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�ã­ªæ¨®­ «ì­ë©  ­ «¨§ ®ª §ë¢ ¥â ¢á¥ ¡®«ìè¥¥ ¢«¨ï­¨¥ ­  à §¢¨â¨¥ ­®¢ëå ¨¤¥© ¨ ¬¥â®¤®¢
¨áá«¥¤®¢ ­¨ï ãà ¢­¥­¨©. �â® ¢«¨ï­¨¥ âà¥¡ã¥â ¯¥à¥á¬®âà  âà ¤¨æ¨®­­ëå ¯®¤å®¤®¢ ª ­¥ª®â®àë¬
ª« áá¨ç¥áª¨¬ ¯à®¡«¥¬ ¬, ¢ ç áâ­®áâ¨, á¢ï§ ­­ë¬ á § ¤ ç ¬¨ ¤«ï ãà ¢­¥­¨© á ®âª«®­ïîé¨¬áï
 à£ã¬¥­â®¬. �®­æ¥¯æ¨ï íâ¨å ãà ¢­¥­¨© ¬ «® ¨§¬¥­¨« áì á® ¢à¥¬¥­ �©«¥à  ¨ ãª®à¥­¨¢è¨¥áï
§¤¥áì âà ¤¨æ¨¨ áâ «¨ ¬¥è âì ¨áá«¥¤®¢ ­¨ï¬. �¥à¥á¬®âà ª« áá¨ç¥áª¨å ª®­æ¥¯æ¨© ¯à¨¢¥« ª ¢®§-
­¨ª­®¢¥­¨î ­®¢®© £« ¢ë  ­ «¨§  | \�¥®à¨¨ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©".

�ã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ë¬ ¡ã¤¥¬ ­ §ë¢ âì ãà ¢­¥­¨¥

_x = Fx (1)

á ®¯¥à â®à®¬ F ; ®¯à¥¤¥«¥­­ë¬ ­  ­¥ª®â®à®¬ ¬­®¦¥áâ¢¥ D ¤¨ää¥à¥­æ¨àã¥¬ëå äã­ªæ¨© x :
[a; b) ! Rn: �¥ª®â®àë¥ ª« ááë â ª¨å ãà ¢­¥­¨© ¢ë§ë¢ îâ ¡ëáâà® à áâãé¨© ¨­â¥à¥á ¬ â¥-
¬ â¨ª®¢ ¨ ¯à¨ª« ¤­¨ª®¢. �á­®¢ë ®¡é¥© â¥®à¨¨ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
®á¢¥é¥­ë ¢ ¬®­®£à ä¨ïå [1], [2]. �¥àá¯¥ªâ¨¢ ¬ ¤ «ì­¥©è¥£® à §¢¨â¨ï ãç¥­¨ï ® äã­ªæ¨®­ «ì­®-
¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨ïå ¯®á¢ïé¥­  ¬®­®£à ä¨ï [3] ¨ ®¡§®àë [4], [5]. �ë ®£à ­¨ç¨¬áï
§¤¥áì à áá¬®âà¥­¨¥¬ á«ãç ï, ª®£¤  ®¯¥à â®à F ï¢«ï¥âáï ¢®«ìâ¥àà®¢ë¬: ¤«ï «î¡ëå � 2 (a; b) ¨
¯ àë x1; x2 2 D à ¢¥­áâ¢® (Fx1)(t) = (Fx2)(t) ¢ë¯®«­¥­® ­  [a; � ], ¥á«¨ x1(t) = x2(t) ­  [a; � ]:

�à ¢­¥­¨¥ (1) ï¢«ï¥âáï ®¡®¡é¥­¨¥¬ ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

_x(t) = f(t; x(t)): (2)

�¡®¡é¥­¨¥ §¤¥áì á®áâ®¨â ¢ § ¬¥­¥ ®¯¥à â®à  �¥¬ëæª®£® (Nx)(t) = f(t; x(t)) ­  ¡®«¥¥ ®¡é¨©
®¯¥à â®à F :

�­®£¨¥ ¬¥â®¤ë ¨áá«¥¤®¢ ­¨ï ãà ¢­¥­¨ï (2) ­¥ à á¯à®áâà ­ïîâáï ­  á«ãç © ãà ¢­¥­¨ï (1).
�â® á¢ï§ ­® á® á¯¥æ¨ä¨ª®© ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï, ®¯à¥¤¥«ï¥¬®© á¢®©áâ¢ ¬¨ â ª ­ §ë-
¢ ¥¬ëå \«®ª «ì­ëå ®¯¥à â®à®¢", ¯®¤à®¡­® ¨§ãç ¢è¨åáï ¯¥à¬áª¨¬¨ ¬ â¥¬ â¨ª ¬¨ [6], [7]. � ¯®-
¬­¨¬, çâ® ®¯¥à â®à F ­ §ë¢ ¥âáï «®ª «ì­ë¬, ¥á«¨ §­ ç¥­¨¥ y(t) = (Fx)(t) ¢ «î¡®© ®ªà¥áâ­®áâ¨
â®çª¨ t = t0 § ¢¨á¨â â®«ìª® ®â §­ ç¥­¨© x(t) ¢ â®© ¦¥ ®ªà¥áâ­®áâ¨ â®çª¨ t0: �¯¥à â®à ¤¨ää¥-

à¥­æ¨à®¢ ­¨ï
d

dt
¨ ®¯¥à â®à �¥¬ëæª®£® N ï¢«ïîâáï ®¯¥à â®à ¬¨ «®ª «ì­ë¬¨. � ª¨¬ ®¡à -

§®¬, ãà ¢­¥­¨¥ (2) ­¥ ¬®¦¥â, ¢ ®â«¨ç¨¥, ­ ¯à¨¬¥à, ®â ãà ¢­¥­¨ï ¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­®£®

_x(t) =
R t
a K(t; s; x(s))ds ¨«¨ ãà ¢­¥­¨ï ¢¨¤  _x(t) = f(t; x(�t)); t � 0; £¤¥ � 2 (0; 1); á«ã¦¨âì ¬®¤¥-

«ìî ¯à®æ¥áá  x(t); áª®à®áâì ¨§¬¥­¥­¨ï ª®â®à®£® ¢ ¤ ­­ë© ¬®¬¥­â ¢à¥¬¥­¨ t = t0 áãé¥áâ¢¥­­®
§ ¢¨á¨â ®â á®áâ®ï­¨ï ¯à®æ¥áá  x(t) ¯à¨ t � t0:

�¥®¡å®¤¨¬® ®â¬¥â¨âì, çâ® §  ¯®á«¥¤­¨¥ ¯ïâì¤¥áïâ «¥â ¬­®£® ­ ¤¥¦¤ ¡ë«® ®¡à é¥­® ª ¤àã-
£®¬ã ®¡®¡é¥­¨î ãà ¢­¥­¨ï (2) | â ª ­ §ë¢ ¥¬®¬ã \®¡ëª­®¢¥­­®¬ã ¤¨ää¥à¥­æ¨ «ì­®¬ã ãà ¢-
­¥­¨î ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥". �¤¥áì ®¡®¡é¥­¨¥ á®áâ®¨â ¢ § ¬¥­¥ ª®­¥ç­®¬¥à­®£® ¯à®áâà ­-
áâ¢  Rn §­ ç¥­¨© x(t) ¨áª®¬®© äã­ªæ¨¨ x ­  ®¡é¥¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢®. �à¨ íâ®¬ á¢®©áâ¢ 
«®ª «ì­®áâ¨ á®®â¢¥âáâ¢ãîé¨å ®¡®¡é¥­¨© ¯à®¨§¢®¤­®© ¨ ®¯¥à â®à  �¥¬ëæª®£® á®åà ­ïîâáï.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(96-01-01613).
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� ª¨¬ ®¡à §®¬, ãà ¢­¥­¨¥ (1) á ­¥«®ª «ì­ë¬ ®¯¥à â®à®¬ F ­¥«ì§ï à áá¬ âà¨¢ âì ª ª ®¡ëª­®-
¢¥­­®¥ ¤¨ää¥à¥­æ¨ «ì­®¥ ãà ¢­¥­¨¥ ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥.

�« áá¨ç¥áª ï â¥®à¨ï ãáâ®©ç¨¢®áâ¨ à¥è¥­¨© ãà ¢­¥­¨ï (2) à §¢¨¢ « áì ¤® ­¥¤ ¢­¥£® ¢à¥¬¥-
­¨ ¢ ­ ¯à ¢«¥­¨¨, ãª § ­­®¬ ¥é¥ �ï¯ã­®¢ë¬. �â  â¥®à¨ï áãé¥áâ¢¥­­® ¨á¯®«ì§ã¥â á¢®©áâ¢ 
«®ª «ì­ëå ®¯¥à â®à®¢ ¨ ¯®â®¬ã ¯®¯ëâª¨ ¯à¨á¯®á®¡¨âì ª« áá¨ç¥áª¨¥ ¯à¨¥¬ë ¤«ï ¨§ãç¥­¨ï
ãà ¢­¥­¨© á § ¯ §¤ë¢ îé¨¬  à£ã¬¥­â®¬ ­¥ ¢á¥£¤  ¤®áâ¨£ «¨ æ¥«¨. � ¯à¨¬¥à, ¬¥â®¤ äã­ª-
æ¨© �ï¯ã­®¢  ®á­®¢ ­ ­  â¥®à¥¬¥ � ¯«ë£¨­  ® ¤¨ää¥à¥­æ¨ «ì­®¬ ­¥à ¢¥­áâ¢¥, ª®â®à ï ¤«ï
ãà ¢­¥­¨© á § ¯ §¤ë¢ îé¨¬  à£ã¬¥­â®¬, ¢®®¡é¥ £®¢®àï, ­¥ ¢¥à­ .

