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� ¤ ­­®© à ¡®â¥ ¯à¥¤«®¦¥­ë ¨â¥à æ¨®­­ë¥ ¬¥â®¤ë à¥è¥­¨ï ¢ à¨ æ¨®­­ëå ­¥à ¢¥­áâ¢ ¢â®-
à®£® à®¤  á ®¡à â­® á¨«ì­® ¬®­®â®­­ë¬¨ ®¯¥à â®à ¬¨ ¨ ¢ë¯ãª«ë¬¨ ­¥¤¨ää¥à¥­æ¨àã¥¬ë¬¨
äã­ªæ¨®­ « ¬¨, ¢®§­¨ª îé¨å, ¢ ç áâ­®áâ¨, ¯à¨ ®¯¨á ­¨¨ ¯à®æ¥áá®¢ ãáâ ­®¢¨¢è¥©áï ä¨«ì-
âà æ¨¨, § ¤ ç ®¡ ®¯à¥¤¥«¥­¨¨ ¯®«®¦¥­¨ï à ¢­®¢¥á¨ï ¬ï£ª¨å ®¡®«®ç¥ª. �à¥¤¢ à¨â¥«ì­® à á-
á¬®âà¥­ë § ¤ ç¨ ® ¯®¨áª¥ á¥¤«®¢ëå â®ç¥ª äã­ªæ¨¨ � £à ­¦  ¨ ¬®¤¨ä¨æ¨à®¢ ­­®© äã­ªæ¨¨
� £à ­¦ . �áâ ­®¢«¥­  á¢ï§ì ¬¥¦¤ã à¥è¥­¨ï¬¨ íâ¨å § ¤ ç ¨ ¨áå®¤­®© § ¤ ç¨. �â® ¯®§¢®«ï-
¥â ¯à¨¬¥­¨âì ¤«ï ¯®áâà®¥­¨ï ¨â¥à æ¨®­­®£® ¬¥â®¤  à¥è¥­¨ï à áá¬ âà¨¢ ¥¬®£® ¢ à¨ æ¨®­­®£®
­¥à ¢¥­áâ¢   «£®à¨â¬ ­ å®¦¤¥­¨ï á¥¤«®¢®© â®çª¨ ¬®¤¨ä¨æ¨à®¢ ­­®© äã­ªæ¨¨ � £à ­¦ . �á-
á«¥¤®¢ ­  áå®¤¨¬®áâì ¯à¥¤«®¦¥­­®£® ¬¥â®¤ . � ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¥­ë áâ æ¨®­ à­ë¥
§ ¤ ç¨ ä¨«ìâà æ¨¨ ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨, á«¥¤ãîé¥© à §àë¢­®¬ã § ª®­ã ä¨«ìâà æ¨¨ á ¯à¥-
¤¥«ì­ë¬ £à ¤¨¥­â®¬.

1. �®áâ ­®¢ª  § ¤ ç¨

�ãáâì V , H | £¨«ì¡¥àâ®¢ë ¯à®áâà ­áâ¢  á® áª «ïà­ë¬¨ ¯à®¨§¢¥¤¥­¨ï¬¨ (�; �)V , (�; �)H á®-
®â¢¥âáâ¢¥­­®, F (�) = 	(�) + G(��), 	 : V ! R1 | ¤¨ää¥à¥­æ¨àã¥¬ë© ¯® � â® äã­ªæ¨®­ «,
¯à¨ç¥¬ ¯à®¨§¢®¤­ ï � â® A = 	0 : V ! V |ª®íàæ¨â¨¢­ë©,   â ª¦¥ ®¡à â­® á¨«ì­® ¬®­®â®­­ë©
®¯¥à â®à, â. ¥. [1]

(Au�A�; u� �)V � �kAu�A�k2V ; � > 0 8u; � 2 V; (1)

G : H ! R1 | á®¡áâ¢¥­­ë©, ¢ë¯ãª«ë©, ­¥¯à¥àë¢­ë© äã­ªæ¨®­ «, � : V ! H | «¨­¥©-
­ë© ­¥¯à¥àë¢­ë© ®¯¥à â®à, ¨¬¥îé¨© ®£à ­¨ç¥­­ë© ®¡à â­ë© â ª®©, çâ® (�u;��)H = (u; �)V
8u; � 2 V .

� áá¬ âà¨¢ ¥âáï § ¤ ç 

F (u) = inf
�2V

F (�): (2)

�â  § ¤ ç  íª¢¨¢ «¥­â­  (á¬., ­ ¯à., [2]) á«¥¤ãîé¥¬ã ¢ à¨ æ¨®­­®¬ã ­¥à ¢¥­áâ¢ã ¢â®à®£® à®¤ 

(Au; � � u)V +G(��)�G(�u) � 0 8� 2 V (3)

¨ ¨¬¥¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­® à¥è¥­¨¥. � ª¨¥ ¢ à¨ æ¨®­­ë¥ ­¥à ¢¥­áâ¢  ¢®§­¨ª îâ, ¢ ç áâ-
­®áâ¨, ¯à¨ ®¯¨á ­¨¨ ¯à®æ¥áá®¢ ãáâ ­®¢¨¢è¥©áï ä¨«ìâà æ¨¨, § ¤ ç ®¡ ®¯à¥¤¥«¥­¨¨ ¯®«®¦¥­¨ï
à ¢­®¢¥á¨ï ¬ï£ª¨å ®¡®«®ç¥ª (á¬. [3], [4]).

