨¥ �íª«ã¤  ï¢«ï¥âáï  ¢â®¯à¥-
®¡à §®¢ ¨¥¬ ãà ¢¥¨ï (19).
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�¥©áâ¢¨â¥«ì®, ¨§ ¢â®à®£® ãà ¢¥¨ï á¨áâ¥¬ë (39) ¨¬¥¥¬ cz = yx+ ay� c1 ¨, á«¥¤®¢ â¥«ì®,
czx = yxx+ayx. �®¤áâ ¢«ïï íâ¨ ¢ëà ¦¥¨ï ¢ ¯¥à¢®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (39), ¯®«ãç¨¬ ãà ¢¥¨¥
(19) ®â®á¨â¥«ì® y.

3. �á«®¢¨ï áãé¥áâ¢®¢ ¨ï ®â®¡à ¦¥¨© �íª«ã¤  ¤«ï í¢®«îæ¨®ëå

ãà ¢¥¨© 2-£® ¯®àï¤ª  á ®¤®© ¯à®áâà áâ¢¥®© ¯¥à¥¬¥®©

3.1. � áá¬®âà¨¬ í¢®«îæ¨®®¥ ãà ¢¥¨¥ á ®¤®© ¯à®áâà áâ¢¥®© ¯¥à¥¬¥®©, â. ¥. ãà ¢-
¥¨¥ ¢¨¤  (9). �®¯ëâ ¥¬áï ¢ëïá¨âì, ¢ ª ª®¬ á«ãç ¥ ¤«ï â ª®£® ãà ¢¥¨ï áãé¥áâ¢ã¥â á¯¥æ¨-
 «ì ï á¢ï§®áâì, ®¯à¥¤¥«ïîé ï ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë (¨, á«¥¤®¢ â¥«ì®, ãà ¢¥¨¥
¤®¯ãáª ¥â ®â®¡à ¦¥¨¥ �íª«ã¤ ).

� ¬¥â¨¬ (á¬. (31)), çâ® ä®à¬ë ªà¨¢¨§ë á¯¥æ¨ «ì®© á¢ï§®áâ¨ ®¡à é îâáï ¢ ã«ì   á¥-
ç¥¨¨ � � E â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤    á¥ç¥¨¨ ¨¬¥îâ ¬¥áâ® à ¢¥áâ¢ 

2�1001 = 0; 2�01 = 0; (40)

«¥¢ë¥ ç áâ¨ ª®â®àëå ¨¬¥îâ ¢¨¤ (32). �®®â®è¥¨ï (40) ¯à¥¤áâ ¢«ïîâ á®¡®© á¨áâ¥¬ã ¤¢ãå ¤¨ä-
ä¥à¥æ¨ «ìëå ãà ¢¥¨©

@111
@z

zt +
@111
@p1

���
p1=zx

ztx �
@g101
@p1

���
p1=zx

zxx + U(t; x; z; zx) = 0;

@101
@z

zt +
@101
@p1

���
p1=zx

ztx �
@100
@p1

���
p1=zx

zxx + V (t; x; z; zx) = 0;
(41)

£¤¥

U =
@101
@t

�
@100
@x

�
@100
@z

zx � 100
1
11 + 101g

1
01;

V =
@111
@t

�
@g101
@x

�
@g101
@z

zx:

�ç¥¢¨¤®, á¯¥æ¨ «ì ï á¢ï§®áâì ¢
_

R�E (n = 1) ¡ã¤¥â ®¯à¥¤¥«ïâì ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®©
ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï (9) ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  á¨áâ¥¬  (41) ¡ã¤¥â íª¢¨¢ «¥â 
ãà ¢¥¨î (9).

�â® ¬®¦¥â ¨¬¥âì ¬¥áâ® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¯¥à¢®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (41) ¯®«ã-
ç ¥âáï ¨§ ãà ¢¥¨ï (9) ã¬®¦¥¨¥¬   @1

11

@z
,   ¢â®à®¥ | ã¬®¦¥¨¥¬   @1

01

@z
. �«¥¤®¢ â¥«ì®,

ãà ¢¥¨¥ (9) ¤®«¦® ¨¬¥âì ¢¨¤ (12),   ª®íää¨æ¨¥âë á¯¥æ¨ «ì®© á¢ï§®áâ¨ ¤®«¦ë ã¤®¢«¥-
â¢®àïâì ãá«®¢¨ï¬

@111
@p1

=
@101
@p1

= 0; (42.1)

L
@111
@z

=
@g101
@p1

;

