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�¢¥¤¥¨¥. �  áâ®ïé¥¥ ¢à¥¬ï ¨¬¥¥âáï ¥¬ «® à ¡®â, ¯®á¢ïé¥ëå ¬®£®¬¥àë¬ ¨â¥£à «ì-
ë¬ ®¯¥à â®à ¬ á ®¤®à®¤ë¬¨ áâ¥¯¥¨ (�n) ï¤à ¬¨, ¨¬¥îé¨¬¨ â®ç¥çë¥ á¨£ã«ïàë¥ ®á®¡¥-
®áâ¨ (á¬.,  ¯à., [1]{[5]). �«ï â ª¨å ®¯¥à â®à®¢ ¯®«ãç¥ë ¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï
¥â¥à®¢®áâ¨ ¨ ä®à¬ã«ë ¤«ï ¢ëç¨á«¥¨ï ¨¤¥ªá  ¢ áª «ïà®¬ ¨ ¬ âà¨ç®¬ á«ãç ïå, ®¯¨á ë
¡  å®¢ë  «£¥¡àë, ¯®à®¦¤¥ë¥ íâ¨¬¨ ®¯¥à â®à ¬¨,  ©¤¥ë ªà¨â¥à¨¨ ¯à¨¬¥¨¬®áâ¨ ¯à®¥ª-
æ¨®®£® ¬¥â®¤ . � ¯à¨«®¦¥¨ïå â ª¦¥ ç áâ® ¢áâà¥ç îâáï ®¯¥à â®àë, ï¤à  ª®â®àëå ¨¬¥îâ
¡®«¥¥ ®¡é¨© å à ªâ¥à ®¤®à®¤®áâ¨ (â ª  §ë¢ ¥¬ë¥ ª¢ §¨®¤®à®¤ë¥ ï¤à ). �¯¥à â®àë á â -
ª¨¬¨ ï¤à ¬¨ à áá¬ âà¨¢ «¨áì § ç¨â¥«ì® ¬¥ìè¥, ç¥¬ ®¯¥à â®àë á ®¤®à®¤ë¬¨ ï¤à ¬¨.
�á®¢ë¥ à¥§ã«ìâ âë ¨áá«¥¤®¢ ¨© ¯® ¨â¥£à «ìë¬ ®¯¥à â®à ¬ á ª¢ §¨®¤®à®¤ë¬¨ ï¤à ¬¨
®âà ¦¥ë ¢ [6]{[8].

�á®¢ ï æ¥«ì ¤ ®© à ¡®âë | ¨áá«¥¤®¢ âì ¬®£®¬¥àë¥ ¨â¥£à «ìë¥ ®¯¥à â®àë, ¢ á®-
áâ ¢ ª®â®àëå ¢å®¤ïâ ¨ ®¯¥à â®à á ®¤®à®¤ë¬ áâ¥¯¥¨ (�n) ï¤à®¬, ¨ ®¯¥à â®à á ª¢ §¨®¤®à®¤-
ë¬ ï¤à®¬. �«ï â ª¨å ®¯¥à â®à®¢ ¨¦¥ ¯®«ãç¥ ªà¨â¥à¨© ¥â¥à®¢®áâ¨ ¨ ä®à¬ã«  ¤«ï ¢ëç¨-
á«¥¨ï ¨¤¥ªá . � áá¬®âà¥ë â ª¦¥ ¯ àë¥ ®¯¥à â®àë á ï¤à ¬¨ ¢ëè¥ãª § ®£® â¨¯ .

�¨¦¥ ¨á¯®«ì§®¢ ë á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï: Rn | n-¬¥à®¥ ¥¢ª«¨¤®¢® ¯à®áâà áâ¢®; x =
(x1; : : : ; xn) 2 R

n ; jxj =
p
x21 + � � �+ x2n; x

0 = x=jxj; x � y = x1y1 + � � � + xnyn; e1 = (1; 0; : : : ; 0);
Sn�1 = fx 2 R

n : jxj = 1g; jSn�1j = 2�n=2=�(n=2) | ¯«®é ¤ì áä¥àë Sn�1; B n = fx 2 R
n : jxj 6 1g,

_R | ª®¬¯ ªâ¨ä¨ª æ¨ï R ®¤®© ¡¥áª®¥ç® ã¤ «¥®© â®çª®©; Z+ | ¬®¦¥áâ¢® ¢á¥å æ¥«ëå
¥®âà¨æ â¥«ìëå ç¨á¥«; Ym�(�) | áä¥à¨ç¥áª¨¥ £ à¬®¨ª¨ ¯®àï¤ª  m; dn(m) | à §¬¥à®áâì
¯à®áâà áâ¢  áä¥à¨ç¥áª¨å £ à¬®¨ª ¯®àï¤ª  m:

dn(m) = (n+ 2m� 2)
(n+m� 3)!
m!(n� 2)!

