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�ãáâì E | ®£à ­¨ç¥­­®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¢ ª®¬¯«¥ªá­®© ¯«®áª®áâ¨ Cz. � 1923 £®¤ã
�¥ª¥â¥ ¢¢¥« ¯®­ïâ¨¥ âà ­áä¨­¨â­®£® ¤¨ ¬¥âà  ¬­®¦¥áâ¢  ª ª ¯à¥¤¥«

d(E) = lim
n!1

max
� Y

1�k<l�n

jzk � zlj2=n(n�1) : z1; : : : ; zn 2 E

�
:

�â  £¥®¬¥âà¨ç¥áª ï å à ªâ¥à¨áâ¨ª  ¨ ¥¥ ¥áâ¥áâ¢¥­­ë¥ ®¡®¡é¥­¨ï ¨¬¥îâ ¬­®£®ç¨á«¥­­ë¥ ¯à¨-
«®¦¥­¨ï ¢ â¥®à¨¨ äã­ªæ¨©, â¥®à¨¨ ¯®â¥­æ¨ «  ¨ ¤àã£¨å ®¡« áâïå ¬ â¥¬ â¨ª¨ (á¬., ­ ¯à., [1]{
[5]). �â¬¥â¨¬ å®à®è® ¨§¢¥áâ­ë¥ á¢®©áâ¢  âà ­áä¨­¨â­®£® ¤¨ ¬¥âà .

I. �á«¨ E1 � E2, â® d(E1) � d(E2).
II. �ãáâì äã­ªæ¨ï w = �(z) ®â®¡à ¦ ¥â E ­  E0, ¨ �(z) | á¦¨¬ îé¥¥ ®â®¡à ¦¥­¨¥,

â. ¥. j�(z1)� �(z2)j � jz1 � z2j ¤«ï «î¡®© ¯ àë â®ç¥ª z1 ¨ z2 ¢ E, â®£¤  d(E0) � d(E).
III. �«ï á¥£¬¥­â  E ¤«¨­ë l ¢ë¯®«­ï¥âáï d(E) = l=4.
IV. �á«¨ pn(w) = wn + a1w

n�1 + � � � + an | ¯®«¨­®¬, ¨ E0 = fw : pn(w) = z; z 2 Eg, â®
d(E0) = (d(E))1=n.

V. �ãáâì B | á¢ï§­ ï ª®¬¯®­¥­â  ¬­®¦¥áâ¢  Cz n E, á®¤¥à¦ é ï ¡¥áª®­¥ç­® ã¤ «¥­­ãî
â®çªã, ¨ B0 | ®¡à § B ¯à¨ ®â®¡à ¦¥­¨¨ w = 1=z. �®£¤  d(E) = (r(B0; 0))�1, £¤¥ r(B0; 0)
| ¢­ãâà¥­­¨© à ¤¨ãá ®¡« áâ¨ B0 ®â­®á¨â¥«ì­® â®çª¨ z = 0.

� ¤ ­­®© áâ âì¥ à áá¬ âà¨¢ îâáï § ¤ ç¨,  áá®æ¨¨à®¢ ­­ë¥ á ¤¢ã¬ï ª« áá¨ç¥áª¨¬¨ ­¨¦­¨¬¨
®æ¥­ª ¬¨ âà ­áä¨­¨â­®£® ¤¨ ¬¥âà  ¬­®¦¥áâ¢  E.

�ãáâì Q | ¢ë¯ãª«®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢®, ¨ PQE | ¯à®¥ªæ¨ï ¬­®¦¥áâ¢  E ­  Q. � ª®¢ 
­¨¦­ïï ®æ¥­ª  d(E) ç¥à¥§ «¨­¥©­ãî ¬¥àã ¯¥à¥á¥ç¥­¨ï PQE \ @Q ? � á«ãç ¥, ª®£¤  Q | ¯®«ã-
¯«®áª®áâì, ®â¢¥â ¢ëâ¥ª ¥â ¨§ ª« áá¨ç¥áª®£® à¥§ã«ìâ â : âà ­áä¨­¨â­ë© ¤¨ ¬¥âà ¬­®¦¥áâ¢  E
¡®«ìè¥ «¨¡® à ¢¥­ ®¤­®© ç¥â¢¥àâ¨ «¨­¥©­®© ¬¥àë ®àâ®£®­ «ì­®© ¯à®¥ªæ¨¨ íâ®£® ¬­®¦¥áâ¢  ­ 
«î¡ãî ¯àï¬ãî ([1], c. 294). �â¬¥â¨¬, çâ® íâ®â à¥§ã«ìâ â ¯à®é¥ ¢á¥£® ¯®«ãç¨âì ¨§ á¢®©áâ¢ II ¨
III ([2], c. 217). � «¥¥, ¥á«¨ Q | ªàã£, â® ®æ¥­ª  á«¥¤ã¥â ¨§ ª« áá¨ç¥áª®© â¥®à¥¬ë �¥©à«¨­£ 
(á¬., ­ ¯à., [6], c. 45). �ë ¨§ãç ¥¬ ¯à®¡«¥¬ã ¤«ï á«ãç ï, ª®£¤  Q ¯à¥¤áâ ¢«ï¥â á®¡®© § ¬ª­ãâë©
ã£®« à áâ¢®à  ��, 0 < � � 1.

