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�®à®è® ¨§¢¥áâë «®ª «ì®-®¤®¬¥àë¥ ¬¥â®¤ë à¥è¥¨ï ¥áâ æ¨® àëå § ¤ ç ¬ â¥¬ â¨-
ç¥áª®© ä¨§¨ª¨ [1], [2]. �¥¤ ¢® ¡ë«¨ ¯à¥¤«®¦¥ë ¢¥ªâ®àë¥ ¬¥â®¤ë à áé¥¯«¥¨ï ¤«ï íâ¨å
§ ¤ ç. �å ¯®áâà®¥¨î ¨ ¨§ãç¥¨î ¯®á¢ïé¥ àï¤ à ¡®â ( ¯à., [3]{[9]). �«ï ¤¢ãå ¢¥ªâ®àëå (¯ -
à ««¥«ì®£® ¨ ¯®á«¥¤®¢ â¥«ì®£®) ¬¥â®¤®¢ ¯®àï¤ª   ¯¯à®ªá¨¬ æ¨¨ O(� + h2) à¥è¥¨ï ãà ¢¥-
¨ï â¥¯«®¯à®¢®¤®áâ¨ ¢ ¯ à ««¥«¥¯¨¯¥¤¥ [10] ¯®«ãç¥ë â®çë¥ ®æ¥ª¨ ¯®£à¥è®áâ¨   ª« áá å
¥£« ¤ª¨å ¤ ëå,   â ª¦¥ ãáâ ®¢«¥  ¨å á¢ï§ì á «®ª «ì®-®¤®¬¥àë¬¨ ¬¥â®¤ ¬¨.

� ¤ ®© áâ âì¥ ¨§ãç ¥âáï ¢¥ªâ®àë© ¬¥â®¤ à áé¥¯«¥¨ï ¯®àï¤ª   ¯¯à®ªá¨¬ æ¨¨O(� 2+h2),
¯à¥¤«®¦¥ë© ¢ à ¡®â¥ [5] ¨ ®á®¢ ë©   ¯®¯¥à¥¬¥®-âà¥ã£®«ì®¬ ¬¥â®¤¥ ¤«ï à¥è¥¨ï á¨-
áâ¥¬ ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© [11]. �®ª § ®, çâ® â ª®© ¢¥ªâ®àë© ¬¥â®¤
¤«ï à¥è¥¨ï ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨ ¢ ¯àï¬®ã£®«ì¨ª¥ ¢ ¤¢ã¬¥à®¬ á«ãç ¥ ¨ ¢ ¯ à «-
«¥«¥¯¨¯¥¤¥ ¢ âà¥å¬¥à®¬ á«ãç ¥ ¯à¨ ã«¥¢®©  ç «ì®© äãªæ¨¨ â¥á® á¢ï§  á á¨¬¬¥âà¨§®-
¢ ë¬ «®ª «ì®-®¤®¬¥àë¬ ¬¥â®¤®¬ �.�. � ¬ àáª®£® [12] ¯à¨ ¥ª®â®à®¬ à §¡¨¥¨¨ ¯à ¢®©
ç áâ¨ ãà ¢¥¨ï. �®áª®«ìªã ¤«ï á¨¬¬¥âà¨§®¢ ®£® ¬¥â®¤  ¢ [13] ¢ë¢¥¤¥ë â®çë¥ ®æ¥ª¨ ¯®-
£à¥è®áâ¨   ª« áá å ¥£« ¤ª¨å ¤ ëå, â® â ª¨¥ ¦¥ ®æ¥ª¨ ¯®£à¥è®áâ¨ á¯à ¢¥¤«¨¢ë ¨ ¤«ï
ª®¬¯®¥â à¥è¥¨ï ¨§ãç ¥¬®£® ¢¥ªâ®à®£® ¬¥â®¤ . �à®¬¥ â®£®, ¤«ï äãªæ¨¨, ï¢«ïîé¥©áï á¯¥-
æ¨ «ìë¬ ãáà¥¤¥¨¥¬ ª®¬¯®¥â, ¯®«ãç¥ë ã«ãçè¥ë¥ (®¯â¨¬ «ìë¥ ¯® ¯®àï¤ªã) ®æ¥ª¨
¯®£à¥è®áâ¨, ¢ ª®â®àëå (¢ ®â«¨ç¨¥ ®â [9]) è £¨ � ¨ h ¥ á¢ï§ ë ¨ª ª¨¬¨ á®®â®è¥¨ï¬¨.

1. �®¯¥à¥¬¥®-âà¥ã£®«ìë© ¢¥ªâ®àë© ¬¥â®¤
¨ ¥£® ¯®ª®¬¯®¥â ï ª ®¨ç¥áª ï § ¯¨áì

� áá¬®âà¨¬ ¯¥à¢ãî  ç «ì®-ªà ¥¢ãî § ¤ çã ¤«ï ãà ¢¥¨ï â¥¯«®¯à®¢®¤®áâ¨

@u

@t
� a204u = f(x; t) ¢ Q = 
� (0; T ); (1.1)

u
��
@
�(0;T )

= 0; (1.2)

u
��
t=0

= u0(x)   
; (1.3)

£¤¥ 4u =
nP
i=1

@2u
@x2

i

| n-¬¥àë© ®¯¥à â®à � ¯« á , 
 = (0;X1) � � � � � (0; Xn), @
 | £à ¨æ  
,

x = (x1; : : : ; xn). �ãáâì ¨¦¥ n = 2; 3,   a0 = 1.
�¢¥¤¥¬ à ¢®¬¥àë¥ á¥âª¨ ! h = fxk = (k1h1; : : : ; knhn), k1 = 0; N1; : : : ; kn = 0; Nng á è £ ¬¨

hi = Xi=Ni, i = 1; n,   
 ¨ ! � = f tm = m� j m = 0;Mg á è £®¬ � = T=M   [0; T ], £¤¥
Ni > 2, M > 2. �®«®¦¨¬ h = (h1; : : : ; hn). �ãáâì ! h;� = ! h � ! � , !h = ! h