;

Pm(t) | ¬®£®ç«¥ë �¥¦ ¤à , ®¯à¥¤¥«ï¥¬ë¥ à ¢¥áâ¢®¬

Pm(t) =

(
cos(m arccos t); n = 2;

(Cm
m+n�3)

�1C(n�2)=2
m (t); n > 3;

£¤¥ C(n�2)=2
m (t) | ¬®£®ç«¥ë �¥£¥¡ ãíà .

1. � áá¬®âà¨¬ ®¯¥à â®à

(A')(x) = �'(x)�
Z
Bn

k1(x; y)'(y)dy �
Z
Bn

k2(x; y)'(y)dy; x 2 B n ; (1)

¯à¥¤¯®« £ ï, çâ®

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©,

£à â ò 06-01-00297-a.
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1�. äãªæ¨ï k1(x; y) ®¤®à®¤  áâ¥¯¥¨ (�n), â. ¥.

k1(�x; �y) = ��nk1(x; y) 8� > 0;

  äãªæ¨ï k2(x; y) �-®¤®à®¤  (ª¢ §¨®¤®à®¤ ) áâ¥¯¥¨ � (� > 0, � 6= 1, � 6= �n), â. ¥.

k2(�x; �
�y) = ��k2(x; y) 8� > 0;

2�. äãªæ¨¨ kj(x; y) ¨¢ à¨ âë ®â®á¨â¥«ì® £àã¯¯ë ¢à é¥¨© SO(n), â. ¥.

kj(!(x); !(y)) = kj(x; y) 8! 2 SO(n); j = 1; 2;

3�. ¢ë¯®«¥ë ãá«®¢¨ï áã¬¬¨àã¥¬®áâ¨, â. ¥.

kj =
Z
Rn

jkj(e1; y)j jyj
��dy <1; j = 1; 2;

£¤¥ � = (�+ �n)=(� � 1).

�à¨¬¥à ¬¨ â ª¨å ï¤¥à ¬®£ãâ á«ã¦¨âì äãªæ¨¨

k1(x; y) =
1

jxjn + jyjn
ei(x

0�y0); k2(x; y) =
1

jxj�n + jyjn
ei(x

0�y0):

� íâ®¬ á«ãç ¥ � = ��n ¨ á®®â¢¥âáâ¢¥® � = 0.
�¯¥à â®à A ¡ã¤¥¬ à áá¬ âà¨¢ âì ¢ ¯à®áâà áâ¢¥

L��n=p
p (B n) =

�
 (x) : jxj��n=p (x) 2 Lp(B n)

	
; 1 < p <1:

� ¬¥â¨¬, çâ® A ®£à ¨ç¥ ¢ L��n=p
p (B n ). �â® á«¥¤ã¥â ¨§ ®£à ¨ç¥®áâ¨ ¢ íâ®¬ ¯à®áâà áâ¢¥

¨â¥£à «ìëå ®¯¥à â®à®¢ á ï¤à ¬¨ k1(x; y) ([1], á. 72) ¨ k2(x; y) ([6], [8]). �«ï ®à¬ë ®¯¥à â®à  A
á¯à ¢¥¤«¨¢  ®æ¥ª 

kAk 6 j�j+ k1 + ��1=pk2: (2)

�«ï â®£® çâ®¡ë ¯®«ãç¨âì ªà¨â¥à¨© ¥â¥à®¢®áâ¨ ®¯¥à â®à  A, à áá¬®âà¨¬ ¢ ¯à®áâà áâ¢¥
L��n=p
p (B n) ¨â¥£à «ì®¥ ãà ¢¥¨¥

�'(x) =
Z
Bn

k1(x; y)'(y)dy +
Z
Bn

k2(x; y)'(y)dy + f(x): (3)

� ª ª ª äãªæ¨ï kj(x; y), £¤¥ j = 1; 2, ã¤®¢«¥â¢®àï¥â ãá«®¢¨î 2�, â® áãé¥áâ¢ã¥â â ª ï äãªæ¨ï
`j(r; �; t), çâ® kj(x; y) = `j(jxj; jyj; x0 � y0) ([9], á. 36). �ç¨âë¢ ï íâ® ¨ ¯¥à¥å®¤ï ¢ ãà ¢¥¨¨ (3) ª
áä¥à¨ç¥áª¨¬ ª®®à¤¨ â ¬ x = r�, y = ��, ¯®«ãç¨¬

��(r�) =
Z 1

0

Z
Sn�1

D1(r; �; � � �)�(��)d� d� +
Z 1

0

Z
Sn�1

D2(r; �; � � �)�(��)d� d� + F (r�); (4)

