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�¢¥¤¥­¨¥

�ãáâì X | £« ¤ª®¥ ¬­®£®®¡à §¨¥ à §¬¥à­®áâ¨ n, Ei (0 � i � N <1) | ­¥ª®â®àë¥ ¢¥ªâ®à-
­ë¥ à áá«®¥­¨ï ­ ¤ X,   fAi; Eig | í««¨¯â¨ç¥áª¨© ª®¬¯«¥ªá («¨­¥©­ëå) ¤¨ää¥à¥­æ¨ «ì­ëå
®¯¥à â®à®¢ á £« ¤ª¨¬¨ ª®íää¨æ¨¥­â ¬¨ ­  X

0! C1(E0)
A0�! C1(E1)

A1�! � � �
AN��! C1(EN+1)! 0: (1)

�â® ®§­ ç ¥â, çâ® Ai+1 � Ai = 0,   ¯®á«¥¤®¢ â¥«ì­®áâì

0! (E0)x
�(A0)(x;�)
������! (E1)x

�(A1)(x;�)
������! � � �

�(AN )(x;�)
������! (EN+1)x ! 0

â®ç­  ¤«ï ¢á¥å x 2 X ¨ ¢á¥å � 2 T �(X) n f0g, £¤¥ �(Ai)(x; �) | £« ¢­ë© á¨¬¢®« ®¯¥à â®à 
Ai,   T �(X) | ¢¥é¥áâ¢¥­­®¥ ª®ª á â¥«ì­®¥ à áá«®¥­¨¥ ­ ¤ X. �®ª «ì­ ï  æ¨ª«¨ç­®áâì â -
ª¨å ª®¬¯«¥ªá®¢ ã¦¥ ¬­®£¨¥ £®¤ë ï¢«ï¥âáï ®¤­¨¬ ¨§ ®á­®¢­ëå ­¥à¥è¥­­ëå ¢®¯à®á®¢ â¥®à¨¨
¯¥à¥®¯à¥¤¥«¥­­ëå á¨áâ¥¬ (­ ¯à., [1]).

� ¤ ­­®© à ¡®â¥ ¤«ï ª®¬¯«¥ªá®¢, á®áâ®ïé¨å ¨§ ®¯¥à â®à®¢ ®¤­®£® ¨ â®£® ¦¥ ¯®àï¤ª  m � 1
¨§ãç îâáï ãá«®¢¨ï à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï Aiu = f ¢ ¯à®áâà ­áâ¢ å �®¡®«¥¢  ­  ®âªàëâëå
¯®¤¬­®¦¥áâ¢ å ¢ X. �«ï íâ®£® ¯à¥¤« £ ¥âáï ¨á¯®«ì§®¢ âì ¨â¥à æ¨¨ ¨­â¥£à «®¢ �à¨­  (áà. [2] ¨
[3] ¤«ï í««¨¯â¨ç¥áª¨å á¨áâ¥¬). �â®â ¬¥â®¤ ¯®§¢®«ï¥â ¯®«ãç¨âì ­¥ â®«ìª® ãá«®¢¨ï à §à¥è¨¬®-
áâ¨, ­® ¨ ¯®áâà®¨âì ä®à¬ã«ë ¤«ï Hm-à¥è¥­¨© ãà ¢­¥­¨ï Aiu = f , ¥á«¨ â®«ìª® â ª¨¥ à¥è¥­¨ï
áãé¥áâ¢ãîâ. �¥è¥­¨ï ¤ îâáï ¢ ¢¨¤¥ áã¬¬ë àï¤ , á« £ ¥¬ë¥ ª®â®à®£® áãâì ¨â¥à æ¨¨ ¯á¥¢¤®¤¨ä-
ä¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢, ¯®áâà®¥­­ë¥ á ¯®¬®éìî á¯¥æ¨ «ì­ëå äã­¤ ¬¥­â «ì­ëå à¥è¥­¨©
« ¯« á¨ ­®¢ ª®¬¯«¥ªá . �«ï ª®¬¯«¥ªá  �®«ì¡® íâ¨ ®¯¥à â®àë áà®¤­¨ ¨­â¥£à «ã � àâ¨­¥««¨{
�®å­¥à  [4].

1. �­â¥£à «ë �à¨­  ¤«ï í««¨¯â¨ç¥áª¨å ª®¬¯«¥ªá®¢

�¡®§­ ç¨¬ ç¥à¥§ X £« ¤ª®¥ ª®¬¯ ªâ­®¥ ¬­®£®®¡à §¨¥ c (¢®§¬®¦­® ¯ãáâë¬) £« ¤ª¨¬ ªà ¥¬

@X, ¢«®¦¥­­®¥ ¢ ­¥ª®â®à®¥ £« ¤ª®¥ ¬­®£®®¡à §¨¥ eX â®© ¦¥ à §¬¥à­®áâ¨,   ç¥à¥§
�

X | ¢­ãâà¥­-
­®áâì X. � ä¨ªá¨à®¢ ¢ i � 0, ¡ã¤¥¬ ¨§ãç âì ª®¬¯«¥ªá (1) ¢ áâ¥¯¥­¨ i.

�¡®§­ ç¨¬ ç¥à¥§ A�i�1 2 Diffmi�1
(Ei ! Ei�1) ®¯¥à â®à, ä®à¬ «ì­® á®¯àï¦¥­­ë© ¤«ï Ai�1

®â­®á¨â¥«ì­® íà¬¨â®¢ëå ¬¥âà¨ª (�; �)x;i, (�; �)x;i�1 ¢ á«®ïå Ei ¨ Ei�1 á®®â¢¥âáâ¢¥­­®, £¤¥ Diffm(E !
F ) | ¬­®¦¥áâ¢® ¢á¥å ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢ ¯®àï¤ª  ­¥ ¡®«¥¥ m ¬¥¦¤ã à áá«®¥­¨ï¬¨
E ¨ F .

�¤¥áì ¨ ¤ «¥¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ®¯¥à â®àë Ai ¨ Ai�1 ¨¬¥îâ ®¤¨­ ¨ â®â ¦¥ ¯®àï¤®ª
m � 1. �®âï íâ® ¯à¥¤¯®«®¦¥­¨¥ ¨ áã¦ ¥â ®¡« áâì ¯à¨¬¥­¨¬®áâ¨ à¥§ã«ìâ â®¢, ®â¬¥â¨¬, çâ® ¤«ï

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �à á­®ïàáª®£® ªà ¥¢®£® ä®­¤  ­ ãª¨, £à ­âò 11F031M.
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¢áïª®£® í««¨¯â¨ç¥áª®£® ª®¬¯«¥ªá  áãé¥áâ¢ã¥â £®¬®â®¯¨ç¥áª¨ íª¢¨¢ «¥­â­ë© ¥¬ã ª®¬¯«¥ªá, á®-
áâ®ïé¨© ¨§ ®¯¥à â®à®¢ â®«ìª® ¯¥à¢®£® ¯®àï¤ª  ([1], á. 34{40). � ª ª ª ª®¬¯«¥ªá fAi; Eig í««¨-
¯â¨ç¥­, â® ¯à¨ íâ®¬ ãá«®¢¨¨ (£« ¢­ë©) á¨¬¢®« ®¯¥à â®à  Ai = Ai+A�i�1 2 Diffm(Ei ! Ei+1�Ei�1)
¨­ê¥ªâ¨¢¥­ ­  X,   §­ ç¨â, « ¯« á¨ ­ �i = A�iAi + Ai�1A

�
i�1 2 Diff2m(Ei ! Ei) í««¨¯â¨ç¥­

(­ ¯à., [1], á. 59).
�¡®§­ ç¨¬ ç¥à¥§ L2(X;Ei) ¯à®áâà ­áâ¢® �¥¡¥£  á¥ç¥­¨© à áá«®¥­¨ï Ei á® áª «ïà­ë¬ ¯à®-

¨§¢¥¤¥­¨¥¬
R
X

(u; v)x;idx, £¤¥ dx | ä®à¬  ®¡ê¥¬  ­  X,   ç¥à¥§ Hm(X;Ei) | á®®â¢¥âáâ¢ãîé¥¥

¯à®áâà ­áâ¢® �®¡®«¥¢ . �à®¬¥ â®£®, ¯ãáâì
�

Hm(X;Ei) | § ¬ëª ­¨¥ ¬­®¦¥áâ¢  £« ¤ª¨å äã­ªæ¨©

á ª®¬¯ ªâ­ë¬¨ ­®á¨â¥«ï¬¨ ­ 
�

X.
� «¥¥, ®¡®§­ ç¨¬ ç¥à¥§ H�m(X;Ei) ¯à®áâà ­áâ¢®, ¤¢®©áâ¢¥­­®¥ ª

�

Hm(X;Ei) ®â­®á¨â¥«ì­®
á¯ à¨¢ ­¨ï ¢ L2(X;Ei). �àã£¨¬¨ á«®¢ ¬¨, íâ® ¯®¯®«­¥­¨¥ D(X;Ei) ¯® ­®à¬¥

kukH�m(X;Ei) = sup
v2D(X;Ei)

j(u; v)L2(X;Ei)j

kvkHm(X;Ei)

:

�«ï ¢á¥å u 2 Hm(X;Ei) á®®â¢¥âáâ¢¨¥ v 7!
R
X

(Aiu;Aiv)xdx § ¤ ¥â ­¥¯à¥àë¢­ë© á®¯àï¦¥­­®

«¨­¥©­ë© äã­ªæ¨®­ « ­  ¯à®áâà ­áâ¢¥
�

Hm(X;Ei). �â ª, « ¯« á¨ ­ �i ¯à®¤®«¦ ¥âáï ¤® ®â®-
¡à ¦¥­¨ï Hm(X;Ei) ! H�m(X;Ei),   §­ ç¨â, á«¥¤ãîé ï § ¤ ç  ¥áâì ®¡®¡é¥­¨¥ ª« áá¨ç¥áª®©
§ ¤ ç¨ �¨à¨å«¥ (­ ¯à., [5] ¨«¨ [6]).