�à¨­æ¨¯¨ «ì­® ­®¢ë© ¯®¤å®¤ ª ¢®¯à®á ¬ ãáâ®©ç¨¢®áâ¨ à¥è¥­¨© ãà ¢­¥­¨ï (2) à §¢¨¢ «-
áï ¢ à ¡®â å �.�¥««¬ ­  [8], �.�.�à¥©­  [9] ¨ ¢ ¬®­®£à ä¨ïå �.�.� áá¥àë, �.�.�¥ää¥à 
[10], �.�.� à¡ è¨­  [11], �.�.� «¥æª®£® ¨ �.�.�à¥©­  [12], £¤¥ ¯®­ïâ¨¥ ãáâ®©ç¨¢®áâ¨ á¢ï§ ­®
á à §à¥è¨¬®áâìî ãà ¢­¥­¨ï ¢ ­¥ª®â®à®¬ äã­ªæ¨®­ «ì­®¬ ¯à®áâà ­áâ¢¥. �â¨ áâ âì¨ ¨ ª­¨£¨
®ª § «¨ ¢«¨ï­¨¥ ­  ¬­®£¨å ¨áá«¥¤®¢ â¥«¥©. �¤­ ª®, à áá¬ âà¨¢ ï ¢®¯à®á ¢ â¥à¬¨­ å â¥®à¨¨
\®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥", ã¯®¬ï­ãâë¥  ¢â®àë
¯®-¯à¥¦­¥¬ã áãé¥áâ¢¥­­® ¨á¯®«ì§ãîâ á¢®©áâ¢  «®ª «ì­ëå ®¯¥à â®à®¢.

�  ®á­®¢ ­¨¨ áª § ­­®£® ¢¨¤­®, çâ® ¤«ï ¨áá«¥¤®¢ ­¨ï ãà ¢­¥­¨ï (1) ¨, ¢ ç áâ­®áâ¨, § ¤ ç
®¡ ãáâ®©ç¨¢®áâ¨ à¥è¥­¨© ãà ¢­¥­¨© á § ¯ §¤ë¢ îé¨¬  à£ã¬¥­â®¬ ­¥®¡å®¤¨¬® ¯à¨¢«¥çì ­®¢ë¥
¨¤¥¨. � ª¨¥ ¨¤¥¨ ¡ë«¨ ¢ë¤¢¨­ãâë ¨ ¨­â¥­á¨¢­® à §¢¨¢ «¨áì ¯¥à¬áª¨¬ á¥¬¨­ à®¬.

1. �®à¬ã«  �®è¨

�ã¤¥¬ ¯®«ì§®¢ âìáï á«¥¤ãîé¨¬¨ ®¡®§­ ç¥­¨ï¬¨: Rn | «¨­¥©­®¥ ¯à®áâà ­áâ¢® ¤¥©áâ¢¨-
â¥«ì­ëå ¢¥ªâ®à®¢ � = colf�1; : : : ; �ng á ­®à¬®© j � j; ç¥à¥§ j � j ¡ã¤¥¬ â ª¦¥ ®¡®§­ ç âì ­®à¬ã
n� n-¬ âà¨æë, á®£« á®¢ ­­ãî á ­®à¬®© ¢ Rn; Lb (Db) | ¡ ­ å®¢® ¯à®áâà ­áâ¢® áã¬¬¨àã¥¬ëå
( ¡á®«îâ­® ­¥¯à¥àë¢­ëå) äã­ªæ¨© z : [0; b] ! Rn (x : [0; b] ! Rn) á ­®à¬®© kzkLb =

R b
0 jz(t)jdt

(kxkDb
= k _xkLb + jx(0)j); L (D) | «¨­¥©­®¥ ¯à®áâà ­áâ¢® äã­ªæ¨© z : [0;1) ! Rn (x : [0;1) !

Rn); áã¬¬¨àã¥¬ëå ( ¡á®«îâ­® ­¥¯à¥àë¢­ëå) ­  ª ¦¤®¬ ª®­¥ç­®¬ [0; b]:
�¡é ï â¥®à¨ï äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© [1]{[5] áãé¥áâ¢¥­­® ®¯¨à ¥âáï

­  â®â ä ªâ, çâ® ¯à®áâà ­áâ¢® D (Db) ¨§®¬®àä­® ¤¥ª àâ®¢ã ¯à®¨§¢¥¤¥­¨î L �Rn (Lb �Rn):
�§®¬®àä¨§¬ ¬®¦¥â ¡ëâì ãáâ ­®¢«¥­, ­ ¯à¨¬¥à, ­  ®á­®¢¥ ®ç¥¢¨¤­®£® à ¢¥­áâ¢ 

x(t) =
Z t

0
_x(s)ds+ x(0): (3)

�á¯®«ì§ãï íâ® à ¢¥­áâ¢®, ¬®¦­® ¯®«ãç¨âì ¤«ï «¨­¥©­®£® ®¯¥à â®à  L : D ! L (L : Db ! Lb)
à §«®¦¥­¨¥

Lx = L

�Z (�)

0
_x(s)ds

�
+ L[x(0)] = Q _x+Ax(0):

�¯¥à â®à Q : L ! L (Q : Lb ! Lb) ­ §ë¢ îâ £« ¢­®© ç áâìî ®¯¥à â®à  L: �®­¥ç­®¬¥à­ë©
®¯¥à â®à A : Rn ! L (A : Rn ! Lb) ®¯à¥¤¥«ï¥âáï n � n-¬ âà¨æ¥© A(�); áâ®«¡æë ª®â®à®©
ï¢«ïîâáï §­ ç¥­¨ï¬¨ ®¯¥à â®à  L ­  á®®â¢¥âáâ¢ãîé¨å áâ®«¡æ å ¥¤¨­¨ç­®© n� n-¬ âà¨æë E:
�áî¤ã ­¨¦¥ ¤«ï ¢®«ìâ¥àà®¢  ®¯¥à â®à  Q : L ! L ç¥à¥§ Qb : Lb ! Lb ®¡®§­ ç ¥¬ ®¯¥à â®à,
®¯à¥¤¥«ï¥¬ë© à ¢¥­áâ¢®¬: (Qbz)(t) = (Qyz)(t) ¯®çâ¨ ¢áî¤ã ­  [0; b] ¤«ï «î¡ëå â ª¨å äã­ªæ¨©
z 2 Lb ¨ yz 2 L; çâ® yz(t) = z(t) ¯®çâ¨ ¢áî¤ã ­  [0; b]:

� ¤ ç  �®è¨ Lx = f , x(0) = � ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x 2 D ¤«ï «î¡®© ¯ àë ff; �g 2
L�Rn; ¥á«¨ áãé¥áâ¢ã¥â ®¡à â­ë© ®¯¥à â®à Q�1 : L! L: �¥©áâ¢¨â¥«ì­®, â. ª. _x = Q�1[f �A�];
â®

x(t) =
Z t

0

(Q�1f)(s)ds+
�
E �

Z t

0

(Q�1A)(s)ds
�
� = (Cf)(t) + (X �)(t): (4)
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� ª å®à®è® ¨§¢¥áâ­® ([13], £«. VI, 8.9, 9.50; [14], £«. VIII, x 3, 3.15), «¨­¥©­ë© ®£à ­¨ç¥­­ë©

®¯¥à â®à Pb : Lb ! Lb ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥ (Pbf)(t) =
d

dt
(Cbf)(t); £¤¥ Cb : Lb ! Db | ®¯¥à -

â®à ¨­â¥£à «ì­ë©: (Cbf)(t) =
R b
0 Cb(t; s)f(s)ds: �á«¨ ®¯¥à â®à P = Q�1 : L ! L ¢®«ìâ¥àà®¢ ¨

®¯¥à â®à Pb : Lb ! Lb ®£à ­¨ç¥­ ¯à¨ ª ¦¤®¬ b > 0; â® (Q�1f)(t) =
d

dt

tR
0

C(t; s)f(s)ds:

�âáî¤  ¢ á¨«ã (4) ¯®«ãç ¥¬ \ä®à¬ã«ã �®è¨"

x(t) =
Z t

0

C(t; s)f(s)ds+X(t)x(0) (5)

¯à¥¤áâ ¢«¥­¨ï ®¡é¥£® à¥è¥­¨ï ãà ¢­¥­¨ï Lx = f:
�¯¥à â®à C : L ! D; (Cf)(t) =

R t
0 C(t; s)f(s)ds; ­ §ë¢ îâ ®¯¥à â®à®¬ �®è¨, ª®­¥ç­®-

¬¥à­ë© ®¯¥à â®à X : Rn ! D; (X �)(t) = X(t)�, ®¯à¥¤¥«ï¥âáï n � n-¬ âà¨æ¥© X : X(t) =
E�

R t
0 (Q

�1A)(s)ds: �â® | äã­¤ ¬¥­â «ì­ ï ¬ âà¨æ  à¥è¥­¨© ®¤­®à®¤­®£® ãà ¢­¥­¨ï Lx = 0:
�áî¤ã ­¨¦¥ ¢ áâ âì¥ ¯à¥¤¯®« £ ¥âáï, çâ® ®¯¥à â®à L : D ! L «¨­¥©­ë© ¨ ¢®«ìâ¥àà®¢, ¨

¯à¨ «î¡®© ¯à ¢®© ç áâ¨ f 2 L ®¡é¥¥ à¥è¥­¨¥ ãà ¢­¥­¨ï Lx = f § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥ ä®à¬ã«ë
�®è¨ (5).