M
@111
@z

=
@g101
@z

p1 �
@111
@t

+
@g101
@x

;

L
@101
@z

=
@100
@p1

;

M
@101
@z

=
@100
@z

p1 �
@101
@t

+
@100
@x

+ 100
1
11 � 101g

1
01:

(42.2)

� ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ë

�¥®à¥¬  3.1. �¢®«îæ¨®®¥ ãà ¢¥¨¥ 2-£® ¯®àï¤ª  á ®¤®© ¯à®áâà áâ¢¥®© ¯¥à¥¬¥®©

¤®¯ãáª ¥â ®â®¡à ¦¥¨¥ �íª«ã¤  â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤  ®® ¨¬¥¥â ¢¨¤ (12).
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�¥®à¥¬  3.2. �¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ¨ï ®â®¡à ¦¥¨ï �í-

ª«ã¤  ¤«ï í¢®«îæ¨®®£® ãà ¢¥¨ï (12) ï¢«ï¥âáï á®¢¬¥áâ®áâì á¨áâ¥¬ë, á®áâ®ïé¥© ¨§

(42:1) ¨ (42:2). �î¡®© ç¥â¢¥àª¥ äãªæ¨© 100(t; x; z; p1); 
1
01(t; x; z; p1); g

1
01(t; x; z; p1); 

1
11(t; x; z; p1),

ª®â®à ï ï¢«ï¥âáï à¥è¥¨¥¬ íâ®© á¨áâ¥¬ë, á®®â¢¥âáâ¢ã¥â ®â®¡à ¦¥¨¥ �íª«ã¤  á á¨áâ¥-

¬®© �íª«ã¤  (10).

� ¬¥ç ¨¥ 3.1. �à¥¤áâ ¢«ï¥â ¨â¥à¥á á«ãç ©, ª®£¤  ª®íää¨æ¨¥âë á¯¥æ¨ «ì®© á¢ï§®-
áâ¨, ®¯à¥¤¥«ïîé¥© ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï í¢®«îæ¨®®£® ãà ¢¥¨ï (12), § ¢¨-
áïâ â®«ìª® ®â z ¨ p1. �®£¤  ¨§ (42.2) á«¥¤ã¥â, çâ® ãà ¢¥¨¥ (12) ¨¬¥¥â ¢¨¤ (13).

�à¨ íâ®¬ ¢ á¨«ã (42.1) 111 ¨ 
1
01 ï¢«ïîâáï äãªæ¨ï¬¨ ®¤®© ¯¥à¥¬¥®© z, ¨, á«¥¤®¢ â¥«ì®,

á¨áâ¥¬  �íª«ã¤  ¨¬¥¥â ¢¨¤ (14).
�á«¨, ªà®¬¥ â®£®, 111(z) ¨ 

1
01(z) ã¤®¢«¥â¢®àïîâ ãá«®¢¨î�

d111
dz

�2

+
�
d101
dz

�2

6= 0; (43)

â® ®â®¡à ¦¥¨¥ �íª«ã¤  ï¢«ï¥âáï ¯à¥®¡à §®¢ ¨¥¬ �íª«ã¤ .

�¥©áâ¢¨â¥«ì®, ¥á«¨ ¥à ¢¥áâ¢® (43) ¨¬¥¥â ¬¥áâ®, â® ¤«ï ¢â®à®£® ãà ¢¥¨ï á¨áâ¥¬ë (14)
¢ë¯®«¥ë ãá«®¢¨ï â¥®à¥¬ë ®¡ ®¡à â®© äãªæ¨¨, ¨ ¥£® ¬®¦® à §à¥è¨âì ®â®á¨â¥«ì® z.
�«¥¤®¢ â¥«ì®, z = z(y; yx); zx = zx(y; yx; yxx). �®¤áâ ¢¨¢ íâ¨ ¢ëà ¦¥¨ï ¢ ¯¥à¢®¥ ãà ¢¥¨¥
á¨áâ¥¬ë (14), ¯à¨¤¥¬ ª í¢®«îæ¨®®¬ã ãà ¢¥¨î 2-£® ¯®àï¤ª  á ¥¨§¢¥áâ®© äãªæ¨¥© y.

3.2. � áâë¬ á«ãç ¥¬ ãà ¢¥¨ï (13) ï¢«ï¥âáï ãà ¢¥¨¥ (15).

