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� ������ S[a; b]

�¢¥¤¥­¨¥

�« áá  ­ «¨â¨ç¥áª¨å äã­ªæ¨© S[a; b] ¡ë« ¢¢¥¤¥­ �.�.�à¥©­®¬ ¢ á¢ï§¨ á ¨§ãç¥­¨¥¬ ¯à®-
¡«¥¬ë ¬®¬¥­â®¢ ­  ª®¬¯ ªâ­®¬ ¨­â¥à¢ «¥ ([1], c. 527). �á¥ç¥­­ ï § ¤ ç  �¥¢ ­«¨­­ë{�¨ª  ¢
¬ âà¨ç­®¬ ª« áá¥ S[a; b] ¡ë«  à áá¬®âà¥­  ¢ [2], [3].

� ¤ ­­®© áâ âì¥ ¡ã¤¥â à áá¬®âà¥­  § ¤ ç  �¥¢ ­«¨­­ë{�¨ª  ¢ ª« áá¥ S[a; b] á ¡¥áª®­¥ç­ë¬
ç¨á«®¬ ª®¬¯«¥ªá­ëå ã§«®¢ ¨­â¥à¯®«ïæ¨¨ ¯à¨ ãá«®¢¨¨, çâ® ¢á¥ ãá¥ç¥­­ë¥ § ¤ ç¨ ï¢«ïîâáï
¢¯®«­¥ ­¥®¯à¥¤¥«¥­­ë¬¨. �®ª § ­®, çâ® § ¤ ç  á ¡¥áª®­¥ç­ë¬ ç¨á«®¬ ã§«®¢ ¨­â¥à¯®«ïæ¨¨ ¬®-
¦¥â «¨¡® ¢ëà®¦¤ âìáï, «¨¡® ®áâ ¢ âìáï ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®©. �áá«¥¤®¢ ­  ¬ã«ìâ¨¯«¨ª â¨¢-
­ ï áâàãªâãà  à¥§®«ì¢¥­â­ëå ¬ âà¨æ ãá¥ç¥­­ëå ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç. �¢¥¤¥­ë ®¡®¡é¥­­ë¥
¯ à ¬¥âàë �â¨«âì¥á . � â¥à¬¨­ å áå®¤¨¬®áâ¨ àï¤®¢ ¨§ ¯ à ¬¥âà®¢ �â¨«âì¥á  ¯®«ãç¥­ ®¡®¡-
é¥­­ë© ªà¨â¥à¨© �â¨«âì¥á  ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®áâ¨ ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ �¥¢ ­«¨­­ë-
�¨ª . �à¥¤«®¦¥­  á¯¥æ¨ «ì­ ï ­®à¬¨à®¢ª  à¥§®«ì¢¥­â­ëå ¬ âà¨æ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ãá¥-
ç¥­­ëå ¨­â¥à¯®«ïæ¨®­­ëå § ¤ ç, ª®â®à ï ®¡¥á¯¥ç¨¢ ¥â ¨å áå®¤¨¬®áâì ª à¥§®«ì¢¥­â­®© ¬ âà¨æ¥
¡¥áª®­¥ç­®© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨. �® ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®¬ á«ãç ¥ ¬­®¦¥áâ¢® ¢á¥å à¥è¥-
­¨© § ¤ ç¨ �¥¢ ­«¨­­ë-�¨ª  á ¡¥áª®­¥ç­ë¬ ç¨á«®¬ ã§«®¢ ¨­â¥à¯®«ïæ¨¨ ®¯¨áë¢ ¥âáï ¤à®¡­®-
«¨­¥©­ë¬ ¯à¥®¡à §®¢ ­¨¥¬ (31).

1. � ¤ ç  �¥¢ ­«¨­­ë-�¨ª  ¢ ª« áá¥ S[a; b]

�ãáâì § ¤ ­ë ¢¥é¥áâ¢¥­­ë¥ ç¨á«  a < b ¨ ­ âãà «ì­®¥ ç¨á«® m. �¡®§­ ç¨¬ C � = fz 2 C :
Im z < 0g, C + = fz 2 C : Im z > 0g, C � = C � [C + ; Cm�m | ¬­®¦¥áâ¢® ª®¬¯«¥ªá­ëå ª¢ ¤à â­ëå
¬ âà¨æ ¯®àï¤ª m; C m�m

� ¨ C m�m
> | á®®â¢¥âáâ¢¥­­® ¬­®¦¥áâ¢® ­¥®âà¨æ â¥«ì­ëå ¨ ¯®«®¦¨â¥«ì-

­ëå ¬ âà¨æ. �«ï ­¥®âà¨æ â¥«ì­ëå (¯®«®¦¨â¥«ì­ëå) ¬ âà¨æ ¨á¯®«ì§ãîâáï ®¡®§­ ç¥­¨ï A � 0
(A > 0). �¨¬¢®« ¬¨ Im 2 C m�m ¨ 0m 2 C m�m ¡ã¤¥¬ ®¡®§­ ç âì ¥¤¨­¨ç­ãî ¨ ­ã«¥¢ãî ¬ âà¨æë.

�¯à¥¤¥«¥­¨¥ 1. �¨¬¢®«®¬ S[a; b] ®¡®§­ ç¨¬ £®«®¬®àä­ë¥ ¬ âà¨æë-äã­ªæ¨¨ (¬.ä.) s : C n
[a; b]! C m�m â ª¨¥, çâ®

s(z)� s�(z)
z � z

� 0 8z 2 C � ; s(x) � 0 8x 2 R n [a; b]:

�¤¥áì ¨ ¢ ¤ «ì­¥©è¥¬ s�(z) ï¢«ï¥âáï á®ªà é¥­­®© § ¯¨áìî ¤«ï (s(z))�.

�ãáâì § ¤ ­  ¡¥áª®­¥ç­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¯®¯ à­® à §«¨ç­ëå ª®¬¯«¥ªá­ëå ç¨á¥« Z1 =
fzjg

1
j=1 � C + ¨ ¡¥áª®­¥ç­ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¬ âà¨æ fsjg1j=1 � Cm�m . � § ¤ ç¥ �¥¢ ­«¨­­ë{

�¨ª  âà¥¡ã¥âáï ®¯¨á âì ¢á¥ ¬.ä. s 2 S[a; b] â ª¨¥, çâ®

s(zj) = sj 8j 2 N: (1)

�­®¦¥áâ¢® ¢á¥å à¥è¥­¨© § ¤ ç¨ (1) ®¡®§­ ç¨¬ F1.
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� ä¨ªá¨àã¥¬ n 2 N. � àï¤ã á § ¤ ç¥© (1) ¡ã¤¥¬ à áá¬ âà¨¢ âì ãá¥ç¥­­ãî § ¤ çã �¥¢ ­«¨­­ë{
�¨ª , ¢ ª®â®à®© âà¥¡ã¥âáï ®¯¨á âì ¢á¥ s 2 S[a; b] â ª¨¥, çâ®

s(zj) = sj ; 1 � j � n: (2)

�­®¦¥áâ¢® ¢á¥å à¥è¥­¨© § ¤ ç¨ (2) ®¡®§­ ç¨¬ Fn. �á­®, çâ® F1 =
1T
n=1
Fn. �¢¥¤¥¬ ®¡®§­ ç¥­¨ï

Zn = fzjg
n
j=1 � C + ; Zn = fzjg

n
j=1 � C � ; Z1 = fzjg

1
j=1 � C � :

� n-© ãá¥ç¥­­®© § ¤ ç¥© (2) á¢ï¦¥¬ ®¡ê¥ªâë:

s1(z) = s(z); s2(z) =
z � a

b� z
s(z); (3)

T(n) =

26664
z1Im 0m : : : 0m
0m z2Im : : : 0m
...