T

, @!h = ! h

T
@


¨ !� = ! � n f0g. �ãáâì Sh | ¯à®áâà áâ¢® äãªæ¨©, § ¤ ëå   á¥âª¥ !h ¨ ¤®®¯à¥¤¥«¥ëå
ã«¥¬   @!h,   Sh;� | ¯à®áâà áâ¢® äãªæ¨©, § ¤ ëå   á¥âª¥ !h � ! � ¨ ¤®®¯à¥¤¥«¥ëå

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(¯à®¥ªâ 97-01-00214).
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ã«¥¬   @!h � ! � . �¥à¥§ �k ®¡®§ ç¨¬ ¤¥©áâ¢ãîé¨¥ ¢ Sh ®¯¥à â®àë â ª¨¥, çâ® �k' = �'xkxk
  á¥âª¥ !h. �®«®¦¨¬ �m = �(tm)   ! � ¨ ��m = �m�1   !� .

�§ãç¨¬ ¯®¯¥à¥¬¥®-âà¥ã£®«ìë© ¢¥ªâ®àë© ¬¥â®¤ à áé¥¯«¥¨ï [5] ¤«ï à¥è¥¨ï § ¤ ç¨
(1.1){(1.3). � ¥¬ ¢¥ªâ®à ¯à¨¡«¨¦¥ëå à¥è¥¨© y = (y(1); : : : ; y(n))T 2 Sh;� � � � � � Sh;� ã¤®¢«¥-
â¢®àï¥â   á¥âª¥ !h � !� ãà ¢¥¨ï¬

y(i) � �y(i)
�=2

+
i�1X
k=1

�ky(k) +
1
2
�i(y(i) + �y(i)) +

nX
k=i+1

�k�y(k) = �; i = 1; : : : ; n;

y(i) � y(i)
�=2

+
i�1X
k=1

�ky(k) +
1
2
�i(y(i) + y(i)) +

nX
k=i+1

�ky(k) = �; i = n; : : : ; 1;

(1.4)

£¤¥ y(i) 2 Sh;� | ¢á¯®¬®£ â¥«ìë¥ äãªæ¨¨,   � | ¥ª®â®à ï  ¯¯à®ªá¨¬ æ¨ï f . �ãªæ¨¨ y(i)0,
i = 1; n, ¯à¥¤¯®« £ îâáï § ¤ ë¬¨.

�ë¯¨è¥¬ â ª¦¥ á¨¬¬¥âà¨§®¢ ë© «®ª «ì®-®¤®¬¥àë© ¬¥â®¤ �.�. � ¬ àáª®£® [12] (á®
á¯¥æ¨ «ìë¬ ¢ë¡®à®¬ à §¡¨¥¨ï ¯à ¢®© ç áâ¨) ¤«ï à¥è¥¨ï § ¤ ç¨ (1.1){(1.3). � ¥¬ ¯à¨¡«¨-
¦¥®¥ à¥è¥¨¥ v 2 Sh;� ¨ ¢á¯®¬®£ â¥«ìë¥ äãªæ¨¨ v(i) 2 Sh;� (i = 1; 2n) ã¤®¢«¥â¢®àïîâ  
á¥âª¥ !h � !� ãà ¢¥¨ï¬

v(i) � �v(i)
�

+
1
2
�i

v(i) + �v(i)
2

= �i�; �v(i) = v(i�1); i = 1; : : : ; n;

v(i) � �v(i)
�

+
1
2
�2n+1�i

v(i) + �v(i)
2

= �2n+1�i�; �v(i) = v(i�1); i = n+ 1; : : : ; 2n;

v(0) = �v; v = v(2n);

(1.5)

§¤¥áì ~� = (�1; : : : ; �n) = �1e1 + � � �+ �nen | ¢¥ªâ®à ¯ à ¬¥âà®¢, ¯à¨ç¥¬ 2
nP
i=1

�i = 1. �ãªæ¨ï v0

¯à¥¤¯®« £ ¥âáï § ¤ ®©.
�«ï â®£®, çâ®¡ë áä®à¬ã«¨à®¢ âì ¨ ¤®ª § âì â¥®à¥¬ã ® ¯®ª®¬¯®¥â®© ª ®¨ç¥áª®© § ¯¨á¨

¬¥â®¤  (1.4), ®¯à¥¤¥«¨¬ ¤¥©áâ¢ãîé¨¥ ¢ Sh ®¯¥à â®àë (á «î¡ë¬¨ i ¨ j):

�d =
nX

k=1

�k; Ei� = E � �

4
�i; E� =

nY
k=1

Ek�;

eEji = E2
j+ �

�

2
�jEi�;

bA = �d +
��
4

�2
(�d�(2) +�(3)) +

��
4

�4
�(2)�(3);

R =
��
4

�2� nX
k=1

�k�
2
k +

X
16k<l6n

�kl�k�l

�
+
��
4

�4� X
16k<l6n

kl�
2
k�

2
l +�(3)

nX
k=1

k�k

�
;

£¤¥ E | ¥¤¨¨çë© ®¯¥à â®à, �(2) = �1�2 ¨ �(3) = 0 ¯à¨ n = 2, «¨¡® �(2) = �1�2 +�1�3 +�2�3

¨ �(3) = �1�2�3 ¯à¨ n = 3,   �k, �kl, kl, k | ¯ à ¬¥âàë.
�à ¢¥¨ï ¬¥â®¤  (1.5) ¯®á«¥ ¨áª«îç¥¨ï ¢á¯®¬®£ â¥«ìëå äãªæ¨© v(i) (i = 1; 2n) ¬®¦®