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(ª®¤ ¯à®¥ªâ  01-01-00616, 03-01-00380).
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�¯à¥¤¥«¨¬ äã­ªæ¨î � £à ­¦  L : V �H �H ! R1,

L(�; z;�) = 	(�) +G(z) + (�;�� � z)H ;

  â ª¦¥ à áè¨à¥­­ãî (¬®¤¨ä¨æ¨à®¢ ­­ãî) äã­ªæ¨î � £à ­¦  [5] Lr : V �H �H ! R1,

Lr(�; z;�) = L(�; z;�) +
r

2
k�� � zk2H ; r > 0: (4)

� àï¤ã á § ¤ ç¥© (2) à áá¬®âà¨¬ á«¥¤ãîé¨¥ § ¤ ç¨ ® ¯®¨áª¥ á¥¤«®¢ëå â®ç¥ª äã­ªæ¨®­ «®¢ L
¨ Lr:

inf
�2V; z2H

sup
�2H

L(�; z;�); (5)

inf
�2V; z2H

sup
�2H

Lr(�; z;�): (6)

�¥®à¥¬  1. � ¤ ç  (5) à §à¥è¨¬ , ¯à¨ íâ®¬ ¯¥à¢ ï ª®¬¯®­¥­â  u á¥¤«®¢®© â®çª¨ |

íâ® à¥è¥­¨¥ § ¤ ç¨ (2), ¢â®à ï ¨ âà¥âìï ª®¬¯®­¥­âë y ¨ � á¥¤«®¢®© â®çª¨ á¢ï§ ­ë á ¯¥à¢®©

ª®¬¯®­¥­â®© u á®®â­®è¥­¨ï¬¨ y = �u, � 2 @G(�u). � ®¡®à®â, ¥á«¨ u | à¥è¥­¨¥ § ¤ ç¨ (2),
�u = y, â® áãé¥áâ¢ã¥â � 2 @G(�u) â ª ï, çâ® (u; y;�) | á¥¤«®¢ ï â®çª  § ¤ ç¨ (5).

�®ª § â¥«ìáâ¢®. �¥âàã¤­® ¯à®¢¥à¨âì, çâ® ¤«ï «î¡ëå � 2 V , z 2 H á¯à ¢¥¤«¨¢® á®®â­®-
è¥­¨¥

sup
�2H

f(�;�� � z)Hg =

(
0; �� � z = 0;

+1 ¢ ¯à®â¨¢­®¬ á«ãç ¥.

�®áª®«ìªã à¥è¥­¨¥ § ¤ ç¨ (2) áãé¥áâ¢ã¥â, â®

min
�2V; z2H

sup
�2H

L(�; z;�) = min
�2V; z2H; z=��

f	(�) +G(z)g = min
�2V

f	(�) +G(��)g = 	(u) +G(�u); (7)

  §­ ç¨â, ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 1.2 ([2], á. 172), ¤®áâ â®ç­® ¤®ª § âì, çâ®

max
�2H

inf
�2V; z2H

L(�; z;�) = 	(u) +G(�u) = F (u) = min
�2V; z2H

sup
�2H

L(�; z;�): (8)

�«ï «î¡®£® � 2 H ¨¬¥¥¬

inf
�2V; z2H

L(�; z;�) = � sup
�2V

[(�;���)H �	(�)]� sup
z2H

[(�; z)H �G(z)] =

= � sup
�2V

[(����; �)V �	(�)]� sup
z2H

[(�; z)H �G(z)]; (9)

£¤¥ á®¯àï¦¥­­ë© ª � ®¯¥à â®à �� : H ! V ®¯à¥¤¥«¥­ á®®â­®è¥­¨¥¬

(�;��)H = (���; �)V 8� 2 H; 8� 2 V: (10)

� ª¨¬ ®¡à §®¬,

sup
�2H

inf
�2V; z2H

L(�; z;�) = sup
�2H

f�	�(����)�G�(�)g; (11)

£¤¥ á®¯àï¦¥­­ë¥ äã­ªæ¨®­ «ë G� : H ! R1 ¨ 	� : V � ! R1 ®¯à¥¤¥«¥­ë á®®â­®è¥­¨ï¬¨ (á¬.,
­ ¯à., [6], [2])

G�(�) = sup
z2H

[(�; z)H �G(z)]; 	�(��) = sup
�2V

[(��; �)V �	(�)]:
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� ¤àã£®© áâ®à®­ë, á«¥¤ãï [2], ¢¢¥¤¥¬ äã­ªæ¨®­ « � : V � H ! R1 ¯® ä®à¬ã«¥ �(�; z) =
	(�) +G(�� + z). �â®â äã­ªæ¨®­ « ï¢«ï¥âáï ¢ë¯ãª«ë¬, ª®­¥ç­ë¬ ¨ á« ¡® ¯®«ã­¥¯à¥àë¢­ë¬
á­¨§ã, �(�; 0) = 	(�) +G(��) = F (�). �¬¥¥¬

