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�¥â®¤ á¤¢¨£  èâà ä®¢ ¡ë« ¯à¥¤«®¦¥­ ­¥§ ¢¨á¨¬® ¨ ¯®çâ¨ ®¤­®¢à¥¬¥­­® ¢ æ¥«®¬ àï¤¥ à -
¡®â. �¥âª ï ä®à¬ã«¨à®¢ª  ¬¥â®¤  ¤«ï § ¤ ç¨ á ®£à ­¨ç¥­¨ï¬¨ ¢ ä®à¬¥ à ¢¥­áâ¢ ¯®ï¢¨« áì ¢
[1]{[2]. �«¨§ª ï ¨¤¥ï ¢ëáª §ë¢ « áì ¤«ï § ¤ ç¨ ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ­¨ï ¢ [3]. �  ®á­®¢¥
¬®¤¨ä¨æ¨à®¢ ­­®© äã­ªæ¨¨ � £à ­¦  [4] ­¥§ ¢¨á¨¬® ¡ë«  ¯à¥¤«®¦¥­  ¨­ ï ä®à¬  ¬¥â®¤ 
á¤¢¨£  èâà ä­ëå äã­ªæ¨© [5]{[7], ­ §¢ ­­ ï ¢¯®á«¥¤áâ¢¨¨ ¬¥â®¤®¬ èâà ä­ëå ®æ¥­®ª [8]. �
ãª § ­­ëå ¬¥â®¤ å ¢ ®â«¨ç¨e ®â ¨§¢¥áâ­®£® ¬¥â®¤  èâà ä®¢ [9] ­¥â ­¥®¡å®¤¨¬®áâ¨ ­¥®£à ­¨-
ç¥­­® ã¢¥«¨ç¨¢ âì èâà ä­®© ª®íää¨æ¨¥­â. �«ï íâ®£® ­  ª ¦¤®© ¨â¥à æ¨¨ ¢ëç¨á«ï¥âáï ­®¢®¥
¯à¨¡«¨¦¥­¨¥ ¬­®¦¨â¥«¥© � £à ­¦  ¨ ®£à ­¨ç¥­¨ï á¤¢¨£ îâáï ­  ¨å ¢¥«¨ç¨­ã.

� ¤ ­­®© áâ âì¥ ¯à¥¤« £ ¥âáï ¤¢  ­®¢ëå ¯®¤å®¤ , ¢ ª®â®àëå á¤¢¨£ èâà ä  ä¨ªá¨à®¢ ­ ¨§­ -
ç «ì­®. � ¯¥à¢®¬ á«ãç ¥ ®­ ä¨ªá¨àã¥âáï á â¥¬ à áç¥â®¬, çâ®¡ë ¯®¯ ¤ ­¨¥ ¨â¥à æ¨®­­®© â®çª¨
¢ ¤®¯ãáâ¨¬ãî ®¡« áâì ®¡¥á¯¥ç¨¢ «® ®âëáª ­¨¥ à¥è¥­¨ï § ¤ ç¨ ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ­¨ï
á § ¤ ­­®© â®ç­®áâìî. � ªâ¨ç¥áª¨ à¥è ¥âáï ¨­ ï § ¤ ç , ã ª®â®à®© â  ¦¥ äã­ªæ¨ï æ¥«¨, ­®
¤®¯ãáâ¨¬®¥ ¬­®¦¥áâ¢® ¯®£àã¦¥­® ¢ ¨áå®¤­®¥ ­  ¢¥«¨ç¨­ã á¤¢¨£ . �æ¥­¨¢ ¥âáï èâà ä­®© ª®-
íää¨æ¨¥­â, ¯à¨ ª®â®à®¬ à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ ®ª §ë¢ ¥âáï ¢ ¨áå®¤­®¬ ¬­®¦¥áâ¢¥.
�®áâà®¥­ ¯à¨­æ¨¯¨ «ì­ë©  «£®à¨â¬ à¥è¥­¨ï § ¤ ç¨ ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ­¨ï á § ¤ ­­®©
â®ç­®áâìî. �® ¢â®à®¬ á«ãç ¥ á¤¢¨£ ¢ë¡¨à ¥âáï ¯à®¨§¢®«ì­®. �®á«¥ ¯®¯ ¤ ­¨ï ¨â¥à æ¨®­­®©
â®çª¨ ¢ ¨áå®¤­®¥ ¬­®¦¥áâ¢® ­ ç¨­ ¥âáï ¤¢ãáâ®à®­­¥¥ ¯à¨¡«¨¦¥­¨¥ ª à¥è¥­¨î. �à¨¢®¤¨âáï
 «£®à¨â¬, áå®¤ïé¨©áï ¯à¨ ®¯à¥¤¥«¥­­ëå äã­ªæ¨ïå èâà ä .