...
. . .

...
0m 0m : : : znIm

37775 ; esj = zj � a

b� zj
sj ; v(n) =

264Im...
Im

375 ;

RT;(n)(z) = (T(n) � zImn)
�1 =

264(z1 � z)�1Im : : : 0m
...

. . .
...

0m : : : (zn � z)�1Im

375 ;
K1;(n) =

�
si � s�j

zi � zj

�n

i;j=1

; K2;(n) =
�esi � es�j
zi � zj

�n
i;j=1

;

u1;(n) =

264s1...
sn

375 ; u2;(n) =

264es1...esn
375 :

�¤¥áì ¨ ¢ ¤ «ì­¥©è¥¬ s�j ï¢«ï¥âáï á®ªà é¥­­®© § ¯¨áìî ¤«ï (sj)�.
�¥£ª® ¢¨¤¥âì, çâ® ¤«ï ¢á¥å n 2 N ¨¬¥¥â ¬¥áâ® ®á­®¢­®¥ â®¦¤¥áâ¢®

RT;(n)(b)v(n)u
�
1;(n)R

�
T;(n)(b) =

1
b� a

K2;(n) +
1

b� a
RT;(n)(b)R

�1
T;(n)(a)K1;(n): (4)

�¯à¥¤¥«¥­¨¥ 2. �á¥ç¥­­ ï § ¤ ç  �¥¢ ­«¨­­ë{�¨ª  (2) ­ §ë¢ ¥âáï ¢¯®«­¥ ­¥®¯à¥¤¥«¥­-
­®©, ¥á«¨

K1;(n) > 0; K2;(n) > 0:

�¯à¥¤¥«¥­¨¥ 3. � âà¨æ -äã­ªæ¨ï

U(n)(z) =

"
Im � (z � b)v�(n)R

�
T;(n)(b)K

�1
2;(n)RT;(n)(z)u2;(n)

(z � b)u�1;(n)R
�
T;(n)(b)K

�1
1;(n)RT;(n)(z)u1;(n)

(z � a)v�(n)R
�
T;(n)(b)K

�1
2;(n)RT;(n)(z)v(n)

(Im + (z � b)u�1;(n)R
�
T;(n)(b)K

�1
1;(n)RT;(n)(z)v(n)

#
=
�
�(n)(z) �(n)(z)

(n)(z) �(n)(z)

�
(5)

­ §ë¢ ¥âáï à¥§®«ì¢¥­â­®© ¬ âà¨æ¥© § ¤ ç¨ (2).

� áá¬®âà¨¬ ¡«®ç­ë¥ ¬ âà¨æë

J =
�
0m �iIm
iIm 0m

�
; J� =

�
0m Im
Im 0m

�
:
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� à ¡®â¥ [2] ¡ë«¨ ¢ëç¨á«¥­ë J-ä®à¬ë

U�(z)JU(z) � J = {(z � z)
�
u�1
v�

�
R�T (z)K

�1
1 RT (z)[u1; v]; (6)

U�1(z)JU�1
�

(z)� J = �{(z � z)J
�
u�1
v�

�
RT�(z)K

�1
1 R�T�(z)[u1; v]J: (7)

�ãáâì 
 � C ¨ D � 
. �­®¦¥áâ¢® D ­ §®¢¥¬ ¤¨áªà¥â­ë¬ ¢ 
, ¥á«¨ ¤«ï «î¡®£® ª®¬¯ ªâ 
K � 
 ¯¥à¥á¥ç¥­¨¥ D ¨ K ª®­¥ç­®.

�¯à¥¤¥«¥­¨¥ 4. �ãáâì ¬¥à®¬®àä­ë¥ ¢ C n [a; b] ¬.ä. p(z) ¨ q(z) ¯à¨­¨¬ îâ §­ ç¥­¨ï ¢
C
m�m . � à  [p(z); q(z)] ­ §ë¢ ¥âáï S[a; b]-¯ à®©, ¥á«¨ áãé¥áâ¢ã¥â ¤¨áªà¥â­®¥ ¢ C n [a; b] ¬­®¦¥-

áâ¢® Dpq â ª®¥, çâ®
1. ¬.ä. p, q £®«®¬®àä­ë ¢ C n fDpq [ [a; b]g;

2. [p(z); q(z)]
h
p�(z)
q�(z)

i
> 0, z 2 C n fDpq [ [a; b]g;

3. [p(z); q(z)] J

{(z�z)

h
p�(z)
q�(z)

i
� 0, z 2 C � n Dpq;

4.
�
z�a

b�z
p(z); q(z)

�
J

{(z�z)

h
z�a

b�z
p�(z)

q�(z)

i
� 0, z 2 C � n Dpq.

�ãáâì Q ï¢«ï¥âáï ¬¥à®¬®àä­®© ¨ ¬¥à®¬®àä­® ®¡à â¨¬®© ¢ C n [a; b] ¬.ä. ¯®àï¤ª  m �m.
�¡®§­ ç¨¬ ç¥à¥§ DQ ¤¨áªà¥â­®¥ ¢ C n [a; b] ¬­®¦¥áâ¢® ®á®¡ëå â®ç¥ª ¬.ä. Q ¨ Q�1. S[a; b]-¯ àë
[p1(z); q1(z)] ¨ [p2(z); q2(z)] ­ §®¢¥¬ íª¢¨¢ «¥­â­ë¬¨, ¥á«¨ p2(z) = Q(z)p1(z), q2(z) = Q(z)q1(z)
¤«ï ¢á¥å z 2 C n f[a; b] [ Dp1q1 [ Dp2q2 [ DQg. �­®¦¥áâ¢® ª« áá®¢ íª¢¨¢ «¥­â­®áâ¨ S[a; b]-¯ à
®¡®§­ ç¨¬ S1[a; b].

�¥®à¥¬  1. �à®¡­®-«¨­¥©­®¥ ¯à¥®¡à §®¢ ­¨¥

s(z) = fp(z)�(n)(z) + q(z)�(n)(z)g�1fp(z)�(n)(z) + q(z)
(n)(z)g (8)

§ ¤ ¥â ¢§ ¨¬­® ®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã Fn ¨ S1[a; b].

�¥®à¥¬  1 ¤®ª § ­  ¢ [2].
�¥£ª® ¢¨¤¥âì, çâ® ¯ àë [Im; 0m] ¨ [0m; Im] ï¢«ïîâáï S[a; b]-¯ à ¬¨. �®¤áâ ¢¨¢ íâ¨ ¯ àë ¢ (8),

¯®«ãç¨¬

sK;(n)(z) = ��1(n)(z)�(n)(z) 2 Fn; sF;(n)(z) = ��1(n)(z)
(n)(z) 2 Fn:

�.ä. sF;(n) ­ §ë¢ ¥âáï à¥è¥­¨¥¬ �à¨¤à¨åá ,   sK;(n) | à¥è¥­¨¥¬ �à¥©­ .