��(0; �) = sup
�2V; z2H

f(�; z)H �	(�)�G(�� + z)g =

= sup
�2V; z2H

f(�; z)H �G(z) + (�;���)H �	(�)g =

= sup
�2V

[(����; �)V �	(�)] + sup
z2H

[(�; z)H �G(z)] = 	�(����) +G�(�): (12)

� ª¨¬ ®¡à §®¬, ¤¢®©áâ¢¥­­®© ª (2) (®â­®á¨â¥«ì­® ¢®§¬ãé¥­¨ï �) ï¢«ï¥âáï § ¤ ç 

���(0; �) = sup
�2H

f���(0; �)g = sup
�2H

f�	�(����)�G�(�)g: (13)

�§ ¯à¥¤«®¦¥­¨ï 2.5 ([2], á. 63) á«¥¤ã¥â, çâ® ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

sup
�2H

f���(0; �)g = inf
�2V

f�(�; 0)g = 	(u) +G(�u):

�§ íâ®£® à ¢¥­áâ¢ ,   â ª¦¥ á®®â­®è¥­¨© (7), (11){(13) ¨ ¢ëâ¥ª ¥â á¯à ¢¥¤«¨¢®áâì (8).
�ãáâì (u; y;�) | á¥¤«®¢ ï â®çª  § ¤ ç¨ (5), â. ¥.

L(u; y;�) � L(u; y;�) � L(�; z;�) 8(�; z) 2 V �H; 8� 2 H: (14)

� á¯¨áë¢ ï «¥¢®¥ ­¥à ¢¥­áâ¢® ¢ (14), ¨¬¥¥¬

	(u) +G(y) + (�;�u� y)H � 	(u) +G(y) + (�;�u� y)H 8� 2 H;

á«¥¤®¢ â¥«ì­®, (�u� y; �� �)H � 0 8� 2 H, â. ¥.

�u = y: (15)

� á¯¨áë¢ ï ¯à ¢®¥ ­¥à ¢¥­áâ¢® ¢ (14), ¨¬¥¥¬

	(u) +G(y) + (�;�u � y)H � 	(�) +G(z) + (�;�� � z)H 8(�; z) 2 V �H: (16)

�®¤áâ ¢«ïï � = u ¢ (16), ¯®«ãç¨¬ G(y) � G(z)�(�; y�z)H 8z 2 H ¨«¨ á ãç¥â®¬ (15) (�; y�z)H �
G(y)�G(z) 8z 2 H, â. ¥. � 2 @G(y) = @G(�u). �®¤áâ ¢«ïï z = �� ¢ (16), á ãç¥â®¬ (15) ¯®«ãç¨¬

	(u) +G(y) + (�;�u � y)H = 	(u) +G(�u) = F (u) � 	(�) +G(��) = F (�) 8� 2 V;

â. ¥. u | à¥è¥­¨¥ § ¤ ç¨ (2).
� ®¡®à®â, ¯ãáâì u| à¥è¥­¨¥ § ¤ ç¨ (2). �ãáâì �| ­¥ª®â®à®¥ à¥è¥­¨¥ ¤¢®©áâ¢¥­­®© § ¤ ç¨

(13). �â® à¥è¥­¨¥ áãé¥áâ¢ã¥â ¢ á¨«ã ¯à¥¤«®¦¥­¨ï 2.5 ([2], á. 63), ¯à¨ç¥¬ á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

0 = ��(0; �) + �(u; 0); (17)

á«¥¤®¢ â¥«ì­®, á ãç¥â®¬ (10) ¨¬¥¥¬

0 = 	�(����) +G�(�) + 	(u) +G(�u) = [	(u) + 	�(����)� h����; ui] +

+[G(�u) +G�(�)� h���; ui] = [	(u) + 	�(����)� h����; ui] +

+[G(�u) +G�(�)� (�;�u)H ]:

�®áª®«ìªã ¯® ®¯à¥¤¥«¥­¨î á®¯àï¦¥­­ëå äã­ªæ¨© ¢ëà ¦¥­¨ï ¢ ª¢ ¤à â­ëå áª®¡ª å ­¥®âà¨-
æ â¥«ì­ë, â® ®âáî¤  G(�u) +G�(�)� (�;�u)H = 0,   íâ® ãá«®¢¨¥ à ¢­®§­ ç­® â®¬ã, çâ® (á¬. [2],
¯à¥¤«. 5.1, á. 31) � 2 @G(�u).