¯à¥®¡à §®¢ âì [13] ª ¢¨¤ã

E2
+vt + bA�v = (E +R~�)�; (1.6)

£¤¥ R~� | ®¯¥à â®à R á® á«¥¤ãîé¨¬¨ § ç¥¨ï¬¨ ¯ à ¬¥âà®¢:

�1 = �2�2; �2 = 2�1; �12 = 4�1; 12 = 0 ¯à¨ n = 2;

�1 = �2(�2 + �3); �2 = 2(�1 � �3); �3 = 2(�1 + �2);

�12 = �13 = 4�1; �23 = 8�1 + 4�2; 12 = 2�3; 13 = �2�2; 23 = 2�1;

1 = �4�2; 2 = 3 = 4�1 ¯à¨ n = 3:
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�¥®à¥¬  1. 1. �®¬¯®¥âë à¥è¥¨ï y(i) ¬¥â®¤  (1:4) ã¤®¢«¥â¢®àïîâ ãà ¢¥¨ï¬

E2
+y(i)t + bA�y(i) = Pi�+Qi(y0); i = 1; n: (1.7)

�¤¥áì ¯à¨ n = 2

Pi =

( eE21; i = 1;

E1+E1�; i = 2;
Qi(y0) =

(
�2'12; i = 1;

��1'12; i = 2;

á '12 = P2y(1)0 � P1y(2)0; ¯à¨ n = 3

Pi =

8>>><>>>:
eE32

eE21 +
� 2

8
�3(�1 +�2)E2+E2�; i = 1;eE32E1+E1�; i = 2;

E1+E1�E2+E2�; i = 3;

Qi(y0) =

8>><>>:
�2'12 +�3'13; i = 1;

��1'12 +�3E1+E1�'23; i = 2;

��1'13 � �2E1+E1�'23; i = 3;

á '12 = P2y(1)0 � P1y(2)0, '13 = P3y(1)0 � P1y(3)0, '23 = E2+E2�y(2)0 � eE32y(3)0.
2: �á«¨ y0 = 0, â® i-¥ ãà ¢¥¨¥ (1:7) á®¢¯ ¤ ¥â á ãà ¢¥¨¥¬ (1:6) ¯à¨ ~� = 1

2
ei.

3: �á«¨ ¬¥â®¤ (1:4) ¤®¯®«¨âì áâ ¤ àâë¬¨  ç «ìë¬¨ ãá«®¢¨ï¬¨ y(i)0 = u0, i = 1; n,
â® ¢ ãà ¢¥¨ïå (1:7) ¨¬¥¥¬ Qi(y0) = ( bA� �dPi)u0.

�®ª § â¥«ìáâ¢®. � [9] ¬¥â®¤ (1.4) § ¯¨á  ¢ ª ®¨ç¥áª®¬ ¢¥ªâ®à®¬ ¢¨¤¥

Byt + L�y = f ; (1.8)

£¤¥ B = BLBU , BL = I + �
2

�
1
2
I + L

�
�, BU = I + �

2

�
1
2
I + U

�
� ¨ L = (L+ I + U)�. �¤¥áì I, L, U , �

| ¬ âà¨æë ¯®àï¤ª  n á í«¥¬¥â ¬¨-®¯¥à â®à ¬¨

Iij =

(
E; i = j;

0; i 6= j;
Lij =

(
E; i > j;

0; i 6 j;
Uij =

(
E; i < j;

0; i > j;
�ij =

(
�i; i = j;

0; i 6= j;

  f = (�; : : : ;�)T | n-¬¥à ï ¢¥ªâ®à-äãªæ¨ï. � ¢¨¤ã (1.8) ãà ¢¥¨ï (1.4) ¬®¦® ¯à¨¢¥áâ¨
¢ à¥§ã«ìâ â¥ ¨áª«îç¥¨ï äãªæ¨© y(1); : : : ; y(n) á ãç¥â®¬ í«¥¬¥â àëå à ¢¥áâ¢ Ei� � Ej+ =
�Ei+ +Ej� ¤«ï «î¡ëå i, j. � ¬¥â¨¬, çâ®

BLij =

8>><>>:
Ei+; i = j;

0; i < j;
�

2
�j ; i > j;

BUij =

8>><>>:
Ei+; i = j;

0; i > j;
�

2
�j ; i < j:

�®íâ®¬ã ¯à¨ n = 3 ¢¥à  ä®à¬ã« 

B =

264 E2
1+

�
2
�2E1+

�
2
�3E1+

�
2
�1E1+ E2

2+ +
�
�
2

�2
�1�2

�
2
�3

�
�
2
�1 +E2+

�
�
2
�1E1+

�
2
�2

�
�
2
�1 +E2+

�
E2
3+ +

�
�
2

�2
�3

�
�1 +�2

�
375 : (1.9)

�à®¬¥ â®£®,

L =

24�1 �2 �3

�1 �2 �3

�1 �2 �3

35 : (1.10)

�à¨ n = 2 ¬ âà¨æë B ¨ L ¯®«ãç îâáï ¢ëç¥àª¨¢ ¨¥¬ ¨§ ãª § ëå ¬ âà¨æ ¯®á«¥¤¨å áâà®ª¨
¨ áâ®«¡æ .
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�¨¦¥ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì à ¢¥áâ¢®
nX
i=1

�iPi = bA: (1.11)

�£® ¥âàã¤® ¯à®¢¥à¨âì á ãç¥â®¬ á®®â®è¥¨© �1E
2
2+ + �2E

2
1� = bA ¯à¨ n = 2 ¨ P1 = E2

2+E
2
3+ �

�
2
E1�(�2

eE32 +�3E2+E2�), �1E
2
2+E

2
3+ +�2E

2
1�E

2
3+ +�3E

2
1�E

2
2� = bA ¯à¨ n = 3.