�â®à ï § ¤ ç  ¢®áå®¤¨â ª �¥ª¥â¥ ¨ ª á ¥âáï ®æ¥­ª¨ âà ­áä¨­¨â­®£® ¤¨ ¬¥âà  ¬­®¦¥áâ¢  E
á­¨§ã ç¥à¥§ «¨­¥©­ë¥ ¬¥àë ¯¥à¥á¥ç¥­¨© E á n «ãç ¬¨, ¢ëå®¤ïé¨¬¨ ¨§ § ¤ ­­®© â®çª¨ z0 ¯®¤
à ¢­ë¬¨ ã£« ¬¨ ([7], c. 117). �®£« á­® £¨¯®â¥§¥ �¥ª¥â¥ âà ­áä¨­¨â­ë© ¤¨ ¬¥âà ¯à®¨§¢®«ì­®£®
¬­®¦¥áâ¢  ­¥ ¬¥­ìè¥ âà ­áä¨­¨â­®£® ¤¨ ¬¥âà  ¬­®¦¥áâ¢ , á®áâ®ïé¥£® ¨§ n ®âà¥§ª®¢, ¢ëå®¤ï-
é¨å ¨§ â®çª¨ z0 ¯®¤ à ¢­ë¬¨ ã£« ¬¨ ¨ ®¤¨­ ª®¢®© ¤«¨­ë, à ¢­®© áà¥¤­¥¬ã £¥®¬¥âà¨ç¥áª®¬ã
á®®â¢¥âáâ¢ãîé¨å ¬¥à. �®ª § â¥«ìáâ¢® £¨¯®â¥§ë �¥ª¥â¥ ¢ á«ãç ¥, ª®£¤  E á®áâ®¨â ¨§ ®âà¥§ª®¢,
¢ëå®¤ïé¨å ¨§ â®çª¨ z0, ¯à¨¢¥«® �¥£¥ [7] ª ¯®­ïâ¨î \ãáà¥¤­ïîé¥©" á¨¬¬¥âà¨§ æ¨¨, ª®â®à ï

� ­­®¥ ¨áá«¥¤®¢ ­¨¥ ¯®¤¤¥à¦ ­® �®áá¨©áª¨¬ ä®­¤®¬ äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©, £à ­â ò96-

01-00007,   â ª¦¥ | ISSEP, £à ­â ò a97-2120.
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¢¯®á«¥¤áâ¢¨¨ ¡ë«  à §¢¨â  � àªãá®¬ ¨ ­ è«  ¯à¨«®¦¥­¨ï ¢ ¨áá«¥¤®¢ ­¨¨ ¤àã£¨å ¬ â¥¬ â¨-
ª®¢. � ®¡é¥¬ á«ãç ¥ à¥è¥­¨¥ § ¤ ç¨ ­¥ ¡ë«® ¨§¢¥áâ­®. �â¬¥â¨¬, çâ® àï¤  ¢â®à®¢ à áá¬ âà¨¢ «¨
§ ¤ çã �¥ª¥â¥ ¤«ï ¢­ãâà¥­­¥£® à ¤¨ãá  ®¡« áâ¨, â. ¥. ¢ á¢ï§¨ á® á¢®©áâ¢®¬ V ¨§ãç «¨áì ®æ¥­ª¨
¢­ãâà¥­­¥£® à ¤¨ãá  ®¡« áâ¨ B0 á¢¥àåã ç¥à¥§ «¨­¥©­ãî ¬¥àã ¯¥à¥á¥ç¥­¨ï B0 á á¨áâ¥¬®© ¨§ n
«ãç¥© [8]{[12]. �î¡®¯ëâ­® áà ¢­¨âì ¢­ãâà¥­­¨© à ¤¨ãá ®£à ­¨ç¥­­®© ®¡« áâ¨ ¨ âà ­áä¨­¨â-
­ë© ¤¨ ¬¥âà ¥¥ § ¬ëª ­¨ï. �¡¥ ¢¥«¨ç¨­ë ¯à¨ à áè¨à¥­¨¨ ®¡« áâ¨ ­¥ ã¬¥­ìè îâáï, ­® ¯à¨
¨§¢¥áâ­ëå à ¤¨ «ì­ëå ¯à¥®¡à §®¢ ­¨ïå ¨ á¨¬¬¥âà¨§ æ¨¨ [6] ¯¥à¢ ï ¢¥«¨ç¨­  ­¥ ã¬¥­ìè ¥âáï,
  ¢â®à ï | ­¥ ã¢¥«¨ç¨¢ ¥âáï. �®á¢¥­­® íâ® £®¢®à¨â ® á«®¦­®áâ¨ ¯à®¡«¥¬ë �¥ª¥â¥ ¯® áà ¢­¥­¨î
á á®®â¢¥âáâ¢ãîé¥© ¯à®¡«¥¬®© ¤«ï ¢­ãâà¥­­¥£® à ¤¨ãá .