£¤¥

�(r�) = '(r�)r(n�1)=p; F (r�) = f(r�)r(n�1)=p;

D1(r; �; t) =
1
r
`1

�
1;
�

t
; t

��
�

r

�(n�1)=p0
; (5)

D2(r; �; t) = r�+(n�1)=p�(n�1)=p
0

`2

�
1;
�

r�
; t

�
: (6)

�¥âàã¤® ¯à®¢¥à¨âì, çâ®Z 1

0

Z 1

�1
jDj(1; �; t)j�

��+(n�1)=p(1� t2)(n�3)=2d� dt <1; j = 1; 2: (7)
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�¬®¦ ï ãà ¢¥¨¥ (4)   Ym�(�), ¨â¥£à¨àãï ¯® ¥¤¨¨ç®© áä¥à¥ ¨ ¯à¨¬¥ïï ä®à¬ã«ã �ãª {
�¥ªª¥ ([9], á. 43), ¯®«ãç¨¬ ¡¥áª®¥çãî ¤¨ £® «ìãî á¨áâ¥¬ã ®¤®¬¥àëå ¨â¥£à «ìëå ãà ¢-
¥¨©

��m�(r) =
Z 1

0

D1m(r; �)�m�(�)d�+
Z 1

0

D2m(r; �)�m�(�)d� + Fm�(r); r 2 (0; 1); (8)

£¤¥ m 2 Z+, � = 1; 2; : : : ; dn(m),

�m�(r) =
Z
Sn�1

�(r�)Ym�(�)d�; Fm�(r) =
Z
Sn�1

F (r�)Ym�(�) d�;

Djm(r; �) = jSn�2j

Z 1

�1

Dj(r; �; t)Pm(t)(1 � t2)(n�3)=2dt; j = 1; 2: (9)

�§ (5), (6) ¨ (9) ¥¯®áà¥¤áâ¢¥® ¢ëâ¥ª ¥â, çâ®D1m(r; �) | ®¤®à®¤ ï áâ¥¯¥¨ (�1) äãªæ¨ï,
  D2m(r; �) | �-®¤®à®¤ ï äãªæ¨ï ¯®àï¤ª 

�1 = �+
n� 1
p

+ �
n� 1
p0

:

�à®¬¥ â®£®, ¯®áª®«ìªã jPm(t)j 6 1 ¤«ï ¢á¥å t 2 [�1; 1], â® ¨§ (7) á«¥¤ã¥âZ 1

0

jDjm(1; �)j���+(n�1)=pd� <1: (10)

� «¥¥, ¢ ¯à®áâà áâ¢¥ L��n=p
p (0; 1) =

�
g(r) : g(r)r��n=p 2 Lp(0; 1)

	
à áá¬®âà¨¬ ®¯¥à â®àë

(Kjmg)(r) =
Z 1

0

Djm(r; �)g(�)d�; r 2 (0; 1);

  â ª¦¥ ®¯¥à â®à

Am = �I �K1m �K2m: (11)

�¥¬¬  1. �®à¬  ®¯¥à â®à  Kjm (j = 1; 2), ¤¥©áâ¢ãîé¥£® ¢ ¯à®áâà áâ¢¥ L��n=p
p (0; 1),

áâà¥¬¨âáï ª ã«î ¯à¨ m!1.

�®ª § â¥«ìáâ¢®. � ª ª ª ¢ë¯®«¥® ãá«®¢¨¥ (10), â® ®¯¥à â®àë Kjm ®£à ¨ç¥ë ¢ ¯à®-
áâà áâ¢¥ L��n=p

p (0; 1) (á¬.,  ¯à., [7]), ¯à¨ç¥¬

kK1mk 6

Z 1

0

jD1m(1; �)j���+(n�1)=pd�;

kK2mk 6 ��1=p
Z 1

0

jD2m(1; �)j�
��+(n�1)=pd�:

�§ (9) ¨ á¢®©áâ¢ ¬®£®ç«¥®¢ �¥¦ ¤à  á«¥¤ã¥â Djm(1; �) ! 0 ¯à¨ m ! 1 ¤«ï ¯®çâ¨ ¢á¥å
� 2 (0;1). �®£¤ , ¯à¨¬¥ïï ¬ ¦®à âãî â¥®à¥¬ã �¥¡¥£ , á ãç¥â®¬ (7) ãáâ ®¢¨¬, çâ® ¨â¥£à «
(10) áâà¥¬¨âáï ª ã«î. �«¥¤®¢ â¥«ì®, kKjmk ! 0 ¯à¨ m!1.