1. � áá¬®âà¨¬ á ç «  á«ãç © n = 2. � §®áâì ãà ¢¥¨© á¨áâ¥¬ë (1.8) á ãç¥â®¬ ä®à¬ã«
(1.9), (1.10) ¨¬¥¥â ¢¨¤ P2y(1)t�P1y(2)t = 0. �®« £ ï '12 = P2y(1)0�P1y(2)0, ¨¬¥¥¬ P2y(1)�P1y(2) =
'12   á¥âª¥ ! h;� . �¥¯¥àì ¯à¨¬¥ïï ª ¯¥à¢®¬ã ãà ¢¥¨î á¨áâ¥¬ë (1.8) ®¯¥à â®à P1,   ª® ¢â®à®¬ã
| ®¯¥à â®à P2, ¯®«ãç ¥¬ (á ãç¥â®¬ (1.11)) ãà ¢¥¨ï (1.7) ¯à¨ i = 1; 2, á®®â¢¥âáâ¢¥®.

�¥à¥©¤¥¬ ª á«ãç î n = 3. � ãç¥â®¬ ä®à¬ã« (1.9), (1.10) à §®áâì ¯¥à¢®£® ¨ ¢â®à®£® ãà ¢¥-
¨© á¨áâ¥¬ë (1.8) ¨¬¥¥â ¢¨¤ E1+E1�y(1)t � eE21y(2)t � �2

8
�3(�1 +�2)y(3)t = 0,   à §®áâì ¢â®à®£® ¨

âà¥âì¥£® ãà ¢¥¨© | ¢¨¤ E2+E2�y(2)t � eE32y(3)t = 0. �§ íâ¨å á®®â®è¥¨© á«¥¤ã¥â â ª¦¥, çâ®
P2y(1)t � P1y(2)t = 0 ¨ P3y(1)t � P1y(3)t = 0. �®« £ ï '12 = P2y(1)0 � P1y(2)0, '13 = P3y(1)0 � P1y(3)0,

'23 = E2+E2�y(2)0 � eE32y(3)0, ¨¬¥¥¬   á¥âª¥ ! h;�

P2y(1) � P1y(2) = '12; P3y(1) � P1y(3) = '13; E2+E2�y(2) � eE32y(3) = '23:

�¥¯¥àì ¯à¨¬¥ïï ª i-¬ã ãà ¢¥¨î á¨áâ¥¬ë (1.8) ®¯¥à â®à Pi, ¯®«ãç ¥¬ (á ãç¥â®¬ (1.11)) i-¥
ãà ¢¥¨¥ (1.7).

2. �á«¨ y0 = 0, â® '12 = 0 ¯à¨ n = 2 ¨ '12 = '13 = '23 = 0 ¯à¨ n = 3, ¯®íâ®¬ã Qi(y0) = 0 ¢

ãà ¢¥¨ïå (1.7). �ãáâì ~� =
1
2
ei. � á«ãç ¥ n = 2 ¢ ãà ¢¥¨ïå (1.6) ¨¬¥¥¬

R~� =

(�
�
4

�2
(�2

2 + 2�1�2); ¥á«¨ ~� = 1
2
e1;

���
4

�2
�2
1; ¥á«¨ ~� = 1

2
e2;

  ¢ á«ãç ¥ n = 3 ¨¬¥¥¬

R~� =

8>><>>:
�
�
4

�2
(�2

2 +�2
3 + 2�(2) + 2�2�3) +

�
�
4

�4
(�2

2�
2
3 + 2�(3)(�2 +�3)); ¥á«¨ ~� = 1

2
e1;�

�
4

�2
(��2

1 +�2
3 + 2�2�3)�

�
�
4

�4
(�2

1�
2
3 + 2�(3)�1); ¥á«¨ ~� = 1

2
e2;�

�
4

�2
(�2

1 +�2
2) +

�
�
4

�4
�2
1�

2
2; ¥á«¨ ~� = 1

2
e3:

�®®â®è¥¨ï (E +R~�)
��
~�= 1

2 ei
= Pi, i = 1; n, â¥¯¥àì ¯à®¢¥àïîâáï ¥¯®áà¥¤áâ¢¥®.

3. �á«¨ y(i)0 = u0, i = 1; n, â® '12 = (P2�P1)u0 ¯à¨ n = 2 ¨ '12 = (P2�P1)u0, '13 = (P3�P1)u0,
'23 = (E2+E2� � eE32)u0 ¯à¨ n = 3. � ãç¥â®¬ à ¢¥áâ¢  (1.11) ¨¬¥¥¬ Qi(y0) = ( bA� �dPi)u0.

� ¬¥ç ¨¥. �¥â®¤ (1.4) á � = f +O(� 2 + h2) ¯à¨ áâ ¤ àâëå  ç «ìëå ãá«®¢¨ïå ¨§ ¯. 3
â¥®à¥¬ë 1 ®¡« ¤ ¥â ¯®àï¤ª®¬  ¯¯à®ªá¨¬ æ¨¨ O(� 2 + h2) ¢ ®¡ëç®¬ á¬ëá«¥ (íâ® ¢ëâ¥ª ¥â ¨§
ãà ¢¥¨© (1.7)).

� ª ç¥áâ¢¥ ¯à¨¡«¨¦¥®£® à¥è¥¨ï § ¤ ç¨ (1.1){(1.3) ¬®¦® ¢§ïâì â ª¦¥ äãªæ¨î-ãáà¥¤¥-

¨¥ y 2 Sh;� , ¢ëç¨á«ï¥¬ãî ¯® ª®¬¯®¥â ¬ ¢¥ªâ®à  y ¢ ¬¥â®¤¥ (1.4) ¯® ä®à¬ã«¥ y = ��1d
nP
i=1

�iy(i)

[9], [6].

