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�«ï â¨¯®¢®© § ¤ ç¨ ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï á ¥«¨¥©ë¬¨ ®¡à §ãîé¨¬¨ äãªæ¨ï¬¨  
®á®¢¥ ¡¨ª¢ ¤à â¨ç®©  ¯¯à®ªá¨¬ æ¨¨ æ¥«¥¢®£® äãªæ¨® «  ¢¬¥áâ¥ á ®¡®¡é¥®© ¯à®æ¥¤ãà®©
¢ àì¨à®¢ ¨ï ã¯à ¢«¥¨© ¯®áâà®¥ ®¢ë© ¬¥â®¤ ¯®á«¥¤®¢ â¥«ìëå ã«ãçè¥¨© á ¬®¤¥à¨§ æ¨¥©
áâ ¤ àâëå áå¥¬ ¢â®à®£® ¯®àï¤ª  â®ç®áâ¨ [1], [2].

1. �®áâ ®¢ª  § ¤ ç¨. �¥â®¤ à¥è¥¨ï

�ä®à¬ã«¨àã¥¬ ®á®¢ãî § ¤ çã ®¯â¨¬ «ì®£® ã¯à ¢«¥¨ï

�(u) = '(x(t1)) +
Z
T

F (x; u; t)dt! min; (1)

_x = f(x; u; t); x(t0) = x0; (2)

u(t) 2 U; t 2 T = [t0; t1]: (3)

�¢¥¤¥¬ ¬®¦¥áâ¢® ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨© V , ª®â®à®¥ á®¤¥à¦¨â ªãá®ç®-¥¯à¥àë¢ë¥ ¢¥ªâ®à-
äãªæ¨¨ u(t), t 2 T , á ãá«®¢¨¥¬ (3), £¤¥ U | ¢ë¯ãª«®¥ ª®¬¯ ªâ®¥ ¬®¦¥áâ¢®.

�à¥¤¯®«®¦¨¬, çâ® ¢ § ¤ ç¥ (1){(3)

1) â¥à¬¨ «ì ï äãªæ¨ï '(x) ¤¢ ¦¤ë ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬  ¯® x 2 Rn,
2) ¨â¥£à â F (x; u; t) ¨ ¢¥ªâ®à-äãªæ¨ï f(x; u; t) ¥¯à¥àë¢ë ¯® á¢®¨¬  à£ã¬¥â ¬  

Rn � U � T ¢¬¥áâ¥ á ¯à®¨§¢®¤ë¬¨ ¯® á®¢®ªã¯®áâ¨ (x; u) ¤® ¢â®à®£® ¯®àï¤ª  ¢ª«î-
ç¨â¥«ì®.

�¢¥¤¥¬ ¢¥ªâ®àãî á®¯àï¦¥ãî ¯¥à¥¬¥ãî  2 Rn ¨ ®¡à §ã¥¬ äãªæ¨î �®âàï£¨ 

H( ; x; u; t) = h ; f(x; u; t)i � F (x; u; t):

�ë¤¥«¨¬ ¨§ ®¡é¥© ¯®áâ ®¢ª¨ § ¤ ç¨ (1){(3) ¤¢  ª« áá  § ¤ ç á å à ªâ¥àë¬¨ á¢®©áâ¢ ¬¨.
�¨«¨¥© ï § ¤ ç :

1) äãªæ¨ï '(x) «¨¥©  ¯® x,
2) äãªæ¨ï H( ; x; u; t) ¡¨«¨¥©  ¯® á®¢®ªã¯®áâ¨ (x; u).

�¨ª¢ ¤à â¨ç ï § ¤ ç :
1) äãªæ¨ï '(x) ª¢ ¤à â¨ç  ¯® x,
2) ¢¥ªâ®à-äãªæ¨ï f(x; u; t) «¨¥©  ¯® x,
3) äãªæ¨ï H( ; x; u; t) ¡¨ª¢ ¤à â¨ç  ¯® á®¢®ªã¯®áâ¨ (x; u).