� ¤ ç  1. �«ï § ¤ ­­®£® w 2 H�m(X;Ei) ­ ©â¨ â ª®¥ á¥ç¥­¨¥ u 2
�

Hm(X;Ei), çâ® �iu = w

¢
�

X.

�®«®¦¨¬ Hi(X) = fu 2
�

Hm(X;Ei) : A�i�1u = 0 ­ 
�

X , Aiu = 0 ­ 
�

Xg.
� ª å®à®è® ¨§¢¥áâ­® (­ ¯à., [5] ¨«¨ [6]), § ¤ ç  1 ï¢«ï¥âáï äà¥¤£®«ì¬®¢®©, à §­®áâì ¬¥¦¤ã

«î¡ë¬¨ ¤¢ã¬ï ¥¥ à¥è¥­¨ï¬¨ «¥¦¨â ¢ Hi(X),   à §à¥è¨¬  ®­  ¢ â®¬ ¨ â®«ìª® â®¬ á«ãç ¥, ª®£¤ 
w 2 H?

i (X).
�à®¬¥ â®£®, ¤«ï íâ®© § ¤ ç¨ ¬®¦­® ¯®áâà®¨âì â¥®à¨î �®¤¦  [6], â. ¥. ­ ©¤ãâáï â ª¨¥ «¨­¥©-

­ë¥ ®£à ­¨ç¥­­ë¥ ®¯¥à â®àë

�(i) : H�m(X;Ei)!Hi(X); �i : H�m(X;Ei)!
�

Hm(X;Ei) \H?
i (X);

çâ®
1) �(i) ¥áâì L2(X;Ei)-®àâ®£®­ «ì­ë© ¯à®¥ªâ®à ­  ª®­¥ç­®¬¥à­®¥ ¯à®áâà ­áâ¢® Hi(X);
2) Ai�(i) = 0 ¨ �i�(i) = �(i)�i = 0;

3) �i�iu = u��(i)u ¤«ï ¢á¥å u 2
�

Hm(X;Ei), �i�iw = w ��(i)w ¤«ï ¢á¥å w 2 H�m(X;Ei).
�¬¥áâ­® ®â¬¥â¨âì, çâ® ¤«ï ª®¬¯ ªâ­ëå ¬­®£®®¡à §¨© ¡¥§ ªà ï ­  íâ®¬ ¯ãâ¨ ¯®«ãç ¥âáï

ª« áá¨ç¥áª ï â¥®à¨ï �®¤¦ .

�ãáâì â¥¯¥àì D b

�

X | ®¡« áâì (â. ¥. ®âªàëâ®¥ á¢ï§­®¥ ¬­®¦¥áâ¢®) á £à ­¨æ¥© ª« áá  C1,
Hm(D;Ei) ®¡®§­ ç ¥â ¯à®áâà ­áâ¢® �®¡®«¥¢  á¥ç¥­¨© à áá«®¥­¨ï Ei ­ ¤ D,   �r | à áá«®¥­¨¥
ª®¬¯«¥ªá­®§­ ç­ëå ¢­¥è­¨å ¤¨ää¥à¥­æ¨ «ì­ëå ä®à¬ áâ¥¯¥­¨ r (r = 0; 1; : : : ) ­  X.

�«ï u 2 C1(D;Ei), w 2 C1(D;Ei�1), g 2 C1(D;Ei+1) ¯®«®¦¨¬

(G(i;1)u)(x) = �
Z
@D

GAi(
tA�i�i(x; �); u);

(G(i;2)u)(x) = �
Z
@D

GA�
i�1
(tAi�1�i(x; �); u);

G(i) = G(i;1) + G(i;2); �(i)
D = �(i)�D;

(T (i;1)f)(x) =
Z
D
htA�i�i(x; �); fix;i+1dx;
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(T (i;2))w(x) =
Z
D
htAi�1�i(x; �); wix;i�1dx;

£¤¥ �D | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ®¡« áâ¨ D, h�; �ix;i | ¥áâ¥áâ¢¥­­®¥ á¯ à¨¢ ­¨¥ ¬¥¦¤ã
í«¥¬¥­â ¬¨ Ei ¨ ¤ã «ì­®£® à áá«®¥­¨ï E�

i ,
tB 2 Diffm(F � ! E�) | âà ­á¯®­¨à®¢ ­­ë© ®¯¥à -

â®à,   GB(�; �) 2 Diffm�1((F �; E) ! �n�1) | ®¯¥à â®à �à¨­  ¤«ï ¤¨ää¥à¥­æ¨ «ì­®£® ®¯¥à â®à 
B 2 Diffm(E ! F ) (­ ¯à., [1], x 9). �­â¥£à «ë G(i;k) ¡ã¤¥¬ ­ §ë¢ âì ¨­â¥£à « ¬¨ �à¨­  ¤«ï
ª®¬¯«¥ªá  fAi; Eig ¢ áâ¥¯¥­¨ i.

�¥¬¬  1. �­â¥£à «ë �(i)
D , T (i;1), T (i;2), G(i) ¯®à®¦¤ îâ ®£à ­¨ç¥­­ë¥ «¨­¥©­ë¥ ®¯¥à â®-

àë �(i)
D : Hm(D;Ei) ! Hm(D;Ei), T (i;1) : L2(D;Ei+1) ! Hm(D;Ei), T (i;2) : L2(D;Ei�1) !

Hm(D; ;Ei), G(i) : Hm(D;Ei) ! Hm(D;Ei). �à®¬¥ â®£®, ¤«ï «î¡®£® á¥ç¥­¨ï u 2 Hm(D;Ei)
á¯à ¢¥¤«¨¢  ä®à¬ã«  �à¨­ 

(�Du)(x) = (G(i)u)(x) + (T (i;1)Aiu)(x) + (T (i;2)A�i�1u)(x) + (�(i)
D u)(x): (2)

�®ª § â¥«ìáâ¢®. �¯¥à â®à �(i) ¯® ®¯à¥¤¥«¥­¨î ï¢«ï¥âáï á£« ¦¨¢ îé¨¬ ¨ ª®­¥ç­®¬¥à-
­ë¬,   §­ ç¨â, �(i)

D ®£à ­¨ç¥­. �®áª®«ìªã �i í««¨¯â¨ç¥­, â® �i | ¯á¥¢¤®¤¨ää¥à¥­æ¨ «ì­ë©

®¯¥à â®à ¯®àï¤ª  (�2m) ­ 
�

X, ®¡« ¤ îé¨© á¢®©áâ¢®¬ âà ­á¬¨áá¨¨ ­  ¯®¤¬­®¦¥áâ¢ å ¢
�

X. �®-
íâ®¬ã ®¯¥à â®àë T (i;1) = �iA

�
i�D : L2(D;Ei+1) ! Hm(D;Ei), T (i;2) = �iAi�1�D : L2(D;Ei�1) !

Hm(D;Ei) ­¥¯à¥àë¢­ë (­ ¯à., [7]).
�¯à ¢¥¤«¨¢®áâì ä®à¬ã«ë (2) ¤«ï £« ¤ª¨å á¥ç¥­¨© ¢ëâ¥ª ¥â ¨§ ä®à¬ã«ë �â®ªá . �®áª®«ìªã

C1(D;Ei) ¯«®â­® ¢ Hm(D;Ei), â® ®âáî¤  á«¥¤ã¥â, çâ® ®¯¥à â®à G(i) ¯à®¤®«¦ ¥âáï ¯® ­¥¯à¥àë¢-
­®áâ¨ ­  Hm(D;Ei) ª ª G(i) = I � T (i;1)Ai � T (i;2)A�i�1 ��(i)

D .