�«¥¤áâ¢¨¥ 1. �ãªæ¨ï-ãáà¥¤¥¨¥ y ã¤®¢«¥â¢®àï¥â ãà ¢¥¨î

E2
+yt + bA�y = ��1d bA�: (1.12)

�®ª § â¥«ìáâ¢®. �«ï ¯®«ãç¥¨ï ãà ¢¥¨ï (1.12) ¯à¨¬¥¨¬ ª i-¬ã ãà ¢¥¨î (1.7) ®¯¥à -
â®à �i, ¯à®áã¬¬¨àã¥¬ ãà ¢¥¨ï ¯® i = 1; n, ¯à¨¬¥¨¬ ª à¥§ã«ìâ âã ®¯¥à â®à ��1d ¨,  ª®¥æ,
ãçâ¥¬ à ¢¥áâ¢® (1.11).

�à ¢¥¨¥ ¤«ï y, íª¢¨¢ «¥â®¥ ãà ¢¥¨î (1.12), ¢ë¢¥¤¥® ¢ [9].
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2. �æ¥ª¨ ¯®£à¥è®áâ¨   ª« áá å ¥£« ¤ª¨å ¤ ëå

� áá¬®âà¨¬ ¢®¯à®á ®¡ ®æ¥ª å ¯®£à¥è®áâ¨   ª« áá å ¥£« ¤ª¨å ¤ ëå. �¢¥¤¥¬ ¥ª®â®àë¥
¯à®áâà áâ¢  äãªæ¨© ¨ ®¡®§ ç¥¨ï ¤«ï ®à¬. �ãáâì H0(
) = L2(
), H1(
) = fw 2 W 1

2 (
) j
wj@
 = 0g ¨ H3(
) = fw 2 W 3

2 (
) j wj@
 = 0; @2w
@x2

k

��
xk=0;Xk

= 0; k = 1; ng, ¯à¨ç¥¬ kwkH1(
) =

krwkL2(
), kwkH3(
) = k4wkH1(
), £¤¥ W l
2(
), l = 1; 3, | ¯à®áâà áâ¢  �®¡®«¥¢ .

�¢¥¤¥¬ ¯à®áâà áâ¢  H2�ek;0(Q), � 2 [0; 1]. �ãáâì H2�ek;0(Q) = H(0;0)(Q) = L2(Q) ¯à¨ � = 0;

H2�ek;0(Q) = f f 2 L2(Q) j @
2f

@x2
k

2 L2(Q); f jxk=0;Xk
= 0g ¯à¨ � = 1, ¯à¨ç¥¬ kfkH2ek;0(Q) =

 @2f@x2
k


L2(Q)

.

�¥à¥§ H2�ek ;0(Q) ¯à¨ � 2 (0; 1) ®¡®§ ç¨¬ ¯à®áâà áâ¢® äãªæ¨© f 2 L2(Q) á ª®¥ç®© ®à¬®©

kfkH2�ek;0(Q) = sup
0<<Xk

�2�k�2ekokfkL2(Q):

�¤¥áì (�2ekw)(x) = w(x + ek) � 2w(x) + w(x � ek) | á¨¬¬¥âà¨ç ï à §®áâì 2-£® ¯®àï¤ª 
¯® ¯¥à¥¬¥®© xk á è £®¬  > 0,   okw | ¥ç¥â®¥ ¯à®¤®«¦¥¨¥ w ¯® xk á (0;Xk) §  â®çª¨
xk = 0;Xk   (�Xk; 2Xk). �ãáâì â ª¦¥ H2�ehki;0(Q) =

T
16l6n; l6=k

H2�el;0(Q) ¯à¨ � 2 [0; 1], ¯à¨ç¥¬

kfk
H

2�ehki;0(Q)
=
� P
16l6n; l 6=k

kfk2H2�el;0(Q)

�1=2
.

�ãáâì H0;1(Q) | ¯à®áâà áâ¢® äãªæ¨© f 2 L2(Q), ¨¬¥îé¨å
@f
@t

2 L2(Q) ¨ f jt=0 2
H1(
), á ®à¬®© kfkH0;1(Q) =

@f
@t


L2(Q)

+ k f jt=0 kH1(
),   H(0;1)(Q) | ¯®¤¯à®áâà áâ¢® äãª-

æ¨© f 2 H0;1(Q) á f jt=0 = 0. �¯à¥¤¥«¨¬ ¯à®áâà áâ¢  H(0;�)(Q) = (L2(Q);H(0;1)(Q))�;1 ¨
H�(
) = (H0(
);H1(
))�;1, H2�+1(
) = (H1(
);H3(
))�;1 ¯à¨ � 2 (0; 1) á ¯®¬®éìî K�;� {¬¥-
â®¤  ¢¥é¥áâ¢¥®© ¨â¥à¯®«ïæ¨¨ ¡  å®¢ëå ¯à®áâà áâ¢ á � = 1 ([14], c. 56). �¯à¥¤¥«¨¬ ¯à¨
� 2 [0; 1] ®à¬ã ¯ àë ¤ ëå (f; u0)

k(f; u0)k� = kf (1)kH(0;�)(Q) + kf (2)� kH2��1(
) + ku0kH2�+1(
):

�¤¥áì ¯à¥¤¯®« £ ¥âáï, çâ® f(x; t) = f (1)(x; t) + f (2)� (x), ¯à¨ç¥¬ f (2)� = 0 ¯à¨ � 2 [0; 1
2
].