�¢¥¤¥¬  ¯¯à®ªá¨¬ æ¨¨ æ¥«¥¢®£® äãªæ¨® « , á®®â¢¥âáâ¢ãîé¨¥ ¯® â®ç®áâ¨ ¯à¥¤áâ ¢«¥-
ë¬ § ¤ ç ¬.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâë òò02-01-00243, 02-01-81001) ¨ ¯à®£à ¬¬ë \�¨¢¥àá¨â¥âë �®áá¨¨" (¯à®¥ªâ ò��.03.01.008).
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�ãáâì u, w = u + �u | ¯ à  ¤®¯ãáâ¨¬ëå ã¯à ¢«¥¨©. �¯¯à®ªá¨¬ æ¨ï ¯¥à¢®£® ¯®àï¤ª 
®â®á¨â¥«ì® ¯à¨à é¥¨© �u, �x ¨¬¥¥â ¢¨¤ [1]

�(w)� �(u) = �1�(u;w) + �1;

�1�(u;w) = �

Z
T

hHu( (t; u); x(t; w); u(t); t);�u(t)idt;

�1 = ou(k�uk) + ox(k�xk):

�«ï ¡¨«¨¥©®© § ¤ ç¨ ®  ï¢«ï¥âáï â®ç®© (�1 = 0) ¨ ¯®à®¦¤ ¥â á¥à¨î ¡¨£à ¤¨¥âëå ¬¥-
â®¤®¢, ¨á¯®«ì§ãîé¨å ¯à®¨§¢®¤ãî Hu, ¯®¤áç¨â ãî ¢¤®«ì á¬¥è ®© á®¢®ªã¯®áâ¨ âà ¥ªâ®-
à¨© [1].

�¯¯à®ªá¨¬ æ¨ï ¢â®à®£® ¯®àï¤ª  â®ç®áâ¨ ¯® ¯à¨à é¥¨ï¬ �u, �x ®¯à¥¤¥«ï¥âáï á®®â®è¥-
¨ï¬¨

�(w)� �(u) = �2�(u;w) + �2; (4)

�2�(u;w) = �

Z
T

hHu(p(t; u; x(t; w)); x(t; w); u(t); t);�u(t)idt �

�
1
2

Z
T

h�u(t);Huu(p(t; u; x(t; w)); x(t; w); u(t); t)�u(t)idt;

�2 = ou(k�uk2) + ox(k�xk2):

�¤¥áì p(t; u; x) =  (t; u) + 	(t; u)(x� x(t; u)) | ¢á¯®¬®£ â¥«ì ï ¢¥ªâ®à-äãªæ¨ï, ®¡à §®¢  ï
  ®á®¢¥ à¥è¥¨©  (t; u), 	(t; u) ¢¥ªâ®à®© ¨ ¬ âà¨ç®© á®¯àï¦¥ëå á¨áâ¥¬

_ = �Hx;  (t1) = �'x;

_	 = �fT
x
	�	fx �Hxx; 	(t1) = �'xx:

�¥âàã¤® ¢¨¤¥âì, çâ®  ¯¯à®ªá¨¬ æ¨ï (4) ï¢«ï¥âáï â®ç®© (�2 = 0) ¤«ï ¡¨ª¢ ¤à â¨çëå § ¤ ç.
�«ï ¯®áâà®¥¨ï á®®â¢¥âáâ¢ãîé¥£® ¬¥â®¤  ¢â®à®£® ¯®àï¤ª  ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ®¡®¡é¥ãî

¯à®æ¥¤ãàã á« ¡®£® ¢ àì¨à®¢ ¨ï á ¯ à ¬¥âà®¬ � 2 [0; 1] ¨ äãªæ¨¥© ¢ àì¨à®¢ ¨ï �(t)

w(t) = u(t) + �(t)(v(t) � u(t)); t 2 T;

v(t) 2 U; �(t) 2 [0; �]:

� ¬¥ïï ¢ ª¢ ¤à â¨ç®©  ¯¯à®ªá¨¬ æ¨¨ �2�(u;w) ¢¥ªâ®à-äãªæ¨î x(t; w) ¯à®¨§¢®«ì®© ä -
§®¢®© âà ¥ªâ®à¨¥© x(t), áä®à¬ã«¨àã¥¬ § ¤ çã ¯®¨áª  í«¥¬¥â®¢ ¢ àì¨à®¢ ¨ï v, � ¯à¨ § ¤ -
®¬ �: Z

T

�(t)hHu[t; x(t)]; v(t) � u(t)idt+

+
1
2

Z
T

�2(t)hv(t) � u(t);Huu[t; x(t)](v(t) � u(t))idt! max; (5)

v(t) 2 U; �(t) 2 [0; �]:

�¤¥áì ¨á¯®«ì§®¢ ® ®¡®§ ç¥¨¥

s[t; x(t)] = s(p(t; u; x(t)); x(t); u(t); t):

