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1. �¢¥¤¥­¨¥

� ¤ ­­®© à ¡®â¥ ¨§ãç ¥âáï £« ¤ª®áâì á¢eàâª¨ ¢¨¤ 

g (x) � 1
2�

Z �

��
g(t) (x � t)dt; (1.1)

£¤¥ 2�-¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï g 2 L(��;�). �á«¨ ï¤à®  ­¥ áã¬¬¨àã¥¬®, â® ¨­â¥£à « (1.1)
¡ã¤¥¬ ¯®­¨¬ âì ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï.

�¥à¥§ D ®¡®§­ ç¨¬ ª« áá â ª¨å 2�-¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨©  , çâ®

 )  (t) � 0 ¯à¨ t 2 [��; 0) ¨  (t) � 0 ¯à¨ t 2 (0;�];
¡)  ­¥ ¢®§à áâ ¥â ­  ¨­â¥à¢ « å (��; 0) ¨ (0;�);
¢)  (t)t ­¥ ¢®§à áâ ¥â ­  (�2�=3; 0) ¨ ­¥ ã¡ë¢ ¥â ­  (0; 2�=3);
£) ¤«ï ¢á¥å t 2 [�=3; 5�=3] á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® j (t + h) �  (t)j � c0jhj, jhj < �=6, £¤¥

¯®áâ®ï­­ ï c0 ­¥ § ¢¨á¨â ®â t ¨ h.

�¥à¥§ D1 ®¯à¥¤¥«¨¬ ª« áá ­¥ç¥â­ëå,   ç¥à¥§ D2 | ª« áá áã¬¬¨àã¥¬ëå ­  ¨­â¥à¢ «¥ (��;�)
äã­ªæ¨©  2 D. �¡®§­ ç¨¬ ç¥à¥§ K á®¢®ªã¯­®áâì ¢á¥å ­¥ã¡ë¢ îé¨å ­  [0;�] â ª¨å äã­ªæ¨© !,
çâ® !(0) = 0 ¨ !(t)t�1 ­¥ ¢®§à áâ ¥â. �ãáâì !(t; f) � sup

0�jx0�x00j�t

jf(x0) � f(x00)j, 0 � t � �, ¨

¯®«®¦¨¬ H! � ff : !(�; f) = O(!(�)), � ! +0g, £¤¥ ! 2 K. O¡®§­ ç¨¬ H! � H� ¯à¨ !(�) = ��,
  H! � H�;� ¯à¨ !(�) = �� ln� 2�

�
.

�à¨¢¥¤¥¬ ­¥ª®â®àë¥ ®¯à¥¤¥«¥­¨ï ¨ ¨§¢¥áâ­ë¥ à¥§ã«ìâ âë, ª á îé¨¥áï á®¯àï¦¥­­®© äã­ª-
æ¨¨ ¨ ¤à®¡­ëå ¨­â¥£à «®¢. �®¯àï¦¥­­ ï äã­ªæ¨ï ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬

eg(x) � v. p.
1
2�

Z �

��

g(t) ctg
x� t

2
dt:

�§¢¥áâ­  ([1], c. 199) ®æ¥­ª 

!(�; eg) � c

 Z �

0

!(t; g)
t

dt+ �

Z �

�

!(t; g)
t2

dt

!
; 0 � � � �; (1.2)

£¤¥ c |  ¡á®«îâ­ ï ¯®áâ®ï­­ ï. �¥à ¢¥­áâ¢® (1.2) ®¡®¡é ¥â â¥®à¥¬ã �.�.�à¨¢ «®¢  [2], á®-
£« á­® ª®â®à®© eg 2 H�, ¥á«¨ g 2 H�, 0 < � < 1.

� ¯®¬­¨¬, çâ® ¬®¤ã«¥¬ C-­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ f ­ §ë¢ ¥âáï â ª ï ¯®«®¦¨â¥«ì­ ï ¨
­¥ã¡ë¢ îé ï äã­ªæ¨ï !�(�; f), ª®â®à ï ®¡« ¤ ¥â á¢®©áâ¢ ¬¨ !�(�; f)! 0 ¯à¨ � ! +0 ¨

jf(x)� f(y)j � (C(x) + C(y))!�(jx� yj; f);

� ¡®â  ç áâ¨ç­® ¯®¤¤¥à¦ ­  �®áã¤ àáâ¢¥­­ë¬ ä®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©, £à ­â
ò�7/329{2001 (�ªà ¨­ ).
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£¤¥ C(x) = C(f; !�; x) | ¨§¬¥à¨¬ ï, ­¥®âà¨æ â¥«ì­ ï, ª®­¥ç­ ï ¯®çâ¨ ¢áî¤ã äã­ªæ¨ï. � [3]
¡ë«¨ ¨áá«¥¤®¢ ­ë á¢®©áâ¢  !�(�; eg) ¢ á«ãç ¥ g 2 H!. � ([4], c. 145) ¤«ï ®æ¥­ª¨ ¬®¤ã«ï C-
­¥¯à¥àë¢­®áâ¨ ¡ë«® ¯à¥¤«®¦¥­® ¨á¯®«ì§®¢ âì äã­ªæ¨î

N�f(x) � sup
I3x

1
jIj�(jIj)

Z
I
jf(t)� f(x)jdt;

£¤¥ ¢¥àå­ïï £à ­ì ¡¥à¥âáï ¯® ¢á¥¬ ®âà¥§ª ¬ I, á®¤¥à¦ é¨¬ â®çªã x,   ç¥à¥§ jIj ®¡®§­ ç ¥âáï
¤«¨­  ®âà¥§ª  I, � 2 K. � äã­ªæ¨¥©N� â¥á­® á¢ï§ ­  ¬ ªá¨¬ «ì­ ï äã­ªæ¨ï � à¤¨{�¨ââ«¢ã¤ 

Mf(x) � sup
I3x

1
jIj
Z
I

jf(t)jdt;

£¤¥ ¢¥àå­ïï £à ­ì ¡¥à¥âáï ¯® ¢á¥¬ ®âà¥§ª ¬ I, á®¤¥à¦ é¨¬ â®çªã x.
�¡®§­ ç¨¬ C�

p � ff 2 L(��;�) : N�f 2 Lp(��;�)g. �§¢¥áâ­  á«¥¤ãîé ï ®æ¥­ª  «®ª «ì­®©
£« ¤ª®áâ¨ á®¯àï¦¥­­®© äã­ªæ¨¨.