�ãáâì e | ¯®«¨«¨¥©®¥ ¢®á¯®«¥¨¥ äãªæ¨¨  2 Sh;�   Q. �®«®¦¨¬ jhj =
� nP
i=1

h2i

�1=2
¨

hmin;hki = min
16i6n; i6=k

hi.

�®¯®«¨¬ ¬¥â®¤ (1.5)  ç «ìë¬ ãá«®¢¨¥¬ [13]

E+v0 = uh0 �
�

4
(4u0)h: (2.1)

�¤¥áì ¨ ¨¦¥ gh ¨ fh;� | á¥â®çë¥ äãªæ¨¨-ãáà¥¤¥¨ï g ¨ f [13], [15], [16].
�ä®à¬ã«¨àã¥¬ ®æ¥ªã ¯®£à¥è®áâ¨ ¨§ [13] ¤«ï ¬¥â®¤  (1.5), (2.1) ¯à¨ ~� = 1

2
ek.

�¥®à¥¬  2. �ãáâì k = 1; : : : ; n. �«ï ¬¥â®¤  (1:5), (2:1) ¯à¨ ~� = 1
2
ek ¨ � = fh;� á¯à ¢¥¤«¨¢ 

®æ¥ª  ¯®£à¥è®áâ¨

ku� evkL2(Q) 6 c
�
jhj2k(f; u0)k0 + � 2k(f; u0)k1 + � 2

h
2(1��)
min;hki

kfk
H

2�ehki;0(Q)

�
; � 2 [0; 1]: (2.2)

� â¥®à¥¬¥ 2 ¨ ¨¦¥ ¯®áâ®ïë¥ c > 0 ¬®£ãâ § ¢¨á¥âì «¨èì ®â n.

�«¥¤áâ¢¨¥ 2. �ãáâì u0 = 0. �à¨ y0 = 0 ¨ � = fh;� ¤«ï ª®¬¯®¥â à¥è¥¨ï y(i), i = 1; n,
¬¥â®¤  (1.4) á¯à ¢¥¤«¨¢  ®æ¥ª  ¯®£à¥è®áâ¨ (2.2) ¯à¨ k = i ¨ á y(i) ¢ à®«¨ v.

�ª § ë© à¥§ã«ìâ â ¥¯®áà¥¤áâ¢¥® á«¥¤ã¥â ¨§ â¥®à¥¬ 1 (¯. 2) ¨ 2.
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�¥à¥©¤¥¬ ª ¯®«ãç¥¨î ®æ¥®ª ¯®£à¥è®áâ¨ ¤«ï äãªæ¨¨-ãáà¥¤¥¨ï y. �ãáâì k'kh =�N1�1P
k1=1

� � �
Nn�1P
kn=1

'2(xk)h1 : : : hn
�1=2

| ®à¬  ¢ Sh (á¥â®çë©   «®£ ®à¬ë ¢ L2(
)),   k kh;� =� MP
m=1

k mk2h�
�1=2

| ®à¬  ¢ Sh;� (á¥â®çë©   «®£ ®à¬ë ¢ L2(Q)).

�¢¥¤¥¬ ¤¥©áâ¢ãîé¨¥ ¢ Sh ®¯¥à â®àë bB = E2
+ � �

2
bA = E +

�
�
4

�2
(�2

d + 2�(2)) +
�
�
4

�4
(�2

(2) +

2�d�(3)) +
�
�
4

�6
�2
(3) ¨ E = bA�1�d

bB. �¥à¥¯¨è¥¬ ãà ¢¥¨¥ (1.12) ¢ íª¢¨¢ «¥â®¬ ¢¨¤¥

E2
+y = E2

��y + ���1d bA�; (2.3)

  â ª¦¥ ¢ ¢¨¤¥

Eyt +�dy
(1=2) = �; (2.4)

£¤¥ y(1=2) = (y + �y)=2. � ¬¥â¨¬, çâ® ®¯¥à â®àë �d, bA, bB, E á ¬®á®¯àï¦¥ë ¨ ¯®«®¦¨â¥«ì®
®¯à¥¤¥«¥ë.

�¥¬¬  1. �¯à ¢¥¤«¨¢ë ®¯¥à â®àë¥ ¥à ¢¥áâ¢ 

E 6 E ; (2.5)
�

4
�d 6 E ; (2.6)

E �E 6 2
��
4

�2
�2
d: (2.7)

�®ª § â¥«ìáâ¢®. �ª § ë¥ ¥à ¢¥áâ¢  íª¢¨¢ «¥âë ¥à ¢¥áâ¢ ¬

bA 6 �d
bB; �

4
bA 6 bB; bB � ��1d bA 6 2

��
4

�2
�d
bA

á®®â¢¥âáâ¢¥®. �¨ ¯®«ãç îâáï á ¨á¯®«ì§®¢ ¨¥¬ à §«®¦¥¨© bA ¨ bB ¯® áâ¥¯¥ï¬ � ¢ á¨«ã

¥à ¢¥áâ¢ �(3) 6
1
3
�d�(2) ¨

2
��
4

� bA 6 �E +
��
4

�2
�2
d

�
+
���

4

�2
�2
d +

��
4

�4
�2
(2)

�
+
�
E +

��
4

�6
�2
(3)

�
+

+
���

4

�4
�2
(2) +

��
4

�6
�2
(3)

�
6 bB;

bB � ��1d bA 6 ��
4

�2
(�2

d +�(2)) +
��
4

�4
(�2

(2) + 2�d�(3)) +
��
4

�6
�2
(3) 6 2

��
4

�2
�d
bA: �

�®®¯à¥¤¥«¨¬ �M+1 = �M ,   �0 | ¯à®¨§¢®«ìë¬ ®¡à §®¬.