� ¬¥â¨¬, çâ® ®¯¥à â®àë G(i;k) : Hm(D;Ei) ! Hm(D;Ei) â ª¦¥ ­¥¯à¥àë¢­ë, ®¤­ ª® ¤àã£¨¥
¨å á¢®©áâ¢  áãé¥áâ¢¥­­® ®â«¨ç îâáï ®â á¢®©áâ¢ ®¯¥à â®à®¢ (�(i)

D + G(i)), T (i;k) (á¬. ¯. 3).

2. �â¥à æ¨¨ ¨­â¥£à «®¢ �à¨­  ¤«ï í««¨¯â¨ç¥áª¨å ª®¬¯«¥ªá®¢

� ä¨ªá¨àã¥¬ ª ª¨¥-­¨¡ã¤ì ®ªà¥áâ­®áâì U ¬­®¦¥áâ¢  @X [ @D, à áá«®¥­¨ï F
(i)
j ­ ¤ U ¨

á¨áâ¥¬ã �¨à¨å«¥ fB(i)
j gm�1j=0 ­  @X [ @D, B(i)

j 2 Diffmj
(EijU ! F

(i)
j ) (­ ¯à., [1]). �®«®¦¨¬ ti =

m�1
�
j=0

B
(i)
j . �¡®§­ ç¨¬ ç¥à¥§ Sm(�i;X nD; @X) ¯®¤¯à®áâà ­áâ¢® ¢ Hm(X nD;Ei), á®áâ®ïé¥¥ ¨§ ¢á¥å

u â ª¨å, çâ® �iu = 0 ¢
�

X nD ¨ tiu = 0 ­  @X.
�®áª®«ìªã, ª ª å®à®è® ¨§¢¥áâ­®, § ¤ ç  �¨à¨å«¥ (¤«ï « ¯« á¨ ­  �i)

�iu = 0 ­ 
�

X nD; tiu = �uj ­  @D; tiu = 0 ­  @X

ï¢«ï¥âáï äà¥¤£®«ì¬®¢®© ¢ ¯à®áâà ­áâ¢ å �®¡®«¥¢  (­ ¯à., [6]), â® ¯®«ãç ¥¬ ¨§®¬®àä¨§¬

Sm(�i;X nD; @X) 	Hi(X nD)
t+;i
��!

m�1
�
j=0

Hm�mj�1=2(@D;F (i)
j );

§ ¤ ¢ ¥¬ë© ¯à¨ ¯®¬®é¨ ®¯¥à â®à  áã¦¥­¨ï u 7! ti(u)j@D. �¤¥áì Hm�mj�1=2(@D;F (i)
j ) | ¯à®-

áâà ­áâ¢  �®¡®«¥¢  á ¤à®¡­ë¬¨ ¯®ª § â¥«ï¬¨ £« ¤ª®áâ¨, ª®â®àë¥ ®¯à¥¤¥«¥­ë á ¯®¬®éìî áâ ­-
¤ àâ­®© ¯à®æ¥¤ãàë ¨­â¥à¯®«ïæ¨¨ (áà., ­ ¯à., [7], x 1.4.11, ¨«¨ [8]). � ª®­¥æ, ª®¬¯®§¨æ¨ï ®¡à â-
­®£® ®¯¥à â®à  t�1+;i á ®¯¥à â®à®¬ á«¥¤ 

Hm(D;Ei)
ti�!

m�1
�
j=0

Hm�mj�1=2(@D;F (i)
j )

¤ ¥â ­¥¯à¥àë¢­®¥ «¨­¥©­®¥ ®â®¡à ¦¥­¨¥

Hm(D;Ei) 3 u 7! Ei(u) 2 Sm(�i;X nD; @X) 	H(X nD):
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�«ï u 2 Hm(D;Ei) ¯®«®¦¨¬

ei(u)(x) =

(
u(x); ¥á«¨ x 2 D;

Ei(u)(x); ¥á«¨ x 2 X nD:

�¢¥¤¥¬ íà¬¨â®¢ã ä®à¬ã

h
(i)
D (u; v) =

Z
X
(Aiei(u);Aiei(v))xdx+

Z
X
(�(i)ei(u);�

(i)ei(v))xdx:

�¥®à¥¬  1. �à¬¨â®¢  ä®à¬  h
(i)
D (u; v) ï¢«ï¥âáï áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ ­  ¯à®áâà ­-

áâ¢¥ Hm(D;Ei), ®¯à¥¤¥«ïîé¨¬ â®¯®«®£¨î, íª¢¨¢ «¥­â­ãî ¨áå®¤­®©.

�®ª § â¥«ìáâ¢®. � ª ¢¨¤­® ¨§ ®¯à¥¤¥«¥­¨ï,A�iAi = �i. �­ ç¨â, ¯®áª®«ìªã £« ¢­ë© á¨¬¢®«
®¯¥à â®à  (Ai +A�i�1) ¨­ê¥ªâ¨¢¥­, ãâ¢¥à¦¤¥­¨¥ ¢ëâ¥ª ¥â ¨§ ([3], â¥®à¥¬  3.3) ¯à¨ @X = ;.

�ãáâì â¥¯¥àì @X 6= ;. � á«ãç ¥, ª®£¤  § ¤ ç  1 ¨¬¥¥â â®«ìª® ®¤­® à¥è¥­¨¥, ãâ¢¥à¦¤¥­¨¥
â¥®à¥¬ë á«¥¤ã¥â ¨§ ([2], ¯à¥¤«®¦¥­¨ï 4.4 ¨ 4.12).

� áá¬®âà¨¬ ®¡é¨© á«ãç ©. �® ¯®áâà®¥­¨î

h
(i)
D (u; u) = k(Ai +A�i�1)ei(u)k

2
L2(X;(Ei+1�Ei�1))

+ k�(i)ei(u)k2L2(X;Ei)
�

� C1kuk
2
Hm(D;Ei)

+ C2kEi(u)k
2
Hm(XnD;Ei)

� C3kuk
2
Hm(D;Ei)

á ¯®áâ®ï­­ë¬¨ Cj , ­¥ § ¢¨áïé¨¬¨ ®â u, â. ¥. ­®à¬ 
q
h
(i)
D (u; u) ­¥ á¨«ì­¥¥, ç¥¬ áâ ­¤ àâ­ ï ­®à¬ 

¢ Hm(D;Ei). �®áª®«ìªã ti(E(u)) = ti(u) ­  @D, â® ei(u) 2
�

Hm(X;Ei).
�â ª, ¤«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ¢®á¯®«ì§ã¥¬áï ª« áá¨ç¥áª¨¬ ­¥à ¢¥­áâ¢®¬ �®à¤¨­£ 

(­ ¯à., [5]). �§ ­¥£®, ¢ ç áâ­®áâ¨, á«¥¤ã¥â, çâ® íà¬¨â®¢  ä®à¬ 

((Ai +A�i�1)u; (Ai +A�i�1)v)L2(X;Ei+1�Ei�1) + (�(i)u;�(i)v)L2(X;Ei)

¥áâì áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ­  ¯à®áâà ­áâ¢¥
�

Hm(X;Ei), ®¯à¥¤¥«ïîé¥¥ â®¯®«®£¨î, íª¢¨¢ «¥­â-
­ãî ¨áå®¤­®©. �âáî¤  «¥£ª® ¯®«ãç ¥¬

kuk2Hm(D;Ei)
� kei(u)k

2
Hm(X;Ei)

� c h
(i)
D (u; u)

á ­¥ª®â®à®© ¯®áâ®ï­­®© c, ­¥ § ¢¨áïé¥© ®â u.

�«¥¤áâ¢¨¥ 1. �¯¥à â®àë Ai : Hm(D;Ei) ! L2(D;Ei+1), T (i;1) : L2(D;Ei+1) ! Hm(D;Ei)
ï¢«ïîâáï á®¯àï¦¥­­ë¬¨ ¤àã£ ¤àã£ã ®â­®á¨â¥«ì­® áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï h(i)D (�; �) ¢Hm(D;Ei)
¨ áâ ­¤ àâ­®£® áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï ¢ L2(D;Ei+1),   ¨å ­®à¬ë ­¥ ¯à¥¢®áå®¤ïâ ¥¤¨­¨æë.

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ®¯¥à â®à

T (i) = (T (i;1); T (i;2)) : L2(D;Ei+1)� L2(D;Ei+1)! Hm(D;Ei):

�® ®¯à¥¤¥«¥­¨î T (i) = �i(Ai+A�i�1)
��D. �®íâ®¬ã ¨§ ([3], ¯à¥¤«®¦¥­¨¥ 3.4) ¯à¨ @X = ; ¨ ¨§ ([2],

¯à¥¤«®¦¥­¨¥ 4.9) ¯à¨ @X 6= ; ¨ Hi(X) = f0g á«¥¤ã¥â

h
(i)
D (T (i)F; u) =

Z
D
(F; (Ai +A�i�1)u)xdx (3)
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¤«ï ¢á¥å F 2 L2(D;Ei+1)�L2(D;Ei+1), u 2 Hm(D;Ei). � ®¡é¥¬ á«ãç ¥ ¤®ª § â¥«ìáâ¢® à ¢¥­áâ¢ 
(3) ¯à ªâ¨ç¥áª¨ ¤®á«®¢­® ¯®¢â®àï¥â ¤®ª § â¥«ìáâ¢® ([3], ¯à¥¤«®¦¥­¨¥ 3.4).

�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ®áâ «®áì ¯à¨¬¥­¨âì à ¢¥­áâ¢® (3) ¤«ï ¯ à ¢¨¤  (f; 0),
£¤¥ f 2 L2(D;Ei+1), ¨ § ¬¥â¨âì, çâ® ¯® ®¯à¥¤¥«¥­¨î kAiuk

2
L2(D;Ei)

� h
(i)
D (u; u) ¤«ï ¢á¥å u 2

Hm(D;Ei).

�§ â¥®à¥¬ë 1 ¨ á«¥¤áâ¢¨ï 1 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 2. �¯¥à â®àë AiT
(i;1) : L2(D;Ei+1) ! L2(D;Ei+1), T (i;1)Ai : Hm(D;Ei) !

Hm(D;Ei), �
(i)
D + G(i) + T (i;2)A�i�1 : H

m(D;Ei) ! Hm(D;Ei), �
(i)
D + G(i) : Hm(D;Ei) ! Hm(D;Ei)

ï¢«ïîâáï á ¬®á®¯àï¦¥­­ë¬¨ ­¥®âà¨æ â¥«ì­ë¬¨ ®â­®á¨â¥«ì­® ®¡ëç­ëå áª «ïà­ëå ¯à®¨§¢¥¤¥-
­¨© ¢ L2(D;Ei+1) ¨ áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï h

(i)
D (�; �) á®®â¢¥âáâ¢¥­­®,   ¨å ­®à¬ë ­¥ ¯à¥¢®áå®¤ïâ

¥¤¨­¨æë.

�ãáâì â¥¯¥àì L(H) ¡ã¤¥â ¡ ­ å®¢ë¬ ¯à®áâà ­áâ¢®¬ ­¥¯à¥àë¢­ëå «¨­¥©­ëå ®¯¥à â®à®¢ ­ 
£¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥H. � ª ®¡ëç­®, á¨«ì­®© ®¯¥à â®à­®© â®¯®«®£¨¥© ¯à®áâà ­áâ¢  L(H)
¡ã¤¥¬ ­ §ë¢ âì â®¯®«®£¨î, § ¤ ¢ ¥¬ãî á¨áâ¥¬®© ¯®«ã­®à¬ fpu(A) =: kAuk, u 2 Hg.

�«ï § ¤ ­­®£® § ¬ª­ãâ®£® ¯®¤¯à®áâà ­áâ¢  � ¢ Hm(D;Ei) ¡ã¤¥¬ ¯¨á âì �� ¤«ï ®àâ®£®­ «ì-
­®© ¯à®¥ªæ¨¨ ¨§ Hm(D;Ei) ­  � ®â­®á¨â¥«ì­® áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï h(i)D (�; �).

� á«¥¤ãîé¥¬ ãâ¢¥à¦¤¥­¨¨ Sm(Ai;D) ®§­ ç ¥â § ¬ª­ãâ®¥ ¯®¤¯à®áâà ­áâ¢® ¢ Hm(D;Ei), á®-
áâ®ïé¥¥ ¨§ á« ¡ëå à¥è¥­¨© ãà ¢­¥­¨ï Aiu = 0 ¢ D; ¤àã£¨¬¨ á«®¢ ¬¨, Sm(Ai;D) ¯à¥¤áâ ¢«ï¥â
ª®æ¨ª«ë ª®¬¯«¥ªá  (1) ¢ áâ¥¯¥­¨ i ­  ¯à®áâà ­áâ¢¥ �®¡®«¥¢  Hm(D;Ei).

�«¥¤áâ¢¨¥ 3. � á¨«ì­®© ®¯¥à â®à­®© â®¯®«®£¨¨ L(Hm(D;Ei)) ¢ë¯®«­ïîâáï ¯à¥¤¥«ì­ë¥
á®®â­®è¥­¨ï lim

N!1
(�(i)

D + G(i) + T (i;2)A�i�1)
N = �Sm(Ai;D), lim

N!1
(G(i) +�(i)

D )N = �Sm(Ai;D)\Sm(A�
i�1)

,   ¢

á¨«ì­®© ®¯¥à â®à­®© â®¯®«®£¨¨ L(L2(D;Ei+1)) | á®®â­®è¥­¨¥ lim
N!1

(I �AiT
(i;1))N = �kerT (i;1) .

�®ª § â¥«ìáâ¢®. � ª á«¥¤ã¥â ¨§ ([2], â¥®à¥¬  3.2), ¤«ï ¢áïª®£® ­¥®âà¨æ â¥«ì­®£® á -
¬®á®¯àï¦¥­­®£® ®¯¥à â®à  L ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ H áãé¥áâ¢ã¥â ¯à¥¤¥« ¨â¥à æ¨©
lim
k!1

Lk = �(ker(I � L)), ¥á«¨ â®«ìª® kLk � 1. �­ ç¨â, ¨§ á«¥¤áâ¢¨ï 2 ¢ëâ¥ª ¥â

lim
N!1

(�(i)
D + G(i) + T (i;2)A�i�1)

N = �
ker(I��

(i)

D
�G(i)�T (i;2)A�

i�1
)
;

lim
N!1

(�(i)
D + G(i))N = �

ker(I��
(i)

D
�G(i))

; lim
N!1

(I �AiT
(i;1))N = �kerAiT (i;1)

¢ á¨«ì­ëå ®¯¥à â®à­ëå â®¯®«®£¨ïå ¯à®áâà ­áâ¢ L(Hm(D;Ei)) ¨ L(L2(D;Ei+1)) á®®â¢¥âáâ¢¥­­®.
�ç¨âë¢ ï á«¥¤áâ¢¨¥ 1 ¨ ä®à¬ã«ã (2), § ª«îç ¥¬, çâ® kerT (i;1)Ai = Sm(Ai;D), kerAiT

(i;1) =
ker T (i;1), ker(T (i;1)Ai + T (i;2)A�i�1) = Sm(Ai;D) \ Sm(A�i�1; D).

�¥®à¥¬  2. � á¨«ì­®© ®¯¥à â®à­®© â®¯®«®£¨¨ L(Hm(D;Ei)) ¨¬¥¥¬

I = �Sm(Ai;D) +
1X
�=0

(�(i)
D + G(i) + T (i;2)A�i�1)

�T (i;1)Ai; (4)

  ¢ á¨«ì­®© ®¯¥à â®à­®© â®¯®«®£¨¨ ¯à®áâà ­áâ¢  L(L2(D;Ei+1)) ¨¬¥¥¬

I = �kerT (i;1) +
1X
�=0

Ai(�
(i)
D + G(i) + T (i;2)A�i�1)

�T (i;1): (5)

�®ª § â¥«ìáâ¢®. �®¦¤¥áâ¢® L+ (I � L) = I ¢«¥ç¥â

I = L� +
��1X
�=0

L�(I � L) = (I � L)� +
��1X
�=0

(I � L)�L (6)
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¤«ï ¢á¥å � 2 N. �¥¯¥àì ¨á¯®«ì§ãï â¥®à¥¬ã 3 ¤«ï L = T (i;1)Ai, ¯¥à¥©¤¥¬ ª ¯à¥¤¥«ã ¯® � ! 1 ¢
(6) ¨ ¯®«ãç¨¬ (4). �®ª § â¥«ìáâ¢® ¤àã£®£® â®¦¤¥áâ¢  ¯à®¢®¤¨âáï  ­ «®£¨ç­®.

�à¨¬¥à. �ãáâì ª®¬¯«¥ªá fAi; Eig á®áâ®¨â ¨§ ®¤­®à®¤­ëå ®¯¥à â®à®¢ á ¯®áâ®ï­­ë¬¨ ª®íä-
ä¨æ¨¥­â ¬¨ ¢ R

n (n � 2). �¨¯¨ç­ë¬¨ ¯à¨¬¥à ¬¨ ª®¬¯«¥ªá®¢ â ª®£® ¢¨¤  ï¢«ïîâáï ª®¬¯«¥ªá
¤¥ � ¬  ¨ ª®¬¯«¥ªá �®«ì¡® (­ ¯à., [1]). �«ï ­¨å ¥áâ¥áâ¢¥­­® áç¨â âì, çâ® X = R

n .
�®£¤  ª ¦¤ë© �i ¨¬¥¥â áâ ­¤ àâ­®¥ äã­¤ ¬¥­â «ì­®¥ à¥è¥­¨¥ �i á¢¥àâ®ç­®£® â¨¯  ([9],

á. 74), ª®â®à®¥ ¨ ï¢«ï¥âáï  ­ «®£®¬ ¯ à ¬¥âà¨ªá  �®¤¦  ¤«ï X (â ª¨¬ ®¡à §®¬, íâ  á¨âã æ¨ï
á®®â¢¥âáâ¢ã¥â ª®¬¯ ªâ¨ä¨ª æ¨¨ Rn á ®¤­®© ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª®©). � ¯à¨¬¥à, ¯à¨ â -
ª®¬ ¢ë¡®à¥ ï¤à  �i ¤«ï ª®¬¯«¥ªá  �®«ì¡® ¨­â¥£à « G(i;1) ¥áâì £à ­¨ç­ë© ¨­â¥£à « ¢ ¨§¢¥áâ­®©
ä®à¬ã«¥ � àâ¨­¥««¨{�®å­¥à {�®¯¯¥«ì¬ ­ .