�¥®à¥¬  2 ([3]). �ãáâì ¤ ­  ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­ ï n-ï ãá¥ç¥­­ ï § ¤ ç  (2). �®£¤ 

0m < sF;(n)(x) � s(n)(x) � sK;(n)(x) 8s(n) 2 Fn; 8x 2 R n [a; b]: (9)

�ãáâì A;B 2 C m�m
> ¨ ¢ë¯®«­¥­® ãá«®¢¨¥ A � B. � âà¨ç­ë¬ ¨­â¥à¢ «®¬ ­ §ë¢ ¥âáï [A;B] =

fX 2 C m�m
> : A � X � Bg. �¨á«® rankfB � Ag ­ §ë¢ ¥âáï à ­£®¬ ¬ âà¨ç­®£® ¨­â¥à¢ « .

�­â¥à¢ « [A;B] ­ §ë¢ ¥âáï ­¥¢ëà®¦¤¥­­ë¬, ¥á«¨ A < B, â. ¥. rank(B �A) = m.

�¯à¥¤¥«¥­¨¥ 5. � âà¨ç­ë© ¨­â¥à¢ «

I(n)(x) = [sF;(n)(x); sK;(n)(x)]; x 2 R n [a; b]

­ §ë¢ ¥âáï ¨­â¥à¢ «®¬ �¥©«ï ¢ â®çª¥ x,  áá®æ¨¨à®¢ ­­ë¬ á ãá¥ç¥­­®© § ¤ ç¥© �¥¢ ­«¨­­ë{
�¨ª  (2).

�¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥

fs(x0) : s 2 Fng � I(n)(x0) 8x0 2 R n [a; b]:

�®ª § â¥«ìáâ¢® íâ®£® ä ªâ  ¯à®¢®¤¨âáï ¯® áå¥¬¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 4 ¢ áâ âì¥ [4].
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�¥®à¥¬  3. �ãáâì ¤ ­  ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­ ï n-ï § ¤ ç  �¥¢ ­«¨­­ë{�¨ª  (2). �®£¤  ¤«ï
¢á¥å x 2 R n [a; b] J�-ä®à¬  à¥§®«ì¢¥­â­®© ¬ âà¨æë U(n) ¨¬¥¥â ¢¨¤

U�(n)(x)J�U(n)(x)� J� = 2
�
Im sF (x)
0m Im

�
�

�

�
sF;(n)(x) 0m
0m (sK;(n)(x)� sF;(n)(x))�1

� �
Im 0m

sF;(n)(x) Im

�
: (10)

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¯®  ­ «®£¨¨ á «¥¬¬®© 1 ¢ [4].
�ç¥¢¨¤­®, ¬­®¦¥áâ¢® à¥è¥­¨© (n+1)-© ãá¥ç¥­­®© § ¤ ç¨ á®¤¥à¦¨âáï ¢® ¬­®¦¥áâ¢¥ à¥è¥­¨©

n-© ãá¥ç¥­­®© § ¤ ç¨ Fn+1 � Fn 8n 2 N.
�âáî¤ , ¨§ ­¥¢ëà®¦¤¥­­®áâ¨ ¨­â¥à¢ «®¢ �¥©«ï ¨ ¨§ ­¥à ¢¥­áâ¢ (9) ¨¬¥¥¬ (n 2 N)

0m < sF;(n)(x) � sF;(n+1)(x) < sK;(n+1)(x) � sK;(n)(x); x 2 R n [a; b]:

� â¥à¬¨­ å ¨­â¥à¢ «®¢ �¥©«ï íâ¨ ­¥à ¢¥­áâ¢  ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥ In+1(x) � In(x) 8n 2 N.
�à¨ç¥¬ ®¡  íâ¨ ¨­â¥à¢ «ë ­¥¢ëà®¦¤¥­ë ¢® ¢á¥å â®çª å x 2 R n [a; b]:

�¥®à¥¬  4. �ãáâì F1 | ¬­®¦¥áâ¢® à¥è¥­¨© § ¤ ç¨ (1), Fn | ¬­®¦¥áâ¢® à¥è¥­¨© n-©

ãá¥ç¥­­®© § ¤ ç¨,   sF;(n) ¨ sK;(n) | à¥è¥­¨ï �à¨¤à¨åá  ¨ �à¥©­  á®®â¢¥âáâ¢¥­­®. �®£¤ 

1. áãé¥áâ¢ãîâ à ¢­®¬¥à­ë¥ ­  ª®¬¯ ªâ å K � C n [a; b] ¯à¥¤¥«ë

sK;(1)(z) := lim
n!1

sK;(n)(z) 2 F1; sF;(1)(z) := lim
n!1

sF;(n)(z) 2 F1;

2. ¤«ï ¢á¥å s 2 F1 ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢  ¤«ï ¢á¥å x 2 R n [a; b]

0m < sF;(1)(x) � s(x) � sK;(1)(x):

�â  â¥®à¥¬  ¤®ª §ë¢ ¥âáï ¯® áå¥¬¥, ¯à¨¢¥¤¥­­®© ¯à¨ ¤®ª § â¥«ìáâ¢¥  ­ «®£¨ç­ëå ãâ¢¥à-
¦¤¥­¨© ¢ áâ âìïå [4], [5].

�ç¥¢¨¤­®, sF;(1) ¨ sK;(1) ï¢«ïîâáï à¥è¥­¨ï¬¨ ¢á¥å ãá¥ç¥­­ëå § ¤ ç (2). � ª¨¬ ®¡à §®¬,
¬­®¦¥áâ¢® à¥è¥­¨© ¨­â¥à¯®«ïæ¨®­­®© § ¤ ç¨ �¥¢ ­«¨­­ë{�¨ª  (1) ­¥ ¯ãáâ®.

�¯à¥¤¥«¥­¨¥ 6. � âà¨ç­ë© ¨­â¥à¢ «

I1(x) := [sF;(1)(x); sK;(1)(x)];

­ §ë¢ ¥âáï ¯à¥¤¥«ì­ë¬ ¨­â¥à¢ «®¬ �¥©«ï § ¤ ç¨ (4) ¢ â®çª¥ x 2 R n [a; b].

�§ â¥®à¥¬ë �.�. �à«®¢  (á¬. [6]) ¨ ¯à¥¤áâ ¢«¥­¨ï (10) á«¥¤ã¥â

�¥®à¥¬  5. �ãáâì ¤ ­  ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  �¥¢ ­«¨­­ë{�¨ª  (1). �®£¤  ¤«ï ¢á¥å

x1; x2 2 R n [a; b] ¨¬¥¥â ¬¥áâ® à ¢¥­áâ¢®

rankfsK;(1)(x1)� sF;(1)(x1)g = rankfsK;(1)(x2)� sF;(1)(x2)g:

�àã£¨¬¨ á«®¢ ¬¨, à ­£¨ ¯à¥¤¥«ì­ëå ¨­â¥à¢ «®¢ �¥©«ï I1(x) ­¥ § ¢¨áïâ ®â ¢ë¡®à  â®çª¨

x 2 R n [a; b].