�¥¬¬  2. �à¨ y0 = 0 á¯à ¢¥¤«¨¢ë ®æ¥ª¨

kEytkh;� + k�dy
(1=2)kh;� 6

p
2k�kh;� ; (2.8)

kEyttkh;� + k�dy
(1=2)
t kh;� 6 c(k�tkh;� + k�1=2

d �0kh): (2.9)

�®ª § â¥«ìáâ¢®. �æ¥ª  (2.8) «¥£ª® ¯®«ãç ¥âáï ¢ëç¨á«¥¨¥¬ ª¢ ¤à â  ®à¬ë k�kh;� ®¡¥¨å
ç áâ¥© ãà ¢¥¨ï (2.4). �æ¥ª  (2.9) ¯®«ãç ¥âáï   «®£¨çë¬ ®¡à §®¬, ¥á«¨ ¢¢¥áâ¨ äãªæ¨î
z = yt ¨ ¢®á¯®«ì§®¢ âìáï ãà ¢¥¨ï¬¨

Ezt +�dz
(1=2) = �t; (E + �

2
�d)z0 = �1

¨ ¥à ¢¥áâ¢®¬

k(E�d)1=2z0kh 6
r
�

2
k�t;1kh + k�1=2

d �0kh
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(ª®â®à®¥ á«¥¤ã¥â ¨§ ä®à¬ã«ë �1 = ��t;1+�0 ¨ ®¯¥à â®àëå ¥à ¢¥áâ¢
p
2� (E�d)1=2 6 E + �

2
�d,

(2.6), (2.5)).

�«¥¤áâ¢¨¥ 3. �à¨ y0 = 0 ¨ � = fh;� á¯à ¢¥¤«¨¢ë ®æ¥ª¨

kytkh;� + k�dykh;� 6 ckfkL2(Q); kyttkh;� + k�dytkh;� 6 ckfkH0;1(Q): (2.10)

�®ª § â¥«ìáâ¢®. � á¨«ã [15], [16] ¯à¨ � = fh;� ¨ �0 = (f jt=0)h ¢¥àë ®æ¥ª¨

k�kh;� 6 kfkL2(Q); k�tkh;� + k�1=2
d �0kh 6 ckfkH0;1(Q):

�ç¨âë¢ ï â ª¦¥ ä®à¬ã«ã � = �(1=2)+
�

2
�t ¨ ¥à ¢¥áâ¢  (2.5), (2.6), ¢ë¢®¤¨¬ ¨§ ®æ¥®ª «¥¬¬ë 2

®æ¥ª¨ (2.10).

�®¯®«ïï ¬¥â®¤ (1.4)  ç «ìë¬¨ ãá«®¢¨ï¬¨ ¢¨¤  (2.1) á y(i)0, i = 1; n, ¢ à®«¨ v0, ¯®«ãç ¥¬,
çâ® y0 ã¤®¢«¥â¢®àï¥â â¥¬ ¦¥  ç «ìë¬ ãá«®¢¨ï¬

E+y0 = uh0 �
�

4
(4u0)h: (2.11)

�¥®à¥¬  3. �«ï äãªæ¨¨-ãáà¥¤¥¨ï y ¯à¨ � = fh;� á¯à ¢¥¤«¨¢  ®æ¥ª  ¯®£à¥è®áâ¨

ku� eykL2(Q) 6 c(jhj2k(f; u0)k0 + � 1+�k(f; u0)k�); � 2 [0; 1]: (2.12)

�®ª § â¥«ìáâ¢®. 1. �ãáâì á ç «  f = 0, u0 6= 0. �¢¥¤¥¬ ¢ ª ç¥áâ¢¥ ¢á¯®¬®£ â¥«ì®© áå¥¬ë
¬¥â®¤ ¯à¨¡«¨¦¥®© ä ªâ®à¨§ æ¨¨

E
(2�)
+ w = E

(2�)
� �w; E

(2�)
+ w0 = uh0 �

�

2
(4u0)h; w 2 Sh;� ; (2.13)

£¤¥ E(2�)
� =

nQ
k=1

(E � �
2
�k). �§ [15], [16] á«¥¤ã¥â, çâ® ¢¥àë ®æ¥ª¨

ku� ewkL2(Q) 6 c
�jhj2ku0kH1(
) + � 1+�ku0kH2�+1(
)

�
; � 2 [0; 1]; (2.14)

kwtkh;� 6 áku0kH1(
); kwttkh;� 6 cku0kH3(
): (2.15)

�ãáâì w�=2 | à¥è¥¨¥ ¬¥â®¤  (2.13), ®â¢¥ç îé¥¥ á¥âª¥ !h;�=2 = !h � !�=2 (  ¥ ¨áå®¤®© á¥âª¥
!h;�). � á¨«ã ãà ¢¥¨© (2.3), (2.11) ¯à¨ f = 0 ¯®«ãç ¥¬ y = w�=2   ! h;� . �¢®¤ï ®¯¥à â®à sh ¯®-
«¨«¨¥©®£® ¢®á¯®«¥¨ï äãªæ¨©, § ¤ ëå   á¥âª¥ !h, ¨ ®¯¥à â®à s� «¨¥©®£® ¢®á¯®«¥¨ï
äãªæ¨©, § ¤ ëå   á¥âª¥ !� , ¨¬¥¥¬ ey = shs�y = shs�w�=2 ¨

ku� eykL2(Q) 6 ku� shs�=2w�=2kL2(Q) + k(s�=2 � s�)shw�=2kL2(Q): (2.16)