� «¥¥, ¨§ (9), (12), (13) ¢ëâ¥ª ¥â

���(0; �) = sup
�2H

f���(0; �)g = inf
�2V; z2H

L(�; z;�) � L(u;�u;�):
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�«¥¤ãï ([2], á. 65), ­¥âàã¤­® ¯à®¢¥à¨âì, çâ® á¯à ¢¥¤«¨¢® á®®â­®è¥­¨¥

�(u; 0) = sup
�2H

L(u;�u;�) � L(u;�u;�);

  â®£¤ , á­®¢  ¨á¯®«ì§ãï (17), ¯®«ãç¨¬, çâ® (u; y;�) | á¥¤«®¢ ï â®çª  § ¤ ç¨ (5).

�¥®à¥¬  2. �­®¦¥áâ¢  á¥¤«®¢ëå â®ç¥ª § ¤ ç (5) ¨ (6) á®¢¯ ¤ îâ.

�®ª § â¥«ìáâ¢®. �ãáâì (u; y;�) | á¥¤«®¢ ï â®çª  § ¤ ç¨ (5), â. ¥. ¢ë¯®«­¥­® á®®â­®è¥­¨¥
(14). �à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1 ãáâ ­®¢«¥­®, çâ® ¢ë¯®«­¥­® à ¢¥­áâ¢® (15). �à¨ íâ®¬

Lr(u; y;�) = L(u; y;�) � L(u; y;�) = Lr(u; y;�) �

� L(�; z;�) � Lr(�; z;�) 8(�; z) 2 V �H; 8� 2 H;

  §­ ç¨â, (u; y;�) | á¥¤«®¢ ï â®çª  § ¤ ç¨ (6).
�¡à â­®, ¯ãáâì (u; y;�) | á¥¤«®¢ ï â®çª  § ¤ ç¨ (6), â. ¥.

Lr(u; y;�) � Lr(u; y;�) � Lr(�; z;�) 8(�; z) 2 V �H; 8� 2 H: (18)

�§ «¥¢®£® ­¥à ¢¥­áâ¢  ¢ (18) ¢ëâ¥ª ¥â �u = y. �®íâ®¬ã ¤«ï ¯à®¨§¢®«ì­ëå � ¨§ H ¯®«ãç ¥¬

L(u; y;�) = Lr(u; y;�) � Lr(u; y;�) = L(u; y;�) 8� 2 H:

�§ ¯à ¢®£® ­¥à ¢¥­áâ¢  ¢ (18) ¨¬¥¥¬

	(u) +G(y) + (�;�u� y)H +
r

2
k�u� yk2H �

� 	(�) +G(z) + (�;�� � z)H +
r

2
k�� � zk2H 8(�; z) 2 V �H: (19)

�®« £ ï ¢ íâ®¬ ­¥à ¢¥­áâ¢¥ � = u+ t(w�u), z = y+ t(s�y), £¤¥ t 2 (0; 1), w ¨ s| ¯à®¨§¢®«ì­ë¥
í«¥¬¥­âë ¨§ V ¨ H á®®â¢¥âáâ¢¥­­®, ¯®«ì§ãïáì ¢ë¯ãª«®áâìî äã­ªæ¨®­ «®¢ 	 ¨ G ¨ à ¢¥­áâ¢®¬
�u = y, ¯®«ãç¨¬

	(u) +G(y) � 	(u) + t(	(w) �	(u)) +G(y) + t(G(s)�G(y)) +

+ (1� t)(�;�u � y)H + t(�;�w � s)H +

+
r

2
k(1 � t)(�u� y) + t(�w � s)k2H = 	(u) + t(	(w)�	(u)) +

+G(y) + t(G(s)�G(y)) + t(�;�w � s)H + t2
r

2
k�w � sk2H 8(w; s) 2 V �H;

®âáî¤ 

0 � t(	(w)�	(u)) + t(G(s)�G(y)) + t(�;�w � s)H + t2
r

2
k�w � sk2H 8(w; s) 2 V �H:

� §¤¥«¨¢ ®¡¥ ç áâ¨ íâ®£® ­¥à ¢¥­áâ¢  ­  t > 0 ¨ ¯¥à¥©¤ï § â¥¬ ª ¯à¥¤¥«ã ¯à¨ t! +0, ¯®«ãç¨¬

0 � 	(w)�	(u) +G(s)�G(y) + (�;�w � s)H 8(w; s) 2 V �H;

á«¥¤®¢ â¥«ì­®, L(u; y;�) � L(w; s;�) 8(w; s) 2 V �H.
� ª¨¬ ®¡à §®¬, (u; y;�) | á¥¤«®¢ ï â®çª  § ¤ ç¨ (5).
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2. �®áâà®¥­¨¥ ¨â¥à æ¨®­­®£® ¯à®æ¥áá  ¨ ¨áá«¥¤®¢ ­¨¥ ¥£® áå®¤¨¬®áâ¨

�§ â¥®à¥¬ 1, 2 ¢ëâ¥ª ¥â, çâ® ¤«ï ­ å®¦¤¥­¨ï à¥è¥­¨ï § ¤ ç¨ (2) ¬®¦­® ¨á¯®«ì§®¢ âì  «-
£®à¨â¬ë ¯®¨áª  á¥¤«®¢®© â®çª¨ äã­ªæ¨¨ � £à ­¦  (4).