�¯à¥¤¥«¥­¨¥ 7. �à¥¤¥«ì­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  (1) ­ §ë¢ ¥âáï ¢¯®«­¥ ­¥®¯à¥¤¥«¥­-
­®©, ¥á«¨ ¤«ï ¢á¥å x 2 R n [a; b] ¯à¥¤¥«ì­ë¥ ¨­â¥à¢ «ë �¥©«ï I1(x) ï¢«ïîâáï ­¥¢ëà®¦¤¥­­ë¬¨
¬ âà¨ç­ë¬¨ ¨­â¥à¢ « ¬¨.

�§ íâ®£® ®¯à¥¤¥«¥­¨ï ¨ â¥®à¥¬ë 5 ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â

�¥®à¥¬  6. �«ï â®£® çâ®¡ë ¯à¥¤¥«ì­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  (1) ¡ë«  ¢¯®«­¥ ­¥®¯à¥-
¤¥«¥­­®©, ­¥®¡å®¤¨¬®, çâ®¡ë ¯à¨ ¢á¥å x 2 R n [a; b] ¯à¥¤¥«ì­ë¥ ¨­â¥à¢ «ë �¥©«ï ¡ë«¨ ­¥¢ëà®-

¦¤¥­ë ¨ ¤®áâ â®ç­®, çâ®¡ë å®âï ¡ë ¤«ï ®¤­®£® x0 2 R n [a; b] ¡ë« ­¥¢ëà®¦¤¥­­ë¬ á®®â¢¥â-

áâ¢ãîé¨© ¯à¥¤¥«ì­ë© ¨­â¥à¢ « �¥©«ï.

22



2. �ã«ìâ¨¯«¨ª â¨¢­ ï áâàãªâãà  à¥§®«ì¢¥­â­®© ¬ âà¨æë

�ãáâì ¤ ­  ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­ ï n+1-ï ãá¥ç¥­­ ï § ¤ ç  (2). �®£¤ 

Kr;(n+1) =

"
Kr;(n) Br

B�r
sr;n+1�s

�

r;n+1

zn+1�zn+1

#
=

=

"
Inm 0nm�m

B�rK
�1
r;(n) Im

# "
Kr;(n) 0nm�m
0m�nm cKr;n+1

# "
Inm K�1

r;(n)Br

0m�nm Im

#
; (11)

£¤¥ cKr;n+1 =
sr;n+1�s

�

r;n+1

zn+1�zn+1
� B�rK

�1
r;(n)Br, r = 1; 2. �âáî¤  á«¥¤ã¥â, çâ® ¤«ï ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®©

n+1-© ãá¥ç¥­­®© § ¤ ç¨ (2) cKr;n+1 > 0, r = 1; 2. �§ (11) ¨¬¥¥¬

K�1
r;(n+1) =

"
Inm �K�1

r;(n)Br

0m�nm Im

# "
K�1

r;(n) 0nm�m
0m�nm cK�1

r;n+1

# "
Inm 0nm�m

�B�rK
�1
r;(n) Im

#
: (12)

� áá¬®âà¨¬ m�m ¬ âà¨æë

wn+1 = sn+1 � (zn+1 � b)B�1K
�1
1;(n)RT;(n)(b)u1;(n);bvn+1 = Im � (zn+1 � b)B�2K

�1
2;(n)RT;(n)(b)v(n):

(13)

�ç¥¢¨¤­®,

RT;(n)(b)
�
u1;(n)
wn+1

�
=

"
Inm 0nm�m

�B�1K
�1
1;(n) Im

#
RT;(n)(b)u1;(n+1);

RT;(n)(b)
�
v(n)bvn+1

�
=

"
Inm 0nm�m

�B�2K
�1
2;(n) Im

#
RT;(n)(b)v(n+1):

(14)

�®¤áâ ¢¨¢ ¢ ®á­®¢­®¥ â®¦¤¥áâ¢® (4) ¤«ï (n + 1)-© ãá¥ç¥­­®© § ¤ ç¨ (2) ¢ëà ¦¥­¨ï ¤«ï
¡«®ç­ëå ¬ âà¨æ (11), (14), ¯®«ãç¨¬ ¨­¤ãæ¨à®¢ ­­ë¥ â®¦¤¥áâ¢ 

v(n)u
�
1;(n) =

1
b� a

[R�1T;(n)(b)K2;(n) +R�1T;(n)(a)K1;(n)]R
�1�

T;(n)(b);

v(n)w
�
n+1 =

zn+1 � b

b� a
R�1T;(n)(b)[B2 �K2;(n)K

�1
1;(n)B1]; (15)

bvn+1u�1;(n) = 1
b� a

�
(zn+1 � a)B�1 � (zn+1 � b)B�2K

�1
2;(n)RT;(n)(b)R

�1
T;(n)(a)K1;(n)

�
R�1

�

T;(n)(b); (16)

bvn+1w�n+1 = 1
b� a

h
(zn+1 � b)cK2;n+1 + (zn+1 � a)cK1;n+1

i
(zn+1 � b):

�§ (15) á«¥¤ã¥â

wn+1v
�
(n) =

zn+1 � b

b� a
(B�2 �B�1K

�1
1;(n)K2;(n))R

�1�

T;(n)(b): (17)

�¢¥¤¥¬ á«¥¤ãîé¨¥ ¬­®¦¨â¥«¨ �«ïèª¥{�®â ¯®¢  (n 2 N)

bn(z) =

24 Im � (z � b) bv�n
zn�b

cK�1
2

ewn

zn�z
(z � a) bv�n

zn�b
cK�1
2

bvn
zn�z

(z � b) w�n
zn�b

cK�1
1

wn

zn�z
Im + (z � b) w�n

zn�b
cK�1
1

bvn
zn�z

35 ; (18)

£¤¥ w1 = s1, bv1 = Im,   ¯à¨ n > 1 wn ¨ bvn ®¯à¥¤¥«¥­ë ä®à¬ã« ¬¨ (13),   ewn = zn�a

b�zn
wn.
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�¥®à¥¬  7. �ãáâì ¤ ­  ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­ ï n+1-ï ãá¥ç¥­­ ï § ¤ ç . �®£¤  à¥§®«ì¢¥­â-
­ ï ¬ âà¨æ  (z 2 C n f[a; b] [ Zn+1 [ Zn+1g) ¤®¯ãáª ¥â á«¥¤ãîé¥¥ ¯à¥¤áâ ¢«¥­¨¥ ¢ ¢¨¤¥ ¯à®¨§-

¢¥¤¥­¨ï ¬­®¦¨â¥«¥© �«ïèª¥{�®â ¯®¢ 

U(n+1)(z) = bn+1(z)� bn(z)� � � � � b1(z): (19)

�®ª § â¥«ìáâ¢®. �ç¥¢¨¤­®, b1(z) = U(1)(z). �®ª ¦¥¬, çâ® U(n+1)(z) = bn+1(z)U(n)(z). �¡®-
§­ ç¨¬

bn+1(z)U(n)(z) =
�
X11 X12

X21 X22

�
:

� «¥¥ ¤«ï ã¯à®é¥­¨ï § ¯¨á¨ ¨­®£¤  ¡ã¤¥¬ ®¯ãáª âì § ¢¨á¨¬®áâì à áá¬ âà¨¢ ¥¬ëå ®¡ê¥ªâ®¢ ®â
­®¬¥à  ãá¥ç¥­­®© § ¤ ç¨ n.