�à®¢¥¤¥¬ ¤¥ª®¬¯®§¨æ¨î § ¤ ç¨ ®â®á¨â¥«ì® ¯¥à¥¬¥ëå v, �. �®« £ ï � = 1, �(t) = 1,
¢ë¤¥«¨¬ ¨§ (5) ¯®¤§ ¤ çã ¯®¨áª  ¢á¯®¬®£ â¥«ì®£® ã¯à ¢«¥¨ï. �¥ à¥è¥¨¥ ®¯à¥¤¥«ï¥âáï ¯®-
â®ç¥çë¬ ãá«®¢¨¥¬ ¬ ªá¨¬ã¬  ª¢ ¤à â¨ç®© äãªæ¨¨   ¬®¦¥áâ¢¥ U

u(t) = argmax
v2U

�
hHu[t; x(t)]; v � u(t)i+

1
2
hv � u(t);Huu[t; x(t)](v � u(t))i

�
; t 2 T: (6)
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�¢¥¤¥¬ ®¡®§ ç¥¨ï

g1(t) = hHu[t; x(t)]; u(t)� u(t)i;

g2(t) = hu(t)� u(t);Huu[t; x(t)](u(t)� u(t))i:

�®£« á® ®¯à¥¤¥«¥¨î ¢¤®«ì ã¯à ¢«¥¨ï u(t) ¢ë¯®«ï¥âáï ¥à ¢¥áâ¢® (¥®¡å®¤¨¬®¥ ãá«®¢¨¥
¬ ªá¨¬ã¬  ¤¨ää¥à¥æ¨àã¥¬®© äãªæ¨¨   ¢ë¯ãª«®¬ ¬®¦¥áâ¢¥)

hHu[t; x(t)] +Huu[t; x(t)](u(t)� u(t)); u(t)� vi � 0; v 2 U:

� ç áâ®áâ¨, ¯à¨ v = u(t) ¯®«ãç ¥¬ ãá«®¢¨¥ ¥®âà¨æ â¥«ì®áâ¨

g1(t) + g2(t) � 0; t 2 T: (7)

�â¬¥â¨¬, çâ® ¢¢¥¤¥ë¥ ®¡ê¥ªâë u, g1, g2 § ¢¨áïâ ®â âà ¥ªâ®à¨¨ x(t):

u(t) = u(t; x(t)); gi(t) = gi(t; x(t)); i = 1; 2; t 2 T:

� áá¬®âà¨¬ ¤ «¥¥ äà £¬¥â § ¤ ç¨ (5) ¯à¨ v(t) = u(t) (¯®¤§ ¤ ç    ¯®¨áª äãªæ¨¨ ¢ àì¨à®-
¢ ¨ï) Z

T

�
�(t)g1(t) +

1
2
�2(t)g2(t)

�
dt! max; (8)

�(t) 2 [0; �]:

� §à¥è îé¥¥ ãá«®¢¨¥ ¨¬¥¥â ¢¨¤ (¬ ªá¨¬ã¬ ¯ à ¡®«ë   ®âà¥§ª¥)

�g1(t) +
1
2
�2g2(t)! max; � 2 [0; �]; t 2 T: (9)

�â æ¨® à ï â®çª  æ¥«¥¢®© äãªæ¨¨

�(t) = �
g1(t)
g2(t)

; g2(t) 6= 0:

� ©¤¥¬ à¥è¥¨¥ ��(t) § ¤ ç¨ (9) ¯à¨ ãá«®¢¨¨ ¥®âà¨æ â¥«ì®áâ¨ (7).
�ãáâì g2(t) > 0 (¢ë¯ãª« ï ¯ à ¡®«  á â®çª®© ¬¨¨¬ã¬  �(t)). �®£¤ 

��(t) =

(
0; �(t) > �

2
, g1(t) < ��

2
g2(t);

�; �(t) � �

2
, g1(t) � ��

2
g2(t):

� áá¬®âà¨¬ á«ãç © g2(t) < 0 (¢®£ãâ ï ¯ à ¡®«  á â®çª®© ¬ ªá¨¬ã¬  �(t)). � á¨«ã ãá«®-
¢¨ï (7)

g1(t)
g2(t)

+ 1 � 0 ) �(t) � 1:

�«¥¤®¢ â¥«ì®, ��(t) = �. �ãáâì,  ª®¥æ, g2(t) = 0. �®£¤  á ãç¥â®¬ (7) g1(t) � 0, â. ¥. ��(t) = �.
� á®¢®ªã¯®áâ¨ § ª«îç ¥¬

��(t) =

(
0; t 2 T�;

�; t 2 T n T�;

T� = ft 2 T : g2(t) > 0; g1(t) < ��

2
g2(t)g:

�â¬¥â¨¬ ¥áâ ¤ àâë© ¬®¬¥â| íªáâà¥¬ «ì ï äãªæ¨ï ¢ àì¨à®¢ ¨ï ï¢«ï¥âáï ªãá®ç®-
¯®áâ®ï®© á ¢®§¬®¦ë¬¨ ãç áâª ¬¨ ®âáãâáâ¢¨ï ¢ àì¨à®¢ ¨ï.