�«ï n > 2m ¯®«ãç ¥¬ à §«®¦¥­¨¥ �®¤¦  ¢ L2(Rn) á �(i) = 0 ¨ �i, à ¢­ë¬ ­ã«î \¢ ¡¥áª®­¥ç-
­®áâ¨" ([9], á. 74). � íâ®¬ á«ãç ¥ Ei(u) | à¥è¥­¨¥ ¢­¥è­¥© § ¤ ç¨ �¨à¨å«¥ ¤«ï �i ¨ D, à ¢­®¥
­ã«î \¢ ¡¥áª®­¥ç­®áâ¨". �á¯®«ì§ãï à §«®¦¥­¨¥ ¢ \àï¤ �®à ­ " ¤«ï à¥è¥­¨© í««¨¯â¨ç¥áª¨å
á¨áâ¥¬ ([9], â¥®à¥¬  7.25), ¢¨¤¨¬, çâ® AiEi(u) 2 L2(Rn n D;Ei+1), A�i�1Ei(u) 2 L2(Rn n D;Ei�1).
�®£¤  íà¬¨â®¢  ä®à¬ 

h
(i)
D (u; v) =

Z
Rn

((Ai +A�i�1)ei(v))
�(x)((Ai +A�i�1)ei(u))(x)dx

å®à®è® ®¯à¥¤¥«¥­  ­  Hm(D;Ei). �®«¥¥ â®£®, ¢á¥ ãâ¢¥à¦¤¥­¨ï, ¤®ª § ­­ë¥ ¢ íâ®¬ ¯ à £à ä¥,
á¯à ¢¥¤«¨¢ë ¤«ï áª «ïà­®£® ¯à®¨§¢¥¤¥­¨ï h(i)D (�; �) ¨ á®®â¢¥âáâ¢ãîé¨å ¨­â¥£à «®¢ G(i) ¨ T (i;k).

3. � ­¥ª®â®àëå á¢®©áâ¢ å ¨­â¥£à «®¢ G(i;k)

� ª ª ªA�1 = 0, â® ®¯¥à â®à G(0;1)+�(0)
D á®¢¯ ¤ ¥â á á ¬®á®¯àï¦¥­­ë¬ ®¯¥à â®à®¬ G(0)+�(0)

D .
�à¨ 0 < i < N + 1 á¢®©áâ¢  ¨­â¥£à «®¢ G(i;k) áãé¥áâ¢¥­­® ®â«¨ç îâáï ®â á¢®©áâ¢ ¨­â¥£à «®¢
T (i;k) ¨ G(0;1).

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ª®¬¯«¥ªá ¤¥ � ¬  ¢ Rn , n � 3,

0! C1(D;�0) d0�! C1(D;�1) d1�! � � �
dn�1
���! C1(D;�n)! 0:

� ª ¨§¢¥áâ­®, ®­ í««¨¯â¨ç¥­ ¨ á®áâ®¨â ¨§ â ª¨å ®¤­®à®¤­ëå ®¯¥à â®à®¢ ¯¥à¢®£® ¯®àï¤ª  á
¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨, çâ®

d�i di + di�1d
�
i�1 = �Ik(i)�n;

£¤¥ �n | ®¡ëç­ë© ®¯¥à â®à � ¯« á  ¢ Rn ,   Ik(i) | ¥¤¨­¨ç­ ï k(i) � k(i)-¬ âà¨æ . �®£« á­®
¯à¨¬¥àã ¨§ à §¤¥«  2 �(i)

D = 0, �i(x; y) = Ik(i)gn(x� y), £¤¥ gn | áâ ­¤ àâ­®¥ äã­¤ ¬¥­â «ì­®¥
à¥è¥­¨¥ á¢¥àâ®ç­®£® â¨¯  ¤«ï ®¯¥à â®à  � ¯« á  ¢ Rn . � ç áâ­®áâ¨, G(0;1) ¨ G(i) á ¬®á®¯àï¦¥­ë.

�ãáâì �(u) ¨ �(u) ®§­ ç îâ ª á â¥«ì­ãî ¨ ­®à¬ «ì­ãî ç áâ¨ ¤¨ää¥à¥­æ¨ «ì­®© ä®à¬ë
u 2 H1(D;�i) ([1], á. 105). � ¯à¨¬¥à, ¢ ¥¤¨­¨ç­®¬ è à¥ B1 ¨¬¥¥¬

�i(u) = ��(di)(x)�(di)(x)u(x); �i(u) = �(di�1)(x)��(di�1)(x)u(x);

£¤¥ �(di) | £« ¢­ë© á¨¬¢®« ®¯¥à â®à  di ([1], á. 104{105).
�ãáâì â¥¯¥àì D = B1. �®£¤  ¤«ï u 2 H1(D;�i)

G(i;1)u(x) =
1
sn

Z
jyj=1

��(di)(y � x)�(di)(y)
u(y)

jy � xjn
ds(y);

£¤¥ sn | ¯«®é ¤ì ¥¤¨­¨ç­®© áä¥àë ¢ Rn .
�®áª®«ìªã di+1di = 0, â® �(di+1)(x)�(di)(x) = 0. �­ ç¨â, G(i;1) = G(i;1)�i.
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�¥¬¬  2. �«ï ¢áïª®£® ¢¥ªâ®à  H�, ª®¬¯®­¥­âë ª®â®à®£® áãâì ®¤­®à®¤­ë¥ £ à¬®­¨ç¥áª¨¥

¬­®£®ç«¥­ë,

(G(i;1)H�)(x) =
1

n+ 2�

�
H�(x)

nX
j=1

d�ijdij �
2��(di)(x)diH�(x)

n+ 2� � 2
+

+
jxj2(d�i diH�)(x)
n+ 2� � 2

+
nX
j=1

d�ij�(di)(x)
@H�

@xj
(x)
�
�

(d�i diH�)(x)
(n+ 2� � 4)(n+ 2� � 2)

; (7)

£¤¥ dij | ª®íää¨æ¨¥­â ¯à¨ @
@xj

¢ ®¯¥à â®à¥ di.

�®ª § â¥«ìáâ¢®. �ãáâì P (x; y) | ï¤à® �ã áá®­  ¤«ï è à  B1,   P | á®®â¢¥âáâ¢ãîé¨©
¨­â¥£à « �ã áá®­ . �®£¤ , ãç¨âë¢ ï

�(di)
�(x)�(di)(x) + �(di�1)(x)�(di�1)

�(x) = jxj2Ii;

¢¨¤¨¬, çâ®

(G(i;1)u)(x) =
1

1� jxj2
�
P(��(di)(y)�(di)(y)u(y))(x) � ��(di)(x)P(�(di)(y)u(y))(x)

�
: (8)

� «¥¥, ¨§ ¯à¥¤áâ ¢«¥­¨ï � ãáá  ¤«ï ®¤­®à®¤­ëå ¬­®£®ç«¥­®¢ ([10], â¥®à¥¬  XI.1) á«¥¤ã¥â

P(xmh�) = xmh�(x)�
1

n+ 2� � 2
@h�

@xm
(jxj2 � 1); (9)

P(xmxkh�) = xmxkh� +
1� jxj2

n+ 2�

�
�kmh� + xk

@h�

@xm
+ xm

@h�

@xk

�
+

+
@2h�

@xk@xm

�
(1� jxj2)2

(n+ 2� � 2)(n+ 2�)
�

4(1� jxj2)
(n+ 2� � 4)(n+ 2� � 2)(n+ 2�)

�
(10)

¤«ï ¢áïª®£® ®¤­®à®¤­®£® £ à¬®­¨ç¥áª®£® ¬­®£®ç«¥­  h� áâ¥¯¥­¨ � (¯à¨ � = 0 ¨ � = 1 ª®íä-
ä¨æ¨¥­â ¯à¨ @2h�

@xk@xm
¢ íâ®© ä®à¬ã«¥ ¯®« £ ¥¬ à ¢­ë¬ ­ã«î). �«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢ 

®áâ «®áì ¯®¤áâ ¢¨âì ¢ëà ¦¥­¨ï (9) ¨ (10) ¢ ä®à¬ã«ã (8).