�á¯®«ì§ãï ¯à¥¤áâ ¢«¥­¨ï (5) ¨ (18), ¯àï¬ë¬¨ ¢ëç¨á«¥­¨ï¬¨ ¯®«ãç¨¬

X11 = �n � (z � b)
bv�

zn+1 � b
cK�1
2

ew
zn+1 � z

+ (z � b)
bv�

zn+1 � b
cK�1
2

1
zn+1 � z

�

�

�
(z � b)(zn+1 � a)

(zn+1 � b)
wv�R�T (b)K

�1
2 RT (b)R�1T (a) + (z � a)bvu�1R�T (b)K�1

1

�
�

�RT (z)u1 = �n � (z � b)
bv�

zn+1 � b
cK�1
2

ew
zn+1 � z

+ (z � b)
bv�

zn+1 � b
cK�1
2 �

�
1

zn+1 � z

�
(z � b)(zn+1 � a)

b� a
(B�2K

�1
2 �B�1K

�1
1 )RT (b)R

�1
T (a) +

+
(z � a)
b� a

((zn+1 � a)B�1K
�1
1 � (zn+1 � b)B�2K

�1
2 RT (b)R�1T (a))

�
RT (z)u1:

�¤¥áì ¯®á«¥¤­¥¥ à ¢¥­áâ¢® ¯®«ãç¥­® á ¯®¬®éìî (16) ¨ (17). �âáî¤  «¥£ª® ¯®«ãç¨âì

X11 = �n � (z � b)
bv�

zn+1 � b
cK�1
2

ew
zn+1 � z

+ (z � b)
bv�

zn+1 � b
cK�1
2 �

�

�
B�2K

�1
2 RT (z)�

zn+1 � a

zn+1 � z
B�1K

�1
1 RT (a)

�
u2:

�­ «®£¨ç­®, ¯à¨¬¥­ïï (5), (18) ¨ ¨­¤ãæ¨à®¢ ­­ë¥ â®¦¤¥áâ¢  (16) ¨ (17), ¨¬¥¥¬

X12 = �n(z) + (z � a)
bv�

zn+1 � b
cK�1
2

bv
zn+1 � z

+

+ (z � a)(z � b)
bv�

zn+1 � b
cK�1
2

1
zn+1 � z

B�2K
�1
2 R�1T (zn+1)RT (b)RT (z)v;

X21 = 
n(z) + (z � b)
w�

zn+1 � b
cK�1
1

w

zn+1 � z
�

� (z � b)2
w�

zn+1 � b
cK�1
1

1
zn+1 � z

B�1K
�1
1 R�1T (zn+1)RT (a)RT (z)u2;

X22 = �n(z) + (z � b)
w�

zn+1 � b
cK�1
1

bv
zn+1 � z

+

+ (z � b)
w�

zn+1 � b
cK�1
1

�
�B�1K

�1
1 RT (z) +

zn+1 � b

zn+1 � z
B�2K

�1
2 RT (b)

�
v:
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�«ï ¡«®ª®¢ à¥§®«ì¢¥­â­®© ¬ âà¨æë (5) �n+1, �n+1, 
n+1, �n+1 á ãç¥â®¬ ¡«®ç­®© áâàãªâãàë (12)
¨ (14), ¯®«ãç¨¬

�n+1 = Im � (z � b)v�(n+1)R
�
T;(n+1)(b)K

�1
2;(n+1)RT;(n+1)(z)u2;(n+1) =

= Im � (z � b)
�
v(n)bv

��
R�T;(n+1)(b)

"
K�1

2;(n) 0m
0m cK�1

2

#
�

�

"
RT;(n)(z) 0m

�B�2;(n)K
�1
2;(n)RT;(n)(z) +

zn+1�a

zn+1�z
B�1;(n)K

�1
1;(n)RT;(n)(a) 1

zn+1�z
Im

#
�

�

�
u2;(n)ew

�
= �n � (z � b)

bv�
zn+1 � b

cK�1
2

1
zn+1 � z

f�(zn+1 � z)B
�
2K

�1
2 RT (z) +

+ (zn+1 � a)B�1K
�1
1 RT (a)gu2;(n) � (z � b)

bv
zn+1 � b

cK�1
2

1
zn+1 � z

ew:
� ª¨¬ ®¡à §®¬, X11 = �n+1.

�­ «®£¨ç­® ¯à®¢¥àïîâáï à ¢¥­áâ¢  X12 = �n+1, X21 = 
n+1, X22 = �n+1.
� ª¨¬ ®¡à §®¬, Un+1(z) = bn+1(z)Un(z), £¤¥ bn+1(z) áâà®¨âáï ¯® ä®à¬ã«¥ (18). �à¨¬¥­ïï

¤ ­­ãî ä®à¬ã«ã à¥ªãàá¨¢­®, ¯®«ãç ¥¬ ¬ã«ìâ¨¯«¨ª â¨¢­®¥ ¯à¥¤áâ ¢«¥­¨¥ (19) à¥§®«ì¢¥­â­®©
¬ âà¨æë Un+1(z).

�¥®à¥¬  8. �ãáâì ¤ ­  n-ï ãá¥ç¥­­ ï § ¤ ç  �¥¢ ­«¨­­ë{�¨ª  (2), ¨ § ä¨ªá¨à®¢ ­® x 2
R n [a; b]. �®£¤  ¤«ï ¢á¥å n 2 N ¨¬¥îâ ¬¥áâ® ä®à¬ã«ë

bn(x) =
�
T�1

�

n (x) 0m
0m Tn(x)

� �
Im Nn(x)
0m Im

� �
Im 0m

Mn(x) Im

�
; (20)

£¤¥

Tn(x) = Im + (x� b)
w�n

zn � b
cK�1
1;n

bvn
zn � x

;

Nn(x) =
(x� a)(x� b)
(b� a)jzn � xj2

bv�ncK�1
1;nbvn + jx� aj2

(b� a)jzn � xj2
bv�ncK�1

2;nbvn;
Mn(x) =

b� a

jzn � bj2
w�n
cK�1
2;n

�
x� a

x� b
cK�1
2;n + cK�1

1;n

��1cK�1
1;nwn:

(21)

�®ª § â¥«ìáâ¢®. �§ (6) ¨ (7) á«¥¤ã¥â, çâ® ¬ âà¨æë Un(x) ¨ U�1n (x) ï¢«ïîâáï J-ã­¨â à­ë¬¨
(U�n(x)JUn(x) � J = 0m) ¤«ï ¢á¥å n 2 N. �¥£ª® ¢¨¤¥âì, çâ® ¯à®¨§¢¥¤¥­¨¥ ¤¢ãå J-ã­¨â à­ëå
¬ âà¨æ J-ã­¨â à­®. �«¥¤®¢ â¥«ì­®, ¬ âà¨æë bn+1(x) = Un+1(x)U�1n (x) ¨ b1(x) = U1(x) ï¢«ïîâáï
J-ã­¨â à­ë¬¨.