�¡à §ã¥¬ á®®â¢¥âáâ¢ãîé¥¥ á¥¬¥©áâ¢® ã¯à ¢«¥¨©, ¯®¤ç¥àª¨¢ ï § ¢¨á¨¬®áâì ®â ä §®¢®£® á®-
áâ®ï¨ï x,

u(t; x; �) =

(
u(t); t 2 T�;

u(t) + �(u(t; x)� u(t)); t 2 T n T�:
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� «¥¥ à¥ «¨§ã¥âáï áâ ¤ àâ ï áå¥¬  |  å®¤¨âáï à¥è¥¨¥ x�(t) ä §®¢®© á¨áâ¥¬ë

_x = f(x; u(t; x; �); t); x(t0) = x0

¢¬¥áâ¥ á ã¯à ¢«¥¨¥¬ u�(t) = u(t; x�(t); �), t 2 T . �à¨ íâ®¬ ¢á¥ í«¥¬¥âë ¢ àì¨à®¢ ¨ï ¯à¨-
®¡à¥â îâ § ¢¨á¨¬®áâì ®â ¯ à ¬¥âà  �:

u(t; �) = u(t; x�(t)); gi(t; �) = gi(t; x�(t)); i = 1; 2:

�¥«¨ç¨ 

�2(�) = �

Z
TnT�

�
g1(t; �) +

�

2
g2(t; �)

�
dt � 0 (10)

®¯à¥¤¥«ï¥â § ç¥¨¥ (8) ¯à¨ x(t) = x�(t). �®¤¨â¥£à «ì ï äãªæ¨ï ¢ (10) ¥®âà¨æ â¥«ì .
�¥©áâ¢¨â¥«ì®, ¬®¦¥áâ¢® T n T� ®¯¨áë¢ ¥âáï ¥à ¢¥áâ¢ ¬¨

1) g2(t; �) > 0; g1(t; �) � �
�

2
g2(t; �)

¨«¨

2) g2(t; �) � 0:

� ¯¥à¢®¬ á«ãç ¥ ãá«®¢¨¥ ¥®âà¨æ â¥«ì®áâ¨ ®ç¥¢¨¤®. �®£« á® ®¯à¥¤¥«¥¨î ã¯à ¢«¥¨ï
u(t) (á¬. (6)) ¨¬¥¥â ¬¥áâ® ¥à ¢¥áâ¢®

g1(t; �) +
1
2
g2(t; �) � 0; t 2 T:

�âáî¤  ¤«ï á«ãç ï 2) ¯®«ãç ¥¬ âà¥¡ã¥¬ë© à¥§ã«ìâ â

g1(t; �) +
�

2
g2(t; �) � 0: (11)

� á¨«ã ä®à¬ã«ë (4) ª¢ ¤à â¨ç ï  ¯¯à®ªá¨¬ æ¨ï ¯à¨¨¬ ¥â § ç¥¨¥�2�(u; u�) = ��2(�).
�«¥¤®¢ â¥«ì®, ¢ ¡¨ª¢ ¤à â¨çëå § ¤ ç å ã¯à ¢«¥¨¥ u� ®¡¥á¯¥ç¨¢ ¥â ¥«®ª «ì®¥ ã«ãçè¥¨¥

�(u�)� �(u) = ��2(�) � 0; � 2 (0; 1]:

� ®¡é¥¬ á«ãç ¥ ®áâ â®ª �2 ä®à¬ã«ë ¯à¨à é¥¨ï (4) ¯à¨ w = u� ¨¬¥¥â ¯®àï¤®ª o(�2), ¨ á¢®©-
áâ¢® «®ª «ì®£® ã«ãçè¥¨ï á¢ï§ ® á ãá«®¢¨¥¬ ¥®âà¨æ â¥«ì®áâ¨ £« ¢®£® ç«¥  ¢ ¢ëà ¦¥¨¨
(10) ¤«ï ¤®áâ â®ç® ¬ «ëå � > 0Z

TnT�

g1(t; �)dt � 0; � 2 (0; �0): (12)