�¥¬¬  3. �ãáâì D = B1,   1 � i � n � 1. �®£¤  ®¯¥à â®à G(i;1) ­¥ á ¬®á®¯àï¦¥­ ®â­®á¨-

â¥«ì­® h
(i)
D (�; �),   â ª¦¥ ®â­®á¨â¥«ì­® (�; �)Hs(B1;�i) ¤«ï «î¡®£® s � 0.

�®ª § â¥«ìáâ¢®. � ª ¢¨¤­® ¨§ ä®à¬ã«ë (7), ¨­â¥£à « G(i;1) á®åà ­ï¥â ®¤­®à®¤­®áâì £ à-
¬®­¨ç¥áª®£® ¬­®£®ç«¥­  H� ¯à¨ i = 0. �«ï 1 � i � n� 1 ®¯¥à â®à G(i;1) á®åà ­ï¥â ®¤­®à®¤­®áâì
¬­®£®ç«¥­ , ¥á«¨ 0 � � � 1, ¨ ­¥ á®åà ­ï¥â ®¤­®à®¤­®áâì, ¥á«¨ � � 2.

�á­®, çâ® Ei(H�)(x) = H�(x)

jxjn+2��2 ,   ¯®áª®«ìªã ®¤­®à®¤­ë¥ £ à¬®­¨ç¥áª¨¥ äã­ªæ¨¨ à §­®©
áâ¥¯¥­¨ ®¤­®à®¤­®áâ¨ ®àâ®£®­ «ì­ë ¤àã£ ¤àã£ã ¯à¨ ¨­â¥£à¨à®¢ ­¨¨ ¯® áä¥à ¬, â®

h
(i)
D (G(i;1)H0;H2) = 0;

h
(i)
D (H0;G

(i;1)H2) = �h(i)B1

�
H0;

d�i diH2

n(n+ 2)

�
6= 0

¤«ï ¢á¥å ­¥­ã«¥¢ëå ®¤­®à®¤­ëå £ à¬®­¨ç¥áª¨å ¬­®£®ç«¥­®¢ H0 ¨ H2 â ª¨å, çâ® d�i diH2 6= 0.
�à¨ 1 � i � n�1 ®¯¥à â®à d�i di ­¥ á®¢¯ ¤ ¥â á d

�
i di+di�1d

�
i�1 ¨, ª ª «¥£ª® ¢¨¤¥âì, ­ ©¤¥âáï â -

ª®© ®¤­®à®¤­ë© £ à¬®­¨ç¥áª¨© ¬­®£®ç«¥­ H2, çâ® d�i diH2 6= 0. �«ï (�; �)Hs(B1;�i) ¤®ª § â¥«ìáâ¢®
¯à®¢®¤¨âáï  ­ «®£¨ç­®.

�®­¥ç­®, íâ® ¢®¢á¥ ­¥ ®§­ ç ¥â, çâ® ­¥ áãé¥áâ¢ã¥â ¯à¥¤¥«  ¨â¥à æ¨© ®¯¥à â®à  G(i;1) ¯à¨
1 � i � n� 1.
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4. �¡ ¨â¥à æ¨ïå ¨­â¥£à «®¢ �à¨­  ¢ ¤àã£¨å ¯à®áâà ­áâ¢ å

�â ª, ¤®ª § ­  ¯®â®ç¥ç­ ï áå®¤¨¬®áâì ¨â¥à æ¨© à §«¨ç­ëå ¨­â¥£à «®¢,  áá®æ¨¨à®¢ ­­ëå á
ª®¬¯«¥ªá®¬ fAi; Eig ¢ ¯à®áâà ­áâ¢¥ L(Hm(D;Ei)). �¬¥áâ­® ®â¬¥â¨âì, çâ® ¤«ï á¨áâ¥¬ë �®è¨{
�¨¬ ­  A0 ¢ C n ¨­â¥£à « G(0) | íâ® ¨­â¥£à « � àâ¨­¥««¨{�®å­¥à . �ç¨âë¢ ï, çâ® ¤¨áªà¥â­ë©
á¯¥ªâà íâ®£® ¨­â¥£à «  ¢ è à¥ B1 � C

n á®áâ®¨â ¨§ ¢á¥å à æ¨®­ «ì­ëå â®ç¥ª ®âà¥§ª  [0; 1]
(­ ¯à., [11]), «¥£ª® á¤¥« âì § ª«îç¥­¨¥ ® ­¥¢®§¬®¦­®áâ¨ áå®¤¨¬®áâ¨ ¨â¥à æ¨© (G(0))k ¯® ­®à¬¥
¯à®áâà ­áâ¢  L(H1(B1)). �¤­ ª® ¥áâ¥áâ¢¥­­ë¬ ï¢«ï¥âáï ¢®¯à®á: ¬®¦­® «¨ ¤®ª § âì ¯®¤®¡­ë¥
ãâ¢¥à¦¤¥­¨ï ¤«ï á¨«ì­ëå ®¯¥à â®à­ëå â®¯®«®£¨© ¤àã£¨å ¯à®áâà ­áâ¢ (Cs(D), Hs(D), s 6= m,
¨ â. ¤.)?

�¡é ï â¥®à¨ï ¯á¥¢¤®¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢ ­  ¬­®£®®¡à §¨ïå ¤ ¥â ®£à ­¨ç¥­­®áâì
íâ¨å ¨­â¥£à «®¢ ¢ ¯à®áâà ­áâ¢ å Hs(D;Ei), s � m (­ ¯à., [7]). �®áª®«ìªã áå®¤ïé¨¥áï ¨â¥à æ¨¨
¨­â¥£à «®¢ �à¨­  ¤ îâ ­¥ª®â®àë© ¯à®¥ªâ®à ­  ¯à®áâà ­áâ¢® à¥è¥­¨© á¨áâ¥¬ë Aiu = 0, â®
ä ªâ¨ç¥áª¨ à¥çì ¨¤¥â ® á¢®©áâ¢ å íâ®£® ¯à®¥ªâ®à .

�«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥ ¯®ª §ë¢ ¥â, çâ® ¯®â®ç¥ç­ ï áå®¤¨¬®áâì, ­ ¯à¨¬¥à, ¨â¥à æ¨© ¨­-
â¥£à «®¢ �à¨­  (G(i) +�(i)

D ) ¢ ¯à®áâà ­áâ¢ å, ®â«¨ç­ëå ®â L(Hm(D;Ei)), ¢®®¡é¥ £®¢®àï, ­¥¢®§-
¬®¦­  ¡¥§ ¤®¯®«­¨â¥«ì­ëå ãá«®¢¨©, ­ « £ ¥¬ëå ­  ®¡« áâì D.

�à¥¤«®¦¥­¨¥. �ãáâì V � Hm(D;Ei) | ¯«®â­®¥ ¯®¤¬­®¦¥áâ¢®. �á«¨ lim
�!1

(G(i) + �(i)
D )�u

¤«ï ¢áïª®£® á¥ç¥­¨ï u 2 V ¯à¨­ ¤«¥¦¨â V , â® V \ S(Ai +A�i�1;D) ¯«®â­® ¢ S
m(Ai +A�i�1;D).

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, § ä¨ªá¨àã¥¬ u 2 Sm(Ai + A�i�1;D). � ª ª ª V ¯«®â­® ¢
Hm(D;Ei), â® ­ ©¤¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì fvkg � V , áå®¤ïé ïáï ª v ¢ Hm(D;Ei). �¥ç¥­¨ï

wk = lim
�!1

(G(i) +�(i)
D )�vk; k 2 N;

¯® ãá«®¢¨î ¯à¨­ ¤«¥¦ â V (§¤¥áì ¯à¥¤¥« ¤®áâ¨£ ¥âáï ¢ á¨«ì­®© ®¯¥à â®à­®© â®¯®«®£¨¨ ¯à®-
áâà ­áâ¢  Hm(D;Ei)). �­ ç¨â, ¢ á®®â¢¥âáâ¢¨¨ á® á«¥¤áâ¢¨¥¬ 3 fwkg � V \ Sm(Ai +A�i�1;D).

�áâ «®áì § ¬¥â¨âì, çâ®

h
(i)
D (u� wk; u� wk) = h

(i)
D (�Sm(Ai+A�i�1;D)(u� wk); �Sm(Ai+A�i�1;D)(u� wk)) =

= h
(i)
D (�Sm(Ai+A�i�1;D)(u� vk); �Sm(Ai+A�i�1;D)(u� vk)) � h

(i)
D (u� vk; u� vk);

çâ® ¨ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢®, ¯®áª®«ìªã â®¯®«®£¨ï, ¨­¤ãæ¨à®¢ ­­ ï áª «ïà­ë¬ ¯à®¨§¢¥¤¥-
­¨¥¬ h

(i)
D (�; �), íª¢¨¢ «¥­â­  ¨áå®¤­®©.