� ¤ «ì­¥©è¥¬ ¤«ï ã¯à®é¥­¨ï ®¡®§­ ç¥­¨© ¨­®£¤  ¡ã¤¥¬ ®¯ãáª âì § ¢¨á¨¬®áâì ®¡ê¥ªâ®¢ ®â
ä¨ªá¨à®¢ ­­®© â®çª¨ x.

�«ï ¬­®¦¨â¥«¥© �«ïèª¥{�®â ¯®¢  ¢¢¥¤¥¬ à §¡¨¥­¨¥ ­  m�m ¡«®ª¨

bn =

"b� b�b
 b�
#
:

� [7] ¤®ª § ­®, çâ® b� > 0, ¯®íâ®¬ã

bn =

"b��1� 0m
0m b�

# " b�� b� b�� b�b��1b
 Im

#
:
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� áá¬®âà¨¬ ¬ âà¨æë Tn(x) = b�(x), Nn(x) = b��(x)b�(x) ¨ Mn(x) = b��1(x)b
(x). �®£¤ 
bn =

�
T�1

�

n 0m
0m Tn

� �
An Nn

Mn Im

�
:

�§ J-ã­¨â à­®áâ¨ ¬ âà¨æë bn ¨¬¥¥¬

b�nJbn =
�
A�n M�

n

N�
n Im

� �
T�1n 0m
0m T �n

�
J

�
T�1

�

n 0m
0m Tn

� �
An Nn

Mn Im

�
=

=
�
A�n M�

n

N�
n Im

�
J

�
An Nn

Mn Im

�
= {

�
M�

nAn �A�nMn M�
nNn �A�n

An �N�
nMn Nn �N�

n

�
= J:

�âáî¤  Nn(x) = N�
n(x), An(x) = Im +Nn(x)Mn(x). �®£¤ 

bn =
�
T�1

�

n 0m
0m Tn

� �
Im +NM N

M Im

�
=
�
T�1

�

n 0m
0m Tn

� �
Im Nn

0m Im

� �
Im 0m
Mn Im

�
:

� ª¨¬ ®¡à §®¬, ¯®«ãç¥­® ¯à¥¤áâ ¢«¥­¨¥ (20).
�á¯®«ì§ãï (17), ¯®«ãç¨¬

N = b�� b� = (x� a)bv�� 1
zn+1 � b

cK�1
2 +

x� b

(b� a)(zn+1 � x)
cK�1
1 �

�

�cK2 +
(zn+1 � a)
(zn+1 � b)

cK1

�cK�1
2

� bv
zn+1 � x

=
(x� a)(x� b)

(b� a)jzn+1 � xj2
bv�cK�1

1 bv +
+

x� a

(b� a)(zn+1 � b)jzn+1 � xj2
bv�[(b� a)(zn+1 � x) + (x� b)(zn+1 � a)]cK�1

2 bv =
=

(x� a)(x� b)
(b� a)jzn+1 � xj2

bv�cK�1
1 bv + jx� aj2

(b� a)jzn+1 � xj2
bv�cK�1

2 bv:
�®á«¥¤­ïï ä®à¬ã«  (21) ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­®.

�à¨¬¥­¨¬ ¯®á«¥¤®¢ â¥«ì­® â¥®à¥¬ë 7 ¨ 8 ¨ ®ç¥¢¨¤­ë¥ ª®¬¬ãâ æ¨®­­ë¥ á®®â­®è¥­¨ï (8j <
k 2 N)

�
Im Nk

0m Im

� "
T�1

�

j 0m
0m Tj

#
=

"
T�1

�

j 0m
0m Tj

# �
Im T �j NkTj
0m Im

�
;

�
Im 0m
Mk Im

� "
T�1

�

j 0m
0m Tj

#
=

"
T�1

�

j 0m
0m Tj

# "
Im 0m

T�1j MkT
�1�

j Im

#
;

¯®«ãç¨¬

U(n)(x) =
�
T�1

�

n 0m
0m Tn

�
� � � � �

"
T�1

�

1 0m
0m T1

# �
Im T �1 � � � T

�
n�1NnTn�1 � � � T1

0m Im

�
�

�

"
Im 0m

T�11 � � � T
�1
n�1MnT

�1�

n�1 � � � T
�1�

1 Im

#
� � � � �

�
Im T �1N2T1
0m Im

�
�

�

"
Im 0m

T�11 M2T
�1�

1 Im

# �
Im N1

0m Im

� �
Im 0m
M1 Im

�
:
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�¡®§­ ç¨¬

bTn = Tn � � � � � T1;cM1(x) =M1(x); bN1(x) = N1(x);cMj(x) = bT�1j�1(x)Mj(x) bT�1�j�1 (x); 2 � j � n;bNj(x) = bT �j�1(x)Nj(x) bTj�1(x); 2 � j � n:

(22)

�¬¥¥¬

U(n)(x) =

" bT�1�n 0m
0m bTn

# "
Im bNn

0m Im

# "
Im 0mcMn Im

#
� � �

"
Im bN1

0m Im

# "
Im 0mcM1 Im

#
:

�¢¥¤¥¬ ­®¢ãî ­®à¬¨à®¢ªã ¤«ï à¥§®«ì¢¥­â­®© ¬ âà¨æë

bU(n)(z) =

" bT �

n(x) 0m
0m bT�1n (x)

#
U1;(n)(z); z 2 C n f[a; b] [ Zn [ Zng: (23)

�à®áâ®©  ­ «¨§ à¥§ã«ìâ â®¢ à ¡®âë [2] ¯®ª §ë¢ ¥â, çâ® à¥§®«ì¢¥­â­ ï ¬ âà¨æ  ®¯à¥¤¥«ï¥âáï
á â®ç­®áâìî ¤® ã¬­®¦¥­¨ï á«¥¢  ­  J , J�-ã­¨â à­ãî ¬ âà¨æã.

�ç¥¢¨¤­®, ¬ âà¨æ 
� bT�n (x) 0m

0m bT�1n (x)

�
ï¢«ï¥âáï J , J� ã­¨â à­®©. �âáî¤  ¨ ¨§ (23) á«¥¤ã¥â, çâ®bU(n) ï¢«ï¥âáï à¥§®«ì¢¥­â­®© ¬ âà¨æ¥© § ¤ ç¨ (2).