�¥¬¬  3.1. �á«¨ ¤«ï í¢®«îæ¨®®£® ãà ¢¥¨ï (15) áãé¥áâ¢ã¥â á¯¥æ¨ «ì ï á¢ï§®áâì ¢
_

R�E (n = 1) á ª®íää¨æ¨¥â ¬¨

100(z; zx); 101(z); g101(z; zx); 111(z); (44)

®¯à¥¤¥«ïîé ï ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë, ª®â®à ï ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (43), (¨, á«¥-
¤®¢ â¥«ì®, ¤«ï ãà ¢¥¨ï (15) áãé¥áâ¢ã¥â ¯à¥®¡à §®¢ ¨¥ �íª«ã¤ ), â®

M = �(z)(zx)2 + �(z)zx + �(z);

â. ¥. ãà ¢¥¨¥ (15) ¨¬¥¥â ¢¨¤ (16). �á«¨ ¯à¨ íâ®¬
d1

11

dz
6= 0, â® �(z) = 0.

�®ª § â¥«ìáâ¢®. �®íää¨æ¨¥âë (44) á¯¥æ¨ «ì®© á¢ï§®áâ¨ ¢
_

R�E (n = 1), ®¯à¥¤¥«ïîé¥©
¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë ¤«ï ãà ¢¥¨ï (15), ¤®«¦ë ã¤®¢«¥â¢®àïâì á¨áâ¥¬¥, á®áâ®ï-
é¥© ¨§ (42.1) ¨ (42.2) ¯à¨ L = 1 ¨ M =M(z; p1) (á¬. â¥®à¥¬ã 3.3). �â  á¨áâ¥¬  ¨¬¥¥â ¢¨¤

d111
dz

=
@g101
@p1

;

M
d111
dz

=
@g101
@z

p1;

d101
dz

=
@100
@p1

;

M
d101
dz

=
@100
@z

p1 + 100
1
11 � 101g

1
01:

(45)

� áá¬®âà¨¬ ¤¢  á«ãç ï. 1) d1
11

dz
6= 0. �§ ¯¥à¢®£® ãà ¢¥¨ï á¨áâ¥¬ë (45) á«¥¤ã¥â

g101 =
d111
dz

p1 + '(z): (46)
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�®¤áâ ¢¨¢ (46) ¢® ¢â®à®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (45), ¯®«ãç¨¬

M =
�
d111
dz

��1
d2111
dz2

(p1)
2 +

�
d111
dz

��1
d'

dz
p1:

�«¥¤®¢ â¥«ì®,   á¥ç¥¨ïå � � E(z = z(t; x)) M = �(z)(zx)2 + �(z)zx, £¤¥

�(z) =
�
d111
dz

��1
d2111
dz2

; �(z) =
�
d111
dz

��1
d'

dz
:

2) d1
11

dz
= 0. � ¬¥â¨¬, çâ® d1

01

dz
6= 0 ¢ á¨«ã (43), ¨ ¨§ ¯¥à¢ëå ¤¢ãå ãà ¢¥¨© á¨áâ¥¬ë (45)

á«¥¤ã¥â @g1
01

@z
= @g1

01

@p1
= 0. � ª¨¬ ®¡à §®¬, ¨¬¥¥¬

111 = a; g101 = b (a; b = const): (47)

�§ âà¥âì¥£® ãà ¢¥¨ï á¨áâ¥¬ë (45) á«¥¤ã¥â

100 =
d101
dz

p1 +  (z): (48)

�®¤áâ ¢¨¢ (47) ¨ (48) ¢ ç¥â¢¥àâ®¥ ãà ¢¥¨¥ á¨áâ¥¬ë (45), ¯®«ãç¨¬

M =
�
d101
dz

��1
d2101
dz2

(p1)2 +
��
d101
dz

��1
d 

dz
+ a

�
p1 +

�
d101
dz

��1

(a (z) � b101):

�«¥¤®¢ â¥«ì®,   á¥ç¥¨ïå � � E (z = z(t; x)) M = �(z)(zx)2 + �(z)zx + �(z), £¤¥

�(z) =
�
d101
dz

��1
d2101
dz2

;

�(z) =
�
d101
dz

��1
d 

dz
+ a;

�(z) =
�
d101
dz

��1

(a (z) � b101): �

4. �á®¢ ï â¥®à¥¬ 

�§ «¥¬¬ë 3.1 á«¥¤ã¥â, çâ® ãà ¢¥¨¥ (15) ¤®¯ãáª ¥â ¯à¥®¡à §®¢ ¨ï �íª«ã¤ , ¤«ï ª®â®àëå
á¨áâ¥¬  �íª«ã¤  ¨¬¥¥â ¢¨¤ (14) ¯à¨ ãá«®¢¨¨ (d

1

11

dz
)2 + (d

1

01

dz
)2 6= 0 â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤ 

íâ® ãà ¢¥¨¥ ¨¬¥¥â ¢¨¤ (16). �à ¢¥¨ï¬¨ â ª®£® ¢¨¤  ï¢«ïîâáï, ¢ ç áâ®áâ¨, ãà ¢¥¨ï (17).
� áâë¥ á«ãç ¨ ãà ¢¥¨ï (17) ¯à¨¢¥¤¥ë ¢ëè¥ (á¬. ¢¨¤ ãà ¢¥¨© (A) ¨ (B)).