�®§ì¬¥¬ ¢ ª ç¥áâ¢¥ V ¯à®áâà ­áâ¢® C1(D;Ei),   ¢ ª ç¥áâ¢¥ fAi; Eig | ª®¬¯«¥ªá �®«ì¡® C n

(n > 1). �®£¤  ¢ áâ¥¯¥­¨ i = 0 ¨¬¥¥¬ A0+A��1 = A0. � ª å®à®è® ¨§¢¥áâ­®, V \S1(A0;D) (â. ¥. ¯à®-
áâà ­áâ¢® £®«®¬®àä­ëå C1(D)-äã­ªæ¨©) ¬®¦¥â ¡ëâì ­¥ ¯«®â­® ¢ S1(A0;D), ¥á«¨ ®¡« áâì D ­¥
ï¢«ï¥âáï ¯á¥¢¤®¢ë¯ãª«®©. �­ «®£¨ç­®¥ § ª«îç¥­¨¥ ¬®¦­® á¤¥« âì ¨ ® ¯à®áâà ­áâ¢ å �®¡®«¥¢ 
V = Hs(D;Ei), s > m. � ª ®â¬¥ç¥­® ¢ [12], ¤®ª § â¥«ìáâ¢® ¯®â®ç¥ç­®© áå®¤¨¬®áâ¨ ¨â¥à æ¨©
¨­â¥£à «  � àâ¨­¥««¨{�®å­¥à  ¢ ¯à®áâà ­áâ¢ å L(Hs(D;E)), s > 1, á®¤¥à¦¨â ®è¨¡ªã ¢ ([11],
ä®à¬ã«  (16.1), á. 166).

�â ª, ¢®¯à®á ® ¤®áâ â®ç­ëå ãá«®¢¨ïå ­  ®¡« áâì D, ¯à¨ ª®â®àëå ¯®â®ç¥ç­ ï áå®¤¨¬®áâì
¨â¥à æ¨© ¨­â¥£à «®¢ �à¨­  ¤«ï ¯à®¨§¢®«ì­ëå í««¨¯â¨ç¥áª¨å ª®¬¯«¥ªá®¢ ¨¬¥¥â ¬¥áâ® ¢ ¯à®-
áâà ­áâ¢ å, ®â«¨ç­ëå ®â L(Hm(D;Ei)), ¢á¥ ¥é¥ ®áâ ¥âáï ®âªàëâë¬. � ª, ­ ¯à¨¬¥à, ¤«ï ¨­â¥-
£à «®¢ �à¨­ , á®®â¢¥âáâ¢ãîé¨å è àã ¢ Rn ¨ ®¯¥à â®àã A0 á ãá«®¢¨¥¬ A�0A0 = ��nIk, áª «ïà­ë¥
¯à®¨§¢¥¤¥­¨ï, ª®â®àë¥ ®¯à¥¤¥«ïîâ íª¢¨¢ «¥­â­ãî â®¯®«®£¨î ¨ ®â­®á¨â¥«ì­® ª®â®àëå ®¯¥à -
â®à G(0) á ¬®á®¯àï¦¥­, ­¥®âà¨æ â¥«¥­ ¨ ¨¬¥¥â ­¥ ¡®«¥¥ ç¥¬ ¥¤¨­¨ç­ãî ­®à¬ã, áãé¥áâ¢ãîâ ­ 
¢á¥© èª «¥ ¯à®áâà ­áâ¢ �®¡®«¥¢  Ss(�;D), s � 0 [13]. � ç áâ­®áâ¨, ¨å ¨â¥à æ¨¨ áå®¤ïâáï. � â®
¦¥ ¢à¥¬ï �® á [11] ¤®ª § «, çâ® á ¬®á®¯àï¦¥­­®áâì ¨­â¥£à «  � àâ¨­¥««¨{�®å­¥à  (â.¥. ¨­-
â¥£à «  �à¨­  ¤«ï ª®¬¯«¥ªá  �®«ì¡® ¢ áâ¥¯¥­¨ (0; 0)) ¢ ¯à®áâà ­áâ¢¥ L2(@D) (ª®â®à®¥ ¬®¦­®
âà ªâ®¢ âì ª ª ¯à®áâà ­áâ¢® �®¡®«¥¢  S1=2(�;D)) ®§­ ç ¥â, çâ® D ï¢«ï¥âáï è à®¬ ¢ C n , ¥á«¨
â®«ìª® D ®£à ­¨ç¥­  ¨ ¨¬¥¥â £« ¤ªãî £à ­¨æã.
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5. � à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï Aiu = f ¢ ¯à®áâà ­áâ¢ å �®¡®«¥¢ 

�¥à­¥¬áï ª ¨§ãç¥­¨î ª®¬¯«¥ªá  fAi; Eig ¢ áâ¥¯¥­¨ i � 0.

� ¤ ç  2. �«ï § ¤ ­­®£® f 2 L2(D;Ei+1) ­ ©â¨ (¥á«¨ íâ® ¢®§¬®¦­®) á¥ç¥­¨¥ u 2 Hm(D;Ei),
ã¤®¢«¥â¢®àïîé¥¥ Aiu = f ¢ D.

�®áª®«ìªã Ai+1Ai � 0, â® § ¤ ç  2 ¬®¦¥â ¡ëâì ­¥à §à¥è¨¬  ¤«ï ª ª¨å-â® f 2 L2(D;Ei+1).
� ª ¯®ª §ë¢ ¥â ¯à¨¬¥à 8.4 ¨§ [2], ¤«ï ª®¬¯«¥ªá  �®«ì¡® íâ  § ¤ ç , ¢®®¡é¥ £®¢®àï, ­¥-

ª®àà¥ªâ­ . �®«¥¥ â®ç­®, ¤«ï @-§ ¬ª­ãâëå ¤¨ää¥à¥­æ¨ «ì­ëå ä®à¬ á ª®íää¨æ¨¥­â ¬¨ ª« áá 
L2(D) ¢ áâà®£® ¯á¥¢¤®¢ë¯ãª«®© ®¡« áâ¨ D ¢á¥£¤  áãé¥áâ¢ã¥â à¥è¥­¨¥ u 2 H1=2(D) ãà ¢­¥­¨ï
@u = f , ­® ¤«ï ¢áïª®£® " > 0 ­ ©¤¥âáï (@-§ ¬ª­ãâ ï ¤¨ää¥à¥­æ¨ «ì­ ï) ä®à¬  ª« áá  L2(D),
¤«ï ª®â®à®© ­¥ áãé¥áâ¢ã¥â H1=2+"(D)-à¥è¥­¨ï íâ®£® ãà ¢­¥­¨ï.

�®­¥ç­®, § ¤ ç  2 ª®àà¥ªâ­  ¤«ï ª®¬¯«¥ªá  ¤¥ � ¬ . �® à¥§ã«ìâ âë ® ¥¥ à §à¥è¨¬®áâ¨
¬®¦­® ¨á¯®«ì§®¢ âì ¨ ¯à¨ ¨§ãç¥­¨¨ «®ª «ì­®©  æ¨ª«¨ç­®áâ¨ ¯à®¨§¢®«ì­ëå ª®¬¯«¥ªá®¢.

�¥®à¥¬  3. � ¤ ç  2 à §à¥è¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  f ? kerT (i;1) ¨ àï¤ R(i)f =
1P
�=0

(�(i)
D +G(i)+T (i;2)A�i�1)

�T (i;1)f áå®¤¨âáï ¢ Hm(D;Ei). �®«¥¥ â®£®, ¥á«¨ íâ¨ ãá«®¢¨ï ¢ë¯®«­¥­ë,

â® R(i)f | à¥è¥­¨¥ § ¤ ç¨ 2.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì ãâ¢¥à¦¤¥­¨ï ¢ëâ¥ª ¥â ¨§ á«¥¤áâ¢¨ï 1 ¨ â¥®à¥¬ë 2.

�¡à â­®, ¯ãáâì ®¡  ãá«®¢¨ï â¥®à¥¬ë ¢ë¯®«­¥­ë. �®£¤  ¨§ (5) á«¥¤ã¥â f =
1P
�=0

Ai(�
(i)
D +G(i)+

T (i;2)A�i�1)
�T (i;1)f . �®áª®«ìªã àï¤ R(i)f áå®¤¨âáï ¢ Hm(D;Ei), â® f = AiR

(i)f .