�¬¥¥¬

bU(n)(x) =

"
Im bNn

0m Im

# "
Im 0mcMn Im

#
� � � � �

"
Im bN1

0m Im

# "
Im 0mcM1 Im

#
: (24)

�ç¥¢¨¤­®, "
Im bNk

0m Im

#
= exp

"
0m bNk

0m 0m

#
;

"
Im 0mcMk Im

#
= exp

"
0m 0mcMk 0m

#
:

�¥¯¥àì à ¢¥­áâ¢® (24) § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

bU(n)(x) =

 ��
2n�1Y
j=0

eHj(x); £¤¥

H2j(x) = exp

"
0m bNn�j(x)
0m 0m

#
; 0 � j � n� 1;

H2j+1(x) = exp

"
0m 0mcMn�j(x) 0m

#
; 0 � j � n� 1:

(25)

�¥®à¥¬  9 (®¡®¡é¥­­ë© ªà¨â¥à¨© �â¨«âì¥á ). �«ï â®£® çâ®¡ë ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç 

(1) ¡ë«  ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®©, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¤«ï ä¨ªá¨à®¢ ­­®© â®çª¨

x 2 R n [a; b] áå®¤¨«¨áì àï¤ë

1X
j=0

cMj(x) ¨
1X
j=0

bNj(x); (26)

£¤¥ cMj(x) ¨ bNj(x) ®¯à¥¤¥«¥­ë ¢ (22).
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�®ª § â¥«ìáâ¢®. �ãáâì ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  (1) ï¢«ï¥âáï ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®©.
�®ª ¦¥¬, çâ® ¤«ï ¢á¥å n 2 N áãé¥áâ¢ã¥â ª®­áâ ­â  C > 0 â ª ï, çâ® ¢ë¯®«­ïîâáï á«¥¤ãî-
é¨¥ á®®â­®è¥­¨ï:

k bU�(n)(x)J� bU(n)(x)� J�k � C; det[ bU(n)(x)] = 1; Hn(x)J� � 0: (27)

�§ (10) á«¥¤ã¥â, çâ® ¢® ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­®¬ á«ãç ¥ áãé¥áâ¢ã¥â ­¥¢ëà®¦¤¥­­ë©
lim
n!1

U�(n)J�U(n)(x) � J�. �âáî¤  ¨ ®ç¥¢¨¤­®£® à ¢¥­áâ¢  U�(n)J�U(n)(x) � J� = bU�(n)J� bU(n)(x) � J�

á«¥¤ã¥â ¯¥à¢®¥ á®®â­®è¥­¨¥ ¨§ (27). �§ à ¢¥­áâ¢  (24) á«¥¤ã¥â, çâ® det[ bU(n)(x)] = 1. �§ (25)
¯®«ãç¨¬

H2j(x)J� =

"
0m bNn�j

0m 0m

#
J� =

" bNn�j 0m
0m 0m

#
� 0; 0 � j � n� 1;

H2j+1(x)J� =

"
0m 0mcMn�j 0m

#
J� =

"
0m 0m
0m cMn�j

#
� 0; 0 � j � n� 1:

� ª¨¬ ®¡à §®¬, ¢ë¯®«­¥­ë ¢á¥ á®®â­®è¥­¨ï (27). �® â¥®à¥¬¥ �.�.�®â ¯®¢  (á¬. [8]) áå®¤¨âáï

¬ âà¨ç­®¥ ¯à®¨§¢¥¤¥­¨¥
 �
1Q
j=0

eHj (x) ¨ àï¤
1P
j=0

Hj(x). �§ áå®¤¨¬®áâ¨ ¯®á«¥¤­¥£® àï¤  ¨ ¢¨¤  Hj(x)

á«¥¤ã¥â áå®¤¨¬®áâì àï¤®¢ (26).

� ®¡®à®â, ¯ãáâì áå®¤ïâáï àï¤ë (26). �âáî¤  ¨ ¨§ (25) á«¥¤ã¥â áå®¤¨¬®áâì àï¤ 
1P
j=0

Hj(x).

�®íâ®¬ã (á¬. [8]) áãé¥áâ¢ã¥â ¯à¥¤¥«

bU(1)(x) = lim
k!1

 �
kY

j=0

eHj (x):

�§ (10) á«¥¤ã¥â

( bU�(n)(x)J� bU(n)(x)� J�)
�

Im 0m
�sF;(n)(x) Im

� "
s�1F;(n)(x) 0m
0m sK;(n)(x)� sF;(n)(x)

#
= 2

�
Im sF;(n)(x)
0m Im

�
:

� íâ®¬ à ¢¥­áâ¢¥ ¢á¥ ¬ âà¨æë ¨¬¥îâ ¯à¥¤¥«ë ¯à¨ n ! 1,   ¯à¥¤¥« ¯à ¢®© ç áâ¨ ï¢«ï¥âáï
­¥¢ëà®¦¤¥­­®© ¬ âà¨æ¥©. �®íâ®¬ã sK;(1)(x) � sF;(1)(x) > 0, â. ¥. § ¤ ç  (1) ï¢«ï¥âáï ¢¯®«­¥
­¥®¯à¥¤¥«¥­­®©.

�¡®§­ ç¨¬

K =
�
z 2 C :

����z � a+ b

2

���� � b� a

2

�
:

�àï¬ë¬¨ ¢ëç¨á«¥­¨ï¬¨ ã¡¥¦¤ ¥¬áï ¢ â®¬, çâ®

U�(n)(z)J�U(n)(z)� J� =
2

b� a

�����z � a+ b

2

����2 � �b� a

2

�2�"
u�1;(n)
v�(n)

#
R�T;(n)(z) �

�K�1
1;(n)RT;(n)(z)[u1;(n); v(n)] +

2
b� a

�
(b� z)Im 0m

0m (z � a)Im

�"
u�2;(n)
v�(n)

#
�

�R�T;(n)(z)K
�1
2;(n)RT;(n)(z)[u2;(n); v(n)]

�
(b� z)Im 0m

0m (z � a)Im

�
: (28)

�ãáâì, ¤ «¥¥, ¢á¥ ¯à¥¤¥«ì­ë¥ â®çª¨ ¬­®¦¥áâ¢  Z1 ¯à¨­ ¤«¥¦ â [a; b] [ f1g (¢ ¯à®â¨¢­®¬
á«ãç ¥, ª ª «¥£ª® ¢¨¤¥âì, à¥è¥­¨¥ § ¤ ç¨ (1) ¥¤¨­áâ¢¥­­®). �âáî¤  á«¥¤ã¥â, çâ® ã ª ¦¤®© â®çª¨
x0 2 R n [a; b] áãé¥áâ¢ã¥â â ª ï ®ªà¥áâ­®áâì, ¢ ª®â®à®© £®«®¬®àä­ë ¬.ä. bU(n) ¯à¨ ¢á¥å n 2 N.
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�¥®à¥¬  10. �ãáâì ¤ ­  ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  (1), § ä¨ªá¨à®-
¢ ­  ­¥ª®â®à ï â®çª  x0 2 R n [a; b] ¨ ­®à¬¨à®¢ ­­ë¥ à¥§®«ì¢¥­â­ë¥ ¬. ä. ãá¥ç¥­­ëå § ¤ ç bU(n)

®¯à¥¤¥«¥­ë ä®à¬ã« ¬¨ (23).
�®£¤  áãé¥áâ¢ãîâ à ¢­®¬¥à­ë¥ ¯à¥¤¥«ë ­  ª®¬¯ ªâ å K � C n f[a; b] [ Z(1) [ Z(1)g

bU(1)(z) := lim
n!1

bU(n)(z); bU�1(1)(z) := lim
n!1

bU�1(n)(z) (29)

¨ ¬.ä. bU(1)(z) ¨ bU�1(1)(z) ï¢«ïîâáï £®«®¬®àä­ë¬¨ ¯à¨ z 2 C n f[a; b] [ Z1 [Z1g.