� áá¬®âà¥­­ë¥ ¢ëè¥ ®æ¥­ª¨ âà ­áä¨­¨â­®£® ¤¨ ¬¥âà  á¢ï§ ­ë á à ¤¨ «ì­ë¬ ¯à¥®¡à §®¢ -
­¨¥¬ § ¬ª­ãâëå ¬­®¦¥áâ¢, ¯à¨ ª®â®à®¬ íâ¨ ¬­®¦¥áâ¢  ¯¥à¥å®¤ïâ ¢ ¬­®¦¥áâ¢ , §¢¥§¤®®¡à §­ë¥
®â­®á¨â¥«ì­® ­¥ª®â®à®© â®çª¨ â ª, çâ® âà ­áä¨­¨â­ë© ¤¨ ¬¥âà d(E) ­¥ ã¢¥«¨ç¨¢ ¥âáï,   «¨-
­¥©­ ï ¬¥à  ¯¥à¥á¥ç¥­¨ï E á á¨áâ¥¬®© à ¤¨ «ì­ëå «ãç¥© ­¥ ã¬¥­ìè ¥âáï. � x 1 ®â¬¥ç îâáï
ç áâ­ë¥ á«ãç ¨ ¬­®¦¥áâ¢, ª®£¤  â ª®¥ ¯à¥®¡à §®¢ ­¨¥ ¢®§¬®¦­®, ¨ ãª §ë¢ ¥âáï ¯à¨¥¬ á¢¥¤¥­¨ï
àï¤  ¤àã£¨å á«ãç ¥¢ ª íâ¨¬ ç áâ­ë¬. � è ¯®¤å®¤ ï¢«ï¥âáï à¥ «¨§ æ¨¥© ®¤­®£® ¨§ ¢¨¤®¢ ªãá®ç-
­® à §¤¥«ïîé¥© á¨¬¬¥âà¨§ æ¨¨ [6]. �® ¢â®à®¬ ¯ à £à ä¥ ¬ë ®¡®¡é ¥¬ ®æ¥­ªã âà ­áä¨­¨â­®£®
¤¨ ¬¥âà  ¬­®¦¥áâ¢  ç¥à¥§ «¨­¥©­ãî ¬¥àã ¯à®¥ªæ¨¨ íâ®£® ¬­®¦¥áâ¢  ­  ¯àï¬ãî (â¥®à¥¬  3),
à¥è ¥¬ § ¤ çã �¥ª¥â¥ (­¥à ¢¥­áâ¢® (5)) ¨ ¤ ¥¬ ¯à¨«®¦¥­¨ï ª ¬¥à®¬®àä­ë¬ ¢ ªàã£¥ äã­ªæ¨ï¬.

1. � ¤¨ «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï

� ¯®¬­¨¬ á­ ç «  ¯®­ïâ¨¥ à ¤¨ «ì­®£® ¯à¥®¡à §®¢ ­¨ï � àªãá  ([8]; [9], c. 58). �ãáâì E |
ª®¬¯ ªâ, ¨ z0 | ¯à®¨§¢®«ì­ ï â®çª  ¯«®áª®áâ¨ Cz. �«ï ­¥®âà¨æ â¥«ì­®£® � ®¯à¥¤¥«¨¬

K�(�) = fz = z0 + rei� : � � r <1g; 0 � � < 2�;

K(�) = K0(�); l�(�;E; z0) =
Z

E\K�(�)

jdzj
jz � z0j ; � > 0:

�®«®¦¨¬ R(�) = R(�;E; z0) = lim
�!0

� exp l�(�;E; z0). �¥§ã«ìâ â®¬ à ¤¨ «ì­®£® ¯à¥®¡à §®¢ ­¨ï

¬­®¦¥áâ¢  E ®â­®á¨â¥«ì­® â®çª¨ z0 ­ §ë¢ ¥âáï § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® R(E) = fz = z0 + rei� :
0 � r � R(�); 0 � � < 2�g, §¢¥§¤®®¡à §­®¥ ®â­®á¨â¥«ì­® â®çª¨ z0. �§ á¢®©áâ¢  V ¨ â¥®à¥¬
� àªãá  ([9], â¥®à¥¬  2.1 ¨«¨ â¥®à¥¬  2.2) ¢ëâ¥ª ¥â ­¥à ¢¥­áâ¢®

d(E) � d(R(E)): (1)