� ª ç¥áâ¢¥ ¨««îáâà æ¨¨ ¯à¨¢¥¤¥¬ ¢ë¢®¤ ä®à¬ã«ë �®è¨ ¤«ï ãà ¢­¥­¨ï ¢¨¤ 

(Lx)(t) def= _x(t)�
Z t

0

dsR(t; s)x(s) = f(t); t � 0; (6)

£¤¥ í«¥¬¥­âë rij(�; �) n � n-¬ âà¨æë-äã­ªæ¨¨ R(�; �) ¨§¬¥à¨¬ë ¢ âà¥ã£®«ì­¨ª¥ 4 def= f(t; s) :
0 � s � t < 1g, ¯à¨ ª ¦¤®¬ b > 0 ¤«ï «î¡®£® s 2 [0; b) äã­ªæ¨¨ rij(�; s) áã¬¬¨àã¥¬ë ­  [s; b],
¤«ï «î¡®£® t > 0 äã­ªæ¨¨ rij(t; �) ¨¬¥îâ ®£à ­¨ç¥­­ë¥ ¢ à¨ æ¨¨ Var

t
s=0 rij(t; s), ¯à¨ç¥¬ ¯à¨ ª -

¦¤®¬ b > 0 äã­ªæ¨¨ Var(�)s=0 rij(�; s) áã¬¬¨àã¥¬ë ­  [0; b]: �®à¬ã«  �®è¨ ¤«ï ãà ¢­¥­¨ï (6) ¡¥§
¯à¥¤¯®«®¦¥­¨ï ¨§¬¥à¨¬®áâ¨ ¬ âà¨æë-äã­ªæ¨¨ R(�; �) ¯® á®¢®ªã¯­®áâ¨  à£ã¬¥­â®¢ ¡ë«  ¢¯¥à-
¢ë¥ ãáâ ­®¢«¥­  �.�.� ªá¨¬®¢ë¬ ¢ [19]. � áâ âìïå [20], [21] ¯à¨¢¥¤¥­ë ¢ë¢®¤ë íâ®© ä®à¬ã«ë
¤«ï ãà ¢­¥­¨ï (6) ¨ ¥£® ®¡®¡é¥­¨©.

� á¨«ã ä®à¬ã«ë ¨­â¥£à¨à®¢ ­¨ï ¯® ç áâï¬ ¨ ¯à¥¤áâ ¢«¥­¨ï (3) ¤«ï «î¡®£® x 2D ¨¬¥¥¬

Z t

0

dsR(t; s)x(s) = R(t; t)x(t)�R(t; 0)x(0) �
Z t

0

R(t; s) _x(s)ds =

=
Z t

0

[R(t; t)�R(t; s)] _x(s)ds+ [R(t; t)�R(t; 0)]x(0):

�®£¤  (Qz)(t) = z(t) � (Kz)(t) = z(t) �
R t
0 K(t; s)z(s)ds; £¤¥ K(t; s) = R(t; t) � R(t; s); A(t) =

R(t; 0)�R(t; t):
�®íâ®¬ã § ¤ ç  �®è¨ ¤«ï ãà ¢­¥­¨ï (6) á¢®¤¨âáï ª ª« áá¨ç¥áª®¬ã ¨­â¥£à «ì­®¬ã ãà ¢­¥-

­¨î �®«ìâ¥àà 

z(t)�
Z t

0

K(t; s)z(s)ds = q(t) (7)

¢ ¯à®áâà ­áâ¢¥ L; £¤¥ q(t) = f(t) � A(t)x(0); q 2 L: �¥©áâ¢¨â¥«ì­®, ª ¦¤®¬ã à¥è¥­¨î x 2 D

ãà ¢­¥­¨ï (6) á®®â¢¥âáâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ z 2 L ãà ¢­¥­¨ï (7) ¯à¨ q(t) = f(t)�A(t)x(0),
q 2 L: � ­ ®¡®à®â, ª ¦¤®¬ã à¥è¥­¨î z 2 L ãà ¢­¥­¨ï (7) á®®â¢¥âáâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥
x 2 D ãà ¢­¥­¨ï (6) ¯à¨ § ¤ ­­®¬ x(0) 2 Rn ¨ f(t) = q(t) +A(t)x(0), f 2 L.

�¢¥¤¥¬ ®¯¥à â®à

(Kbz)(t)
def=

Z t

0
K(t; s)z(s)ds; t 2 [0; b]; z 2 Lb:
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�à¨ ãª § ­­ëå ®£à ­¨ç¥­¨ïå ­  ¬ âà¨æã-äã­ªæ¨î R(�; �) ¯à¨ ª ¦¤®¬ b > 0 ¢ë¯®«­¥­® ­¥-
à ¢¥­áâ¢® vrai sups2[0;b]

R b
s jK(t; s)jdt < 1. �®íâ®¬ã ¯à¨ ª ¦¤®¬ b > 0 ¨­â¥£à «ì­ë© ®¯¥à â®à

�®«ìâ¥àà  Kb ¤¥©áâ¢ã¥â ¢ ¯à®áâà ­áâ¢¥ Lb ¨ à¥£ã«ïà¥­ ([14], £«. VIII, x 3, 3.16; [15], £«. V, 1.6,
â¥®à¥¬  1.13; [16], £«. XI, x 1, â¥®à¥¬  4). �®«¥¥ â®£®, ®¯¥à â®à Kb : Lb ! Lb ª®¬¯ ªâ¥­ ([1],
£«. 1, x 1; [2], Ch. 1, x 1.2; [3], Ch. II, x 6, th. 6.1). �®íâ®¬ã á¯¥ªâà «ì­ë© à ¤¨ãá ®¯¥à â®à  Kb ¢
¯à®áâà ­áâ¢¥ Lb à ¢¥­ ­ã«î ([15], £«. VI, x 6, 6.2; [17], [18]). �«¥¤®¢ â¥«ì­®, ®¯¥à â®à Q : L! L

®¡à â¨¬ ¨, ¡®«¥¥ â®£®, ¤«ï «î¡®© äã­ªæ¨¨ q 2 L á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

Q�1q = q +Kq +K2q + � � �

� ª¨¬ ®¡à §®¬, z = q +Hq; £¤¥

(Hq)(t) = (Kq)(t) + (K2q)(t) + � � � =
Z t

0

H(t; s)q(s)ds:

�¤¥áì ¨§¬¥à¨¬ ï ¯® á®¢®ªã¯­®áâ¨  à£ã¬¥­â®¢ ¢¥ªâ®à-äã­ªæ¨ï H(�; �) | à¥§®«ì¢¥­â­®¥ ï¤à®
¤«ï ¨­â¥£à «ì­®£® ®¯¥à â®à  �®«ìâ¥àà  K: � ¬¥â¨¬, çâ® ¢¢¨¤ã ¢®«ìâ¥àà®¢®áâ¨ ®¯¥à â®à  K
¯à¨ ª ¦¤®¬ b > 0 á¯à ¢¥¤«¨¢® à ¢¥­áâ¢® Q�1b z = q +Hbq, £¤¥

(Hbq)(t) = (Kbq)(t) + (K2
bq)(t) + � � � =

Z t

0

H(t; s)q(s)ds; t 2 [0; b];

¨ Hb : Lb ! Lb | «¨­¥©­ë© ®£à ­¨ç¥­­ë© ¨­â¥£à «ì­ë© ®¯¥à â®à �®«ìâ¥àà .
� ª ¨§¢¥áâ­® ([14], £«. VIII, x 3, 3.16; [15], £«. V, 1.6, â¥®à¥¬  1.13; [16], £«. XI, x 1, â¥®à¥¬  4),

«¨­¥©­ë© ¨­â¥£à «ì­ë© ®¯¥à â®à Hb : Lb ! Lb ®£à ­¨ç¥­ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤«ï ¥£®
ï¤à  H(t; s) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

vrai sup
s2[0;b]

Z b

s

jH(t; s)jdt <1: (8)