� áá¬®âà¨¬ á«¥¤ãîé¨© ¨â¥à æ¨®­­ë© ¯à®æ¥áá ¯®¨áª  á¥¤«®¢®© â®çª¨ Lr. �ãáâì u(0) | ¯à®-
¨§¢®«ì­ë© í«¥¬¥­â ¨§ V , ¯®« £ ¥¬ y(0) = �u(0), ­ å®¤¨¬ �(0) 2 @G(u(0)). �«ï ¨§¢¥áâ­ëå y(k), �(k)

­ ©¤¥¬

u(k+1) = u(k) � � [Au(k) +���(k) + ru(k) � r��y(k)]: (20)

� â¥¬ ­ å®¤¨¬ y(k+1), à¥è ï § ¤ çã ¬¨­¨¬¨§ æ¨¨

Lr(u
(k+1); y(k+1);�(k)) � Lr(u

(k+1); z;�(k)) 8z 2 H: (21)

�®« £ ¥¬, ­ ª®­¥æ,

�(k+1) = �(k) + r(�u(k+1) � y(k+1)): (22)

�áá«¥¤ã¥¬ áå®¤¨¬®áâì ¯à¥¤«®¦¥­­®£® ¨â¥à æ¨®­­®£® ¯à®æ¥áá . �ãáâì Q = V � H � H |
£¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ (�; �)Q = a1(�; �)V +a2(�; �)H +a3(�; �)H , £¤¥

a1 =
1� �r

2�
; a2 =

r

2
; a3 =

1
2r
;

� , r | ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë, á¢ï§ ­­ë¥ á®®â­®è¥­¨¥¬ �r < 1,   â ª¦¥ ¤®¯®«­¨â¥«ì­ë¬¨
ãá«®¢¨ï¬¨, ª®â®àë¥ ¡ã¤ãâ áä®à¬ã«¨à®¢ ­ë ­¨¦¥.

�¢¥¤¥¬ ®¯¥à â®à T : Q! Q,

Tq = fT1q; T2q; T3q;g;

T1q = q1 � � [Aq1 +��q3 + rq1 � r��q2]; (23)

T2q = Arg min
z2H

Lr(T1q; z; q3); (24)

T3q = q3 + r[�T1q � T2q]; (25)

�¥®à¥¬  3. �­®¦¥áâ¢® á¥¤«®¢ëå â®ç¥ª § ¤ ç¨ (5) á®¢¯ ¤ ¥â á ¬­®¦¥áâ¢®¬ ­¥¯®¤¢¨¦-

­ëå â®ç¥ª ®¯¥à â®à  T .

�®ª § â¥«ìáâ¢®. �ãáâì (q1; q2; q3) | ­¥¯®¤¢¨¦­ ï â®çª  ®¯¥à â®à  T , â. ¥. T1q = q1, T2q = q2,
T3q = q3. �§ (25) ¨¬¥¥¬ �q1 = q2, â. ¥. q1 = ��q2. � ãç¥â®¬ íâ®£® à ¢¥­áâ¢  ¨§ (23) á«¥¤ã¥â
Aq1 +��q3 = 0, ®âªã¤ , ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ à ¢¥­áâ¢® A = 	0, ¯®«ãç¨¬

(	0q1; � � q1)V + (q3;�� � q2)H = 0 8� 2 V;

¨

	(�)�	(q1) + (q3;�� � q2)H � 0 8� 2 V: (26)

� «¥¥, à á¯¨áë¢ ï á®®â­®è¥­¨¥ (24), ¨¬¥¥¬

	(q1) +G(q2) + (q3;�q1 � q2)H +
r

2
k�q1 � q2k

2
H �

� 	(q1) +G(z) + (q3;�q1 � z)H +
r

2
k�q1 � zk2H 8z 2 H (27)

¨«¨
G(z)�G(q2)� (q3; z � q2)H + r(q2 � �q1; z � q2)H � 0 8z 2 H:

�âáî¤ , ¯à¨­¨¬ ï ¢® ¢­¨¬ ­¨¥ à ¢¥­áâ¢® �q1 = q2, ¯®«ãç ¥¬

G(z)�G(q2)� (q3; z � q2)H � 0 8z 2 H: (28)
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�«®¦¨¬ ­¥à ¢¥­áâ¢  (26) ¨ (28)

0 � 	(�)�	(q1) + (q3;�� � q2)H +G(z)�G(q2)� (q3; z � q2)H 8(�; z) 2 V �H;

â. ¥.
	(q1) +G(q2) � 	(�) +G(z) + (q3;�� � z)H 8(�; z) 2 V �H;

®âªã¤ , á­®¢  ¨á¯®«ì§ãï à ¢¥­áâ¢® �q1 = q2, ¯®«ãç¨¬

L(q1; q2;�) = 	(q1) +G(q2) + (�;�q1 � q2)H =

= 	(q1) +G(q2) � 	(�) +G(z) + (q3;�� � z)H = L(�; z; q3) 8(�; z) 2 V �H; 8� 2 H: (29)