�¡®§­ ç¨¬ ç¥à¥§ L(�) = L(�;E; z0) «¨­¥©­ãî ¬¥àã ¯¥à¥á¥ç¥­¨ï E á «ãç®¬ K(�), 0 � � < 2�.
�¥âàã¤­® ¯®ª § âì, çâ® L(�) � R(�) ([8], c. 625). �ãáâì

L(E) = fz = z0 + rei� : 0 � r � L(�); 0 � � < 2�g:
�à¨¢¥¤¥¬ âà¨ ç áâ­ëå á«ãç ï á¯à ¢¥¤«¨¢®áâ¨ ­¥à ¢¥­áâ¢ 

d(E) � d(L(E)): (2)

�¥¬¬  1. �á«¨ ¬­®¦¥áâ¢® E à á¯®«®¦¥­® ­  «ãç å, ¢ëå®¤ïé¨å ¨§ ­¥ª®â®à®© â®çª¨ z0
¯®¤ ã£« ¬¨, ¡�®«ìè¨¬¨ «¨¡® à ¢­ë¬¨ �=2, â® á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® (2).

�¥¬¬  2. �á«¨ ¬­®¦¥áâ¢® E à á¯®«®¦¥­® ­  «ãç å K(�1), K(��1), K(�2), K(��2), 0 �
�1 � �2 � �=2 � �=2, ¨ ¥á«¨ E á¨¬¬¥âà¨ç­® ®â­®á¨â¥«ì­® ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã z0
¯ à ««¥«ì­® ¤¥©áâ¢¨â¥«ì­®© ®á¨, â® (2) á¯à ¢¥¤«¨¢®.

�¥¬¬  3. �ãáâì �1; �2; : : : ; �n | ¯à®¨§¢®«ì­ë¥ ¤¥©áâ¢¨â¥«ì­ë¥ ç¨á«  ¨ F | ¯à®¨§¢®«ì­ë©

ª®¬¯ ªâ ­  ­¥®âà¨æ â¥«ì­®© ¯®«ã®á¨.�®£¤  ¤«ï ¬­®¦¥áâ¢  E =
nS

k=1
fz = z0 + rei�k : r 2 Fg

á¯à ¢¥¤«¨¢® (2).
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�á¥ âà¨ «¥¬¬ë ¤®ª §ë¢ îâáï í«¥¬¥­â à­® á ¯à¨¬¥­¥­¨¥¬ á¢®©áâ¢  II ¤«ï á¦¨¬ îé¥£® ®â®-
¡à ¦¥­¨ï ¢¨¤  �(z0 + rei�) = z0 + fmesE \ [z0; z0 + rei�]gei�, 0 � r <1, 0 � � � 2�.

� «¥¥ à áá¬®âà¨¬ à ¤¨ «ì­ë¥ ¯à¥®¡à §®¢ ­¨ï, ¯®áâà®¥­­ë¥ á ¯à¨¬¥­¥­¨¥¬ «¨­¥©­®© ¬¥àë
L(�;E; z0), ­® ®â«¨ç­ë¥ ®â L(E). �«ï íâ®£® ¯®­ ¤®¡¨âáï à §¤¥«ïîé¥¥ ¯à¥®¡à §®¢ ­¨¥ ¬­®¦¥áâ¢
([6], c. 29) ¢ ®¤­®¬ ç áâ­®¬ á«ãç ¥. �ãáâì

Dk = fz : j arg(z � z0)� �=n� 2�(k � 1)=nj < �=ng;
� = pk(z) = z0 + (z � z0)n=2; z 2 Dk; Im(� � z0) > 0; k = 1; : : : ; n:

�ãáâì E | ®£à ­¨ç¥­­®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¢ ¯«®áª®áâ¨ Cz, ã¤®¢«¥â¢®àïîé¥¥ ãá«®¢¨î
E \ Dk 6= ;, k = 1; : : : ; n. �¡®§­ ç¨¬ ç¥à¥§ Ek ®¡ê¥¤¨­¥­¨¥ ¬­®¦¥áâ¢  pk(E \ Dk) c ¥£® ®â-
à ¦¥­¨¥¬ ®â­®á¨â¥«ì­® ¯àï¬®©, ¯à®å®¤ïé¥© ç¥à¥§ â®çªã z0 ¯ à ««¥«ì­® ¤¥©áâ¢¨â¥«ì­®© ®á¨.
�¥¬¥©áâ¢® ¬­®¦¥áâ¢ fEkgnk=1 ­ §ë¢ ¥âáï à¥§ã«ìâ â®¬ à §¤¥«ïîé¥£® ¯à¥®¡à §®¢ ­¨ï ¬­®¦¥áâ¢ 
E ®â­®á¨â¥«ì­® á¥¬¥©áâ¢  äã­ªæ¨© fpkgnk=1. �«¥¤áâ¢¨¥ 1.3 ([6], c. 30) ¤ ¥â

d(E) �
nY

k=1

(d(Ek))
2=n2 : (3)