�ãáâì äã­ªæ¨¨ f(x), fi(x), i 2 I = f1; 2 : : : mg, ®¯à¥¤¥«¥­ë ¨ ­¥¯à¥àë¢­ë ¢ Rn, D = fx 2
Rn : fi(x) � 0, i 2 Ig = fx 2 Rn : g(x) � 0g, £¤¥ g(x) = maxffi(x), i 2 Ig, f� = infff(x),
x 2 Dg, D� = fx 2 Rn : f(x) = f�g; x� 2 D�; " � 0, D0 = fx 2 Rn : g(x) + "0 � 0, "0 � 0g,
x0 = arg infff(x); x 2 D0g; Q = fx 2 D : f(x) � f(x0)g, F (C; x) = f(x) + V (C; x), C > 0; £¤¥

lim
C!1

V (C; x) =

(
0; x 2 D0;

1; x =2 D0;

x(C) = arg inffF (C; x), x 2 Rng. �à¥¤¯®« £ ¥âáï, çâ® ¬­®¦¥áâ¢® D à¥£ã«ïà­® ¯® �«¥©â¥àã, â. ¥.
áãé¥áâ¢ã¥â â ª®© í«¥¬¥­â y 2 D, çâ® fi(y) < 0 ¤«ï ¢á¥å i 2 I. �à¥¡ã¥âáï ­ ©â¨

infff(x); x 2 Dg: (1)

�à¨ ¨á¯®«ì§®¢ ­¨¨ á¨¬¢®«  inf áç¨â ¥âáï, çâ® â®ç­ ï ­¨¦­ïï £à ­ì äã­ªæ¨¨ ­  ãª § ­­®¬
¬­®¦¥áâ¢¥ ¤®áâ¨£ ¥âáï. �à¥¤¯®« £ ¥âáï, çâ®

9x 2 Rn; f(x) < f�: (2)

�«ï ®âëáª ­¨ï ¯à¨¡«¨¦¥­­®£® §­ ç¥­¨ï (1) ¡ã¤¥¬ à¥è âì § ¤ çã

infff(x); x 2 D0g: (3)

�¥£ª® ¤®ª §ë¢ ¥âáï
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�¥¬¬  1. �«ï â®£® çâ®¡ë áãé¥áâ¢®¢ «® "0 > 0 â ª®¥, çâ® D0 6= ;, ­¥®¡å®¤¨¬® ¨ ¤®áâ -

â®ç­®, çâ®¡ë ¬­®¦¥áâ¢® D ã¤®¢«¥â¢®àï«® ãá«®¢¨î �«¥©â¥à .

�¥¬¬  2. �ãáâì ¤«ï «î¡®£® C > 0 â®çª  x(C) â ª®¢ , çâ® f(x(C)) � f(x0), "0 > 0. �®£¤ 
¤«ï ª ¦¤®£® " > 0 ­ ©¤¥âáï â ª®¥ "0 > 0, çâ®

x(C) 2 D nD0 =) jf(x(C))� f(x�)j � ":

�®ª § â¥«ìáâ¢®. �® ãá«®¢¨î «¥¬¬ë f� � f(x(C)) � f(x0). � ([10], c. 390) ¯®ª § ­®, çâ®
lim
"0!0

f(x0) = f�. �®£¤  lim
"0!0

(f(x(C))� f�) = 0.

�ç¥¢¨¤­®, ¤«ï ®æ¥­ª¨ "0 ¯® " âà¥¡ã¥âáï ¤®¯®«­¨â¥«ì­ ï ¨­ä®à¬ æ¨ï ® § ¤ ç¥. �á¯®«ì§ã¥¬