�«¥¤áâ¢¨¥ 3 ¯®ª §ë¢ ¥â, çâ® à¥è¥­¨¥ u = R(i)f «¥¦¨â ¢ ®àâ®£®­ «ì­®¬ (®â­®á¨â¥«ì­®
h
(i)
D (�; �)) ¤®¯®«­¥­¨¨ ¯®¤¯à®áâà ­áâ¢  Sm(Ai; D) ¢ Hm(D;Ei). �ç¥¢¨¤­®, § ¤ ç  2 ¨¬¥¥â ­¥ ¡®«¥¥
®¤­®£® à¥è¥­¨ï, ¯à¨­ ¤«¥¦ é¥£® íâ®¬ã ®àâ®£®­ «ì­®¬ã ¤®¯®«­¥­¨î. � áâ¨ç­ë¥ áã¬¬ë R(i)

p f

àï¤  R(i)f ¬®¦­® âà ªâ®¢ âì ª ª ¯à¨¡«¨¦¥­­ë¥ à¥è¥­¨ï § ¤ ç¨ 2, ¥á«¨ â®«ìª® f ? kerT (i;1).
�®áª®«ìªã Ai ¢ª«îç¥­ ¢ ­¥ª®â®àë© í««¨¯â¨ç¥áª¨© ª®¬¯«¥ªá, ãá«®¢¨ï â¥®à¥¬ë 3 ¬®¦­®

ãâ®ç­¨âì.
�«ï g 2 C1(D;Ei+1) ¡ã¤¥¬ £®¢®à¨âì, çâ® �i(g) = 0 á« ¡® ­  @D, ¥á«¨ ¤«ï ¢á¥å u 2 C1(D;Ei)

¨¬¥¥¬ lim
"!0

R
@D"

GA�
i
(�u; g) = 0.

�®«®¦¨¬

Hi+1(D) = fg 2 S0(A�i ;D) \ S
0(Ai+1;D) : �i(g) = 0 ­  @Dg:

�ã¤¥¬ ­ §ë¢ âì Hi+1(D) £ à¬®­¨ç¥áª¨¬¨ ¯à®áâà ­áâ¢ ¬¨ ª®¬¯«¥ªá  fAi; Eig ¢ D (áà., ­ -
¯à., [1]). � á¨«ã í««¨¯â¨ç­®áâ¨ ª®¬¯«¥ªá  í«¥¬¥­âë Hi+1(D) ¯à¨­ ¤«¥¦ â C1(D;Ei+1).

�«¥¤áâ¢¨¥ 4. � ¤ ç  2 à §à¥è¨¬  â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  1) f ? Hi+1(D); 2) Ai+1f = 0
¢ D; 3) àï¤ R(i)f áå®¤¨âáï ¢ Hm(D;Ei).

�®ª § â¥«ìáâ¢®. �á­®¢®© ¤®ª § â¥«ìáâ¢  ï¢«ï¥âáï

�¥¬¬  4. kerT (i;1) \ S0(Ai+1;D) = Hi+1(D).

�®ª § â¥«ìáâ¢®. �ãáâì g 2 kerT (i;1) \ S0(Ai+1;D). �§ á«¥¤áâ¢¨ï 1 ¢ëâ¥ª ¥â, çâ® A�i g = 0 ¢
á¬ëá«¥ à á¯à¥¤¥«¥­¨© ¢ D. � ç áâ­®áâ¨, g 2 S0(Ai+1+A�i ;D). � á¨«ã í««¨¯â¨ç­®áâ¨ ª®¬¯«¥ªá 
fAi; Eig § ª«îç ¥¬, çâ® g 2 C1(D;Ei+1).

�®ª ¦¥¬ â¥¯¥àì, çâ® �i(g) = 0 á« ¡® ­  @D. �®áª®«ìªã g 2 C1(D;Ei+1), ¢¨¤¨¬, çâ® ¤«ï ¢á¥å
u 2 C1(D;Ei) á¯à ¢¥¤«¨¢® á«¥¤ãîé¥¥:

lim
"!0

Z
@D"

GA�
i
(�u; g) = lim

"!0

Z
D"

(g;Aiu)x dx =
Z
D

(g;Aiu)x dx = h
(i)
D (T (i;1)g; u) = 0
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(§¤¥áì ¯¥à¢®¥ à ¢¥­áâ¢® ¯®«ãç¥­® á ¯®¬®éìî ä®à¬ã«ë �â®ªá  ¨ à ¢¥­áâ¢  A�i g = 0, ¢â®à®¥ ï¢«ï-
¥âáï á«¥¤áâ¢¨¥¬ â®£® ä ªâ , çâ® g 2 L2(D;Ei+1),   âà¥âì¥ ¢ëâ¥ª ¥â ¨§ á«¥¤áâ¢¨ï 1). �®ª § ­®,
çâ® kerT (i;1) \ S(Ai+1;D) | ¯®¤¬­®¦¥áâ¢® ¢ Hi+1(D).

�®ª ¦¥¬ ®¡à â­®¥ ¢ª«îç¥­¨¥. �®§ì¬¥¬ g 2 Hi+1(D). � á¨«ã í««¨¯â¨ç­®áâ¨ ª®¬¯«¥ªá 
fAi; Eig g 2 C1(D;Ei+1). �à®¬¥ â®£®, ¤«ï ¢á¥å u 2 C1(D;Ei) ¨¬¥¥¬

h
(i)
D (T (i;1)g; u) = lim

"!0

Z
D"

(g;Aiu)xdx = lim
"!0

Z
@D"

GA�
i
(�u; g) = 0:

�®áª®«ìªã â ª¨¥ á¥ç¥­¨ï u ¯«®â­ë ¢ Hm(D;Ei), â® T (i;1)g = 0.

�à®¤®«¦¨¬ ¤®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï.
�¥®¡å®¤¨¬®áâì ¥£® ãá«®¢¨© á«¥¤ã¥â ¨§ â¥®à¥¬ë 3 ¨ «¥¬¬ë 4.
�§ (5) á«¥¤ã¥â, çâ® Ai+1�kerT (i;1)f = 0, ¥á«¨ f 2 S0(Ai+1;D). �­ ç¨â,

f =
1X
�=0

Ai(�
(i)
D + G(i) + T (i;2)A�i�1)

�T (i;1)f

¤«ï ¢á¥å f 2 S0(Ai+1;D), ®àâ®£®­ «ì­ëå
�
kerT (i;1) \S0(Ai+1;D)

�
. � ª®­¥æ, ¯®áª®«ìªã àï¤ R(i)f

áå®¤¨âáï ¢ Hm(D;Ei), â® f = AiR
(i)f .

�¬¥áâ­® ®â¬¥â¨âì, çâ® ¯à®áâà ­áâ¢® Hi+1(D), ¢®®¡é¥ £®¢®àï, ­¥ ï¢«ï¥âáï ª®­¥ç­®¬¥à­ë¬.
�ãáâì â¥¯¥àì x0 2 D,   
 � D | ®ªà¥áâ­®áâì x0. � ª á«¥¤ã¥â ¨§ ä®à¬ã«ë (5) ¨ â¥®à¥¬ë 3,

¥á«¨ f?Hi+1(D) ¨ àï¤ R(i)f áå®¤¨âáï ¢ Hm(
; Ei), â® ®­ ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï Aiu = f ¢

. �®¦­® ­ ¤¥ïâìáï, çâ® àï¤ R(i)f áâ ­¥â ¥áâ¥áâ¢¥­­ë¬ § ¬¥­¨â¥«¥¬ à §«®¦¥­¨ï �¥©«®à , ª®-
â®à®¥ ¨£à ¥â ª«îç¥¢ãî à®«ì ¢ ¤®ª § â¥«ìáâ¢¥ «®ª «ì­®©  æ¨ª«¨ç­®áâ¨ ª®¬¯«¥ªá®¢ ®¯¥à â®à®¢
á ¢¥é¥áâ¢¥­­®  ­ «¨â¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨. �®­¥ç­®, áå®¤¨¬®áâì àï¤  R(i)f ­¥ ï¢«ï¥âáï
­¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ áãé¥áâ¢®¢ ­¨ï à¥è¥­¨ï ãà ¢­¥­¨ï Aiu = f ¢ 
, ¥á«¨ 
 6= D.

� ª¨¬ ®¡à §®¬, ¬®¦­® áä®à¬ã«¨à®¢ âì ¤®áâ â®ç­ë¥ ãá«®¢¨ï «®ª «ì­®©  æ¨ª«¨ç­®áâ¨ ª®¬-
¯«¥ªá  (1) ¢ áâ¥¯¥­¨ i

1) ¨áç¥§­®¢¥­¨¥ £ à¬®­¨ç¥áª®£® ¯à®áâà ­áâ¢  Hi+1(D) ¤«ï ª ª®©-­¨¡ã¤ì ®ªà¥áâ­®áâ¨ D â®ç-
ª¨ x0 2 X;

2) áå®¤¨¬®áâì àï¤  R(i)f ¤«ï ¢á¥å f 2 L2(D;Ei+1) ¢ ¯à®áâà ­áâ¢¥ Hm(
(f; x0); Ei) ¤«ï ­¥ª®-
â®à®© ®ªà¥áâ­®áâ¨ 
(f; x0) â®çª¨ x0.
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