�«ï ¯à®¨§¢®«ì­®£® ¬­®¦¥áâ¢  E ¨ â®çª¨ z0 à áá¬®âà¨¬ §¢¥§¤®®¡à §­®¥ ¬­®¦¥áâ¢®

A(E) = fz = z0 + rei� : 0 � r �
q
L(�;E; z0)L(��;E; z0); 0 � � < 2�g:

�â® ¬­®¦¥áâ¢® ®â«¨ç ¥âáï ®â ¢¢¥¤¥­­®£® à ­¥¥ [11] § ¬¥­®© «®£ à¨ä¬¨ç¥áª®© ¬¥âà¨ª¨ ­  «¨-
­¥©­ãî.

�¥®à¥¬  1. �á«¨ ¬­®¦¥áâ¢® E à á¯®«®¦¥­® ­  «ãç å K(�1), K(��1), K(�2), K(��2), 0 �
�1 � �2 � �=2 � �=2, â® á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

d(E) � d(A(E)):
�®ª § â¥«ìáâ¢®. �ãáâì fEkg2k=1 | à¥§ã«ìâ â à §¤¥«ïîé¥£® ¯à¥®¡à §®¢ ­¨ï ¬­®¦¥áâ¢  E

®â­®á¨â¥«ì­® ¯ àë äã­ªæ¨© p1(z) � z, p2(z) � 2z0 � z. �­®¦¥áâ¢  E1 ¨ E2 ã¤®¢«¥â¢®àïîâ
ãá«®¢¨ï¬ «¥¬¬ë 2, á®£« á­® ª®â®à®©

d(Ek) � d(L(Ek)); k = 1; 2:

� ãç¥â®¬ (3) ¨¬¥¥¬

d(E) �
q
d(L(E1))d(L(E2)):

�®¤å®¤ïé¥¥ à ¤¨ «ì­® ãáà¥¤­ïîé¥¥ ¯à¥®¡à §®¢ ­¨¥ � àªãá  ([9], cc. 59, 61) (á¬. â ª¦¥ [6],
c. 32) áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥ ¬­®¦¥áâ¢ ¬ L(E1) ¨ eL(E2) := fz = 2z0 � � : � 2 L(E2)g ¬­®¦¥áâ¢®
A(E), ¯à¨ íâ®¬

q
d(L(E1))d( eL(E2)) � d(A(E)).

�¥®à¥¬  2. �á«¨ ¬­®¦¥áâ¢® E à á¯®«®¦¥­® ­  «ãç å K(�+2�k=n), k = 1; : : : ; n, â® á¯à -
¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

d(E) � d(M(E));

£¤¥ ç¥à¥§ M(E) ®¡®§­ ç¥­  §¢¥§¤  fz = z0 + rei� : 0 � r � n

s
nQ

k=1
L(� + 2�k=n;E; z0)g.

�®ª § â¥«ìáâ¢®. �®¦­® áç¨â âì, çâ® � = 0 ¨ z0 = 0. �¡®§­ ç¨¬ ç¥à¥§ fEjg2nj=1 à¥-
§ã«ìâ â à §¤¥«ïîé¥£® ¯à¥®¡à §®¢ ­¨ï ¬­®¦¥áâ¢  E ®â­®á¨â¥«ì­® á¥¬¥©áâ¢  äã­ªæ¨© fpjg2nj=1,
� = pj(z) � (z2n)1=2, z 2 Dj , Im � > 0, j = 1; : : : ; 2n. �®£« á­® (3) ¨¬¥¥¬

d(E) �
2nY
j=1

(d(Ej))
1=2n2 =

nY
k=1

(d(E2k�1))
1=n2 :
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�ãáâì E0
2k�1 = fw : wn = z; z 2 E2k�1g. �¢¨¤ã á¢®©áâ¢  IV

d(E0
2k�1) = (d(E2k�1))

1=n; k = 1; :::; n:

�¥¬¬  3, á¢®©áâ¢® IV ¨ á¢®©áâ¢® III ¤ îâ ¯®á«¥¤®¢ â¥«ì­®

d(E0
2k�1) � d(L(E0

2k�1)) = d([0; Ln(2�(k � 1)=n;E; 0)])1=n =

= (Ln(2�(k � 1)=n;E; 0)=4)1=n ; k = 1; : : : ; n:

�ã¬¬¨àãï ¢ë¯¨á ­­ë¥ á®®â­®è¥­¨ï ¨ ¢ëç¨á«ïï âà ­áä¨­¨â­ë© ¤¨ ¬¥âà §¢¥§¤ë M(E) á ¯®-
¬®éìî á¢®©áâ¢ III ¨ IV, ¯®«ãç¨¬ âà¥¡ã¥¬®¥ ­¥à ¢¥­áâ¢®.