�®íâ®¬ã ¤«ï «î¡®© äã­ªæ¨¨ f 2 Lb ¯à¨ ª ¦¤®¬ t 2 (0; b] ¨­â¥£à «Z t

0

Z t

�
jH(s; �)j jf(�)jds d�

ª®­¥ç¥­. �®£¤  ¯® á«¥¤áâ¢¨î â¥®à¥¬ �®­¥««¨ ¨ �ã¡¨­¨ ([13], £«. III, 11.15) ® ¯¥à¥¬¥­¥ ¯®àï¤ª 
¨­â¥£à¨à®¢ ­¨ï á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®Z t

0

Z t

�
H(s; �)dsf(�)d� =

Z t

0

Z s

0
H(s; �)f(�)ds d�:

�à¨ x(0) = 0 ä®à¬ã«  (4) ¯à¨®¡à¥â ¥â ¢¨¤

x(t) =
Z t

0

(Q�1f)(s)ds =
Z t

0

�
f(s) +

Z s

0

H(s; �)f(�)d�
�
ds =

Z t

0

C(t; s)f(s)ds:

�âáî¤ , ¯®¬¥­ï¢ ¯®àï¤®ª ¨­â¥£à¨à®¢ ­¨ï ¨ ¯®¬¥­ï¢ ¬¥áâ ¬¨ ¯¥à¥¬¥­­ë¥ s ¨ �; ¯®«ãç¨¬

x(t) =
Z t

0

�
E +

Z t

s
H(�; s)d�

�
f(s)ds =

Z t

0
C(t; s)f(s)ds:

� ª¨¬ ®¡à §®¬, ¬®¦­® ¯®«®¦¨âì C(t; s) = E +
R t
s H(�; s)d�; ¯à¨ç¥¬ C(s; s) = E:

� ¬¥â¨¬, çâ® ¬ âà¨æ -äã­ªæ¨ï C(�; �)  ¡á®«îâ­® ­¥¯à¥àë¢­  ¯® ¯¥à¢®¬ã  à£ã¬¥­âã ¢ á¨«ã
áã¬¬¨àã¥¬®áâ¨ ¯à¨ ª ¦¤®¬ s � 0 ¬ âà¨æë-äã­ªæ¨¨ H(�; s) ­  ª ¦¤®¬ ª®­¥ç­®¬ ®âà¥§ª¥ [s; t].

�®íâ®¬ã ¯à¨ ª ¦¤®¬ s � 0 ¯à¨ ¯®çâ¨ ¢á¥å t � s á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®
@

@t
C(t; s) = H(t; s):�à®¬¥

â®£®, ¢ á¨«ã ãá«®¢¨ï (8) ¯à¨ ª ¦¤®¬ t > 0 ¬ âà¨æ -äã­ªæ¨ï C(t; �) ¨§¬¥à¨¬  ¨ ®£à ­¨ç¥­ 
¢ áãé¥áâ¢¥­­®¬ ­  [0; t]: � à ¡®â¥ �.�.� ªá¨¬®¢  [19] ãáâ ­®¢«¥­®, çâ® ¯à¨ ª ¦¤®¬ t > 0
¬ âà¨æ -äã­ªæ¨ï C(t; �) ï¢«ï¥âáï äã­ªæ¨¥© ®£à ­¨ç¥­­®© ¢ à¨ æ¨¨ ­  [0; t] ¤ ¦¥ ¡¥§ ãá«®¢¨ï
¨§¬¥à¨¬®áâ¨ ¬ âà¨æë-äã­ªæ¨¨ R(�; �) ¯® á®¢®ªã¯­®áâ¨  à£ã¬¥­â®¢.
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�®ª ¦¥¬, çâ® áâ®«¡æë ¬ âà¨æë-äã­ªæ¨¨ C(�; 0) ï¢«ïîâáï à¥è¥­¨ï¬¨ ®¤­®à®¤­®£® ãà ¢-
­¥­¨ï (6). �«ï íâ®£® ¤®áâ â®ç­® ¯à®¢¥à¨âì, çâ® áâ®«¡æë ¬ âà¨æë-äã­ªæ¨¨ H(�; 0) ï¢«ïîâáï
à¥è¥­¨ï¬¨ ãà ¢­¥­¨ï (7) ¯à¨ ¯à ¢ëå ç áâïå qi(t) = �Ai(t); £¤¥ Ai | i-© áâ®«¡¥æ n�n-¬ âà¨æë
A:

�¥©áâ¢¨â¥«ì­®, ª ª ¨§¢¥áâ­® ([15], £«. V, 2.4, â¥®à¥¬  2.2), à¥§®«ì¢¥­â­®¥ ï¤à® H(t; s) «¨­¥©-
­®£® ¨­â¥£à «ì­®£® ãà ¢­¥­¨ï �®«ìâ¥àà  á ï¤à®¬ K(t; s) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î H(t; s) =R t
s K(t; �)H(�; s)ds +K(t; s): �âáî¤  ¯à¨ s = 0 ¢¨¤¨¬, çâ® ¬ âà¨æ -äã­ªæ¨ï H(�; 0) ã¤®¢«¥â¢®-
àï¥â ãà ¢­¥­¨î H(t; 0) =

R t
0 K(t; �)H(�; 0)d� +K(t; 0); £¤¥ K(t; 0) = R(t; t)�R(t; 0) = �A(t):

� ª¨¬ ®¡à §®¬, ä®à¬ã«  �®è¨ (5) ¤«ï ãà ¢­¥­¨ï (6) ¯à¨®¡à¥â ¥â ¢¨¤

x(t) =
Z t

0

C(t; s)f(s)ds+ C(t; 0)x(0): (9)

� § ª«îç¥­¨¥ § ¬¥â¨¬, çâ® ­ ¨¡®«¥¥ ®¡é¨© ª« áá «¨­¥©­ëå äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨-
 «ì­ëå ãà ¢­¥­¨©, à¥è¥­¨ï ª®â®àëå § ¯¨áë¢ îâáï ¢ ¢¨¤¥ ä®à¬ã«ë �®è¨ (9), ¨§ãç¥­ ¢ áâ âìïå
[19]{[21]. � ­ è¥© à ¡®â¥ ¯à¥¤«®¦¥­ ­¥¯®áà¥¤áâ¢¥­­ë© ¢ë¢®¤ íâ®© ä®à¬ã«ë ¢ á«ãç ¥ ãà ¢­¥­¨ï
(6).

�áâ ­®¢¨¬áï §¤¥áì ­  ¢®¯à®á¥ ® â®¬, ª ª ¯¥à¥¯¨á âì ãà ¢­¥­¨¥ á § ¯ §¤ë¢ îé¨¬  à£ã¬¥­â®¬
¢ ¢¨¤¥ (6). �â®â ¢®¯à®á ¢ë§ë¢ « ¢ á¢®¥ ¢à¥¬ï £®àïç¨¥ ¤¨áªãáá¨¨ ­  ª®­ä¥à¥­æ¨ïå [22], [23].

�£à ­¨ç¨¬áï à ¤¨ ã¯à®é¥­¨ï ¢ëª« ¤®ª à áá¬®âà¥­¨¥¬ áª «ïà­®£® ãà ¢­¥­¨ï

_x(t)� p(t)x[h(t)] = r(t); t � 0;

x(�) = '(�); ¥á«¨ h(�) < 0:
(10)

�áª®¬ ï äã­ªæ¨ï x ®¯à¥¤¥«¥­  ¯à¨ t � 0: �®íâ®¬ã ¢ ãà ¢­¥­¨¨ ¢®§­¨ª ¥â ¢â®à ï áâà®ª  á
\­ ç «ì­®© äã­ªæ¨¥©" '; çâ®¡ë ®¯à¥¤¥«¨âì áã¯¥à¯®§¨æ¨î x[h(t)] ¤«ï â¥å t � 0; ¯à¨ ª®â®àëå
h(t) < 0:

�«¥¤ãï ([1], £«. 1, x 1.1; [2], Ch. 1, x 1.1) ®¯à¥¤¥«¨¬ «¨­¥©­ë© ®¯¥à â®à Sh : D! L à ¢¥­áâ¢®¬

(Shx)(t) =

8>><
>>:
x[h(t)]; ¥á«¨ h(t) � 0;

0; ¥á«¨ h(t) < 0;

¨ ¢¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ äã­ªæ¨î

'h(t) =

8>><
>>:
0; ¥á«¨ h(t) � 0;

'[h(t)]; ¥á«¨ h(t) < 0:

�¥¯¥àì ¢ á«ãç ¥, ¥á«¨ h(t) � t ¯à¨ ¢á¥å t � 0; ãà ¢­¥­¨¥ (10) ¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

(Lx)(t) def= _x(t)� p(t)(Shx)(t) = f(t); t � 0;

¨«¨ ¢ ¢¨¤¥

(Lx)(t) def= _x(t)�
Z t

0
x(s)dsr(t; s) = f(t); t � 0;