�®«ãç¥­­ë¥ á®®â­®è¥­¨ï ®§­ ç îâ, çâ® (q1; q2; q3) | á¥¤«®¢ ï â®çª  äã­ªæ¨®­ «  L.
� ®¡®à®â, ¯ãáâì (q1; q2; q3) | á¥¤«®¢ ï â®çª  äã­ªæ¨®­ «  L, â. ¥. ¢ë¯®«­¥­ë á®®â­®è¥­¨ï

(29). �®  ­ «®£¨¨ á ¤®ª § â¥«ìáâ¢®¬ â¥®à¥¬ë 1, ­¥âàã¤­® ¯à®¢¥à¨âì, çâ® �q1 = q2, ®âªã¤ 
¢ëâ¥ª ¥â

q3 = q3 + r[�q1 � q2]: (30)

� «¥¥, ¯®¤áâ ¢«ïï ¢ ¯à ¢ãî ç áâì ­¥à ¢¥­áâ¢  (29) � = q1, á ãç¥â®¬ �q1 = q2 ¯®«ãç¨¬ á¯à ¢¥¤-
«¨¢®áâì ­¥à ¢¥­áâ¢  (27), â. ¥.

q2 = Arg min
z2H

Lr(q1; z; q3): (31)

�®¤áâ ¢«ïï, ­ ª®­¥æ, ¢ ¯à ¢ãî ç áâì ­¥à ¢¥­áâ¢  (29) z = q2, ¯®«ãç¨¬, çâ® á¯à ¢¥¤«¨¢® ­¥à -
¢¥­áâ¢® (26), ®âªã¤  ¢ëâ¥ª ¥â

q1 = q1 � � [Aq1 +��q3 + rq1 � r��q2]: (32)

�®®â­®è¥­¨ï (30){(32) ®§­ ç îâ, çâ® (q1; q2; q3) | ­¥¯®¤¢¨¦­ ï â®çª  ®¯¥à â®à  T .

�¥®à¥¬  4. �ãáâì

� < min
�

2�
2�r + 1

;
1
r

�
: (33)

�®£¤  ®¯¥à â®à T ï¢«ï¥âáï ­¥à áâï£¨¢ îé¨¬.

�®«¥¥ â®£®, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

kTq � Tpk2Q + �(Aq1 �Ap1; q1 � p1)V � kq � pk2Q; (34)

£¤¥ � = 1
2(1��r)

�
2� 2�r � �

�

�
.

�®ª § â¥«ìáâ¢®. �¬¥¥¬

T1q = (1� �r)q1 � �Aq1 � � [��q3 � r��q2] = Sq1 � � [��q3 � r��q2];

£¤¥ S� = (1� �r)� � �A�. � «¥¥, ¢ á¨«ã (1)

kS� � Suk2V = (1� �r)2k� � uk2V � 2�(1� �r)(A� �Au; � � u)V +

+ � 2kA� �Auk2V � (1� �r)2k� � uk2V � �

�
2� 2�r �

�

�

�
(A� �Au; � � u)V 8u; � 2 V: (35)

�®áª®«ìªã T1q�T1p = Sq1�Sp1�� [��(q3 � p3)� r��(q2 � p2)], â®, ¨á¯®«ì§ãï "-­¥à ¢¥­áâ¢® �­£ ,
¨¬¥¥¬

kT1q � T1pk
2
V = (Sq1 � Sp1; T1q � T1p)V � �(��(q3 � p3)� r��(q2 � p2); T1q � T1p)V �

�
1
2"
kSq1 � Sp1k

2
V +

"

2
kT1q � T1pk

2
V � �(��(q3 � p3)� r��(q2 � p2); T1q � T1p)V :
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�âáî¤  á ãç¥â®¬ (35)

2� "

2�
kT1q � T1pk

2
V �

1
2"�

kSq1 � Sp1k
2
V � (��(q3 � p3)� r��(q2 � p2); T1q � T1p)V �

�
(1� �r)2

2"�
kq1 � p1k

2
V � (��(q3 � p3)� r��(q2 � p2); T1q � T1p)V �

�
1
2"

�
2� 2�r �

�

�

�
(Aq1 �Ap1; q1 � p1)V :

�ë¡¨à ï " = 1� �r, ¯®«ãç¨¬

1 + �r

2�
kT1q � T1pk

2
V �

(1� �r)
2�

kq1 � p1k
2
V �

� (��(q3 � p3)� r��(q2 � p2); T1q � T1p)V � �(Aq1 �Ap1; q1 � p1)V =

=
1� �r

2�
kq1 � p1k

2
V �

1
2(1 � �r)

�
2� 2�r �

�

�

�
(Aq1 �Ap1; q1 � p1)V �

� (q3 � p3;�(T1q � T1p))H + r(q2 � p2;�(T1q � T1p))H : (36)

�®áª®«ìªã

(q2 � p2;�(T1q � T1p))H �
1
2
kq2 � p2k

2
H +

1
2
k�(T1q � T1p)k2H ;