� â¥®à¥¬ å 1, 2 à¥çì ¨¤¥â ® à ¤¨ «ì­ëå ¯à¥®¡à §®¢ ­¨ïå, ®â«¨ç­ëå ®â L(E), ¨ ªà®¬¥ â®£®,
¤«ï á¯¥æ¨ «ì­ëå ¬­®¦¥áâ¢ E. �¤­ ª® ¢ íâ¨å ç áâ­ëå á«ãç ïå ®­¨ ­¥áãâ ¡�®«ìèãî ¨­ä®à¬ -
æ¨î, ç¥¬ ¯à¥®¡à §®¢ ­¨ï �å à®­®¢ , �¨à¢ ­ , � àªãá . � ¯à¨¬¥à, ¥á«¨ ¬­®¦¥áâ¢® E á®áâ®¨â
¨§ ®âà¥§ª  [0; 1 � i] ¨ ¯à®¨§¢®«ì­®£® ¬­®¦¥áâ¢  ¯®«®¦¨â¥«ì­®© «¨­¥©­®© ¬¥àë

p
2 ­  «ãç¥

K"(�=4), " > 0, â® ¬­®¦¥áâ¢® A(E) ®¡à §®¢ ­® ¤¢ã¬ï ®âà¥§ª ¬¨ ¤«¨­ë p
2 ª ¦¤ë©,   à ¤¨ «ì-

­®¥ ¯à¥®¡à §®¢ ­¨¥ � àªãá  ¤ ¥â ®¤¨­ ®âà¥§®ª R(E) = [0; 1� i] â ª®© ¦¥ ¤«¨­ë. � íâ®¬ á«ãç ¥
­¥à ¢¥­áâ¢® â¥®à¥¬ë 1 á¨«ì­¥¥ ­¥à ¢¥­áâ¢  (1). �®¯à®á ® á¯à ¢¥¤«¨¢®áâ¨ ­¥à ¢¥­áâ¢  (2) ¤«ï
¯à®¨§¢®«ì­ëå ¬­®¦¥áâ¢ E ®áâ ¥âáï ®âªàëâë¬.

2. �à¨«®¦¥­¨ï

� áá¬®âà¨¬ á­ ç «  ®æ¥­ª¨ âà ­áä¨­¨â­®£® ¤¨ ¬¥âà , ¢ëâ¥ª îé¨¥ ¨§ á¢®©áâ¢ à ¤¨ «ì­ëå
¯à¥®¡à §®¢ ­¨©. �ãáâì Q | ­¥ª®â®à®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¯«®áª®áâ¨ Cz. �à®¥ªæ¨¥© PQ(z)
â®çª¨ z ¨§ Cz ­  ¬­®¦¥áâ¢® Q ­ §ë¢ îâ ¡«¨¦ ©èãî ª z â®çªã ¬­®¦¥áâ¢  Q. �à®¥ªæ¨¥© ¬­®-
¦¥áâ¢  E ­  Q ­ §ë¢ ¥âáï ¬­®¦¥áâ¢® PQE = fPQ(z) : z 2 Eg. �®à®è® ¨§¢¥áâ­®, çâ® ®¯¥à â®à
¯à®¥ªâ¨à®¢ ­¨ï ­  ¢ë¯ãª«®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ï¢«ï¥âáï á¦¨¬ îé¨¬ ®â®¡à ¦¥­¨¥¬. �ç¨-
âë¢ ï íâ® ®¡áâ®ïâ¥«ìáâ¢®, ¨§ á¢®©áâ¢  II ¨ â¥®à¥¬ë 1 ¯®«ãç ¥¬ á«¥¤ãîé¨© à¥§ã«ìâ â.

�¥®à¥¬  3. �ãáâì E | ®£à ­¨ç¥­­®¥ § ¬ª­ãâ®¥ ¬­®¦¥áâ¢® ¢ ¯«®áª®áâ¨ Cz ¨ Q | ¯à®-

¨§¢®«ì­ë© § ¬ª­ãâë© ã£®« íâ®© ¯«®áª®áâ¨ à áâ¢®à  ��, 0 < � � 1. �¡®§­ ç¨¬ ç¥à¥§ p ¨ l
«¨­¥©­ë¥ ¬¥àë ¯¥à¥á¥ç¥­¨© ¯à®¥ªæ¨¨ PQE á® áâ®à®­ ¬¨ ã£«  Q. �¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

d(E) � ppl(4� 2�)�=2�1(2�)��=2: (4)

�­ ª à ¢¥­áâ¢  ¤®áâ¨£ ¥âáï ¤«ï ¬­®¦¥áâ¢  E, «¥¦ é¥£® ­  £à ­¨æ¥ ã£«  Q ¨ á®áâ®ïé¥£® ¨§

¤¢ãå à ¢­ëå ®âà¥§ª®¢, ¢ëå®¤ïé¨å ¨§ ¢¥àè¨­ë íâ®£® ã£« .