£¤¥ f(t) = r(t) + p(t)'h(t); �(t; s) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢ 

f(t; s) : 0 � s < t ¯à¨ h(t) = t ¨«¨ 0 � s � h(t) ¯à¨ h(t) < tg:

�¯¥à â®à (Sh)b : Db ! Lb ¢¯®«­¥ ­¥¯à¥àë¢¥­, ¥á«¨ äã­ªæ¨ï h ¨§¬¥à¨¬ . �â®â ä ªâ,   â ª¦¥
 ­ «®£¨ç­®¥ ãâ¢¥à¦¤¥­¨¥ ¤«ï ®¯¥à â®à  Rb : Db ! Lb, (Rbx)(t) =

R t
0 dsR(t; s)x(s), t 2 [0; b]; ¡ë«¨

¤®ª § ­ë ¢ à ¡®â å [24], [25].
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2. D-á¢®©áâ¢® ãà ¢­¥­¨ï

�ãáâì ¤«ï ­¥ª®â®à®£® ãà ¢­¥­¨ï L0x = z á «¨­¥©­ë¬ ¢®«ìâ¥àà®¢ë¬ ®¯¥à â®à®¬ L0 : D! L

(¡ã¤¥¬ ­ §ë¢ âì íâ® ãà ¢­¥­¨¥ \¬®¤¥«ì­ë¬") ¨§¢¥áâ­  ä®à¬ã«  �®è¨

x(t) =
Z t

0
W (t; s)z(s)ds+ U(t)x(0) = (Wz)(t) + (Ux(0))(t): (11)

�ãáâì, ¤ «¥¥, B | ¡ ­ å®¢® ¯à®áâà ­áâ¢® ­¥ª®â®àëå í«¥¬¥­â®¢ z 2 L: �®£¤  (11) ®¯à¥¤¥«ï¥â
¤«ï ª ¦¤®© ¯ àë fz; �g 2 B�Rn í«¥¬¥­â x =Wz+U� ¡ ­ å®¢  ¯à®áâà ­áâ¢ D(L0;B) á ­®à¬®©

kxkD(L0;B) = kzkB + j�j (� kL0xkB + jx(0)j):

�®áâà®¥­­®¥ â ª¨¬ ®¡à §®¬ ¯à®áâà ­áâ¢® D0
def= D(L0;B) | íâ® ¯à®áâà ­áâ¢® ¢á¥å à¥è¥­¨©

x 2 D ãà ¢­¥­¨ï L0x = z ¯à¨ ¢á¥å z 2 B: �á«¨, ­ ¯à¨¬¥à, L0x
def= _x + �x = z, � > 0, â® (11)

¨¬¥¥â ¢¨¤

x(t) = e��t
Z t

0

e�sz(s)ds+ e��tx(0):

�á«¨ ¯à¨ íâ®¬ B = L1 | ¯à®áâà ­áâ¢® ¨§¬¥à¨¬ëå ¨ ®£à ­¨ç¥­­ëå ¢ áãé¥áâ¢¥­­®¬ äã­ªæ¨© z :
[0;1) ! Rn; kzkL1 = vrai supt�0 jz(t)j; â® í«¥¬¥­âë x 2 D0 ®¡« ¤ îâ á¢®©áâ¢®¬ sup

t�0
jx(t)j <1:

�®«®¦¨¢ ¢ ª ç¥áâ¢¥ B ¢¥á®¢®¥ ¯à®áâà ­áâ¢® L1
 ; 
 < � (z 2 L1
 ; ¥á«¨ z(t) = e�
ty(t); y 2 L1,
kzkL1
 = kykL1), ¯®«ãç¨¬ ¯à®áâà ­áâ¢® D(L0;L

1

 ); í«¥¬¥­âë ª®â®à®£® ®¡« ¤ îâ á¢®©áâ¢®¬

jx(t)j �Mxe
�
t ¯à¨ ¢á¥å t � 0 ¨ j _x(t)j �Mxe

�
t ¯à¨ ¯®çâ¨ ¢á¥å t � 0:

� ª¨¬ ®¡à §®¬, ¢ë¡¨à ï ¬®¤¥«ì­®¥ ãà ¢­¥­¨¥ L0x = z ¨ ¯à®áâà ­áâ¢® B; ¬ë ®¯à¥¤¥«ï¥¬
¯à®áâà ­áâ¢® D(L0;B) á ¨§¢¥áâ­ë¬¨  á¨¬¯â®â¨ç¥áª¨¬¨ á¢®©áâ¢ ¬¨ í«¥¬¥­â®¢.

� áá¬®âà¨¬ â¥¯¥àì ¤àã£®¥ ãà ¢­¥­¨¥ Lx = f á «¨­¥©­ë¬ ¢®«ìâ¥àà®¢ë¬ ®¯¥à â®à®¬ L : D!
L, ¤«ï ª®â®à®£® ¨§¢¥áâ¥­ «¨èì ä ªâ ¯à¥¤áâ ¢«¥­¨ï ª ¦¤®£® à¥è¥­¨ï x 2 D ¯à¨ «î¡®© ¯à ¢®©
ç áâ¨ f 2 L ¢ ¢¨¤¥ ä®à¬ã«ë �®è¨ (5): x = Cf+Xx(0). �¢­ë© ¢¨¤ ®¯¥à â®à®¢ C ¨ X ­¥¨§¢¥áâ¥­.
�¨­¥©­®¥ ¬­®£®®¡à §¨¥ CB + XRn; á­ ¡¦¥­­®¥ ­®à¬®© kxkD(L;B) = kLxkB + jx(0)j; ®¡®§­ ç¨¬
ç¥à¥§ D(L;B):

� ª¨¬ ®¡à §®¬, D(L;B) | ¯à®áâà ­áâ¢® ¢á¥å à¥è¥­¨© ¨áá«¥¤ã¥¬®£® ãà ¢­¥­¨ï Lx = f ¯à¨
¢á¥å f 2 B: �ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢­¥­¨¥ Lx = f ®¡« ¤ ¥â D0-á¢®©áâ¢®¬ (D0-ãáâ®©ç¨¢®),
¥á«¨ WB + URn = CB + XRn ¨ ­®à¬ë ¯à®áâà ­áâ¢ D(L0;B) ¨ D(L;B) íª¢¨¢ «¥­â­ë. � íâ®¬
á«ãç ¥ ¡ã¤¥¬ £®¢®à¨âì â ª¦¥, çâ® ¯à®áâà ­áâ¢  D(L0;B) ¨ D(L;B) á®¢¯ ¤ îâ (à ¢­ë):

D(L0;B) = D(L;B):

�à®¬¥ â®£®, ­ ¯à¨¬¥à, ¢ë¯®«­¥­¨¥ ¯à¨ ­¥ª®â®à®¬ � > 0 à ¢¥­áâ¢ D( _x+�x;L1) =D(L;L1)
£ à ­â¨àã¥â ãáâ®©ç¨¢®áâì ¯® �ï¯ã­®¢ã ãà ¢­¥­¨ï Lx = f ¨ \à §à¥è¨¬®áâì § ¤ ç¨ ® ­ ª®¯«¥­¨¨
¢®§¬ãé¥­¨©" ([11], £«. III, x 5) ¤«ï íâ®£® ãà ¢­¥­¨ï, ¨«¨ ¤®¯ãáâ¨¬®áâì ¯ àë ¯à®áâà ­áâ¢ L1 ¨
D( _x+ �x;L1) ([10], £«. 5, 51),   à ¢¥­áâ¢® D( _x+ �x;L1
 ) = D(L;L1
 ) £ à ­â¨àã¥â ¯à¨ 
 2 (0; �)
íªá¯®­¥­æ¨ «ì­ãî ãáâ®©ç¨¢®áâì.

�ãáâì n = 2 ¨ ¬®¤¥«ì­®¥ ãà ¢­¥­¨¥ ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬

(L0x)(t)
def=

�
_x1(t)
_x2(t)

�
+
�
� 0
0 ��

��
x1(t)
x2(t)

�
=
�
z1(t)
z2(t)

�
; � > 0; � > 0: (12)

�®£¤  ª®¬¯®­¥­âë x1 ¨ x2 í«¥¬¥­â  x = colfx1; x2g ¯à®áâà ­áâ¢  D(L0;B) ®¯à¥¤¥«ïîâáï
à ¢¥­áâ¢ ¬¨: x1(t) = e��t

R t
0 e

�sz1(s)ds + e��tx1(0), x2(t) = e�t
R t
0 e

��sz2(s)ds + e�tx2(0); £¤¥
colfz1; z2g = z 2 B: � ª¨¬ ®¡à §®¬, ¢ ç áâ­®áâ¨, ¯à¨ B = L1
 ; 
 2 (0; �); D0-á¢®©áâ¢® ¤«ï
à áá¬ âà¨¢ ¥¬®£® ãà ¢­¥­¨ï £ à ­â¨àã¥â \íªá¯®­¥­æ¨ «ì­ãî ãáâ®©ç¨¢®áâì ¯® ¯¥à¢®© ª®¬¯®-
­¥­â¥": jx1(t)j �Mxe