�à®æ¥¤ãà  ¢ àì¨à®¢ ¨ï á¯®á®¡áâ¢ã¥â ¢ë¯®«¥¨î íâ®£® ¥à ¢¥áâ¢ , ¯®áª®«ìªã ¬®¦¥áâ¢®
T� ¢ë¤¥«ï¥â ¨ ¢ë¢®¤¨â ¨§ ¨â¥£à «  áãé¥áâ¢¥® ®âà¨æ â¥«ìë¥ § ç¥¨ï äãªæ¨¨ g1(t; �).
�à®¬¥ â®£®, ¥à ¢¥áâ¢® (11), á¯à ¢¥¤«¨¢®¥ ¯à¨ t 2 T n T�, ¤«ï ¬ «ëå � > 0 ¯à¨¢®¤¨â, ¢®®¡é¥
£®¢®àï, ª ãá«®¢¨î ¥®âà¨æ â¥«ì®áâ¨ g1(t; �) � 0, t 2 T n T�, ª®â®à®¥ £ à â¨àã¥â ¢ë¯®«¥¨¥
¨â¥£à «ì®£® ¯à¨§ ª  (12). �®§¬®¦®áâì ã«ãçè¥¨ï áâ æ¨® àëå (¢ á¬ëá«¥ ¤¨ää¥à¥æ¨-
 «ì®£® ¯à¨æ¨¯  ¬ ªá¨¬ã¬ ) ã¯à ¢«¥¨© § «®¦¥  ¢ ¨á¯®«ì§ã¥¬®©  ¯¯à®ªá¨¬ æ¨¨ ¨ á¢ï§  
á ãá«®¢¨ï¬¨ Z

TnT�

g1(t; �)dt = 0;
Z
TnT�

g2(t; �)dt � 0; � 2 (0; �0):

� § ª«îç¥¨¥ ãª ¦¥¬  «ìâ¥à â¨¢ë© ¢ à¨ â ¯®áâà®¥¨ï ¢á¯®¬®£ â¥«ì®£® ã¯à ¢«¥¨ï  
®á®¢¥ § ¤ ç¨ ¢ ¢ à¨ æ¨ïå (5). �®« £ ï �(t) = �, t 2 T , ¯®«ãç ¥¬ ¬ ªá¨¬¨§¨àãîé¥¥ ã¯à ¢«¥¨¥

eu(t; x; �) = argmax
v2U

�
hHu[t; x(t)]; v � u(t)i+

�

2
hv � u(t);Huu[t; x(t)](v � u(t))i

�
; t 2 T: (13)
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�®®â¢¥âáâ¢ãîé ï ¯à®æ¥¤ãà  ¢ àì¨à®¢ ¨ï ¨¬¥¥â ¢¨¤

u(t; x; �) = u(t) + �(eu(t; x; �) � u(t)); t 2 T:

�¢ ¤à â¨ç ï  ¯¯à®ªá¨¬ æ¨ï ¯à¨¨¬ ¥â § ç¥¨¥

�2�(u; u�) = ��

Z
T

�
hHu[t; x�(t)]; eu(t; x�(t); �) � u(t)i +

+
�

2
heu(t; x�(t); �) � u(t);Huu[t; x�(t)](eu(t; x�(t); �) � u(t))i

�
dt:

�à¨ íâ®¬ ¯®¤¨â¥£à «ì ï äãªæ¨ï ¥®âà¨æ â¥«ì . � «ì¥©è¨© å®¤ à ááã¦¤¥¨© á ¥áâ¥áâ¢¥-
ë¬¨ ª®àà¥ªâ¨¢ ¬¨ á®åà ï¥âáï.

� ¬¥ç ¨¥ 1. �¡áã¤¨¬ ¢á¯®¬®£ â¥«ìãî § ¤ çã (6). �á«¨ ¨áå®¤ ï § ¤ ç  ¡¨ª¢ ¤à â¨ç ,
â® íâ® ®¡ëç ï § ¤ ç    ¬ ªá¨¬ã¬ äãªæ¨¨ �®âàï£¨ 

u(t) = argmax
v2U

H(p(t; u; x(t)); x(t); v; t); t 2 T:

� ®¡é¥¬ á«ãç ¥ ¯®«ãç ¥¬ § ¤ çã   ¬ ªá¨¬ã¬ ª¢ ¤à â¨ç®© äãªæ¨¨ ®â®á¨â¥«ì® ¬®-
¦¥áâ¢  U

u(t) = argmax
v2U

(hw1(t); vi + 1

2
hv;W1(t)vi);

w1(t) = Hu[t; x(t)]�Huu[t; x(t)]u(t);

W1(t) = Huu[t; x(t)]:

�á®¢®¥ ¯à¥¤¯®«®¦¥¨¥ á¢ï§ ® á   «¨â¨ç¥áª®© à §à¥è¨¬®áâìî ¯à¨¢¥¤¥ëå § ¤ ç.