�â¬¥â¨¬, çâ® ¯à¨ ¯®¤å®¤ïé¥¬ ¢ë¡®à¥ ã£«  Q à áâ¢®à  � (� = 1) ¨§ ­¥à ¢¥­áâ¢  (4) ¨¬¥¥¬
ª« áá¨ç¥áª¨© à¥§ã«ìâ â d(E) � l=4, £¤¥ l | «¨­¥©­ ï ¬¥à  ¯à®¥ªæ¨¨ ¬­®¦¥áâ¢  E ­  ¯à®¨§-
¢®«ì­ãî ¯àï¬ãî ([1], c. 294).

�§ â¥®à¥¬ë 2 ¨ á¢®©áâ¢  I ­¥¯®áà¥¤áâ¢¥­­® ¢ëâ¥ª ¥â à¥è¥­¨¥ § ¤ ç¨ �¥ª¥â¥: ¤«ï «î¡ëå �,
n ¨ z0 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

d(E) � n

s
1
4

nQ
k=1

L(� + 2�k=n;E; z0): (5)

�­ ª à ¢¥­áâ¢  ¤®áâ¨£ ¥âáï ¤«ï ¬­®¦¥áâ¢  E, á®áâ®ïé¥£® ¨§ n à ¢­ëå ®âà¥§ª®¢, ¢ëå®¤ïé¨å ¨§
â®çª¨ z0 ¯®¤ ã£« ¬¨ � + 2�k=n, k = 1; : : : ; n.

�à¨«®¦¥­¨ï ¢ â¥®à¨¨  ­ «¨â¨ç¥áª¨å äã­ªæ¨© ®¡ãá«®¢«¥­ë, ¢ ç áâ­®áâ¨, ¨§¢¥áâ­ë¬ à¥§ã«ì-
â â®¬ �¥©¬ ­ 

d(Ef ) � 1: (6)

�¤¥áì Ef | ¤®¯®«­¥­¨¥ ¤® ¬­®¦¥áâ¢  §­ ç¥­¨© ¬¥à®¬®àä­®© ¢ ªàã£¥ U = fz : jzj < 1g äã­ªæ¨¨
w = f(z) á à §«®¦¥­¨¥¬ ¢ ®ªà¥áâ­®áâ¨ ­ ç «  f(z) = 1=z + a0 + a1z + a2z

2 + � � � [13]. �à¨¢¥¤¥¬
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¤¢  ¯à¨¬¥à  â ª¨å ¯à¨«®¦¥­¨©. �«ï ®âªàëâ®£® ¬­®¦¥áâ¢  B, á®¤¥à¦ é¥£® â®çªã z0, ¢¢¥¤¥¬
®¡®§­ ç¥­¨¥

S(�;B; z0) =
�
1
�
�

Z
B\K�(�)

jdzj
jz � z0j2

��1
;

£¤¥ � > 0 ­ áâ®«ìª® ¬ «®, çâ® ªàã£ fz : jz�z0j � �g � B. �¥£ª® ¢¨¤¥âì, çâ® S(�;B; z0) ­¥ § ¢¨á¨â
®â �. �à®¬¥ â®£®, ¢ë¯®«­ïîâáï ­¥à ¢¥­áâ¢ 

S(�;B; z0) � R(�;B; z0) � L(�;B; z0);

£¤¥ R(�;B; z0) = � exp
� R
B\K�(�)

jdzj
jz�z0j

�
,   L(�;B; z0) | «¨­¥©­ ï ¬¥à  ¯¥à¥á¥ç¥­¨ï ¬­®¦¥áâ¢  B

á «ãç®¬ K(�). �¥©áâ¢¨â¥«ì­®, ¯à ¢®¥ ­¥à ¢¥­áâ¢® ¯®ª § ­® � àªãá®¬ ([8], c. 625). �«ï ¤®ª § -
â¥«ìáâ¢  «¥¢®£® ­¥à ¢¥­áâ¢  ¢¢¥¤¥¬ ®¡®§­ ç¥­¨¥ T� = [z0; z0 + 1=�e�i� ] n B0, £¤¥ B0 | ®¡à §
B \ K�(�) ¯à¨ ®â®¡à ¦¥­¨¨ w = z0 + 1=(z � z0). �®£¤  S(�;B; z0) = lim

�!0
(L(��; T�; z0))�1 �

lim
�!0

(R(��; T�; z0))�1 = R(�;B; z0).