�¥®à¥¬  A ([5], á. 114). �ãáâì � 2 K â ª®¢ , çâ®Z �

0

�(t)
t
dt <1:

�®£¤  ¤«ï «î¡®© äã­ªæ¨¨ g 2 C�
1 ¯à¨ ¯®çâ¨ ¢á¥å x 2 (��;�)

N�eg(x) � cM(N�g)(x); (1.3)

£¤¥

�(�) =
Z �

0

�(t)
t
dt+ �

Z �

�

�(t)
t2

dt; 0 � � � �;

  ¯®áâ®ï­­ ï c § ¢¨á¨â â®«ìª® ®â �.

� ¬¥â¨¬, çâ® ®âáî¤  ­¥âàã¤­® ¯®«ãç¨âì ­¥à ¢¥­áâ¢® (1.2).
� â¥®à¨¨ âà¨£®­®¬¥âà¨ç¥áª¨å àï¤®¢ ¤«ï 2�-¯¥à¨®¤¨ç¥áª®© äã­ªæ¨¨ g ¨á¯®«ì§ãîâ ®¯à¥¤¥-

«¥­¨¥ ¤à®¡­®£® ¨­â¥£à «  �¥©«ï [6]

I(�)g(x) � 1
2�

Z �

��

g(t)	�(x� t)dt; � > 0;

£¤¥ 	�(t) � 2
1P
k=1

k�� cos(kt� ��
2
). �«ï ­¥¯à¥àë¢­®© äã­ªæ¨¨ g á¯à ¢¥¤«¨¢  ®æ¥­ª  ([7], á. 272)

jI(�)g(x+ h)� I(�)g(x)j � ch

Z �

h

!(t; g)
t2��

dt; �� < x � �; 0 < h < �; (1.4)

£¤¥ ¯®áâ®ï­­ ï c § ¢¨á¨â â®«ìª® ®â �. �«ï ¯à®¨§¢®«ì­®© g 2 L ¢ ([5], c. 90) ãáâ ­®¢«¥­  á«¥¤ã-
îé ï ®æ¥­ª  £« ¤ª®áâ¨ I(�)g ¢ â¥à¬¨­ å äã­ªæ¨¨ N�.

�¥®à¥¬  B. �ãáâì g 2 L. �®£¤  ¤«ï ¢á¥å x 2 (��;�]
N�(I

(�)g)(x) � cMg(x); (1.5)

£¤¥ �(t) = t�, 0 < � � � < 1,   ¯®áâ®ï­­ ï c § ¢¨á¨â â®«ìª® ®â �.

�¤­¨¬ ¨§ ®¡®¡é¥­¨© ¤à®¡­®£® ¨­â¥£à «  ï¢«ï¥âáï ¨­â¥£à « ¢¨¤ 

I�;�g(x) � 1
�(�)

Z x

��

ln� 

x�t

(x� t)1��
g(t)dt; � > 0; � � 0; 
 > 2�;

á®¤¥à¦ é¨© ­ àï¤ã á® áâ¥¯¥­­®© ¨ «®£ à¨ä¬¨ç¥áªãî ®á®¡¥­­®áâì. �¤¥áì � | £ ¬¬ -äã­ªæ¨ï
�©«¥à . �«ï á«ãç ï g 2 Lp, 1=p < � � 1 + 1=p, äã­ªæ¨ï I�;�g 2 H��1=p;� ¯à¨ � < 1 + 1=p ¨
I�;�g 2 H1;�+1 ¯à¨ � = 1 + 1=p ([7], c. 299).
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� ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ îâáï ­¥à ¢¥­áâ¢  ¢¨¤  (1.3) ¨ (1.5) ¤«ï äã­ªæ¨¨ g ,   ¨¬¥­-
­®, ¯®«ãç ¥âáï ®æ¥­ª  £« ¤ª®áâ¨ g ¢ â¥à¬¨­ å äã­ªæ¨¨ N�g. � x 2 ¨§ãç ¥âáï á«ãç ©, ª®£¤ 
äã­ªæ¨ï  2 D1. � «¥¥, ¢ x 3  ­ «®£¨ç­ë¥ ®æ¥­ª¨ ¯®«ãç¥­ë, ¥á«¨  2 D2. � ­­ë¥ à¥§ã«ìâ âë
ãâ®ç­ïîâ ¯à¨¢¥¤¥­­ë¥ ¢ëè¥ ®æ¥­ª¨ ¬®¤ã«ï ­¥¯à¥àë¢­®áâ¨ á®¯àï¦¥­­®© äã­ªæ¨¨, ¨­â¥£à «®¢
�¥©«ï ¨ I�;�.