�«¥¤áâ¢¨¥. �ãáâì � 6= 0. �®£¤   ©¤¥âáï â ª®¥ ç¨á«® m0 2 Z+, çâ® ¤«ï «î¡®£® m > m0

®¯¥à â®à Am ¢¨¤  (11) ®¡à â¨¬ ¢ ¯à®áâà áâ¢¥ L��n=p
p (0; 1).

�¥¬¬  2. �ãáâì m0 | ç¨á«®, ãª § ®¥ ¢ á«¥¤áâ¢¨¨ ª «¥¬¬¥ 1. �¯¥à â®à A ¥â¥à®¢ ¢

¯à®áâà áâ¢¥ L��n=p
p (B n) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥â¥à®¢ë ¢ ¯à®áâà áâ¢¥ L��n=p

p (0; 1)
¢á¥ ®¯¥à â®àë Am, m = 0; 1; : : : ;m0, ¯à¨ç¥¬

indA =
m0X
m=0

dn(m) indAm: (12)
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�®ª § â¥«ìáâ¢® ¯à®¢¥¤¥¬ ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 6.12 ¨§ [1].
� ¯à®áâà áâ¢¥ eL��n=p

p (B n ) = f�(r�) : �(r�)r�(n�1)=p 2 L��n=p
p (B n)g ®¯à¥¤¥«¨¬ ®¯¥à â®à

(Rj�)(r�) =
Z 1

0

Z
Sn�1

Dj(r; �; � � �)�(��)d� d�; j = 1; 2;

£¤¥ D1(r; �; t) ¨ D2(r; �; t) § ¤ îâáï ä®à¬ã« ¬¨ (5) ¨ (6) á®®â¢¥âáâ¢¥®. �®£¤  ®¯¥à â®à A0,
®¯à¥¤¥«ï¥¬ë© ãà ¢¥¨¥¬ (4), ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

A0 = �I �R1 �R2:

�ç¥¢¨¤®, ¥â¥à®¢®áâì ®¯¥à â®à  A ¢¨¤  (1) à ¢®á¨«ì  ¥â¥à®¢®áâ¨ ®¯¥à â®à  A0, ¤¥©áâ¢ãî-
é¥£® ¢ ¯à®áâà áâ¢¥ eL��n=p

p (B n).

�¯à¥¤¥«¨¬ ¢ eL��n=p
p (B n) ¯à®¥ªâ®à PM à ¢¥áâ¢®¬

(PM�)(r�) =
MX
m=0

dn(m)X
�=1

�m�(r)Ym�(�);

¨ ®¡®§ ç¨¬ ç¥à¥§ QM ¤®¯®«¨â¥«ìë© ¯à®¥ªâ®à. �á¯®«ì§ãï ä®à¬ã«ã �ãª {�¥ªª¥ ([9], á. 43),
«¥£ª® ¯à®¢¥à¨âì, çâ® PMA

0QM = 0 ¨ QMA
0PM = 0. �ç¨âë¢ ï íâ®, § ¯¨è¥¬ ¬ âà¨ç®¥ à ¢¥áâ¢®�

PM QM

QM PM

��
A0 0
0 �I

��
PM QM

QM PM

�
=

=
�
�I �PMR1PM �PMR2PM 0

0 �I �QMR1QM �QMR2QM

�
:

�á®, çâ® ®¯¥à â®à A0 ¥â¥à®¢ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥â¥à®¢ë ®¯¥à â®àë �I�PMR1PM �
PMR2PM ¨ �I�QMR1QM�QMR2QM . �®ª ¦¥¬, çâ® ¯®á«¥¤¨© ®¯¥à â®à ®¡à â¨¬ ¯à¨ ¤®áâ â®ç®
¡®«ìè®¬ M .

�ãáâì � = f(�; t) : 0 < � <1; �1 < t < 1g, C1
0 (�) | ¯à®áâà áâ¢® ¡¥áª®¥ç® ¤¨ää¥à¥æ¨-

àã¥¬ëå äãªæ¨© á ª®¬¯ ªâë¬ ®á¨â¥«¥¬, á®¤¥à¦ é¨¬áï ¢ �,  

L1(�; w) =
�
f(�; t) :

Z 1

0

Z 1

�1

jf(�; t)jw(�; t)d� dt <1; £¤¥ w(�; t) = ���+(n�1)=p(1� t2)(n�3)=2
�
:

�§ (7) á«¥¤ã¥â Dj(1; �; t) 2 L1(�; w), j = 1; 2. �®£¤  ¤«ï «î¡®£® " > 0  ©¤¥âáï â ª ï äãªæ¨ï
bj(�; t) 2 C1

0 (�), çâ® kDj � bjkL1(�;w) < "=2. � §« £ ï äãªæ¨î bj(�; t) ¢ àï¤ ¯® ¯®«¨®¬ ¬
�¥¦ ¤à  Pm(t), ¬®¦® ã¡¥¤¨âìáï ([1], á. 81) ¢ áãé¥áâ¢®¢ ¨¨ äãªæ¨¨

bjM (�; t) =
MX
m=0

dn(m)
jSn�1j

bm(�)Pm(t)