�¥®à¥¬  4. �á«¨ äã­ªæ¨ï w = f(z) ¬¥à®¬®àä­  ¢ ªàã£¥ U ¨ f(0) = 0, f 0(0) = 1, â® ¤«ï

«î¡®£® ¤¥©áâ¢¨â¥«ì­®£® ç¨á«  � ¨ ­ âãà «ì­®£® n á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

nY
k=1

S(� + 2�k=n; f(U); 0) � 1
4
:

�­ ª à ¢¥­áâ¢  ¤®áâ¨£ ¥âáï ¤«ï äã­ªæ¨¨ w = z[1 + (e�i�z)n]�2=n, ®â®¡à ¦ îé¥© ª®­ä®à¬­® ¨

®¤­®«¨áâ­® ªàã£ U ­  ¯«®áª®áâì Cw á à §à¥§ ¬¨ ¯® «ãç ¬ fw : argwn = �n; jwj � n
p
1=4g.

�®ª § â¥«ìáâ¢®. �ã­ªæ¨ï g(z) = 1=f(z) ¬¥à®¬®àä­  ¢ ªàã£¥ U , ¯à¨ç¥¬ ¢ ®ªà¥áâ­®áâ¨
­ ç «  ¨¬¥¥â ¬¥áâ® à §«®¦¥­¨¥ g(z) = 1=z + a0 + a1z + � � � . �®«®¦¨¬ B = f(U), �k = �+2�k=n,
k = 1; : : : ; n. �¥à ¢¥­áâ¢  (6) ¨ (5) ¯®á«¥¤®¢ â¥«ì­® ¤ îâ

1 � dn(Eg) � 1
4

nY
k=1

L(��k; Eg ; 0) =
1
4

nY
k=1

�
1
�
�

Z
B\K�(�k)

jdzj
jz � z0j2

�
=
1
4

nY
k=1

S�1(�k; B; 0):

�­ ª à ¢¥­áâ¢  ¯à®¢¥àï¥âáï ­¥¯®áà¥¤áâ¢¥­­®.

�­ «®£¨ç­ë¥ á®®¡à ¦¥­¨ï á ¯à¨¬¥­¥­¨¥¬ «¥¬¬ë 1 ¢¬¥áâ® ­¥à ¢¥­áâ¢  (5) ¨ á¨¬¬¥âà¨§ æ¨¨
�â¥©­¥à  [6] ¯à¨¢®¤ïâ ª á«¥¤ãîé¥¬ã à¥§ã«ìâ âã.

�¥®à¥¬  5. �á«¨ äã­ªæ¨ï w = f(z) ¬¥à®¬®àä­  ¢ ªàã£¥ U ¨ f(0) = 0, f 0(0) = 1, â® ¤«ï

«î¡®£® ¤¥©áâ¢¨â¥«ì­®£® ç¨á«  � á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

[S�1(�; f(U); 0) + S�1(� + �; f(U); 0)]2 + [S�1(� + �
2
; f(U); 0) + S�1(� + 3�

2
; f(U); 0)]2 � 16:

�­ ª à ¢¥­áâ¢  ¨¬¥¥â ¬¥áâ® ¤«ï äã­ªæ¨¨ w = z[1+ c(e�i�z)2+(e�i�z)4]�1=2, £¤¥ c | ¯à®¨§¢®«ì-

­ ï ¯®áâ®ï­­ ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î jcj � 2.

� ¬¥â¨¬, çâ® à ­¥¥ � àªãá®¬ ¡ë«¨ ¤®ª § ­ë â¥®à¥¬ë 4 ¨ 5, ­® ¤«ï à¥£ã«ïà­ëå äã­ªæ¨©
¨ á § ¬¥­®© S(�;B; 0) ­  R(�;B; 0). �à®¬¥ â®£®, ¢ ­¥à ¢¥­áâ¢¥ â¥®à¥¬ë 5 ä¨£ãà¨à®¢ «¨ áà¥¤-
­¨¥ £¥®¬¥âà¨ç¥áª¨¥ ¢¬¥áâ® áà¥¤­¨å £ à¬®­¨ç¥áª¨å, ª ª ¢ ­ è¥¬ á«ãç ¥. � ª¨¬ ®¡à §®¬, ¬ë
ãá¨«¨¢ ¥¬ á®®â¢¥âáâ¢ãîé¨¥ à¥§ã«ìâ âë à ¡®â [8], [14]. � § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ®, ¯à¨¬¥­ïï
­¥à ¢¥­áâ¢® �.�.�¨âîª  (á¬. [6], c. 37{38) ¢¬¥áâ® ­¥à ¢¥­áâ¢  (6), ¬®¦­® ¯®«ãç¨âì ®¡®¡é¥­¨ï
â¥®à¥¬ 4 ¨ 5 á ãç¥â®¬ ªà â­®áâ¨ ®â®¡à ¦¥­¨©.
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