�¯à¥¤¥«¥­¨¥ 1 (­ ¯à., [10], c. 218). �ã­ªæ¨î f(x) ­ §ë¢ îâ à ¢­®¬¥à­® ¢ë¯ãª«®© ­  ¢ë-
¯ãª«®¬ ¬­®¦¥áâ¢¥ P , ¥á«¨ áãé¥áâ¢ã¥â ­¥®âà¨æ â¥«ì­ ï äã­ªæ¨ï �(t), ®¯à¥¤¥«¥­­ ï ¯à¨ ¢á¥å t
(0 � t � diamP = sup

x0;x12P

jx0�x1j), �(0) = 0, �(t0) > 0 ¯à¨ ­¥ª®â®à®¬ t0 (0 < t0 < diamP ) ¨ â ª ï,

çâ®
f(�x0 + (1� �)x1) � �f(x0) + (1� �)f(x1)� �(1� �)�(jx0 � x1j)

¯à¨ ¢á¥å x0; x1 2 P , � 2 [0; 1]. �ã­ªæ¨î �(t) ­ §ë¢ îâ ¬®¤ã«¥¬ ¢ë¯ãª«®áâ¨ f(x) ­  P .

�¥¬¬  3. �ãáâì äã­ªæ¨¨ fi(x) à ¢­®¬¥à­® ¢ë¯ãª«ë¥ ­  P á ¬®¤ã«ï¬¨ ¢ë¯ãª«®áâ¨ �i(t).
�®£¤  g(x) à ¢­®¬¥à­® ¢ë¯ãª« ï á �(t) = min

i2I
�i(t).

�®ª § â¥«ìáâ¢® ¢ëâ¥ª ¥â ¨§ á®®â­®è¥­¨©

g(�x0 + (1� �)x1) = max
i2I

ffi(�x1 + (1� �)x2)g �

� max
i2I

f�fi(x0) + (1� �)fi(x1)� �(1 � �)�i(kx0 � x1k)g �

� �max
i2I

ffi(x0) + (1� �)max
i2I

fi(x1)� �(1 � �)min
i2I

�i(kx0 � x1k)g =

= �g(x0) + (1� �)g(x1)� �(1� �)�(kx0 � x1k): �

�¥®à¥¬  1. �ãáâì äã­ªæ¨ï f(x) ¢ë¯ãª« , ã¤®¢«¥â¢®àï¥â ­  D ãá«®¢¨î �¨¯è¨æ  á ª®­-

áâ ­â®© M , fi(x) à ¢­®¬¥à­® ¢ë¯ãª«ë¥ ­  D á ­¥ã¡ë¢ îé¨¬¨ ¬®¤ã«ï¬¨ ¢ë¯ãª«®áâ¨ �i(t) ¨
"0 � min �i("=M): �®£¤  jf(x)� f�j � " ¤«ï «î¡®© â®çª¨ x 2 Q:

�®ª § â¥«ìáâ¢®. � ª ª ª f(x�) � f(x) � f(x0), â®

jf(x)� f(x�)j � jf(x0)� f(x�)j �Mkx0 � x�k: (4)

�® «¥¬¬¥ 3 äã­ªæ¨ï g(x) à ¢­®¬¥à­® ¢ë¯ãª«  á �(t) = min
i2I

�i(t). �«ï à ¢­®¬¥à­® ¢ë¯ãª«ëå

äã­ªæ¨© ¢ë¯®«­ï¥âáï ([10], á. 221)

g(x�) � g(x0) + hc(x0); x� � x0i+ �(kx� � x0k) 8c(x0) 2 @g(x0): (5)

�§¢¥áâ­® (­ ¯à., [11], á. 45), çâ®

@g(x0)
@(x� � x0)

= maxhc(x0); x� � x0i 8c(x0) 2 @g(x0):

�®ª ¦¥¬, çâ®

g(x) � g(x0) 8x = �x� + (1� �)x0; � 2 [0; 1]: (6)

�¥©áâ¢¨â¥«ì­®, ¥á«¨ ¡ë áãé¥áâ¢®¢ «® bx = b�x� + (1 � b�)x0, b� 2 [0; 1], â ª®¥, çâ® g(bx) < g(x0); â®bx 2 intD0. �® ¯à¥¤¯®«®¦¥­¨î (2) â®çª  x0 =2 intD0 ¨ f(bx) > f(x0). �«¥¤®¢ â¥«ì­®, bx =2 Q. �®
x� 2 Q, x0 2 Q, Q ¢ë¯ãª«®¥ ª ª ¯¥à¥á¥ç¥­¨¥ ¢ë¯ãª«ëå ¬­®¦¥áâ¢, â®£¤  bx 2 Q: �®«ãç¥­­®¥
¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â á¯à ¢¥¤«¨¢®áâì (6).
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�® ®¯à¥¤¥«¥­¨î
@g(x0)