â ª®©, çâ® kbj � bjMkL1(�;w) < "=2. �à¨ íâ®¬ ¢á¥£¤  ¬®¦® áç¨â âì, çâ® M > m0. �®£¤ 
kDj � bjMkL1(�;w) < ". � «¥¥, ¢ ¯à®áâà áâ¢¥ eL��n=p

p (B n) à áá¬®âà¨¬ ®¯¥à â®àë

(B1M�)(r�) =
Z 1

0

Z
Sn�1

1
r
b1M

�
�

r
; � � �

�
�(��)d� d�;

(B2M�)(r�) =
Z 1

0

Z
Sn�1

r�1b2M

�
�

r�
; � � �

�
�(��) d� d�:

�á¯®«ì§ãï ®æ¥ªã (2), ¥âàã¤® ¯®ª § âì (á¬. â ª¦¥ ä®à¬ã«ã (6.34) ¨§ [1]), çâ®

kR1 �B1MkeL!eL 6 jSn�2jkD1 � b1MkL1(�;w) < "jSn�2j; (13)

kR2 �B2MkeL!eL 6 ��1=pjSn�2jkD2 � b2MkL1(�;w) < "jSn�2j�
�1=p: (14)
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(�¤¥áì eL := eL��n=p
p (B n).) �¥¯®áà¥¤áâ¢¥ë¬¨ ¢ëç¨á«¥¨ï¬¨ ãáâ  ¢«¨¢ ¥âáï à ¢¥áâ¢®

QMBjMQM = 0, ¨§ ª®â®à®£® á«¥¤ã¥â

�I �QMR1QM �QMR2QM = �I �QM (R1 �B1M )QM �QM (R2 �B2M )QM :

�á«¨ � 6= 0, â®, ¢ë¡¨à ïM ¤®áâ â®ç® ¡®«ìè¨¬, ¢ á¨«ã (13) ¨ (14) ¬®¦¥¬ ¤®¡¨âìáï ¢ë¯®«¥¨ï
¥à ¢¥áâ¢ 

kQM (R1 �B1M )QMk+ kQM (R2 �B2M)QMk < j�j;

¨§ ª®â®à®£® á«¥¤ã¥â ®¡à â¨¬®áâì ®¯¥à â®à  �I �QMR1QM �QMR2QM .
� ª¨¬ ®¡à §®¬, ®¯¥à â®à A0 ¥â¥à®¢ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥â¥à®¢ ®¯¥à â®à

�I � PMR1PM � PMR2PM , ¯à¨ç¥¬ ¨å ¨¤¥ªáë à ¢ë, çâ® à ¢®á¨«ì® ¥â¥à®¢®áâ¨ ®¯¥à â®-
à 

PM (�I �R1 �R2)
��
ImPM

= PMA
0
��
ImPM

; (15)

¯à¨ç¥¬ ¨å ¨¤¥ªáë à ¢ë ([1], á. 6). �á® çâ® ãà ¢¥¨¥, ¯®à®¦¤ ¥¬®¥ ®¯¥à â®à®¬ (15), á¢®¤¨âáï
ª ª®¥ç®© á¨áâ¥¬¥ ¢¨¤  (8), £¤¥ m = 0; 1; : : : ;M . � ª¨¬ ®¡à §®¬, ¥®¡å®¤¨¬ë¬ ¨ ¤®áâ â®çë¬
ãá«®¢¨¥¬ ¥â¥à®¢®áâ¨ ®¯¥à â®à  A0 ï¢«ï¥âáï ¥â¥à®¢®áâì ®¯¥à â®à®¢ Am, m = 0; 1; : : : ;M . �®-
£« á® á«¥¤áâ¢¨î «¥¬¬ë 1 ¯à¨ m0 < m 6 M ®¯¥à â®àë Am ®¡à â¨¬ë ¨ ¢ë¯®«ï¥âáï ä®à¬ã« 
(12). �

�â¬¥â¨¬, çâ® ¨á¯®«ì§®¢ ¨¥ ¢ § ¯¨áïå \¥®¯à¥¤¥«¥®£®" ç¨á«  m0 ¥áª®«ìª® ¥ã¤®¡®.
�®íâ®¬ã ¤«ï ã¤®¡áâ¢  ¯¥à¥¯¨è¥¬ ä®à¬ã«ã (12) ¢ ¢¨¤¥

indA =
1X

m=0

dn(m) indAm; (16)