â® ¨§ (36) ¢ëâ¥ª ¥â

�(Aq1 �Ap1; q1 � p1)V +
1 + �r

2�
kT1q � T1pk

2
V �

�
1� �r

2�
kq1 � p1k

2
V � (q3 � p3;�(T1q � T1p))H +

r

2
kq2 � p2k

2
H +

r

2
k�(T1q � T1p)k2H : (37)

� «¥¥, ¨§ (24) ¯®«ãç¨¬

�(q3; s� T2q)H + r(T2q � �T1q; s� T2q)H +G(s)�G(T2q) � 0 8s 2 H;

�(p3; s� T2p)H + r(T2p� �T1p; s� T2p)H +G(s)�G(T2p) � 0 8s 2 H:

�®¤áâ ¢«ïï ¢ ¯¥à¢®¥ ¨§ íâ¨å ­¥à ¢¥­áâ¢ s = T2p, ¢® ¢â®à®¥ s = T2q,   § â¥¬ áª« ¤ë¢ ï ¯®«ãç¥­-
­ë¥ ­¥à ¢¥­áâ¢ , ¨¬¥¥¬

�(q3 � p3; T2p� T2q)H + r(T2q � T2p; T2p� T2q)H � r(�(T1q � T1p); T2p� T2q)H � 0

¨«¨

rkT2q � T2pk
2
H � �r(�(T1q � T1p); T2p� T2q)H � (q3 � p3; T2p� T2q)H : (38)

�¥¯¥àì, ¨á¯®«ì§ãï (25), ¯®«ãç¨¬

kT3q � T3pk
2
H = kq3 � p3k

2
H + 2r(q3 � p3;�(T1q � T1p))H �

� 2r(q3 � p3; T2q � T2p)H + r2k�(T1q � T1p)� (T2q � T2p)k2H ;

®âªã¤  ¢ëâ¥ª ¥â

1
2r
kT3q � T3pk

2
H =

1
2r
kq3 � p3k

2
H + (q3 � p3;�(T1q � T1p)H � (q3 � p3; T2q � T2p))H +

+
r

2
k�(T1q � T1p)k

2
H � r(�(T1q � T1p); T2q � T2p)H +

r

2
kT2q � T2pk

2
H : (39)
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�«®¦¨¬ á®®â­®è¥­¨ï (37){(39)

�(Aq1 �Ap1; q1 � p1)V +
1
2r
kT3q � T3pk

2
H + rkT2q � T2pk

2
H +

1 + �r

2�
kT1q � T1pk

2
V �

�
1� �r

2�
kq1 � p1k

2
V +

r

2
kq2 � p2k

2
H +

r

2
k�(T1q � T1p)k2H +

+
1
2r
kq3 � p3k

2
H +

r

2
k�(T1q � T1p)k2H +

r

2
kT2q � T2pk

2
H =

=
1� �r

2�
kq1 � p1k

2
V +

r

2
kq2 � p2k

2
H + rkT1q � T1pk

2
V +

1
2r
kq3 � p3k

2
H +

r

2
kT2q � T2pk

2
H ;

á«¥¤®¢ â¥«ì­®,

�(Aq1 �Ap1; q1 � p1)V + kTq � Tpk2Q = �(Aq1 �Ap1; q1 � p1)V +

+
1
2r
kT3q � T3pk

2
H +

r

2
kT2q � T2pk

2
H +

1� �r

2�
kT1q � T1pk

2
V �

1� �r

2�
kq1 � p1k

2
V +

+
r

2
kq2 � p2k

2
H +

1
2r
kq3 � p3k

2
H = kq � pk2Q: (40)

�§ (40) á«¥¤ã¥â á¯à ¢¥¤«¨¢®áâì ­¥à ¢¥­áâ¢  (34). � ª ª ª ¢ á¨«ã (33) � > 0, â® ¨§ (34) á«¥¤ã¥â,
çâ® ®¯¥à â®à T ï¢«ï¥âáï ­¥à áâï£¨¢ îé¨¬.

�¯à ¢¥¤«¨¢ 

�¥®à¥¬  5. �ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ (34), ¨â¥à æ¨®­­ë¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fu(k)g1k=0,
fy(k)g1k=0, f�

(k)g1k=0 ¯®áâà®¥­ë á®£« á­® (20){(22). �®£¤  áãé¥áâ¢ã¥â (u; y;�) | á¥¤«®¢ ï â®çª 

« £à ­¦¨ ­  (4) â ª ï, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì

�
1
k

kX
j=1

u(j);
1
k

kX
j=1

y(j);
1
k

kX
j=1

�(j)
�

áå®¤¨âáï á« ¡® ª (u; y;�) ¢ Q ¯à¨ k ! +1.