�
t:
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�¥®à¥¬  1. �ãáâì «¨­¥©­ë© ¢®«ìâ¥àà®¢ ®¯¥à â®à L : D0 ! B ®£à ­¨ç¥­. �®£¤  íª¢¨¢ -

«¥­â­ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï:

 ) D(L0;B) = D(L;B);
¡) áãé¥áâ¢ã¥â ®¡à â­ë© ®¯¥à â®à (LW)�1 : B! B;

¢) § ¤ ç  �®è¨

Lx = f; x(0) = � (13)

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x 2 D0 ¤«ï ª ¦¤®© ¯ àë ff; �g 2 B�Rn:

�®ª § â¥«ìáâ¢®. �ª¢¨¢ «¥­â­®áâì ¡) , ¢) á«¥¤ã¥â ¨§ â®£®, çâ® ¬¥¦¤ã ¬­®¦¥áâ¢®¬ à¥è¥-
­¨© x 2 D0 § ¤ ç¨ �®è¨ (13) ¨ ¬­®¦¥áâ¢®¬ à¥è¥­¨© z 2 B ãà ¢­¥­¨ï LWz = f �LU� ¨¬¥¥âáï
¢§ ¨¬­® ®¤­®§­ ç­®¥ á®®â¢¥âáâ¢¨¥: x =Wz + U�, z = L0x, � = x(0):

�ãáâì á¯à ¢¥¤«¨¢® ãâ¢¥à¦¤¥­¨¥ ¢). �®£¤  CB+XRn � WB+URn; â. ª. ®¯¥à â®à C ¤¥©áâ¢ã¥â
¨§ ¯à®áâà ­áâ¢  B ¢ ¯à®áâà ­áâ¢® D0;   áâ®«¡æë äã­¤ ¬¥­â «ì­®© ¬ âà¨æë X ¯à¨­ ¤«¥¦ â
D0: � «¥¥, â. ª. Lx 2 B ¤«ï «î¡®£® x 2D0; â® WB+ URn � CB+ XRn:

�®ª ¦¥¬ íª¢¨¢ «¥­â­®áâì ­®à¬ k � kD(L0;B) ¨ k � kD(L;B): �¯¥à â®à C : B ! fx 2 D(L;B) :
x(0) = 0g ®£à ­¨ç¥­, ï¢«ïïáì ®¡à â­ë¬ ª ®£à ­¨ç¥­­®¬ã ®¯¥à â®àã L : fx 2 D(L;B) :
x(0) = 0g ! B (â¥®à¥¬  � ­ å  ®¡ ®¡à â­®¬ ®¯¥à â®à¥ ([13], £«. II, 2.2; [16], £«. XII, x 1, 1.4)).
�«ï «î¡®£® x 2 D0 ¨¬¥¥¬ x = Cf +X � =Wz + U�; £¤¥ f = Lx, z = L0x, � = x(0): �®íâ®¬ã

kxkD(L;B) = kL(Wz + U�)kB + j�j �M1kxkD(L0;B);

£¤¥
M1 = maxfkLWkB!B; kLUkRn!B + 1g;

kxkD(L0;B) = kL0(Cf + X �)kB + j�j �M2kxkD(L;B)

¨
M2 = maxfkL0CkB!B; kL0XkRn!B + 1g:

�¬¯«¨ª æ¨ï ¢) )  ) ¤®ª § ­ .
�¬¯«¨ª æ¨ï  ) ) ¢) ®ç¥¢¨¤­ .

� ¬¥ç ­¨¥ 1. �¡à â¨¬®áâì ®¯¥à â®à  LW : B ! B (£« ¢­®© ç áâ¨ Q ®¯¥à â®à  L :
D0 ! B) £ à ­â¨àã¥â ¯à¨¬¥­¨¬®áâì ãâ¢¥à¦¤¥­¨© â¥®à¨¨ \ ¡áâà ªâ­®£® äã­ªæ¨®­ «ì­®-

¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï" ([1], £«. 6, £«. 12; [2], Ch. 6; [3]{[5]), ¢ ç áâ­®áâ¨, â¥®à¨¨ ªà ¥¢ëå
§ ¤ ç ¢ ¯à®áâà ­áâ¢¥ D0:

� ¬¥ç ­¨¥ 2. D0-ãáâ®©ç¨¢®áâì (®¤­®§­ ç­ ï à §à¥è¨¬®áâì § ¤ ç¨ �®è¨ Lx = f; x(0) = �
¢ ¯à®áâà ­áâ¢¥ D0) £ à ­â¨àã¥â ®£à ­¨ç¥­­®áâì ®¯¥à â®à®¢ C : B! D0 ¨ X : Rn ! D0: �âáî¤ 
á«¥¤ã¥â ­¥¯à¥àë¢­ ï § ¢¨á¨¬®áâì à¥è¥­¨ï x 2 D0 § ¤ ç¨ �®è¨ ®â f ¨ �:

�­®£¨¥ ¢®¯à®áë ª« áá¨ç¥áª®© â¥®à¨¨ ãáâ®©ç¨¢®áâ¨ à¥è¥­¨© ãà ¢­¥­¨ï Lx = f ¬®£ãâ ¡ëâì
à¥è¥­ë, ¥á«¨ ãáâ ­®¢¨âì D0-ãáâ®©ç¨¢®áâì íâ®£® ãà ¢­¥­¨ï ¯à¨ á®®â¢¥âáâ¢ãîé¥¬ ¢ë¡®à¥ ¬®-
¤¥«ì­®£® ãà ¢­¥­¨ï ¨ ¯à®áâà ­áâ¢ B: �¥©áâ¢¨â¥«ì­®, ¢ â¥®à¨¨ ãáâ®©ç¨¢®áâ¨ «¨­¥©­ëå ®¡ëª­®-
¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© à áá¬ âà¨¢ îâ ¡®«¥¥ á« ¡®¥, ç¥¬ D0-ãáâ®©ç¨¢®áâì á¢®©-
áâ¢®. �â® | â ª ­ §ë¢ ¥¬ ï \ãáâ®©ç¨¢®áâì ¯® ¯à ¢®© ç áâ¨" ¨«¨, ¤àã£¨¬¨ á«®¢ ¬¨, \ãáâ®©-
ç¨¢®áâì ®â­®á¨â¥«ì­® ¯®áâ®ï­­® ¤¥©áâ¢ãîé¨å ¢®§¬ãé¥­¨©", \ãáâ®©ç¨¢®áâì ¯® ®â­®è¥­¨î ª
¢å®¤­®¬ã ¢®§¤¥©áâ¢¨î", \¤®¯ãáâ¨¬®áâì ¯ àë ¯à®áâà ­áâ¢", \à §à¥è¨¬®áâì § ¤ ç¨ ® ­ ª®¯«¥-
­¨¨ ¢®§¬ãé¥­¨©" (á¬., ­ ¯à., [10], £«. 5, 51, 56; [11], £«. III, x 5; [26], £«. 5, x 5.1).

�ä®à¬ã«¨àã¥¬ íâ® ¯®­ïâ¨¥ ¢ ã¤®¡­®© ¤«ï ­ á ä®à¬¥. �ãáâì ¢áî¤ã ­¨¦¥ V | ­¥ª®â®à®¥
¡ ­ å®¢® ¯à®áâà ­áâ¢® äã­ªæ¨© y : [0;1)! Rn á ­®à¬®© k � kV.

�ã¤¥¬ £®¢®à¨âì, çâ® ãà ¢­¥­¨¥ Lx = f ®¡« ¤ ¥â V-á¢®©áâ¢®¬ (V-ãáâ®©ç¨¢®), ¥á«¨ § ¤ ç 
�®è¨ Lx = f , x(0) = � ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x 2 V ¯à¨ ª ¦¤®© ¯ à¥ ff; �g 2 B �Rn ¨
íâ® à¥è¥­¨¥ ­¥¯à¥àë¢­® § ¢¨á¨â ®â f ¨ � (â.¥. ¤«ï «î¡®£® " > 0 ­ ©¤¥âáï â ª®¥ � = �(x; ") > 0,
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çâ® kx1 � xkV < ", ¥á«¨ kf1 � fkB < �, j�1 � �j < �, £¤¥ x1 | à¥è¥­¨¥ § ¤ ç¨ Lx = f , x(0) = �
¯à¨ f = f1, � = �1).

V-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï Lx = f ®§­ ç ¥â, çâ® ®¯à¥¤¥«¥­ë ¨ ®£à ­¨ç¥­ë «¨­¥©­ë¥ ®¯¥à -
â®àë C : B! V ¨ X : Rn ! V. �®íâ®¬ã ç¨á«® � ¢ë¡¨à ¥âáï ­¥§ ¢¨á¨¬® ®â x. � ç áâ­®áâ¨, ¥á«¨
& = kCkB!V + kXkRn!V, â® ¬®¦­® ¯®«®¦¨âì � = "=&.