� ¬¥ç ¨¥ 2. �â®à ï ¢á¯®¬®£ â¥«ì ï § ¤ ç  (13) ¯à¥¤áâ ¢«ï¥âáï ¢ ¢¨¤¥

eu(t; x; �) = argmax
v2U

(hw2(t; �); vi + 1

2
hv;W2(t; �)vi);

w2(t; �) = Hu[t; x(t)] � �Huu[t; x(t)]u(t);

W2(t; �) = �Huu[t; x(t)]:

�¤¥áì â ª¦¥ âà¥¡ã¥âáï   «¨â¨ç¥áª®¥ à¥è¥¨¥.

2. �å¥¬  ç¨á«¥®£® ¨â¥£à¨à®¢ ¨ï à §àë¢ëå á¨áâ¥¬

� à ªâ¥à®© ç¥àâ®© ¯à¨¢¥¤¥®£® ¢ëè¥ ¬¥â®¤  ç¨á«¥®£® à¥è¥¨ï § ¤ ç ®¯â¨¬ «ì®£®
ã¯à ¢«¥¨ï ï¢«ï¥âáï ¥®¡å®¤¨¬®áâì ¬®£®ªà â®£® ¨â¥£à¨à®¢ ¨ï à §àë¢ëå ¯® ä §®¢ë¬ ¯¥-
à¥¬¥ë¬ ¤¨ää¥à¥æ¨ «ìëå á¨áâ¥¬. �â  ¥áâ ¤ àâ ï ¯à®æ¥¤ãà  ï¢«ï¥âáï áãé¥áâ¢¥ë¬
ä ªâ®à®¬ ¯®¢ëè¥¨ï íää¥ªâ¨¢®áâ¨, ¯®áª®«ìªã §  áç¥â ¢®§¬®¦®áâ¨ ¥¥¤¨áâ¢¥®£® à¥è¥-
¨ï à áè¨àï¥âáï ¯®â¥æ¨ « ã«ãçè¥¨ï | ¯®ï¢«ï¥âáï ª®áâàãªâ¨¢ë© è á ¯à¥®¤®«¥âì ¡ àì¥à
áâ æ¨® à®áâ¨, çâ® ®âªàë¢ ¥â ¯¥àá¯¥ªâ¨¢ã £«®¡ «ì®£® à¥è¥¨ï ¥¢ë¯ãª«ëå § ¤ ç ®¯â¨¬ «ì-
®£® ã¯à ¢«¥¨ï.

� áá¬®âà¨¬,  ¯à¨¬¥à, ¡¨«¨¥©ãî § ¤ çã á® áª «ïàë¬ ã¯à ¢«¥¨¥¬

�(u) = hc; x(t1)i ! min;

_x = (A0(t) + uA1(t))x+ b(t)u; x(t0) = x0;

ju(t)j � 1; t 2 T = [t0; t1]:

�¢¥¤¥¬ á®¯àï¦¥ãî á¨áâ¥¬ã

_ = �(A0(t) + uA1(t))T ;  (t1) = �c;
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äãªæ¨î �®âàï£¨  H( ; x; u; t) = h ; _xi ¨ ¬ ªá¨¬¨§¨àãîé¥¥ ã¯à ¢«¥¨¥

u�( ; x; t) = argmax
u2U

H( ; x; u; t) = signHu( ; x; t):

�â ¤ àâ ï ¯à®æ¥¤ãà  ã«ãçè¥¨ï ¨¬¥¥â ¢¨¤ [1]

u(t); t 2 T; !  (t; u) ! v�(x; t) = u�( (t; u); x; t) !

! x(t) : _x = (A0(t) + v�A1(t))x+ b(t)v�; x(t0) = x0;

v(t) = v�(x(t); t) ! �(v�) � �(u):

�§«®¢ë¬ ¬®¬¥â®¬ à¥ «¨§ æ¨¨ ï¢«ï¥âáï § ¤ ç  �®è¨ ¤«ï à §àë¢®© ä §®¢®© á¨áâ¥¬ë á
ã¯à ¢«¥¨¥¬

v�(x; t) = sign g(x; t); g(x; t) = Hu( (t; u); x; t):

�«¥¤ã¥â ®â¬¥â¨âì, çâ® á â®çª¨ §à¥¨ï ã«ãçè¥¨ï äãªæ¨® «  ¯à¥¤¯®çâ¨â¥«ì®¥ § ç¥¨¥
¨¬¥îâ ¥®á®¡ë¥ à¥è¥¨ï x(t) íâ®© á¨áâ¥¬ë: g(x(t); t) 6= 0, t 2 T .