ãç¨âë¢ ï, çâ® indAm = 0 ¤«ï ¢á¥å m > m0.
�á«®¢¨ï ¥â¥à®¢®áâ¨ ®¯¥à â®à  Am ¡ë«¨ ¯®«ãç¥ë ¢ [7], £¤¥ ¯®áà¥¤áâ¢®¬ íªá¯®¥æ¨ «ìëå

§ ¬¥ â ª¨¥ ®¯¥à â®àë á¢®¤¨«¨áì ª ®¯¥à â®à ¬ �¨¥à {�®¯ä  á® á¤¢¨£®¬. �à¨ íâ®¬ ¤®¯®«¨-
â¥«ì® ¯à¥¤¯®« £ «®áì, çâ® ã«¥¢ë¥ ¬®¬¥âë ï¤¥à à ¢ë ã«î. �â® ¯à¥¤¯®«®¦¥¨¥ ®á¨«® ç¨-
áâ® â¥å¨ç¥áª¨© å à ªâ¥à, ¯®§¢®«ïîé¨© ã¯à®áâ¨âì ä®à¬ã«¨à®¢ª¨ ®á®¢ëå à¥§ã«ìâ â®¢. �«ï
¯®«®âë ¨§«®¦¥¨ï ¯à¨¢¥¤¥¬ áå¥¬ã ¨áá«¥¤®¢ ¨ï ¨§ [7] ¨ ªà®¬¥ â®£® ®âª ¦¥¬áï ®â ¢ëè¥ã¯®-
¬ïãâ®£® ¯à¥¤¯®«®¦¥¨ï.

�¯à¥¤¥«¨¬ ¨§®¬¥âà¨ç¥áª¨© ¨§®¬®àä¨§¬ Wp : L��n=p
p (0; 1) ! Lp(0;1) ä®à¬ã«®© (Wpg)(t) =

e((n�1)=p��)tg(e�t). �¥¯®áà¥¤áâ¢¥ë¬¨ ¢ëç¨á«¥¨ï¬¨ ¯à®¢¥àï¥âáï, çâ® ®¯¥à â®à Cm =WpAmW
�1
p

§ ¤ ¥âáï ¢ ¯à®áâà áâ¢¥ Lp(0;1) ä®à¬ã«®©

(Cm )(t) = � (t)�
Z 1

0

h1m(t� s) (s)ds�
Z 1

0

h2m(�t� s) (s)ds;

£¤¥

hjm(t) = e((n�1)=p��+1)tDjm(1; et); j = 1; 2: (17)

�§ (10) á«¥¤ã¥â hjm 2 L1(R). �á®, çâ® ®¯¥à â®à Am ¥â¥à®¢ ¢ â®¬ ¨ â®«ìª® ¢ â®¬ á«ãç ¥, ª®£¤ 
¥â¥à®¢ ®¯¥à â®à Cm, ¯à¨ç¥¬ indAm = indCm. � á¨«ã à¥§ã«ìâ â®¢ [7] ®¯¥à â®à Cm ¥â¥à®¢ â®£¤ 
¨ â®«ìª® â®£¤ , ª®£¤  ®¡à â¨¬ ¢ Lp(R) äãªæ¨® «ìë© ®¯¥à â®à

Um = (�� bh1m(�))I � ��1=pbh2m(�=�)V� ;
£¤¥ bhjm(�) = 1R

�1
hjm(t)ei�tdt | ¯à¥®¡à §®¢ ¨¥ �ãàì¥ äãªæ¨¨ hjm(t),   V� | ®¯¥à â®à á¤¢¨£ ,

®¯à¥¤¥«ï¥¬ë© à ¢¥áâ¢®¬ (V�f)(�) = ��1=pf(�=�). �á«®¢¨ï ®¡à â¨¬®áâ¨ äãªæ¨® «ìëå ®¯¥-
à â®à®¢ á ¥ª à«¥¬ ®¢áª¨¬ á¤¢¨£®¬, ª ª®â®àë¬ ®â®á¨âáï ®¯¥à â®à Um, ¯à¨¢¥¤¥ë,  ¯à¨¬¥à,
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¢ ([10], á. 47{48). �á«¨ � 6= 0, â® j� � bh1m(1)j > ��1=pjbh2m(1)j. �«¥¤®¢ â¥«ì®, ¢ á¨«ã «¥¬¬ë 7
¨§ ([10], £«. 2) ®¯¥à â®à Um ®¡à â¨¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«¥ë ãá«®¢¨ï

j�� bh1m(0)j > ��1=pjbh2m(0)j; �� bh1m(�) 6= 0 8 � 2 _R : (18)