@(x� � x0)
= lim

t!+0

g(x0 + t(x� � x0))� g(x0)
t

:

�à¨ «î¡®¬ t 2 (0; 1] ¢ë¯®«­ï¥âáï g(x0+t(x��x0))�g(x0)

t
� 0; â. ¥. @g(x0)

@(x��x0)
� 0. �®£¤  maxhc(x0); x� �

x0i � 0, c(x0) 2 @g(x). �«¥¤®¢ â¥«ì­®, ¤«ï ­¥ª®â®à®£® c(x0) ¨§ (5) á«¥¤ã¥â g(x�) � g(x0) + �(kx� �
x0k). � á¨«ã (2) ¨¬¥¥¬ g(x�) = 0, g(x0) = �"0 ¨ �(kx� � x0k) � g(x�) � g(x0) = "0 � �("=M): �§
­¥ã¡ë¢ ­¨ï �(t) á«¥¤ã¥â kx� � x0k � "=M: �®¤áâ ¢«ïï ¢ (4), ¯®«ãç¨¬ jf(x)� f(x�)j � ".

�«¥¤áâ¢¨¥. �ãáâì äã­ªæ¨ï èâà ä  ¨¬¥¥â ¢¨¤ V (C; x) = CV (x). �®£¤ , ¥á«¨ ¤«ï ­¥ª®â®à®£®
C > 0 ¢ë¯®«­ï¥âáï x(C) 2 D, â® jf(x(C))� f�j � ".

�®ª § â¥«ìáâ¢®. � ª ª ª f(x(C)) | ¬®­®â®­­® ­¥ã¡ë¢ îé ï ¯® C äã­ªæ¨ï ([12], á. 38),
â® f(x(C)) � f 0. �®£¤  x(C) 2 Q;   ¤«ï â ª®© â®çª¨ âà¥¡ã¥¬®¥ ­¥à ¢¥­áâ¢® ¢ë¯®«­ï¥âáï.

�à¨¬¥ç â¥«ì­®, çâ® ¢ â¥®à¥¬¥ ®æ¥­ª  à¥è¥­¨ï ­¥ § ¢¨á¨â ®â á¯®á®¡  ­ å®¦¤¥­¨ï x 2 Q.
� ª ª ª ¢ ¬¥â®¤¥ ¢­¥è­¨å èâà ä®¢ lim

n!1
x(Cn) = x0, â® áãé¥áâ¢ã¥â â ª®¥ C > 0, çâ® x(C) 2 D.

�¯à¥¤¥«¥­¨¥ 2 (­ ¯à., [13], c. 245). �ã­ªæ¨®­ «ì­ë¥ ®£à ­¨ç¥­¨ï, § ¤ îé¨¥ ¬­®¦¥áâ¢®D,
­ §ë¢ îâáï �-à¥£ã«ïà­ë¬¨ á ¯ à ¬¥âà ¬¨ �; � > 0, ¥á«¨ ¤«ï ¢á¥å x 2 U�(D) n D á¯à ¢¥¤«¨¢®
­¥à ¢¥­áâ¢®

g(x) � ��(x;D);

£¤¥ U�(D) = fx 2 Rn : �(x;D) � �g, �(x;D) = inf
y2D

kx� yk.

�®áâà®¨¬ ¢á¯®¬®£ â¥«ì­ë¥ äã­ªæ¨¨ ¢¨¤ 

F (C; x) = f(x) +C
X
i2I

(maxffi(x) + "0; 0g)q ; q > 1; (7)

F (C; x) = f(x) +C(maxfg(x) + "0; 0g)q ; q > 1: (8)

�æ¥­¨¬ èâà ä­®© ¯ à ¬¥âà C > 0, ¤«ï ª®â®à®£® x(C) 2 D.

�¥®à¥¬  2. �ãáâì á¨áâ¥¬  ®£à ­¨ç¥­¨© § ¤ ç¨ (3) �-à¥£ã«ïà­  á ¯ à ¬¥âà ¬¨ �; � > 0;
äã­ªæ¨ï f(x) ã¤®¢«¥â¢®àï¥â ­  D ãá«®¢¨î �¨¯è¨æ  á ª®­áâ ­â®© M , fi(x) | á ª®­áâ ­â®©

Li. �®£¤  ¯à¨

C �
ML

q�1

q

�q"0 q�1
; (9)

£¤¥ L =
P
i2I

Lq
i ¢ á«ãç ¥ (7), L = (max

i2I
Li)q ¢ á«ãç ¥ (8), ¢ë¯®«­ï¥âáï x(C) 2 D.