�­ë¬¨ á«®¢ ¬¨, V-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï Lx = f ®§­ ç ¥â, çâ® ¯à®áâà ­áâ¢® D(L;B)
­¥¯à¥àë¢­® ¢«®¦¥­® ¢ ¯à®áâà ­áâ¢® V, â.¥. D(L;B) � V ¨ áãé¥áâ¢ã¥â â ª ï ¯®«®¦¨â¥«ì­ ï
¯®áâ®ï­­ ï c, çâ® kxkV � ckxkD(L;B) ¤«ï «î¡®£® x 2 D(L;B).

�¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ á®®â­®è¥­¨ï ¬¥¦¤ã D0- ¨ V-ãáâ®©ç¨¢®áâìî.

�¥¬¬  1. �ãáâì ãà ¢­¥­¨¥ Lx = f á «¨­¥©­ë¬ ®£à ­¨ç¥­­ë¬ ®¯¥à â®à®¬ L : D0 ! B

D0-ãáâ®©ç¨¢® ¨ ¢«®¦¥­¨¥ D0 � V ­¥¯à¥àë¢­®. �®£¤  íâ® ãà ¢­¥­¨¥ V-ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ë 1 ¡ ­ å®¢ë ¯à®áâà ­áâ¢ D0 ¨D(L;B) á®¢¯ ¤ îâ. �®íâ®-
¬ã ¢«®¦¥­¨¥ D(L;B) � V ­¥¯à¥àë¢­®,   íâ® ¨ ®§­ ç ¥â V-ãcâ®©ç¨¢®áâì ãà ¢­¥­¨ï Lx = f .

�¥¬¬  2. �ãáâì «¨­¥©­ë© ®¯¥à â®à L1 : D0 ! B ®£à ­¨ç¥­,   ãà ¢­¥­¨¥ L1x = �

D0-ãáâ®©ç¨¢®, ¯à¨ç¥¬ ¢«®¦¥­¨¥ D0 � V ­¥¯à¥àë¢­®. �®£¤ , ¥á«¨ «¨­¥©­ë© ®¯¥à â®à T
def=

L � L1 : V ! B ®£à ­¨ç¥­, â® ãà ¢­¥­¨¥ Lx = f D0�ãáâ®©ç¨¢® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

®­® V-ãáâ®©ç¨¢®.

�®ª § â¥«ìáâ¢®. � á¨«ã ãá«®¢¨© «¥¬¬ë ®¯¥à â®à T ¤¥©áâ¢ã¥â ¨§ ¯à®áâà ­áâ¢  D0 ¢ ¯à®-
áâà ­áâ¢® B ¨ ®£à ­¨ç¥­. �®íâ®¬ã ¨§ «¥¬¬ë 1 á«¥¤ã¥â, çâ® D0-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï Lx = f
¢«¥ç¥â ¥£® V-ãáâ®©ç¨¢®áâì.

�ãáâì â¥¯¥àì ãà ¢­¥­¨¥ Lx = f V-ãáâ®©ç¨¢®. �®£¤  ¯à¨ «î¡®¬ f 2 B ¨¬¥¥¬ x 2 V, T x 2 B
¨ f �T x 2 B. �à ¢­¥­¨¥ L1x = � D0-ãáâ®©ç¨¢®, ¯®íâ®¬ã ¯à¨ � = f �T x ¯®«ãç ¥¬ x 2 D0 ¨ íâ®
à¥è¥­¨¥ ­¥¯à¥àë¢­® § ¢¨á¨â ®â ff; �g 2 B�Rn.

�¡®§­ ç¨¬ ç¥à¥§ C
 ¡ ­ å®¢® ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå äã­ªæ¨© x : [0;1)! Rn, ª ¦¤ ï
¨§ ª®â®àëå ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥ x(t) = y(t)e�
t, £¤¥ y | ­¥ª®â®à ï ­¥¯à¥àë¢­ ï ¨ ®£à ­¨ç¥­-
­ ï ­  [0;1) äã­ªæ¨ï, ¯à¨ç¥¬ kxkC


= kykC. �¥à¥§ C ¡ã¤¥¬ ®¡®§­ ç âì ¯à®áâà ­áâ¢® â ª¨å
­¥¯à¥àë¢­ëå ¨ ®£à ­¨ç¥­­ëå äã­ªæ¨© y á ­®à¬®© kykC = sup

t�0
jy(t)j:

� ¬¥ç ­¨¥ 3. � áá¬®âà¨¬ ¬®¤¥«ì­®¥ ãà ¢­¥­¨¥ L0x = _x+ �x = z, £¤¥ � > 0, z 2 B = L1
 ,

 2 (0; �), D0 = D(L0;L

1

 ). �®£¤  ¨§ «¥¬¬ë 1 ¬®¦­® ¯®«ãç¨âì, çâ® ¤«ï ãà ¢­¥­¨ï Lx = f á

«¨­¥©­ë¬ ®£à ­¨ç¥­­ë¬ ®¯¥à â®à®¬ L : D0 ! L1
 D0-ãáâ®©ç¨¢®áâì ¢«¥ç¥â C
-ãáâ®©ç¨¢®áâì.
�ë¯®«­¥­¨¥ ¯®á«¥¤­¥£® á¢®©áâ¢  £ à ­â¨àã¥â íªá¯®­¥­æ¨ «ì­ãî ãáâ®©ç¨¢®áâì ¯® �ï¯ã­®¢ã
à¥è¥­¨© íâ®£® ãà ¢­¥­¨ï.

�¥©áâ¢¨â¥«ì­®, ­¥âàã¤­® ¯®ª § âì, çâ® ¢«®¦¥­¨¥ D0 � C
 ­¥¯à¥àë¢­®. �®£¤  ¢ á¨«ã «¥¬¬ë
1 ¨§ D0-ãáâ®©ç¨¢®áâ¨ ãà ¢­¥­¨ï Lx = f á«¥¤ã¥â ¥£® C
-ãáâ®©ç¨¢®áâì.

� ¬®­®£à ä¨ïå �.�.� áá¥à , �.�.�¥ää¥à  ([10], £«. 5, 50, £«. 6) ¨ �.�. � à¡ è¨­  ([11],
£«. III, x 5) ®â¬¥ç «¨áì ¤«ï ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ï¢«¥­¨ï, ª®â®àë¥
¢ â¥à¬¨­ å D0-ãáâ®©ç¨¢®áâ¨ ¬®¦­® áä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¬ ®¡à §®¬. �à¨ ®¯à¥¤¥«¥­­ëå
ãá«®¢¨ïå ®â­®á¨â¥«ì­® ®¯¥à â®à  L D0-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï Lx = f £ à ­â¨àã¥â ¤«ï ­¥£®
¡®«¥¥ â®­ª®¥  á¨¬¯â®â¨ç¥áª®¥ á¢®©áâ¢®,   ¨¬¥­­®, D(L0; B1)-ãáâ®©ç¨¢®áâì íâ®£® ãà ¢­¥­¨ï, £¤¥
B1| ­¥ª®â®à®¥ ¯®¤¯à®áâà ­áâ¢® ¯à®áâà ­áâ¢  B (á¬., ­ ¯à., [26], £«. 5; [27]).

� ª ç¥áâ¢¥ ¨««îáâà æ¨¨ à áá¬®âà¨¬ ¬®¤¥«ì­®¥ ãà ¢­¥­¨¥ L0x = _x + �x = z, £¤¥ � > 0,
z 2 L1, D0 = D(L0; L

1). �«ï äã­ªæ¨¨ z 2 L1 ç¥à¥§ vrai sup
t!1

z(t) ®¡®§­ ç¨¬ â ª®© ¢¥ªâ®à

z(1) 2 Rn, ¤«ï ª®â®à®£® áãé¥áâ¢ã¥â lim
b!1

vrai sup
t�b

jz(t)� z(1)j = 0: �­ «®£¨ç­®¥ ®¯à¥¤¥«¥­¨¥ ¨
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®¡®§­ ç¥­¨¥ ¢¢¥¤¥¬ ¨ ¤«ï ¯à®¨§¢®«ì­®© n� n-¬ âà¨æë-äã­ªæ¨¨ á® áâ®«¡æ ¬¨ ¨§ ¯à®áâà ­áâ¢ 
L1. �¡®§­ ç¨¬: L1l

def= fz 2 L1 : áãé¥áâ¢ã¥â vrai lim
t!1

z(t) = z(1) 2 Rng,

L10
def= fz 2 L1l : z(1) = 0g:

�®£¤  à¥§ã«ìâ âë áâ â¥© [27] ¯®§¢®«ïîâ áä®à¬ã«¨à®¢ âì á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï.

�¥®à¥¬  2. �à¥¤¯®«®¦¨¬, çâ® ¯à¨ ­¥ª®â®à®¬ � 2 (0; �) ¢®«ìâ¥àà®¢ ®¯¥à â®à L : D ! L

¤¥©áâ¢ã¥â ¨§ ¯à®áâà ­áâ¢  D(L0; L
1
� ) ¢ ¯à®áâà ­áâ¢® L1� ¨ ®£à ­¨ç¥­. �ãáâì, ªà®¬¥ â®£®,

ãà ¢­¥­¨¥ Lx = f D0-ãáâ®©ç¨¢®. �®£¤  áãé¥áâ¢ã¥â ç¨á«® 
0 2 (0; �] â ª®¥, çâ® íâ® ãà ¢­¥­¨¥
¡ã¤¥â D(L0; L

1

 )-ãáâ®©ç¨¢® ¯à¨ ¢á¥å 
 2 (0; 
0).