� íâ®© á¢ï§¨ ®¡áã¤¨¬ ¯à®æ¥áá ¨â¥£à¨à®¢ ¨ï à §àë¢ëå ¯® ä §®¢®¬ã á®áâ®ï¨î á¨áâ¥¬,
¥®¡å®¤¨¬® ¢®§¨ª îé¨å ¯à¨ à¥ «¨§ æ¨¨ ¥ª« áá¨ç¥áª¨å ¬¥â®¤®¢ ã«ãçè¥¨ï. �à¥¦¤¥ ¢á¥£®
¯®¤ç¥àª¥¬, çâ® §¤¥áì ¨á¯®«ì§ãîâáï áâ ¤ àâë¥ áå¥¬ë ç¨á«¥®£® à¥è¥¨ï § ¤ ç¨ �®è¨ ( -
¯à., ¬¥â®¤ë �ã£¥{�ãââ  ¢â®à®£® ¯®àï¤ª ) á ®¡®á®¢ ®© ª®àà¥ªæ¨¥© ¤«ï ®á®¡ëå á«ãç ¥¢,
ª®£¤  ä §®¢ ï âà ¥ªâ®à¨ï ¯®¯ ¤ ¥â   ¯®¢¥àå®áâì à §àë¢  ¯à ¢®© ç áâ¨. � áá¬®âà¨¬,  ¯à¨-
¬¥à, â¨¯¨çë© á«ãç © ä §®¢®© á¨áâ¥¬ë

_x = f(x; u; t); (14)

ª®â®à ï  å®¤¨âáï ¯®¤ ¢®§¤¥©áâ¢¨¥¬ à §àë¢®£® ã¯à ¢«¥¨ï á¨£ âãà®£® â¨¯ 

u = sign g(x; t) (15)

®â®á¨â¥«ì® £« ¤ª®© áª «ïà®© äãªæ¨¨ ¯¥à¥ª«îç¥¨ï g(x; t), x 2 Rn, t 2 T . �à¨ íâ®¬ ¯®-
¢¥àå®áâì à §àë¢  ¯à ¢®© ç áâ¨ á¨áâ¥¬ë (14) ®¯¨áë¢ ¥âáï ãà ¢¥¨¥¬ g(x; t) = 0.

�¥ ¯®¢¥àå®áâ¨ à §àë¢  (g(x; t) 6= 0) ã¯à ¢«¥¨¥ (15) ®¯à¥¤¥«¥® ®¤®§ ç®, ¨ á¨áâ¥¬  (14)
¨â¥£à¨àã¥âáï ®¡ëçë¬ ®¡à §®¬ á ¯®¬®éìî ª ª®£®-«¨¡® ç¨á«¥®£® ¬¥â®¤ . �¯¥æ¨ «ì®© ®¡à -
¡®âª¨ âà¥¡ãîâ ®á®¡ë¥ á¨âã æ¨¨, ª®£¤  à¥è¥¨¥ x(t) á¨áâ¥¬ë (14) ¢ ¥ª®â®àë© ¬®¬¥â ¢à¥¬¥¨
� ¯®¯ ¤ ¥â   ¯®¢¥àå®áâì à §àë¢  ¯à ¢®© ç áâ¨: g(x(�); �) = 0, ¨ ®¤®§ ç®áâì ¤ «ì¥©è¥£®
¯à®¤®«¦¥¨ï à¥è¥¨ï â¥àï¥âáï.

�áå®¤ï ¨§ æ¥«¥¢®© ãáâ ®¢ª¨   ã«ãçè¥¨¥, ¢ ¯¥à¢ãî ®ç¥à¥¤ì ¤¥« ¥¬ ¯®¯ëâªã  ©â¨ ¥-
®á®¡®¥ (g(x(t); t) 6= 0) à¥è¥¨¥ x(t) ä §®¢®© á¨áâ¥¬ë (14) ¤«ï t 2 T" = (�; � + "), " > 0. �¤¥áì
¯à¨¬¥ï¥âáï ®¡ëç ï ¯à®æ¥¤ãà  ¯à®£®§¨à®¢ ¨ï.

� å®¤¨âáï ¯à®¡®¥ à¥è¥¨¥ x(t; 1) ä §®¢®© á¨áâ¥¬ë (14) á ã¯à ¢«¥¨¥¬ u = 1   ¯à®¬¥¦ãâª¥
T" ¨§  ç «ì®© â®çª¨ x(�). �á«¨ g(x(t; 1); t) > 0, t 2 T", â® x(t; 1) | ¤¥©áâ¢¨â¥«ì® à¥è¥¨¥
á¨áâ¥¬ë (14) ¢ ¯à ¢®© ®ªà¥áâ®áâ¨ â®çª¨ � , ª®â®à®¥ ¬®¦¥â ¡ëâì ¨á¯®«ì§®¢ ® ¢ ¯à®æ¥¤ãà¥
ã«ãçè¥¨ï. � ¯à®â¨¢®¬ á«ãç ¥ (g(x(t; 1); t) < 0, t 2 T") á¨áâ¥¬  (14) â ª®£® à¥è¥¨ï ¥ ¨¬¥¥â.
�®£¤  à¥ «¨§ã¥âáï á¨¬¬¥âà¨çë© ¢ à¨ â á ã¯à ¢«¥¨¥¬ u = �1 ¨ ¯à®¡ë¬ à¥è¥¨¥¬ x(t;�1).