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬ â¥®à¥¬ã ¤«ï äã­ªæ¨¨ F (C; x) ¢¨¤  (7). �ãáâì x 2 D0. � ª ª ª
fi(x) + "0 � 0 ¤«ï ¢á¥å i 2 I, â®

V (x(C)) =
mX
i=1

(maxffi(x(C)) + "0; 0g)q =
X
i2I

(maxffi(x(C)) + "0; 0g �maxffi(x) + "0; 0g)q :

�ãáâì I1 = fi 2 I : fi(x(C)) + "0 > 0g: �®£¤ 

V (x(C)) =
X
i2I1

(maxffi(x(C)) + "0; 0g �maxffi(x) + "0; 0g)q �
X
i2I1

(fi(x(C)) + "0 � fi(x)� "0)q =

=
X
i2I1

(fi(x(C))� fi(x))q �
X
i2I1

Lq
ikx(C)� xkq �

X
i2I1

Lq
i kx(C)� xkq � Lkx(C)� xkq:
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� ª¨¬ ®¡à §®¬, V (x(C)) � Lkx(C) � xkq ¤«ï «î¡®£® x 2 D0. � ç áâ­®áâ¨, íâ® ­¥à ¢¥­áâ¢®
á¯à ¢¥¤«¨¢® ¤«ï â®£® x 2 D0, ¤«ï ª®â®à®£® ¤®áâ¨£ ¥âáï inf

x2D0

kx(C)� xk = �(x(C); D0), â. ¥.

V (C; x) � L�(x(C);D0)q: (10)

�§¢¥áâ­® ([12], c. 51), çâ® �(x(C); D0) � ( M

�qC
)

1

q�1 : �âáî¤ , ¨§ (9) ¨ (10) ¢ëâ¥ª eâ ­¥à ¢¥­áâ¢o

V (x(C)) � L
M

q

q�1

�
q2

q�1C
q

q�1

= "0
q
:

�«¥¤®¢ â¥«ì­®,
mX
i=1

[maxffi(x(C)) + "0; 0g]q � "0
q
:

�®£¤  [maxffi(x(C)) + "0; 0g]q � "0 q 8i 2 I: �âáî¤  fi(x(C)) � 0 8i 2 I, â. ¥. x(C) 2 D:
�«ï èâà ä­ëå äã­ªæ¨© ¢¨¤  (8) â¥®à¥¬  ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.

�«ï à¥è¥­¨ï § ¤ ç¨ ¢ë¯ãª«®£® ¯à®£à ¬¬¨à®¢ ­¨ï á § ¤ ­­®© â®ç­®áâìî ¯à¥¤« £ ¥âáï á«¥-
¤ãîé¨© ¯à¨­æ¨¯¨ «ì­ë©

�«£®à¨â¬ 1. � ¤ ¥âáï â®ç­®áâì à¥è¥­¨ï " > 0. �ë¡¨à ¥âáï "0 � �( "

M
), C � ML

q�1

q

�q"0q�1 , ç¨á«®
¨â¥à æ¨© N > 0, §  ª®â®à®¥ ¦¥« ¥¬ ®âëáª âì ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ á â®ç­®áâìî ". � ¤ ¥¬
x0 2 Rn ¨ ¢®§à áâ îéãî äã­ªæ¨î '(t) â ªãî, çâ® '(N) � C, '(1) � 0. �ã­ªæ¨ï F (C; x)
¢ë¡¨à ¥âáï ¢¨¤  (7) ¨«¨ (8). �®« £ ¥¬ k = 1.

1. �ëç¨á«ï¥âáï Ck = '(k).
2. �ë¡¨à ¥âáï ¬¥â®¤ Ak ¡¥§ãá«®¢­®© ¬¨­¨¬¨§ æ¨¨, ®¡¥á¯¥ç¨¢ îé¨© ­ å®¦¤¥­¨¥ â®ç­®©

­¨¦­e© £à ­¨ äã­ªæ¨¨ F (Ck; x).
3. �¥â®¤®¬ Ak ®âëáª¨¢ ¥¬ x(Ck) = arg inffF (Ck; x); x 2 Rng.
4. �á«¨ x(Ck) 2 D, â® ¯à®æ¥áá ®ª®­ç¥­ ¨ x(Ck) ï¢«ï¥âáï "-à¥è¥­¨¥¬ § ¤ ç¨ (1). �­ ç¥

§ ¬¥­ï¥¬ k ­  k + 1 ¨ ¯¥à¥å®¤¨¬ ª ¯. 1.