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤­®, çâ® ¨â¥à æ¨®­­ë© ¯à®æ¥áá (20){(22) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

q(k+1) = Tq(k); q(k) = (u(k); y(k);�(k)):

�®£« á­® â¥®à¥¬ ¬ 1, 3 áãé¥áâ¢ã¥â ¯® ªà ©­¥© ¬¥à¥ ®¤­  ­¥¯®¤¢¨¦­ ï â®çª  q� ®¯¥à â®à 
T , ï¢«ïîé¥£®áï ¢ á¨«ã â¥®à¥¬ë 4 ­¥à áâï£¨¢ îé¨¬. �¢¥¤¥¬ ¬­®¦¥áâ¢®

K = fq 2 Q : kq � q�kQ � d = kq(0) � q�kQg:

�á­®, çâ® íâ® ¬­®¦¥áâ¢® ï¢«ï¥âáï ¢ë¯ãª«ë¬, § ¬ª­ãâë¬ ¨ ®£à ­¨ç¥­­ë¬. �à¨ íâ®¬ ®¯¥à â®à
T ¯¥à¥¢®¤¨â ¬­®¦¥áâ¢® K ¢ á¥¡ï, ¯®áª®«ìªã

kTq � q�kQ = kTq � Tq�kQ � kq � q�kQ � d 8q 2 K:

�®íâ®¬ã ãâ¢¥à¦¤¥­¨¥ ¤ ­­®© â¥®à¥¬ë ¢ëâ¥ª ¥â ­¥¯®áà¥¤áâ¢¥­­® ¨§ â¥®à¥¬ë 7 ([7], á. 248).

3. �à¨¬¥­¥­¨¥ ª áâ æ¨®­ à­ë¬ § ¤ ç¨ â¥®à¨¨ ä¨«ìâà æ¨¨

� áá¬ âà¨¢ îâáï áâ æ¨®­ à­ë¥ § ¤ ç¨ ä¨«ìâà æ¨¨ ­¥á¦¨¬ ¥¬®© ¦¨¤ª®áâ¨, á«¥¤ãîé¥©
à §àë¢­®¬ã § ª®­ã ä¨«ìâà æ¨¨ á ¯à¥¤¥«ì­ë¬ £à ¤¨¥­â®¬.

�ãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¢ Rm, m � 1, á ­¥¯à¥àë¢­®© ¯® �¨¯è¨æã £à ­¨æ¥© �,
� ! g(�2)� | äã­ªæ¨ï, ®¯à¥¤¥«ïîé ï § ª®­ ä¨«ìâà æ¨¨. �à¥¤¯®« £ ¥¬ g(�2)� = g0(�2)� +
g1(�2)�, ¯à¨ç¥¬ � ! gi(�2)�, i = 0; 1, | ­¥®âà¨æ â¥«ì­ë¥ äã­ªæ¨¨, à ¢­ë¥ ­ã«î ¯à¨ � � �,
(� � 0 | ¯à¥¤¥«ì­ë© £à ¤¨¥­â), g1(�2)� = # ¯à¨ � > �, � ! g0(�2)� | ­¥¯à¥àë¢­ ï äã­ªæ¨ï,
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áâà®£® ¢®§à áâ îé ï ¯à¨ � > �, ¨¬¥îé ï ­  ¡¥áª®­¥ç­®áâ¨ «¨­¥©­ë© à®áâ ¨ ã¤®¢«¥â¢®àïîé ï
â ª ­ §ë¢ ¥¬®¬ã ãá«®¢¨î ¯®¤ç¨­¥­¨ï

g0(�2)� � g0(�2)�
� � �

� c0(1 + � + �)p�2 8�; � 2 R1 > 0:

�ãáâì V =
�

W
(1)
2 (
), H = [L2(
)]m, � = r, A : V ! V � | ®¯¥à â®à, ¯®à®¦¤ ¥¬ë© ä®à¬®©

(Au; �)V =
Z


g0(jruj

2)(ru;r�)dx � (f; �)V 8u; � 2 V;

£¤¥ (�; �) ¨ j � j | á®®â¢¥âáâ¢¥­­® áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¨ ­®à¬  ¢ Rm, f | § ¤ ­­ë© í«¥¬¥­â
¨§ V . �¯à¥¤¥«¨¬ â ª¦¥ äã­ªæ¨®­ « G : H ! R1 á®®â­®è¥­¨¥¬

G(p) =
Z



Z jpj

0

g1(�2)� d� dx:

�®¤ à¥è¥­¨¥¬ à áá¬ âà¨¢ ¥¬®© áâ æ¨®­ à­®© § ¤ ç¨ ä¨«ìâà æ¨¨ ¡ã¤¥¬ ¯®­¨¬ âì äã­ªæ¨î
u 2 V , ï¢«ïîéãîáï à¥è¥­¨¥¬ ¢ à¨ æ¨®­­®£® ­¥à ¢¥­áâ¢  (3) (á¬. [4], [8]).

� [9], [10] ãáâ ­®¢«¥­®, çâ® ®¯¥à â®à A ¨ äã­ªæ¨®­ « G ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ x 1, â ª çâ®
¤«ï à¥è¥­¨ï à áá¬ âà¨¢ ¥¬ëå § ¤ ç ä¨«ìâà æ¨¨ ¬®¦­® ¨á¯®«ì§®¢ âì ¨â¥à æ¨®­­ë© ¯à®æ¥áá
(20){(22). �à¨ íâ®¬ á¯à ¢¥¤«¨¢® ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 5.
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