� ª®¢  áå¥¬  ¢ëï¢«¥¨ï ¥®á®¡ëå à¥è¥¨© ä §®¢®© á¨áâ¥¬ë (14) ®â®á¨â¥«ì® ®á®¡®© â®çª¨
x(�) : g(x(�); �) = 0. �á«¨ â ª¨å à¥è¥¨© ¥â (¢®§¬®¦ ï á¨âã æ¨ï), â® ®áâ ¥âáï ¨á¯®«ì§®¢ âì
®á®¡®¥ à¥è¥¨¥ x(t; u0), ª®â®à®¥ å à ªâ¥à¨§ã¥âáï ãá«®¢¨¥¬ g(x(t; u0); t) = 0, t 2 T". �®®â¢¥âáâ¢ã-
îé¥¥ ã¯à ¢«¥¨¥ u0 ®¯à¥¤¥«ï¥âáï ç¥à¥§ ¤¨ää¥à¥æ¨à®¢ ¨¥ íâ®£® â®¦¤¥áâ¢  ¢ á¨«ã á¨áâ¥¬ë
(14) á ãç¥â®¬ ®£à ¨ç¥¨©   ã¯à ¢«¥¨¥ (¯à¥¤¢ à¨â¥«ì ï § £®â®¢ª ).

�ëè¥ ®¯¨á  ¥¯à¥àë¢ë© ¢ à¨ â ¨â¥£à¨à®¢ ¨ï à §àë¢®© á¨áâ¥¬ë (14) ¢ ®ªà¥áâ®áâ¨
®á®¡®© â®çª¨ x(�). � à¥ «ìëå ¢ëç¨á«¥¨ïå ¨á¯®«ì§ã¥âáï, ª®¥ç®, ¤¨áªà¥â ï áå¥¬  á è £®¬
ç¨á«¥®£® ¨â¥£à¨à®¢ ¨ï h. � íâ®¬ á«ãç ¥ � = �i | ¥ª®â®àë© ã§¥« ¨â¥£à¨à®¢ ¨ï, xi |
¯à¨¡«¨¦¥®¥ à¥è¥¨¥ ¢ íâ®¬ ã§«¥, ¨ ãá«®¢¨¥ ¢ëå®¤    ¯®¢¥àå®áâì à §àë¢  ¨¬¥¥â \¯à¨¡«¨-
¦¥ë©" ¢¨¤ jg(xi; �i)j � �, £¤¥ � > 0 | â®ç®áâì ®¡à é¥¨ï ¢ ã«ì äãªæ¨¨ ¯¥à¥ª«îç¥¨ï.
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�à¨ íâ®¬ ®âà¥§®ª ¯à®£®§¨à®¢ ¨ï T" = f�i; �i + h; : : : ; �i + khg á®¤¥à¦¨â ®¯à¥¤¥«¥®¥ ª®«¨-
ç¥áâ¢® ã§«®¢ ¨â¥£à¨à®¢ ¨ï. � ®áâ «ì®¬ «®£¨ª  ¨â¥£à¨à®¢ ¨ï ¢ ®ªà¥áâ®áâ¨ ®á®¡®© â®çª¨
á®åà ï¥âáï.

� § ª«îç¥¨¥ ®â¬¥â¨¬, çâ® ª ç¥áâ¢¥ë¥ ¯à®¡«¥¬ë ¤«ï ãà ¢¥¨© á à §àë¢®© ¯à ¢®© ç -
áâìî (áãé¥áâ¢®¢ ¨¥, ®¡é¨¥ á¢®©áâ¢  à¥è¥¨© ¨ ¤à.) ¯®¤à®¡® à áá¬®âà¥ë ¢ [3]. �®¯à®áë ¯à¨-
¡«¨¦¥®£® ¢ëç¨á«¥¨ï à¥è¥¨© à §àë¢ëå á¨áâ¥¬ á ¯®¬®éìî ¬¥â®¤®¢ �ã£¥{�ãââ  (ãá«®¢¨ï
áå®¤¨¬®áâ¨) ®¡áã¦¤¥ë ¢ [4].
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