2. �«ãç © ­¥ç¥â­®£® ï¤à 

� íâ®¬ ¯ à £à ä¥ ¯à¥¤¯®« £ ¥¬, çâ® äã­ªæ¨ï  2 D1. �§ ®¯à¥¤¥«¥­¨ï äã­ªæ¨¨ N�f ¤«ï
¯à®¨§¢®«ì­®© f 2 L ¢ëâ¥ª îâ á«¥¤ãîé¨¥ ¤¢  á¢®©áâ¢ :

jf(x)� f(y)j � (N�f(x) +N�f(y))�(jx � yj); (2.1)

N�f(x) = max(NL
� f(x);NR

� f(x)); (2.2)

£¤¥

NL
� f(x) � sup

h>0

1
h�(h)

Z x

x�h

jf(t)� f(x)jdt;

NR
� f(x) � sup

h>0

1
h�(h)

Z x+h

x
jf(t)� f(x)jdt:

�¥®à¥¬  1. �ãáâì � 2 K ¨  2 D1 â ª®¢ë, çâ®Z �

0
�(t) (t)dt <1: (2.3)

�®£¤  ¤«ï «î¡®© äã­ªæ¨¨ g 2 C�
1 ¯à¨ ¯®çâ¨ ¢á¥å x0 2 (��;�] ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢®

N�g (x0) � cM(N�g)(x0); (2.4)

£¤¥

�(�) =
Z �

0

�(t) (t)dt + �

Z �

�

�(t) (t)
t

dt; 0 � � � �; (2.5)

  ¯®áâ®ï­­ ï c § ¢¨á¨â â®«ìª® ®â äã­ªæ¨© � ¨  .

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 ¯®­ ¤®¡¨âáï á«¥¤ãîé ï ¬®¤¨ä¨ª æ¨ï «¥¬¬ë 5.4 ¨§ ([5],
c. 113).

�¥¬¬  1. �ãáâì g 2 L,   ¤«ï äã­ªæ¨© � 2 K ¨  2 D1 ¢ë¯®«­¥­® ãá«®¢¨¥ (2:3). �®£¤  ¤«ï

«î¡ëå x 2 (��;�] ¨ � 2 [0;�=3) á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ Z �

0

jg(x� t)� g(x)j (t)dt � 8N�g(x)
Z �

0

�(t) (t)dt:

�®ª § â¥«ìáâ¢®. �¡  ­¥à ¢¥­áâ¢  ¤®ª §ë¢ îâáï  ­ «®£¨ç­®. �®ª ¦¥¬ á¯à ¢¥¤«¨¢®áâì ®¤-
­®£® ¨§ ­¨å. �®áª®«ìªã t (t) ­¥ ã¡ë¢ ¥â ­  ¨­â¥à¢ «¥ (0; 2�=3), â®  (t) � 2 (2t), t 2 (0;�=3).
�âáî¤  ¯®«ãç ¥¬Z �

0

jg(x+ t)� g(x)j (t)dt �
1X
k=0

 (2�k�1�)
Z 2�k�

2�k�1�

jg(x+ t)� g(x)jdt �

�
1X
k=0

 (2�k�1�)
Z 2�k�

0

jg(x+ t)� g(x)jdt � N�g(x)
1X
k=0

2�k��(2�k�) (2�k�1�) �

� 8N�g(x)
1X
k=0

2�k�1��(2�k�1�) (2�k�) � 8N�g(x)
Z �

0

�(t) (t)dt: �
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�«¥¤áâ¢¨¥ 1. �ãáâì g 2 C�
1 . �á«¨ ¤«ï äã­ªæ¨© � 2 K ¨  2 D1 ¢ë¯®«­¥­® ãá«®¢¨¥ (2.3),

â® g 2 L.
�®ª § â¥«ìáâ¢®. � ­­®¥ ãâ¢¥à¦¤¥­¨¥ ¢ëâ¥ª ¥â ¨§ á«¥¤ãîé¥£® ­¥à ¢¥­áâ¢ :

2�jg (x)j �
Z �

0
jg(x� t)� g(x+ t)j (t)dt �

Z �

0
jg(x � t)� g(x)j (t)dt +

+
Z �

0
jg(x + t)� g(x)j (t)dt � 16N�g(x)

Z �
3

0
�(t) (t)dt +

+  

�
�

3

�Z �

�
3

jg(x� t)� g(x)jdt+  

�
�

3

�Z �

�
3

jg(x+ t)� g(x)jdt �

� N�g(x)

 
16
Z �

3

0
�(t) (t)dt + 2��(�) 

�
�

3

�!
; �� < x � �: (2.6)

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �«ï ¤®ª § â¥«ìáâ¢  (2.4) ¤®áâ â®ç­® ¯®ª § âì, çâ® ¤«ï «î-
¡®£® ®âà¥§ª  I, á®¤¥à¦ é¥£® ä¨ªá¨à®¢ ­­ãî â®çªã x0, ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

1
jIj
Z
I

jg (x)� g (x0)jdx � cM(N�g)(x0)�(jIj):

�ç¨âë¢ ï (2.2), ¬®¦¥¬ à áá¬ âà¨¢ âì «¨èì â ª¨¥ ®âà¥§ª¨ I, ¤«ï ª®â®àëå â®çª  x0 ï¢«ï¥âáï
ª®­æ¥¢®©. � á¨«ã â¥®à¥¬ë �¥¡¥£  ([8], c. 16), â ª¦¥ ¯à¥¤¯®« £ ¥¬, çâ® N�g(x0) �M(N�g)(x0).

�ãáâì x0 = 0 ¨ I � [0; �], � > 0. �á«¨ � � �=9, â® ­¥à ¢¥­áâ¢® (2.4) áà §ã á«¥¤ã¥â ¨§ ®æ¥­ª¨
(2.6). � «¥¥, à áá¬®âà¨¬ á«ãç © � 2 (0;�=9). �¥ ®£à ­¨ç¨¢ ï ®¡é­®áâ¨, ¡ã¤¥¬ áç¨â âì, çâ®
gI � 1

jIj

R
I

g(t)dt = 0. �¡®§­ ç¨¬ J � (�2�; 2�), g(1) ¨ g(2) | 2�-¯¥à¨®¤¨ç¥áª¨¥ ¯à®¤®«¦¥­¨ï

äã­ªæ¨© g�J ¨ g�[��;��=3][[�=3;�] á®®â¢¥âáâ¢¥­­®, g(3) � g � g(1) � g(2). �®£¤ 

1
�

Z �

0

jg (x)� g (0)jdx � 1
�

Z �

0

jg(1) (x)� g(1) (0)jdx +

+
1
�

Z �

0

jg(2) (x)� g(2) (0)jdx + 1
�

Z �

0

jg(3) (x)� g(3) (0)jdx � A+B + C:

�«ï ®æ¥­ª¨ A, ¨á¯®«ì§ãï «¥¬¬ã 1 ¨ ­¥ç¥â­®áâì äã­ªæ¨¨  , ¯à¨ x 2 [0; �) ­ å®¤¨¬

2�jg(1) (x)j �
Z �

0
jg(1)(x� t)� g(1)(x+ t)j (t)dt �

�
Z 3�

0
jg(x� t)� g(x)j (t)dt +

Z 3�

0
jg(x) � g(x+ t)j (t)dt �

� 16N�g(x)
Z 3�

0
�(t) (t)dt � 144N�g(x)

Z �

0
�(t) (t)dt:

�âáî¤ 

A � 72
��

Z �

0

(N�g(x) +N�g(0))dx
Z �

0

�(t) (t)dt � 144
�
M(N�g)(0)

Z �

0

�(t) (t)dt:

�«ï ®æ¥­ª¨ B ¯à¨ x 2 (0; �) ¨¬¥¥¬

2�jg(2) (x)� g
(2)
 (0)j �

Z �

��

jg(2)(t)( (x � t)�  (�t))jdt =

=
Z 5�

3

�
3

jg(t)( (x � t)�  (�t))jdt � c0�

Z 5�
3

�
3

jg(t)jdt �

� �c0

Z 5�
3

0
jg(t) � g(0)jdt + 5�

3
c0�jg(0)j:
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�¤¥áì

jg(0)j = jg(0) � gI j � 1
�

Z �

0

jg(0) � g(t)jdt � N�g(0)�(�): (2.7)

�âáî¤  2�jg(2)(x)� g(2)(0)j � 5�
3
c0N�g(0)�

�
�
�
5�
3

�
+ �(�)

�
. �ª®­ç â¥«ì­®, B � 5

3
�
�
5�
3

�
c0N�g(0)�.

�«ï ®æ¥­ª¨ C ¯à¨ x 2 (0; �) ­ å®¤¨¬

2�jg(3) (x)� g
(3)
 (0)j �

Z �

��
jg(3)(t)( (x � t)�  (�t))jdt =

=
Z
2��jtj��

3

jg(�t)( (x + t)�  (t))jdt =
Z �

3

2�

jg(�t)( (x + t)�  (t))jdt +

+
Z �2�

��
3

jg(�t)( (x + t)�  (t))jdt � C1 + C2:

�¡  á« £ ¥¬ëå ®æ¥­¨¢ îâáï  ­ «®£¨ç­®. �æ¥­¨¬ C1. �«ï íâ®£® § ¬¥â¨¬, çâ® ¯à¨ t 2 [2�; �
3
] ¨

x 2 (0; �) ¢ë¯®«­ï¥âáï

 (t)�  (t+ x) =
t (t) + x (t) � (t+ x) (t+ x)

t+ x
� x (t)
t+ x

� �
 (t)
t
: (2.8)

�âáî¤ 

C1 � �

Z �
3

2�

jg(�t)j (t)
t

dt � �

Z �
3

�

jg(�t)� g(0)j
t

 (t)dt + jg(0)j�
Z �

3

�

 (t)
t
dt:

� «¥¥, â. ª. t (t) ­¥ ã¡ë¢ ¥â ¯à¨ t 2 (0; 2�
3
), ¯®«ãç ¥¬

�t 0(t) �  (t) (2.9)

¯®çâ¨ ¢áî¤ã ­  (0; 2�
3
). � ª¨¬ ®¡à §®¬,Z �

3

�

jg(�t) � g(0)j
t

 (t)dt �
Z �

3

�

 (t)
t
d

�Z t

0
jg(�s)� g(0)jds

�
�

� �

�
�

3

�
 

�
�

3

�
N�g(0) + 2N�g(0)

Z �
3

�

�(t) (t)
t

dt � c1N�g(0)
Z �

�

�(t) (t)
t

dt:

�á¯®«ì§ãï íâ® ­¥à ¢¥­áâ¢® ¨ (2.7), ­ å®¤¨¬

C1 � c1N�g(0)�
Z �

�

�(t) (t)
t

dt+N�g(0)�(�)�
Z �

�

 (t)
t
dt � (c1 + 1)N�g(0)�

Z �

�

�(t) (t)
t

dt:

�ª®­ç â¥«ì­®,

C � 2(c1 + 1)N�g(0)�
Z �

�

�(t) (t)
t

dt: �

� ¬¥ç ­¨¥ 1. �§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 á«¥¤ã¥â, çâ® (2.4) ¢ë¯®«­ï¥âáï ­  ¬­®¦¥áâ¢¥
E � fx 2 (��;�] : N�g(x) �M(N�g)(x)g. �à®¬¥ â®£®, ¯à¨ x 2 (��;�] nE

N�g (x) � cN�g(x): (2.10)

�âáî¤  ¬®¦­® ¯®«ãç¨âì  ­ «®£ ­¥à ¢¥­áâ¢  (1.2) ¤«ï äã­ªæ¨¨ g .

�«¥¤áâ¢¨¥ 2. �ãáâì ¤«ï äã­ªæ¨© � 2 K ¨  2 D1 ¢ë¯®«­¥­® ãá«®¢¨¥ (2.3). �®£¤  ¤«ï
«î¡®© g 2 H� äã­ªæ¨ï g 2 H�, £¤¥ � ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ (2.5).
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�®ª § â¥«ìáâ¢®. �«ï ¯à®¨§¢®«ì­ëå x 2 (��;�] ¨ �, ¨á¯®«ì§ãï (2.1), ¨¬¥¥¬ jg (x + �) �
g (x)j � (N�g (x+ �) +N�g (x))�(j�j). �âáî¤ , ãç¨âë¢ ï (2.4) ¨ (2.10), ¯®«ãç ¥¬

!(�; g ) � 2c sup
x2(��;�]

(N�g(x) +M(N�g)(x))�(�); � > 0:

�¤¥áì ®£à ­¨ç¥­­®áâì äã­ªæ¨¨ N�g ¨, §­ ç¨â, M(N�g) £ à ­â¨àã¥â ãá«®¢¨¥ g 2 H�. � ª¨¬
®¡à §®¬, g 2 H�.