(� ¬¥â¨¬, çâ® ¢ [7] ¯à¨ ¯à¥¤¯®«®¦¥¨¨ bh1m(0) = bh2m(0) = 0 ¯¥à¢®¥ ¨§ ãá«®¢¨© (18) ¡ë«® ¢ë¯®«-
¥®  ¢â®¬ â¨ç¥áª¨.) � ª¨¬ ®¡à §®¬, ãá«®¢¨ï (18) ï¢«ïîâáï ¥®¡å®¤¨¬ë¬¨ ¨ ¤®áâ â®çë¬¨
¤«ï ¥â¥à®¢®áâ¨ ®¯¥à â®à  Cm. � íâ®¬ á«ãç ¥ ¨¤¥ªá ®¯¥à â®à  Cm ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥
(á¬. [7])

indCm = � ind(�� bh1m(�)) := �
1
2�

�[arg(�� bh1m(�))]��1�1:
�ä®à¬ã«¨àã¥¬ â¥¯¥àì ¢ ã¤®¡®¬ ¢¨¤¥ ãá«®¢¨ï ¥â¥à®¢®áâ¨ ®¯¥à â®à  Am. � §®¢¥¬ á¨¬¢®«®¬

®¯¥à â®à  Am äãªæ¨î

�m(�) = ��

Z 1

0

D1m(1; �)���+(n�1)=p+i�d�; � 2 _R : (19)

� ãç¥â®¬ (17) ¨§ (18) á«¥¤ã¥â, çâ® ®¯¥à â®à Am ¥â¥à®¢ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«¥ë
ãá«®¢¨ï

�1=pj�m(0)j >
���� Z 1

0

D2m(1; �)���+(n�1)=pd�
����; �m(�) 6= 0 8 � 2 _R : (20)

� íâ®¬ á«ãç ¥ ¨¤¥ªá ®¯¥à â®à  Am ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

indAm = � ind�m(�):

�§ ä®à¬ã« (5), (6) ¨ (9) «¥£ª® ¯®«ãç ¥âáï à ¢¥áâ¢®Z 1

0
Djm(1; �)�

��+(n�1)=p+i�d� =
Z
Rn

kj(e1; y)Pm(e1 � y
0)jyj��+i�dy;

¯®§¢®«ïîé¥¥ § ¯¨á âì (19) ¨ (20) ¢ â¥à¬¨ å ï¤¥à k1(x; y) ¨ k2(x; y).

�¥®à¥¬  1. �«ï â®£® çâ®¡ë ®¯¥à â®à A ¡ë« ¥â¥à®¢ ¢ ¯à®áâà áâ¢¥ L��n=p
p (B n), ¥®¡å®-

¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ¤«ï «î¡®£® m 2 Z+ ¢ë¯®«ï«¨áì ãá«®¢¨ï

�m(�) = ��

Z
Rn

k1(e1; y)Pm(e1 � y0)jyj��+i�dy 6= 0 8 � 2 _R ; (21)

�1=pj�m(0)j >
���� Z

Rn

k2(e1; y)Pm(e1 � y
0)jyj��dy

����; (22)

¯à¨ íâ®¬ ¨¤¥ªá ®¯¥à â®à  A ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

indA = �
1X

m=0

dn(m) ind�m(�): (23)

�®ª § â¥«ìáâ¢® á«¥¤ã¥â ¨§ «¥¬¬ë 2 á ãç¥â®¬ ä®à¬ã«ë (16) ¨ ãá«®¢¨© ¥â¥à®¢®áâ¨ ®¯¥à -
â®à  Am. �

� ¬¥ç ¨¥ 1. �é¥ à § ¯®¤ç¥àª¥¬, çâ® ¯®áª®«ìªã ind�m(�) = 0 ¤«ï ¢á¥åm > m0, â® ¯à ¢ ï
ç áâì ä®à¬ã«ë (23) ä ªâ¨ç¥áª¨ ¯à¥¤áâ ¢«ï¥â á®¡®© ª®¥çãî áã¬¬ã.

� ¬¥ç ¨¥ 2. � áá¬®âà¨¬ ¢ L��n=p
p (Rn n B n) ®¯¥à â®à eA, ª®â®àë© ®¯à¥¤¥«ï¥âáï ä®à¬ã-

«®© (1) á § ¬¥®© B n   R
n n B n . � ááã¦¤ ï   «®£¨ç® ¯à¥¤ë¤ãé¥¬ã, ã¡¥¦¤ ¥¬áï ¢ â®¬,

çâ® ®¯¥à â®à eA ¥â¥à®¢ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«¥ë ãá«®¢¨ï (21){(22), ¯à¨ íâ®¬
ind eA = � indA.
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2. �¥à¥©¤¥¬ ª ¨§ãç¥¨î ¯ àëå ®¯¥à â®à®¢. � ¯à®áâà áâ¢¥ L��n=p
p (Rn), 1 < p <1, à áá¬®-

âà¨¬ ®¯¥à â®à

B = A1P +A2Q; (24)

£¤¥ P | ®¯¥à â®à ã¬®¦¥¨ï   å à ªâ¥à¨áâ¨ç¥áªãî äãªæ¨î ¥¤¨¨ç®£® è à , Q = I � P ,
Aj (j = 1; 2) | ®¯¥à â®à ¢¨¤ 

(Aj')(x) = �j'(x)�
Z
Rn

k
(j)
1 (x; y)'(y)dy �

Z
Rn

k
(j)
2 (x; y)'(y)dy; x 2 R

n ;

£¤¥ äãªæ¨¨ k(j)1 (x; y) ¨ k(j)2 (x; y) ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ 1�{3�.