�®ª § â¥«ìáâ¢®. �§ â¥®à¥¬ë 9 á«¥¤ã¥â, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì ¬ âà¨æ f bU(n)(x)gn2N áå®-
¤¨âáï ¯à¨ n!1.

�§ (28) ¯®«ãç ¥¬ ¤«ï ¢á¥å z 2 C n fK [ Z1 [ Z1g

bU�(k)(z)J� bU(k)(z)� J� � bU�(j)(z)J� bU(j)(z)� J� � 0m 8k; j 2 N; k � j:

�âáî¤  ¨ ¨§ áå®¤¨¬®áâ¨ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¬ âà¨æ f bU(k)(x)gk2N á«¥¤ã¥â (á¬. [6]), çâ® á¥-
¬¥©áâ¢® ¬.ä. f bU(k)(z)gk2N à ¢­®¬¥à­® áå®¤¨âáï ­  ª®¬¯ ªâ å K � C n fK [ Z1 [ Z1g ª ¬.ä.bU(1)(z).

�­ «®£¨ç­ë¬ ®¡à §®¬ ¨§ (6) ¯®«ãç¨¬ à ¢­®¬¥à­ãî áå®¤¨¬®áâì á¥¬¥©áâ¢  f bU(k)(z)gk2N ­ 
ª®¬¯ ªâ å K � C � n fZ1 [Z1g.

�¡ê¥¤¨­ïï ¯®«ãç¥­­ë¥ à¥§ã«ìâ âë, ¯à¨å®¤¨¬ ª ¢ë¢®¤ã ® à ¢­®¬¥à­®© áå®¤¨¬®áâ¨ á¥¬¥©áâ¢ 
f bU(k)(z)gk2N ­  ª®¬¯ ªâ å K � C n f[a; b] [ Z(1) [ Z1g. �âáî¤  á«¥¤ã¥â £®«®¬®àä­®áâì ¬.ä.bU(1)(z) ¯à¨ z 2 C n f[a; b] [ Z1 [ Z1g.

�®ª § ­® ¯¥à¢®¥ ¨§ á®®â­®è¥­¨© (29). �â®à®¥ á®®â­®è¥­¨¥ ¢ (29) ¤®ª §ë¢ ¥âáï  ­ «®£¨ç­ë¬
®¡à §®¬.

�¥®à¥¬  11. �ãáâì ¤ ­  ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  (1), ¬. ä. bU�11;(1) =
bU�1(1),

bU�12;(n)(z) =

 �
z�a

b�z

�
Im 0m

0m Im

!�1 bU�11;(n)(z)

 �
z�a

b�z

�
Im 0m

0m Im

!
; (n 2 N [ f1g);

¬.ä. s1, s2 ¯®áâà®¥­ë ¯® ä®à¬ã«¥ (3) ¯® ¬.ä. s 2 F1. �®£¤  ¢ë¯®«­¥­  á¨áâ¥¬  ®á­®¢­ëå

¬ âà¨ç­ëå ­¥à ¢¥­áâ¢ (��� ) �.�.�®â ¯®¢  (8z 2 C � n fZ1 [Z1g)

[sr(z); Im]
U�1r;(1)(z)JU

�1�

r;(1)(z)

{(z � z)

�
s�r(z)
Im

�
� 0; r = 1; 2: (30)

� ®¡®à®â, ¥á«¨ ¤«ï ­¥ª®â®à®© £®«®¬®àä­®© ¬.ä. s ¢ C + ¢ë¯®«­ï¥âáï á¨áâ¥¬  ��� (30),
â® s ¯à®¤®«¦ ¥âáï ¤® £®«®¬®àä­®© ¬. ä. s 2 F1.

�®ª § â¥«ìáâ¢®. �ãáâì s 2 F1. �®£¤  ¤«ï ¢á¥å n 2 N ¬.ä. s 2 Fn ¨ ¢ë¯®«­¥­  á¨áâ¥¬ 
��� (8z 2 C � n fZ1 [Z1g) (á¬. [2])

[sr(z); Im]
U�1r;(n)(z)JU

�1�

r;(n)(z)

{(z � z)

�
s�r(z)
Im

�
� 0; r = 1; 2:

�¥à¥å®¤ï ª ¯à¥¤¥«ã n!1, ¯®«ãç¨¬ ­¥à ¢¥­áâ¢  (30).
� ®¡®à®â, ¯ãáâì ¬.ä. s £®«®¬®àä­  ¢ C + ¨ ã¤®¢«¥â¢®àï¥â á¨áâ¥¬¥ ��� (30). � ä¨ªá¨àã¥¬

­¥ª®â®àë© ¨­¤¥ªá l 2 N ¨ ¯ãáâì ¨­¤¥ªá k > l. �§ (7) ¨¬¥¥¬ (r = 1; 2)

bU�1r;(l)(z)J
bU�1�r;(l) (z)

i(z � z)
�
bU�1r;(k)(z)J

bU�1�r;(k)(z)

i(z � z)
; z 2 C + n fZ1 [ Z1g:
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�¥à¥å®¤ï ¢ íâ®¬ ­¥à ¢¥­áâ¢¥ ª ¯à¥¤¥«ã ¯à¨ k !1, ¯®«ãç¨¬ (r = 1; 2)bU�1r;(l)(z)J
bU�1�r;(l) (z)

i(z � z)
�
bU�1r;(1)(z)J

bU�1�r;(1)(z)

i(z � z)
; z 2 C + n fZ1 [Z1g:

�¬­®¦¨¬ íâ® ­¥à ¢¥­áâ¢® á«¥¢  ­  [sr(z); Im],   á¯à ¢  | ­  á®¯àï¦¥­­ãî ¬ âà¨æã. � ãç¥â®¬
(30) ¯®«ãç¨¬ (r = 1; 2)

[sr(z); Im]
bU�1r;(l)(z)J bU�1�r;(l) (z)

i(z � z)

�
Im
s�r(z)

�
� 0; z 2 C + n fZ1 [ Z1g:

�âáî¤  (á¬. [2]) s 2 Fl. � á¨«ã ¯à®¨§¢®«ì­®áâ¨ l ¨¬¥¥¬ s 2 F1.

�®  ­ «®£¨¨ á [2], ®¯¨à ïáì ­  á¨áâ¥¬ã ��� (30), ¤®ª §ë¢ ¥¬ á«¥¤ãîéãî â¥®à¥¬ã.

�¥®à¥¬  12. �ãáâì ¤ ­  ¢¯®«­¥ ­¥®¯à¥¤¥«¥­­ ï ¨­â¥à¯®«ïæ¨®­­ ï § ¤ ç  (1) ¨ ¬. ä. bU(1),

®¯à¥¤¥«¥­­ ï ¢ (29), ¨¬¥¥â ¢¨¤

bU(1)(z) =
�
�(1)(z) �(1)(z)

(1)(z) �(1)(z)

�
:

�®£¤  ä®à¬ã« 

s(z) = fp(z)�(1)(z) + q(z)�(1)(z)g�1fp(z)�(1)(z) + q(z)
(1)(z)g (31)

ãáâ ­ ¢«¨¢ ¥â ¡¨¥ªâ¨¢­®¥ á®®â¢¥âáâ¢¨¥ ¬¥¦¤ã F1 ¨ S1[a; b].

�¨â¥à âãà 
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