3. �«ãç © áã¬¬¨àã¥¬®£® ï¤à 

� «¥¥ ¯à¥¤¯®« £ ¥¬, çâ® äã­ªæ¨ï  2 D2. �«ï â ª¨å äã­ªæ¨© ¤®ª ¦¥¬ ãâ¢¥à¦¤¥­¨¥,  ­ -
«®£¨ç­®¥ â¥®à¥¬¥ 1.

�¥®à¥¬  2. �ãáâì � 2 K,  2 D2 ¨
R �
��  (t)dt = 0. �®£¤  ¤«ï «î¡®© g 2 C�

1 ¯à¨ ¯®çâ¨ ¢á¥å

x0 2 (��;�] á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

N�1g (x0) � c0M(N�g)(x0);

£¤¥

�1(�) = �(�)
Z �

��

j (t)jdt+ �

Z
��jtj��

�(jtj)
���� (t)t

���� dt; 0 � � � �; (3.1)

  ¯®áâ®ï­­ ï c0 § ¢¨á¨â â®«ìª® ®â � ¨  .

�®ª § â¥«ìáâ¢®. � ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1 ­¥ç¥â­®áâì äã­ªæ¨¨  ¨á¯®«ì§®¢ « áì â®«ì-
ª® ¯à¨ ®æ¥­ª¥ á« £ ¥¬®£® A. �æ¥­¨¬ íâ® á« £ ¥¬®¥ ¢ á«ãç ¥  2 D2. �á¯®«ì§ãï «¥¬¬ã 1, ¤«ï
x 2 (0; �) ¯®«ãç ¥¬

2�jg(1) (x)j �
Z 3�

�3�

jg(x � t) (t)jdt �
Z 3�

�3�

j(g(x � t)� g(x)) (t)jdt +

+ jg(x)� gI j
Z 3�

�3�

j (t)jdt � 8N�g(x)
Z 3�

�3�

�(jtj)j (t)jdt +N�g(x)�(�)
Z 3�

�3�

j (t)jdt:

�âáî¤ 

A � 25M(N�g)(0)�(�)
Z 3�

�3�

j (t)jdt � 75M(N�g)(0)�(�)
Z �

��

j (t)jdt: �

�­ «®£¨ç­® á«¥¤áâ¢¨î 2 ¬®¦­® ¯®«ãç¨âì

�«¥¤áâ¢¨¥ 3. �ãáâì � 2 K,  2 D2 ¨
R �
��  (t)dt = 0. �®£¤  ¤«ï «î¡®© g 2 H� äã­ªæ¨ï

g 2 H�1 , £¤¥ �1 ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ (3.1).

�®®¡é¥ £®¢®àï, ¯à¨ � ! +0 äã­ªæ¨ï �1(�) ­¥ íª¢¨¢ «¥­â­  �(�), ®¯à¥¤¥«ï¥¬®© à ¢¥­áâ¢®¬
(2.5). �«¥¤ãîé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ¢ â¥®à¥¬¥ 2 �1 ­¥«ì§ï § ¬¥­¨âì ­  �. �®«¥¥ â®£®,
­ ©¤¥âáï â ª ï äã­ªæ¨ï g 2 H�, ¤«ï ª®â®à®© g =2 H! ¯à¨ «î¡ëå !(�) = o(�1(�)), � ! +0.

�à¨¬¥à 1. �ãáâì g(x) � p
x ln2 x ¯à¨ x 2 (0;�] ¨ g(x) � 0 ¯à¨ x 2 (��; 0],

 (x) �

8>>>><>>>>:
x�1 ln�2 x; 0 < x < 1=2;

2 ln�2 2; 1=2 � x < 2�=3;
6

� ln2 2
(� � x); 2�=3 � x � �;

�c�; �� � x � 0;
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£¤¥ c� = 1
�

�R
0

 (x)dx. �ç¥¢¨¤­®, çâ®  2 D2,
�R

��
 (x)dx = 0 ¨ g 2 H� ¯à¨ �(�) � p

� ln2 �, � 2 (0;�].

�«ï «î¡ëå � 2 (0; 1) ¯®«ãç ¥¬

2�!(�; g ) � 2�(g (�) � g (0)) =
Z �

0

g(t) (� � t)dt�

� c�
Z �

�

g(t)dt+ c�
Z �

0

g(t)dt �
Z �

0

g(t) (� � t)dt �
Z �

�
2

g(t) (� � t)dt �

� g

�
�

2

�Z �

�
2

 (� � t)dt = g

�
�

2

�Z �
2

0

 (t)dt =

s
�

2
ln
2
�
:

� ¤ ­­®¬ ¯à¨¬¥à¥ �1(�) = O(
p
� ln 1

�
), � ! +0: � ª¨¬ ®¡à §®¬, g =2 H! ¤«ï «î¡ëå !(�) =

o(�1(�)), � ! +0. � ¤àã£®© áâ®à®­ë, ¯à¨ � 2 (0; 1=2) ¨¬¥¥¬

�(�) �
Z �

0

dtp
t
+ �

Z 1
2

�

dtp
t
+ 2�(�) 

�
1
2

�
� � c0

p
�:

�âáî¤  g =2 H�. �â® ®§­ ç ¥â, çâ® ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 2 â¥àï¥â á¨«ã, ¥á«¨ ¢¬¥áâ® �1 ¢§ïâì
�, â. ª. ¨­ ç¥ ¯® á«¥¤áâ¢¨î 3 g 2 H�.