�«ï äãªæ¨¨ �, § ¤ ®©   á¥âª¥ !� , ¥âàã¤® ¯à®¢¥à¨âì ¥à ¢¥áâ¢  [13]

j(s�=2 � s�)�(t)j 6 � 2

8
j�(�=2)
tt;2m�1

j 6 �

4

�j�(�=2)
t;2m

j+ j�(�=2)
t;2m�1

j�;
£¤¥ t 2 [tm�1; tm], m = 1;M ,   ¢¥àå¨© ¨¤¥ªá (�=2) ®§ ç ¥â, çâ® á®®â¢¥âáâ¢ãîé¨© à §®áâ-
ë© ®¯¥à â®à ¢ëç¨á«ï¥âáï   á¥âª¥ !h;�=2. �®íâ®¬ã, ¨á¯®«ì§ãï ®æ¥ª¨ (2.15) (¤«ï á¥âª¨ !h;�=2),
¢ë¢®¤¨¬ ®æ¥ªã

k(s�=2 � s�)w�=2kL2(Q) 6 c� 1+�ku0kH2�+1(
) (2.17)

¯à¨ � = 0; 1. �à¨ � 2 (0; 1) ®  â ª¦¥ ¢¥à  ¢ á¨«ã ¨â¥à¯®«ïæ¨®®© â¥®à¥¬ë ([14], c. 56).
�¥¯¥àì ®æ¥ª  (2.12) (¯à¨ f = 0) ¯®«ãç ¥âáï ¨§ ®æ¥®ª (2.16), (2.14) (¯®á«¥¤ïï ¯à¨¬¥ï¥âáï
¤«ï á¥âª¨ !h;�=2) ¨ (2.17).

2. �ãáâì â¥¯¥àì f 6= 0, u0 = 0. �¢¥¤¥¬ ¢ ª ç¥áâ¢¥ ¢á¯®¬®£ â¥«ì®© á¨¬¬¥âà¨çãî à §®áâãî
áå¥¬ã

wt +�dw
(1=2) = fh;� ; w0 = 0; w 2 Sh;� :
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�§ [15], [16] á«¥¤ã¥â, çâ® ¢¥àë ®æ¥ª¨

ku� ewkL2(Q) 6 c
�jhj2k(f; 0)k0 + � 1+�k(f; 0)k�

�
; � 2 [0; 1]; (2.18)

kwtkh;� 6 kfkL2(Q); kwttkh;� 6 ckfkH0;1(Q): (2.19)

� §®áâì r = y �w ã¤®¢«¥â¢®àï¥â ãà ¢¥¨ï¬

rt +�dr
(1=2) = (E �E)yt; r0 = 0;

®âªã¤  á ¨á¯®«ì§®¢ ¨¥¬ (2.7) ¨¬¥¥¬

kr(1=2)kh;� 6 k��1d (E �E)ytkh;� 6 2
��
4

�2
k�dytkh;� :

�à¨ ¯®¬®é¨ á«¥¤áâ¢¨ï 3 ¯®«ãç ¥¬ ®æ¥ª¨

kr(1=2)kh;� 6 �

4
k�dykh;� 6 c�kfkL2(Q); kr(1=2)kh;� 6 c� 2kfkH0;1(Q): (2.20)

�à®¬¥ â®£®, ¢¥àë ¥à ¢¥áâ¢  (¯® ¯®¢®¤ã ¢â®à®£® ¨§ ª®â®àëå á¬. [15], [16])

krkh;� 6 kr(1=2)kh;� + �

2
krtkh;� 6 kr(1=2)kh;� + �

2
(kwtkh;� + kytkh;�);

krkh;� 6 2kr(1=2)kh;� + � 2

2
krttkh;� 6 2kr(1=2)kh;� + � 2

2
(kwttkh;� + kyttkh;�):

�®íâ®¬ã, ¨á¯®«ì§ãï ®æ¥ª¨ (2.20) ¨ (2.19), (2.10), ¯®«ãç ¥¬

krkh;� 6 c� 1+�k(f; 0)k� (2.21)

¯à¨ � = 0; 1. �à¨ � 2 (0; 1) íâ  ®æ¥ª  â ª¦¥ ¢¥à  ¢ á¨«ã ¨â¥à¯®«ïæ¨®®© â¥®à¥¬ë [14].
�¥¯¥àì ®æ¥ª  (2.12) (¯à¨ u0 = 0) ¯®«ãç ¥âáï ¨§ ®æ¥®ª (2.18) ¨ (2.21), â. ª. ku � eykL2(Q) 6

ku� ewkL2(Q) + krkh;� .
�à®ª®¬¬¥â¨àã¥¬ ®æ¥ª¨ ¯®£à¥è®áâ¨ ¨§ â¥®à¥¬ 2 ¨ 3. �æ¥ª  ¢¨¤  (2.18) ®¯â¨¬ «ì  ¯®

¯®àï¤ªã [16]   á®®â¢¥âáâ¢ãîé¨å ª« áá å ¯à ¢ëå ç áâ¥© f . �®íâ®¬ã â ª®¢  ¨ ®æ¥ª  (2.12) ¤«ï
äãªæ¨¨-ãáà¥¤¥¨ï y. �æ¥ª  ¦¥ (2.2) ¯à¨ � = 0 ¡ã¤¥â ®¯â¨¬ «ì®©   ª« áá¥ ¯à ¢ëå ç áâ¥©
f 2 H0;1(Q) (¤ ¦¥ á f jt=0 = 0 ¨ u0 = 0) â®«ìª® ¯à¨ ¢ë¯®«¥¨¨ ãá«®¢¨ï   è £¨ � 6 Kh2min;hki

á ¥ª®â®à®© ¯®áâ®ï®© K > 0. �®ç®áâì ¯® ¯®àï¤ªã ®æ¥ª¨ (2.2) (¯à¨ ¥ª®â®à®¬ ãá«®¢¨¨  
è £¨) ¤®ª §   ¢ [13].
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