�¥®à¥¬  2. �«ï â®£® çâ®¡ë ®¯¥à â®à B ¢¨¤  (24) ¡ë« ¥â¥à®¢ ¢ ¯à®áâà áâ¢¥ L��n=p
p (Rn),

¥®¡å®¤¨¬® ¨ ¤®áâ â®ç®, çâ®¡ë ¤«ï «î¡®£® m 2 Z+ ¢ë¯®«ï«¨áì ãá«®¢¨ï

�(j)m (�) = ��

Z
Rn

k
(j)
1 (e1; y)Pm(e1 � y

0)jyj��+i�dy 6= 0 8 � 2 _R ;

�1=pj�(j)m (0)j >
���� Z

Rn

k
(j)
2 (e1; y)Pm(e1 � y

0)jyj��dy
����;

£¤¥ j = 1; 2. �à¨ íâ®¬ ¨¤¥ªá ®¯¥à â®à  B ¢ëç¨á«ï¥âáï ¯® ä®à¬ã«¥

indB =
1X

m=0

dn(m) ind
�(2)m (�)

�(1)m (�)
:

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ®¯¥à â®à

(K`j')(x) =
Z
Rn

k
(j)
` (x; y)'(y)dy; x 2 R

n ;

£¤¥ j; ` = 1; 2. �®£¤  Aj = �jI � K1j � K2j . �®¬¬ãâ â®à AjP � PAj ï¢«ï¥âáï ª®¬¯ ªâë¬
®¯¥à â®à®¬. �¥©áâ¢¨â¥«ì®,

AjP �PAj = (P +Q)AjP �PAj(P +Q) = QAjP �PAjQ = PK1jQ+PK2jQ�QK1jP �QK2jP:

�®áª®«ìªã QK`jP ¨ PK`jQ | ª®¬¯ ªâë¥ ¢ L��n=p
p (Rn ) ®¯¥à â®àë ([1], á. 380), â® ¨ AjP �PAj

| ª®¬¯ ªâë© ®¯¥à â®à.
� ª ¨§¢¥áâ® ([1], á. 7), ®¯¥à â®à B ¢¨¤  (24) ¥â¥à®¢ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥â¥à®¢ë

®¯¥à â®àë A1P +Q ¨ A2Q+ P , ¯à¨ç¥¬

indB = ind(A1P +Q) + ind(A2Q+ P ): (25)

� á¢®î ®ç¥à¥¤ì, ®¯¥à â®à A1P +Q ¥â¥à®¢ ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤  ¥â¥à®¢ ®¯¥à â®à
PA1

��
L
��n=p
p (Bn )

, ¯à¨ç¥¬ ¨å ¨¤¥ªáë à ¢ë (á¬. [1], á. 6). �¥âàã¤® ¢¨¤¥âì, çâ® PA1

��
L
��n=p
p (Bn )

¥áâì

®¯¥à â®à ¢¨¤  (1), ãá«®¢¨ï ¥â¥à®¢®áâ¨ ª®â®à®£® ¯®«ãç¥ë ¢ â¥®à¥¬¥ 1.
� «®£¨ç®, ®¯¥à â®àë A2Q + P ¨ QA2

��
L
��n=p
p (RnnBn )

®¤®¢à¥¬¥® ¥â¥à®¢ë,   ãá«®¢¨ï ¥-

â¥à®¢®áâ¨ ®¯¥à â®à  QA2

��
L
��n=p
p (RnnBn )

ãª § ë ¢ § ¬¥ç ¨¨ 2.

�§ ¢ëè¥áª § ®£® ¯®«ãç ¥¬ ¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®çë¥ ãá«®¢¨ï ¥â¥à®¢®áâ¨ ®¯¥à â®à  B.
� «¥¥, ¨á¯®«ì§ãï (25), ¨¬¥¥¬

indB = �
1X

m=0

dn(m) ind�
(1)
m (�) +

1X
m=0

dn(m) ind�
(2)
m (�) =

1X
m=0

dn(m) ind
�(2)m (�)

�
(1)
m (�)

: �
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