�«ï í¢®«îæ¨®®£® ãà ¢¥¨ï (17) ¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ¨ï
¯à¥®¡à §®¢ ¨ï �íª«ã¤ , ¤«ï ª®â®à®£® á¨áâ¥¬  �íª«ã¤  ¨¬¥¥â ¢¨¤ (14), ï¢«ï¥âáï á®¢¬¥áâ-
®áâì á¨áâ¥¬ë (45) ¯à¨ ãá«®¢¨¨ M = �(z)(p1)2 + �(z)p1 (á¬. â¥®à¥¬ã 3.2). �â  á¨áâ¥¬  ¨¬¥¥â
¢¨¤

(111(z))
0 =

@g101(z; p1)
@p1

;

(�(z)p1 + �(z))(111(z))
0 =

@g101(z; p1)
@z

;

(101(z))
0 =

@100(z; p1)
@p1

;

(�(z)(p1)
2 + �(z)p1)(

1
01(z))

0 =
@100(z; p1)

@z
p1 + 100(z; p1)

1
11(z)� 101(z)g

1
01(z; p1):
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�§ ¯¥à¢®£® ¨ âà¥âì¥£® ãà ¢¥¨© íâ®© á¨áâ¥¬ë á«¥¤ã¥â

g101 = (111)
0p1 + ';

100 = (101)
0p1 +  ;

(49)

£¤¥ ' ¨  | ¥ª®â®àë¥ äãªæ¨¨ ®¤®© ¯¥à¥¬¥®© z. �®¤áâ ¢¨¢ (49) ¢® ¢â®à®¥ ¨ ç¥â¢¥àâ®¥
ãà ¢¥¨ï, ¯®«ãç¨¬

(�p1 + �)(111)
0 = (111)

00p1 + '0;

(�(p1)2 + �p1)(101)
0 = (101)

00(p1)2 +  0p1 + 111((
1
01)

0p1 +  )� 101((
1
11)

0p1 + '):

�à¨à ¢ï¢ ª®íää¨æ¨¥âë ¯à¨ (p1)2 ¨ p1 ¨ á¢®¡®¤ë¥ ç«¥ë ¢ ¯à ¢ëå ¨ «¥¢ëå ç áâïå íâ¨å
à ¢¥áâ¢, ¯®«ãç¨¬

�(111)
0 = (111)

00;

�(101)
0 = (101)

00;

�(111)
0 = '0;

�(101)
0 =  0 + 111(

1
01)

0 � 101(
1
11)

0;

111 � 101' = 0:

(50)

� «¨§¨àãï á¨áâ¥¬ã (50), ¬®¦® ¤®ª § âì á«¥¤ãîéãî «¥¬¬ã.

�¥¬¬  4.1. �ãáâì ¤«ï ãà ¢¥¨ï (17) áãé¥áâ¢ã¥â á¯¥æ¨ «ì ï á¢ï§®áâì ¢
_

R�E(n = 1),
®¯à¥¤¥«ïîé ï ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë, á ª®íää¨æ¨¥â ¬¨

100(z; p1); 101(z); g101(z; p1); 111(z):

�®£¤  ¥á«¨ íâ  á¢ï§®áâì ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (111)
0 6= 0, â® �0 6= 0 ¨ � = �00

�0
.

�á«¨ ¤«ï íâ®© á¢ï§®áâ¨ (111)
0 = 0; (101)

0 6= 0, â® � = const.

� ª¨¬ ®¡à §®¬, ¤«ï â®£® çâ®¡ë í¢®«îæ¨®®¥ ãà ¢¥¨¥ 2-£® ¯®àï¤ª  (17) ¤®¯ãáª «® ¯à¥-
®¡à §®¢ ¨¥ �íª«ã¤ , ¥®¡å®¤¨¬®, çâ®¡ë ®® ¡ë«® «¨¡® ãà ¢¥¨¥¬ ¢¨¤  (A), «¨¡® ãà ¢¥¨¥¬
¢¨¤  (B) (â. ¥. çâ®¡ë ®® á¢®¤¨«®áì «¨¡® ª ãà ¢¥¨î �îà£¥àá  (18), «¨¡® ª ãà ¢¥¨î (19)).