�¡®§­ ç¨¬  +(t) �  (t)�(0;�](t), t 2 (��;�]. �«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ ¯®§¢®«ïeâ ãâ®ç­¨âì
­¥à ¢¥­áâ¢® (1.4).

�«¥¤áâ¢¨¥ 4. �ãáâì � 2 K ¨ 2�-¯¥à¨®¤¨ç¥áª ï äã­ªæ¨ï r ã¤®¢«¥â¢®àï¥â ¨­â¥£à «ì­®¬ã
ãá«®¢¨î �¨¯è¨æ  Z �

��

jr(t+ h)� r(t)jdt � Ljhj; �� � h � �; (3.2)

L |  ¡á®«îâ­ ï ¯®áâ®ï­­ ï. �®£¤  ¤«ï «î¡®© g 2 H� ¨ ' �  + + r äã­ªæ¨ï g' 2 H�2 , £¤¥

�2(�) = �(�)
Z �

0
 +(t)dt+ �

Z �

�

�(t) +(t)
t

dt; 0 � � � �:

�®ª § â¥«ìáâ¢®. �á­®, çâ® g' = g + + gr. �ã­ªæ¨ï gr 2 H1, â. ª. ¤«ï «î¡ëå h ¨ x 2 (��;�]

jgr(x+ h)� gr(x)j � 1
2�

Z �

��
jg(t)(r(x + h� t)� r(x� t))jdt �

� kgk1
2�

Z �

��

jr(t� h)� r(t)jdt � Lkgk1
2�

jhj;

£¤¥ kgk1 � ess sup
t2(��;�]

jg(t)j. � «¥¥ ¯à¥¤áâ ¢¨¬ äã­ªæ¨î  + ¢ ¢¨¤¥  + =  1 + r1, £¤¥  1 2 D2,  

r1 ®£à ­¨ç¥­  ¨ ¤«ï ­¥¥ ¢ë¯®«­¥­® ãá«®¢¨¥ (3.2). �áâ «®áì ¯®ª § âì, çâ® g 1 2 H�2 . �®£« á­®
á«¥¤áâ¢¨î 3 g 1 2 H�01 ¯à¨

�01(�) = �(�)
Z �

��

j 1(t)jdt + �

Z
��jtj��

�(jtj)
���� 1(t)

t

����dt; � > 0:

� á¨«ã ®£à ­¨ç¥­­®áâ¨ j 1 �  +j ¯®«ãç ¥¬, çâ® �01(�) = O(�2(�)), � ! +0. � ª¨¬ ®¡à §®¬,
g 1 2 H�2 .

� ¬¥ç ­¨¥ 2. �¥à ¢¥­áâ¢® (1.4) ¬®¦­® ¯®«ãç¨âì, ¨á¯®«ì§ãï á«¥¤áâ¢¨¥ 4. �¥©áâ¢¨â¥«ì­®,
äã­ªæ¨ï 	�, 0 < � < 1, ¨¬¥¥â ¢¨¤ ([1], c. 202)

	�(t) � 2�
�(�)

 �(t) + r�(t); �� < t � �;
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£¤¥ r� | ¡¥áª®­eç­® ¤¨ää¥à¥­æ¨àã¥¬ ï ­  [��;�] äã­ªæ¨ï,    �(t) = t��1 ¯à¨ 0 < t � �
¨  �(t) = 0 ¯à¨ �� < t � 0. �«ï ¤®ª § â¥«ìáâ¢  (1.4) ¤®áâ â®ç­® ¯®ª § âì, çâ® g � 2 H�2 .
�ç¥¢¨¤­®, ­ ©¤¥âáï â ª ï  2 D2, çâ® ¤«ï äã­ªæ¨¨ ( �� +) ¢ë¯®«­¥­® ãá«®¢¨¥ (3.2), ¯à¨ç¥¬
 +(t) = t��1 ¯à¨ t 2 (0; 2�=3). �­ ç¨â, g � 2 H�2 á®£« á­® á«¥¤áâ¢¨î 4. �áâ «®áì § ¬¥â¨âì, çâ®
¥á«¨  +(t) = t��1 ¯à¨ t 2 (0; 2�=3), â® ¯®àï¤®ª áâà¥¬«¥­¨ï ª ­ã«î �2(�) ¯à¨ � ! +0 ®¯à¥¤¥«ï¥âáï
¢â®àë¬ á« £ ¥¬ë¬.

�ëè¥ ¬ë ¯à¥¤¯®« £ «¨, çâ® g 2 C�
1 . � á«¥¤ãîé¥¬ ãâ¢¥à¦¤¥­¨¨ à áá¬oâà¨¬ á«ãç © ¯à®¨§-

¢®«ì­®© áã¬¬¨àã¥¬¬®© äã­ªæ¨¨ g.

�¥®à¥¬  3. �ãáâì g 2 L,  2 D2. �®£¤  ¤«ï ¢á¥å x0 2 (��;�] á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

N�g (x0) � cMg(x0); (3.3)

£¤¥

�(�) =
Z �

��

j (t)jdt + �

Z
��jtj��

���� (t)t
���� dt; 0 � � � �; (3.4)

  ¯®áâ®ï­­ ï c § ¢¨á¨â «¨èì ®â äã­ªæ¨¨  .