�á«¨ ¢  «£®à¨â¬¥ 1 ¢ë¡à âì N = 1, '(N) = '(1) � C, â® § ¤ ç  (1) à¥è ¥âáï á âà¥¡ã¥-
¬®© â®ç­®áâìî §  ®¤­ã ¨â¥à æ¨î ¬¥â®¤  èâà ä®¢. �¨á«¥­­ë¥ íªá¯¥à¨¬¥­âë ¯®ª §ë¢ îâ, çâ®,
ª ª ¯à ¢¨«®, §­ ç¥­¨¥ "0 ¢ëç¨á«ï¥âáï á ¡®«ìè¨¬ § ¯ á®¬. �®£¤ , â¥¬ ¡®«¥¥, §­ ç¥­¨¥ C ®ª -
¦¥âáï á¨«ì­® § ¢ëè¥­­ë¬, çâ® ¯à¨¢®¤¨â ª ¯«®å®© ®¡ãá«®¢«¥­­®áâ¨ £¥áá¨ ­  äã­ªæ¨¨ F (C; x)
¢ ®ªà¥áâ­®áâ¨ à¥è¥­¨ï. �à ªâ¨ª  ¯®ª § « , çâ® ¦¥« â¥«ì­® ¯®« £ âì N = 4 ¨«¨ N = 5. �®
íâ¨¬ ¦¥ á®®¡à ¦¥­¨ï¬ ­  è £¥ 4 ªà¨â¥à¨¥¬ ®áâ ­®¢  ¢ë¡à ­® ãá«®¢¨¥ x(Ck) 2 D, â. ª. ®­®
¬®¦¥â ¤®áâ¨£ âìáï ¨ ¯à¨ k < N . �®¦­® ­  è £¥ 4 ®áâ ­ ¢«¨¢ âìáï ¯à¨ ãá«®¢¨¨ k = N , â. ª.

'(N) � ML
q�1

q

�q"0 q�1 , çâ® ®¡¥á¯¥ç¨¢ ¥â ¯®¯ ¤ ­¨¥ x('(N)) ¢ ¬­®¦¥áâ¢® D ¨ â¥¬ á ¬ë¬ | à¥è¥­¨¥
§ ¤ ç¨ á âà¥¡ã¥¬®© â®ç­®áâìî.

�«ï äã­ªæ¨¨ èâà ä  á¯¥æ¨ «ì­®£® ¢¨¤  ¢®§¬®¦¥­ ¤àã£®© ¯®¤å®¤.

�¥¬¬  4. �ãáâì èâà ä­ ï äã­ªæ¨ï ¨¬¥¥â ¢¨¤ V (C; x) = C(maxfg(x) + "0; 0g)q , q � 1.
�á«¨ x(C) =2 D, â® f(x(C)) < f(x�).

�®ª § â¥«ìáâ¢®. � ª ª ª f(x�)� f(x(C)) = [F (C; x�)� F (C; x(C))] +C[V (x(C))� V (x�)] ¨
F (C; x�) � F (C; x(C)), âo ­ã¦­® ã¡¥¤¨âìáï, çâ® 
 = V (x(C)) � V (x�) > 0. �® ®¯à¥¤¥«¥­¨î

V (x(C)) =

(
0; x 2 D0;

(g(x) + "0)q; x =2 D0:

�®§¬®¦­ë 2 ¢ à¨ ­â :

a) ¥á«¨ x� 2 D0, â® V (x�) = 0 ¨ 
 = (g(x(C)) + "0)q > 0, â. ª. g(x(C)) > 0;
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¡) ¥á«¨ x� =2 D0, â® V (x�) = (g(x�)+"0)q ¨ 
 = (g(x(C))+"0)q�(g(x�)+"0)q: T ª ª ª x(C) =2 D,
x� 2 D, â® g(x(C)) > 0,   g(x�) � 0: �âáî¤  g(x(C)) > g(x�) ¨ 
 > 0.

�§  ) ¨ ¡) ¯®«ãç¨¬ 
 > 0. �®£¤  f(x�)� f(x(C)) > 0.

�«£®à¨â¬ 2. �®¤£®â®¢¨â¥«ì­ë© è £. �ë¡¨à ¥¬ "0 < � inf
x2Rn

g(x), C0; C 0 > 0 â ª¨¥, çâ®

x(C0) 2 D, x(C 0) =2 D, 0 < � � � < 1, k = 0.