�¥¬¬  4.2. �«ï í¢®«îæ¨®®£® ãà ¢¥¨ï â¨¯  (A) áãé¥áâ¢ã¥â á¯¥æ¨ «ì ï á¢ï§®áâì ¢
_

R�E (n = 1), ®¯à¥¤¥«ïîé ï ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë, ã ª®â®à®© ª®¬¯®¥âë ®¡ê¥ªâ 

á¢ï§®áâ¨ § ¢¨áïâ ®â ¤¢ãå ¯¥à¥¬¥ëå z ¨ p1. �à¨ íâ®¬ ª®¬¯®¥âë ®¡ê¥ªâ  á¢ï§®áâ¨

®¯à¥¤¥«ïîâáï á â®ç®áâìî ¤® ¯à®¨§¢®«ìëå ª®áâ â c1, c2 ¨ c (c 6= 0) ¨ ¨¬¥îâ ¢¨¤

100 = c1

�
1
2
�0(z)p1 +

1
4
�2(z)�

�
c2

2c

�2�
+ c

�
1
2
�(z) +

c2

2c

�
;

101 = c1

�
1
2
�(z)�

c2

2c

�
+ c;

g101 =
1
2
�0(z)p1 +

�2(z)
4

�

�
c2

2c

�2

;

111 =
1
2
�(z)�

c2

2c
:

�¨áâ¥¬  �íª«ã¤  ¨¬¥¥â ¢ íâ®¬ á«ãç ¥ ¢¨¤ (20).
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�¥¬¬  4.3. �«ï í¢®«îæ¨®®£® ãà ¢¥¨ï â¨¯  (B) áãé¥áâ¢ã¥â á¯¥æ¨ «ì ï á¢ï§®áâì ¢
_

R�E (n = 1), ®¯à¥¤¥«ïîé ï ¯à¥¤áâ ¢«¥¨¥ ã«¥¢®© ªà¨¢¨§ë, ã ª®â®à®© ª®¬¯®¥âë ®¡ê¥ªâ 

á¢ï§®áâ¨ § ¢¨áïâ ®â ¤¢ãå ¯¥à¥¬¥ëå z ¨ p1. �à¨ íâ®¬ ª®¬¯®¥âë ®¡ê¥ªâ  á¢ï§®áâ¨

®¯à¥¤¥«ïîâáï á â®ç®áâìî ¤® ¯à®¨§¢®«ìëå ª®áâ â a, c, c1 (a 6= 0) ¨ ¨¬¥îâ ¢¨¤

100 = ceF (z)p1 + (k � a)
�
c

Z
eF (z)dz + c1

�
;

101 = c

Z
eF (z)dz + c1;

g101 = a(k � a);

111 = a:

�¨áâ¥¬  �íª«ã¤  ¨¬¥¥â ¢ íâ®¬ á«ãç ¥ ¢¨¤ (21).

�§ «¥¬¬ 4.1, 4.2, 4.3 á«¥¤ã¥â

�¥®à¥¬  4.1 (®á®¢ ï â¥®à¥¬ ). �¢®«îæ¨®®¥ ãà ¢¥¨¥

zt � zxx � �(z)(zx)
2 � �(z)zx = 0

¤®¯ãáª ¥â ¯à¥®¡à §®¢ ¨¥ �íª«ã¤ , ¤«ï ª®â®à®£® á¨áâ¥¬  �íª«ã¤  ¨¬¥¥â ¢¨¤ (14) ¯à¨ ãá«®-

¢¨¨ (d
1

11

dz
)2+(d

1

01

dz
)2 6= 0 ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  ®® ï¢«ï¥âáï «¨¡® ãà ¢¥¨¥¬ â¨¯ 

(A) (¨, á«¥¤®¢ â¥«ì®, á¢®¤¨âáï ª ãà ¢¥¨î �îà£¥àá  (18)), «¨¡® ãà ¢¥¨¥¬ â¨¯  (B) (¨,
á«¥¤®¢ â¥«ì®, á¢®¤¨âáï ª ãà ¢¥¨î (19)). �«ï ãà ¢¥¨ï â¨¯  (A) á¨áâ¥¬  �íª«ã¤  ¨¬¥¥â
¢¨¤ (20),   ¤«ï ãà ¢¥¨ï â¨¯  (B) | ¢¨¤ (21).
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