�®ª § â¥«ìáâ¢®. � ª ¨ ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ¤®áâ â®ç­® ¯®ª § âì, çâ®Z
J
jg (x)� g (x0)jdx � c�(jJ j)jJ jMg(x0); (3.5)

£¤¥ J | ¯à®¨§¢®«ì­ë© ®âà¥§®ª, ã ª®â®à®£® â®çª  x0 ï¢«ï¥âáï ª®­æ¥¢®©.
�ãáâì x0 = 0, J = [0; �], 0 < � < �

6
. �®£¤  ¤«ï x 2 J

2�(g (x)� g (0)) =
Z
jtj<2�

g(�t) (t+ x)dt�

�
Z
jtj<2�

g(�t) (t)dt +
Z
2��jtj��

g(�t)( (t + x)�  (t))dt � A(x)�B + C(x):

�¥­ïï ¯®àï¤®ª ¨­â¥£à¨à®¢ ­¨ï, ¯à¨ x 2 J ¯®«ãç ¥¬

Z �

0

jA(x)jdx �
Z
jtj<2�

jg(�t)j
Z �

0

j (t+ x)jdxdt �

�
Z
jtj<2�

jg(�t)jdt
Z 3�

�2�

j (x)jdx � 12�Mg(0)
Z �

��

j (x)jdx:

� «¥¥ ¤«ï ®æ¥­ª¨ B, ¯à¨¬¥­ïï ¤¢  à §  ¨­â¥£à¨à®¢ ­¨¥ ¯® ç áâï¬, ­ å®¤¨¬

Z 2�

0

jg(�t)j (t)dt =
Z 2�

0

 (t)d
�Z t

0

jg(�s)jds
�
�

� 2Mg(0)� (2�) �Mg(0)
Z 2�

0

td (t) =Mg(0)
Z 2�

0

 (t)dt � 2Mg(0)
Z �

0

 (t)dt:

�­ «®£¨ç­® ¬®¦­® ¯®«ãç¨âì ­¥à ¢¥­áâ¢®
0R

�2�

jg(�t) (t)jdt � 2Mg(0)
0R

��

j (t)jdt. � ª¨¬ ®¡à §®¬,

27



jBj � 2Mg(0)
�R

��

j (t)jdt. �¥¯¥àì ®æ¥­¨¬ C(x), x 2 J . �¬¥¥¬

jC(x)j �
Z
2��jtj��

jg(�t)( (t + x)�  (t))jdt =

=
Z �

3

2�
jg(�t)( (t + x)�  (t))jdt +

Z �2�

��
3

jg(�t)( (t + x)�  (t))jdt +

+
Z
�
3
<jtj��

jg(�t)( (t + x)�  (t))jdt � C1(x) + C2(x) + C3(x):

�¥à¢ë¥ ¤¢  á« £ ¥¬ëå ®æ¥­¨¢ îâáï  ­ «®£¨ç­®. �æ¥­¨¬ C1(x). �á¯®«ì§ãï (2.8) ¨ (2.9), ­ å®¤¨¬

C1(x) �
Z �

3

2�

jg(�t)j( (t) �  (t+ x))dt � �

Z �
3

�

jg(�t)j (t)
t

dt =

= �

Z �
3

�

 (t)
t
d

�Z t

0

jg(�s)jds
�
�  

�
�

3

�
Mg(0)� + 2Mg(0)�

Z �

�

 (t)
t
dt:

�æ¥­¨¬ C3(x):

jC3(x)j �
Z 5�

3

�
3

jg(�t)( (t + x)�  (t))jdt � c0�

Z 5�
3

�
3

jg(�t)jdt � 5c0
3�

Mg(0)�:

�ª®­ç â¥«ì­®,

jC(x)j �Mg(0)
�
 

�
�

3

�
+
5c0
3�

�
� + 2Mg(0)�

Z
�<jtj��

���� (t)t
���� dt; x 2 J:

�§ ®æ¥­®ª á« £ ¥¬ëå A(x), B ¨ C(x) ¢ëâ¥ª ¥â á¯à ¢¥¤«¨¢®áâì ­¥à ¢¥­áâ¢  (3.5) ¢ á«ãç ¥
0 < � < �

6
.

�«ï ¤®ª § â¥«ìáâ¢  (3.5) ¯à¨ � � �
6
, ¯à¨¬¥­ïï â¥®à¥¬ã �ã¡¨­¨, ­ å®¤¨¬Z

J
jg (x)jdx � 1

2�

Z �

��

Z �

��
jg(t) (x � t)jdtdx � 1

2�
Mg(0)k k1 : (3.6)

�à®¬¥ â®£®,

2�jg (0)j �
Z �

��
jg(�t) (t)jdt =

Z �

0
jg(�t) (t)jdt +

Z 0

��
jg(�t) (t)jdt:

�¡  á« £ ¥¬ëå ®æ¥­¨¢ îâáï  ­ «®£¨ç­®. �æ¥­¨¬ ¯¥à¢®¥. �ç¨âë¢ ï (2.9), ­ å®¤¨¬Z �

0
jg(�t) (t)jdt =

Z 2�
3

0
jg(�t)j (t)dt +

Z �

2�
3

jg(�t)j (t)dt �

�
Z 2�

3

0
 (t)d

�Z t

0
jg(�s)jds

�
+  

�
2�
3

�Z �

2�
3

jg(�t)jdt �

�  

�
2�
3

�Z �

0

jg(�t)jdt+Mg(0)
Z 2�

3

0

 (t)dt �Mg(0)
�
� 

�
2�
3

�
+
Z 2�

3

0

 (t)dt
�
:

�âáî¤  ¨ ¨§ (3.6) áà §ã ¯®«ãç ¥¬ (3.3), ¥á«¨ � � �
6
.

� ¬¥ç ­¨¥ 3. �ãáâì g 2 L1. �®£¤  ¯®  ­ «®£¨¨ á à áç¥â ¬¨ ¢ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 3
¤«ï C(x) ¯®«ãç ¥âáï ­¥à ¢¥­áâ¢®

jC(x)j � kgk1
Z
2��jtj��

j (t + �) �  (t)jdt � 2kgk1
Z �

��

j (t)jdt; � > 0:
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�®«ãç ¥¬, çâ® ¯à¨ �1(�) =
�R
��

j (t)jdt äã­ªæ¨ï N�1g ®£à ­¨ç¥­ . �âáî¤  ¨ ¨§ (2.1) á«¥¤ã¥â

®æ¥­ª 

!(�; g ) = O(�1(�)); � ! +0: (3.7)

�«¥¤ãîé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ¤«ï g 2 L1, ¢®®¡é¥ £®¢®àï, ­¥«ì§ï ã¢¥«¨ç¨âì ¯®àï¤®ª
�1 ¢ à ¢¥­áâ¢¥ (3.7).