1. �á«¨ jf(x(Ck))� f(x(C k))j � ", â® ¯à®æ¥áá ®ª®­ç¥­ ¨ x(Ck) ï¢«ï¥âáï "-à¥è¥­¨¥¬ § ¤ ç¨
(1).

2. � å®¤¨¬ Ck = �kCk + (1� �k)C k, £¤¥ � � �k � �.
3. �á«¨ x(Ck) 2 D, â® Ck+1 = Ck, C k+1 = Ck. �­ ç¥ Ck+1 = Ck, C k+1 = Ck.
4. k = k + 1, ¯¥à¥å®¤¨¬ ª ¯. 1.

�¥®à¥¬  3. �ãáâì ¢áïª¨© «®ª «ì­ë© ¬¨­¨¬ã¬ äã­ªæ¨¨ f(x) ï¢«ï¥âáï £«®¡ «ì­ë¬ ­  Rn:
�®£¤  ¤«ï ¯®á«¥¤®¢ â¥«ì­®áâ¨ ff(x(Ck))g, ¯®áâà®¥­­®© ¯®  «£®à¨â¬ã 2, ¨¬¥¥â ¬¥áâ® ¯à¥-

¤¥«ì­®¥ á®®â­®è¥­¨¥

lim
k!1

f(x(Ck)) = f�:

�®ª § â¥«ìáâ¢®. �§ ­¥ã¡ë¢ ­¨ï f(x(C)) ¯® C > 0 ([12], c. 38) á«¥¤ã¥â, çâ® (f(x(C k+1)),
f(x(Ck+1))] 2 (f(x(C k)); f(x(Ck))]. � ª ª ª f(x(C)) ­¥¯à¥àë¢­  ¯® C > 0 ([14], c. 25), â®
lim
k!1

(f(x(Ck)) � f(x(C k))) = 0: �® ¯®áâà®¥­¨î f(x(Ck)) 2 [f(x(C k)); f(x(Ck))];   ¯® «¥¬¬¥ (4)

§­ ç¥­¨¥ f� 2 (f(x(C k)); f(x(Ck))]: �®£¤  lim
k!1

f(x(Ck)) = f�:

�à¨ à¥ «¨§ æ¨¨ ¯®¤£®â®¢¨â¥«ì­®£® è £   «£®à¨â¬  2 ­¥®¡å®¤¨¬® à¥è âì § ¤ çã (3) ¬¥â®¤®¬
èâà ä®¢, ¢ë¡à ¢ ¢ ª ç¥áâ¢¥ èâà ä­ëå äã­ªæ¨© V (C; x) = C(maxfg(x) + "0; 0g)q , q � 1. �«ï
íâ®£® ¯à®¨§¢®«ì­® ¢ë¡¨à ¥¬ C0. �á«¨ x(C0) =2 D, â® áâà®¨¬ ¢®§à áâ îéãî ¯®á«¥¤®¢ â¥«ì­®áâì
fCkg ¨ à¥è ¥¬ § ¤ çã (3), ¨á¯®«ì§ãï ­  k-© ¨â¥à æ¨¨ ¯ à ¬¥âà Ck. � ª ç¥áâ¢¥ C0 ¢ë¡¨à ¥¬ Ck,
¯à¨ ª®â®à®¬ â®çª  x(Ck) ¢¯¥à¢ë¥ ¯®¯ ¤ ¥â ¢ D. �  C 0 ¯à¨­¨¬ ¥¬ Ck�1, â. ª. x(Ck�1) =2 D. �á«¨
x(C0) 2 D, â®, ­ ®¡®à®â, áâà®¨¬ ã¡ë¢ îéãî ¯®á«¥¤®¢ â¥«ì­®áâì fCkg, Ck > 0. �  C 0 ¯à¨­¨¬ ¥¬
Ck, ¯à¨ ª®â®à®¬ x(Ck) ¢¯¥à¢ë¥ ¢ëå®¤¨â ¨§ D, C0 = Ck�1.