�à¨¬¥à 2. �ãáâì g(x) � 2��[0;�=2](x), �� < x � �. � ª¦¥ áç¨â ¥¬, çâ®  (x) = 0 ¯à¨
x 2 [��; 0]. �®£¤  ¤«ï ¢á¥å x 2 [0;�=2]

g (x)� g (0) =
Z �

2

0

 (x� t)dt�
Z �

2

0

 (�t)dt =
Z 0

�x

 (�t)dt�
Z �

2

�
2
�x

 (�t)dt =
Z x

0

 (t)dt:

�âáî¤  !(�; g ) �
�R
0

 (t)dt = �1(�), � > 0. � ª¨¬ ®¡à §®¬, g =2 H! ¤«ï «î¡®£® !(�) = o(�1(�)),

� ! +0. � ¤àã£®© áâ®à®­ë, ¢ á¨«ã à ¢¥­áâ¢  (3.7) g 2 H�1 .

�¥¯¥àì à áá¬®âà¨¬ á«ãç © g 2 Lp, 1 < p <1. �§ ­¥à ¢¥­áâ¢  (3.3) ¨ ¬ ªá¨¬ «ì­®© â¥®à¥¬ë
� à¤¨{�¨ââ«¢ã¤  ([9], c. 33) ¤«ï 1 < p <1 ¢ëâ¥ª ¥â kN�g kp � ckMgkp � cpkgkp, £¤¥ äã­ªæ¨¨
� ¨  á¢ï§ ­ë à ¢¥­áâ¢®¬ (3.4). � ª¨¬ ®¡à §®¬, g 2 C�

p , ¥á«¨ g 2 Lp, 1 < p <1. �â® ®§­ ç ¥â

([5], c. 80), çâ® ¥á«¨
�R
0

�q(t)t�qdt < 1, q = p=(p� 1), â® g íª¢¨¢ «¥­â­  ­¥ª®â®à®© äã­ªæ¨¨ f á

¬®¤ã«¥¬ ­¥¯à¥àë¢­®áâ¨

!(f; �) = o

�Z �

0

�
�(t)
t

�q
dt

� 1
q

; � ! +0: (3.8)

� ¬¥ç ­¨¥ 4. �®ª ¦¥¬, çâ® ¨§ à ¢¥­áâ¢  (3.8) á«¥¤ã¥â ¨§¢¥áâ­ ï à ­¥¥ ®æ¥­ª  ¤«ï ¬®¤ã«ï
­¥¯à¥àë¢­®áâ¨ ¨­â¥£à «  I�;� ¯à¨ 0 < � � 1 (á¬. x 1). �ãáâì '(t) � t��1 ln� 


t
, 0 < � � 1, � � 0,


 � 2�, ¯à¨ t 2 (0;�] ¨ '(t) � 0 ¯à¨ t 2 (��; 0]. �®£¤  I�;�g = 2�
�(�)

g'. � «¥¥, à áá¬ âà¨¢ ¥¬
äã­ªæ¨î g 2 Lp, p > 1=�. �à¥¤áâ ¢¨¬ ' ¢ ¢¨¤¥ ' =  + r, £¤¥ äã­ªæ¨ï  2 D2 ¨  (t) = '(t)
¯à¨ t 2 (��; 2�e� �

� ),   äã­ªæ¨ï r ®£à ­¨ç¥­  ­  [��;�] ¨ ¤¨ää¥à¥­æ¨àã¥¬  ¢áî¤ã, ªà®¬¥ â®çª¨
x0 = 0. �ç¥¢¨¤­®, çâ® g' = g +gr. �à®¬¥ â®£®, gr 2 H1 ¨ g íª¢¨¢ «¥­â­  ­¥ª®â®à®© äã­ªæ¨¨ f
á ¬®¤ã«¥¬ ­¥¯à¥àë¢­®áâ¨, ã¤®¢«¥â¢®àïîé¨¬ à ¢¥­áâ¢ã (3.8). � ª¨¬ ®¡à §®¬, g íª¢¨¢ «¥­â­ 
äã­ªæ¨¨ f 2 H��1=p;�. �áâ «®áì § ¬¥â¨âì, çâ® ¤«ï ¢á¥å x 2 (��;�] ¨ h > 0 ¢ á¨«ã ­¥à ¢¥­áâ¢ 
��¥«ì¤¥à 

2�jg (x+ h)� g (x)j �
Z �

0

jg(x + h� t)� g(x� t)j (t)dt �

�
�Z �

0

jg(t� h)� g(t)jpdt
� 1

p
�Z �

0

 
p

p�1 (t)dt
�1� 1

p

:

�âáî¤  á«¥¤ã¥â, çâ® äã­ªæ¨ï g ­¥¯à¥àë¢­ . �®«ãç ¥¬ g = f ¨, §­ ç¨â, g' 2 H��1=p;�.

�¢â®à £«ã¡®ª® ¯à¨§­ â¥«¥­ �.�.�®à¥­®¢áª®¬ã §  ¯®áâ ­®¢ªã § ¤ ç, ¯«®¤®â¢®à­ë¥ ®¡áã¦¤¥-
­¨ï, ¯®«¥§­ë¥ á®¢¥âë ¨ § ¬¥ç ­¨ï, ¢ëáª § ­­ë¥ ¯à¨ ¯®¤£®â®¢ª¥ ¤ ­­®© à ¡®âë.
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