�¬¥¥âáï ­¥ª®â®à ï á¢®¡®¤  ¢ë¡®à  "0. �á«¨ inf
x2Rn

g(x) = �1, â® "0 ¬®¦­® ¢ë¡¨à âì áª®«ìª®

ã£®¤­® ¡®«ìè¨¬. � ª ¯®ª §ë¢ ¥â ¯à ªâ¨ª , ¡®«ìè®¥ "0 ¯à¨¢®¤¨â ª ã¢¥«¨ç¥­¨î ª®«¨ç¥áâ¢  ¢ë-
ç¨á«¥­¨© ¢ ¯¯. 1{4 ¨ ª ¨å ã¬¥­ìè¥­¨î ­  ¯®¤£®â®¢¨â¥«ì­®¬ è £¥. �à¨ ¬ «ëå "0 ®¡ê¥¬ ¢ëç¨á«¥-
­¨© ­  ¯®¤£®â®¢¨â¥«ì­®¬ íâ ¯¥ à¥§ª® ã¢¥«¨ç¨¢ ¥âáï, â. ª. C0 ®ª §ë¢ ¥âáï ¤®áâ â®ç­® ¡®«ìè¨¬,
çâ® ¯à¨¢®¤¨â ª ¯«®å®© ®¡ãá«®¢«¥­­®áâ¨ ¢á¯®¬®£ â¥«ì­ëå § ¤ ç. �à¨ íâ®¬ ®¡ê¥¬ ¢ëç¨á«¥­¨© ¢
¯¯. 1{4 ­¥§­ ç¨â¥«ì­® á®ªà é ¥âáï. �¨á«¥­­ë¥ íªá¯¥à¨¬¥­âë ¯®ª §ë¢ îâ, çâ® ¯à¨ ­¥ª®â®à®¬
¯à®¬¥¦ãâ®ç­®¬ "0 áã¬¬ à­ë¥ ¢ëç¨á«¨â¥«ì­ë¥ § âà âë ¬¥­ìè¥, ç¥¬ ¯à¨ ®ç¥­ì ¡®«ìè¨å ¨«¨
¬ «ëå "0.

� ¬¥â®¤ å á¤¢¨£  èâà ä®¢ ¨ èâà ä­ëå ®æ¥­®ª à¥è¥­¨¥ ®âëáª¨¢ ¥âáï §  áç¥â ¯®¤¡®à  á¤¢¨£ 
"0. �âà ä­®© ª®íää¨æ¨¥­â C ä¨ªá¨àã¥âáï ­  ®¯à¥¤¥«¥­­®¬ §­ ç¥­¨¨, ¯à¨ ª®â®à®¬ ¤®áâ¨£ ¥âáï
âà¥¡ã¥¬ ï áª®à®áâì áå®¤¨¬®áâ¨. �  «£®à¨â¬¥ 2 á¨âã æ¨ï ®¡à â­ ï. �­âã¨â¨¢­® § ¤ ¥âáï á¤¢¨£
èâà ä , ª®â®àë© ¢«¨ï¥â ­  áª®à®áâì áå®¤¨¬®áâ¨  «£®à¨â¬  2 ¨ ­  ¢¥«¨ç¨­ã C�, ¯à¨ ª®â®à®©
f(x(C�)) = f�. �ç¥¢¨¤­®, ç¥¬ ¡®«ìè¥ "0, â¥¬ ¬¥­ìè¥ C� ¨, ª ª á«¥¤áâ¢¨¥, ®¡ãá«®¢«¥­­®áâì
F (C; x) ¯à¨ C, ¡«¨§ª¨å ª C�.

�á­®¢­ ï á«®¦­®áâì â ª®£® ¯®¤å®¤  § ª«îç ¥âáï ¢ ­¥¤¨ää¥à¥­æ¨àã¥¬®áâ¨ ¢á¯®¬®£ â¥«ì-
­ëå äã­ªæ¨©. �® ¯à¨ q = 1

F (C; x) = f(x) +Cmaxfg(x); 0g = maxfCg(x) + f(x); f(x)g; (11)

¨ ¤«ï ®âëáª ­¨ï inf
x2Rn

F (C; x) ¬®¦­® ¢®á¯®«ì§®¢ âìáï ¬¥â®¤®¬ ¨§ [15]. �®«¥¥ â®£®, äã­ªæ¨ï

(11) ¯®áâà®¥­  ­  ®á­®¢¥ â®ç­®© èâà ä­®© äã­ªæ¨¨ [16], á¢®©áâ¢  ª®â®àëå ¤®áâ â®ç­® å®à®è®
¨áá«¥¤®¢ ­ë ¢ «¨â¥à âãà¥ (á¬., ­ ¯à., ¡¨¡«¨®£à ä¨î ¢ [17]).
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