�¥®à¥¬  3. �à¥¤¯®«®¦¨¬, çâ® ¢®«ìâ¥àà®¢ ®¯¥à â®à L : D ! L ¤¥©áâ¢ã¥â ¨§ ¯à®áâà ­-

áâ¢  D(L0; L
1
0 ) (D(L0; L

1
l )) ¢ ¯à®áâà ­áâ¢® L10 (L1l ) ¨ ®£à ­¨ç¥­. �ãáâì, ªà®¬¥ â®-

£®, ãà ¢­¥­¨¥ Lx = f D0-ãáâ®©ç¨¢®. �®£¤  íâ® ãà ¢­¥­¨¥ D(L0; L
1
0 )-ãáâ®©ç¨¢® (D(L0; L

1
l )-

ãáâ®©ç¨¢®)).

�«¥¤áâ¢¨¥. �ãáâì ¢ë¯®«­¥­ë ®¡  ¢ à¨ ­â  ãá«®¢¨ï â¥®à¥¬ë 3. �®£¤  ¬ âà¨æ  (LE)(1) def=
vrai sup

t!1
(LE)(t) ­¥¢ëà®¦¤¥­  ¨ ¯à¨ «î¡®© f 2 L1l ¤«ï ª ¦¤®£® à¥è¥­¨ï x ãà ¢­¥­¨ï Lx = f áã-

é¥áâ¢ã¥â ¯à¥¤¥« lim
t!1

x(t) = x(1) ¨ íâ®â ¯à¥¤¥« ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ x(1) = [(LE)(1)]�1f(1).

3. W-¬¥â®¤

� ªâ D0-ãáâ®©ç¨¢®áâ¨ ¬®¦­® ãáâ ­®¢¨âì ¯® áå¥¬¥ â ª ­ §ë¢ ¥¬®£® \W-¬¥â®¤ " ([1], £«. 5,
x 5.4, £«. 6, x 6.2; [2], Ch. 5, x 5.4, Ch. 6, x 6.2; [4]). �â  áå¥¬  ®á­®¢ ­  ­  ãâ¢¥à¦¤¥­¨¨ â¥®à¥¬ë 1
® â®¬, çâ® D0-ãáâ®©ç¨¢®áâì £ à ­â¨àã¥âáï ®¡à â¨¬®áâìî ®¯¥à â®à  LW : B! B:

�à¨ ä¨ªá¨à®¢ ­­®¬ B ¢®§¬®¦­® à ¢¥­áâ¢® D(L1
0; B) = D(L2

0; B) ¤«ï à §«¨ç­ëå ¬®¤¥«ì­ëå
ãà ¢­¥­¨© Li

0x = z (¤«ï à §«¨ç­ëå ®¯¥à â®à®¢ W i). � ¯à¨¬¥à, ¬®¦­® ¯®ª § âì, çâ® ¯à¨ B =
L1 ¨ (Li

0x)(t) = _x(t) + 'ix(t) ¯à®áâà ­áâ¢  D(Li
0; L

1) á®¢¯ ¤ îâ ¤«ï ¢á¥å 'i � const > 0:
�®íâ®¬ã ¨¤¥ï W-¬¥â®¤  á®áâ®¨â ¢ â ª®¬ ¢ë¡®à¥ ¬®¤¥«ì­®£® ãà ¢­¥­¨ï, ¯à¨ ª®â®à®¬ ¬®¦­®
ãáâ ­®¢¨âì ®¡à â¨¬®áâì ®¯¥à â®à  LW : B ! B: � ª ª ª LWz = z � (L0 � L)Wz = � (� =
f�LUx(0)); â® ¢ á¨«ã â¥®à¥¬ë 1, ­ ¯à¨¬¥à, ­ «¨ç¨¥ ®æ¥­ª¨ k(L0�L)WkB!B < 1 ¤®áâ â®ç­® ¤«ï
D0-ãáâ®©ç¨¢®áâ¨.

� ¤ ç  �®è¨ Lx = f , x(0) = � íª¢¨¢ «¥­â­  ãà ¢­¥­¨î x =W(L0 �L)x+ g (g =Wf +U�):
�®íâ®¬ã D0-ãáâ®©ç¨¢®áâì £ à ­â¨àã¥âáï ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 ®¤­®§­ ç­®© à §à¥è¨¬®áâìî
¯®á«¥¤­¥£® ãà ¢­¥­¨ï. � ¯à¨¬¥à, ­ «¨ç¨¥ ®æ¥­ª¨ kW(L0 � L)kD0!D0

< 1 ¤®áâ â®ç­® ¤«ï D0-
ãáâ®©ç¨¢®áâ¨. �â¬¥â¨¬, çâ® â ªãî à §à¥è¨¬®áâì ã¤ ¥âáï ¨­®£¤  ãáâ ­®¢¨âì ¯®á«¥ æ¥«¥á®®¡à §-
­®£® ¯à¥®¡à §®¢ ­¨ï íâ®£® ãà ¢­¥­¨ï.

�à¥¦¤¥ ç¥¬ ¯¥à¥©â¨ ª ¨á¯®«ì§®¢ ­¨î áå¥¬ëW-¬¥â®¤ , ¯à¨¢¥¤¥¬ ®¤­® ãâ¢¥à¦¤¥­¨¥, ¯®§¢®-
«ïîé¥¥ ¢ àï¤¥ á«ãç ¥¢ áãé¥áâ¢¥­­® ãâ®ç­¨âì ®æ¥­ª¨. �«ï ä®à¬ã«¨à®¢ª¨ íâ®£® ãâ¢¥à¦¤¥­¨ï
®¯à¥¤¥«¨¬ «¨­¥©­ë¥ ¬­®£®®¡à §¨ï Bb, Bb � B, Db � D à ¢¥­áâ¢ ¬¨

Bb = fz 2 B : z(t) = 0 ¯®çâ¨ ¢áî¤ã ­  [0; b]g;

Bb = fz 2 B : z(t) = 0 ¯®çâ¨ ¢áî¤ã ­  (b;1)g;

Db = fx 2 D(L0;B
b) : x(t) = 0 ­  [0; b]g:

�áî¤ã ­¨¦¥ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¯à®áâà ­áâ¢® B â ª®¢®, çâ® ¯à¨ «î¡®¬ b > 0 ¬­®£®®¡à §¨ï
Bb ¨ Bb § ¬ª­ãâë ¢ B. �ãáâì, ¤ «¥¥, ¤«ï «¨­¥©­®£® ®£à ­¨ç¥­­®£® ¢®«ìâ¥àà®¢  ®¯¥à â®à 
L : D0 ! B ®¯¥à â®àë Kb : Bb ! Bb, Kb : Bb ! Bb ¨ Hb : Db ! Db | áã¦¥­¨ï ®¯¥à â®à®¢
K

def= (L� L0)W ¨ H def= W(L0 �L) ­  ¯®¤¯à®áâà ­áâ¢  Bb, Bb ¨ Db á®®â¢¥âáâ¢¥­­®.
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�¥®à¥¬  4. �ãáâì ¯à¨ ª ª®¬-«¨¡® b > 0 ãà ¢­¥­¨¥

# = Kb#+ � (14)

¨¬¥¥â ¢ ¯à®áâà ­áâ¢¥ Bb ¥¤¨­áâ¢¥­­®¥ ¯à¨ ª ¦¤®¬ � 2 Bb à¥è¥­¨¥ ¨«¨ ãà ¢­¥­¨¥

� = Hb� + � (15)

¨¬¥¥â ¢ ¯à®áâà ­áâ¢¥ Db ¥¤¨­áâ¢¥­­®¥ ¯à¨ ª ¦¤®¬ � 2 Db à¥è¥­¨¥. �®£¤  áãé¥áâ¢ã¥â

®¡à â­ë© ®¯¥à â®à (LW)�1 : B! B:

�®ª § â¥«ìáâ¢®. �ãáâì �!(t) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  ! � [0;1), ¤«ï
¯à®¨§¢®«ì­®£® í«¥¬¥­â  z 2 B ®¡®§­ ç¨¬ zb = z�[0;b], zb = z�(b;1), Kb

bz = �(b;1)Kzb. �®£¤ 
z = zb+zb ¨ ¢ á¨«ã ¢®«ìâ¥àà®¢®áâ¨ ®¯¥à â®à  K á¯à ¢¥¤«¨¢® à §«®¦¥­¨¥Kz = Kbzb+Kbzb+Kb

bzb.
�®£¤  ãà ¢­¥­¨¥ LWz � z�Kz = � (� = f�LUx(0)) ¬®¦­® § ¯¨á âì ª ª á¨áâ¥¬ã ¤¢ãå ãà ¢­¥­¨©

zb = Kbzb + �b; (16)

zb = Kbzb +Kb
bzb + �b: (17)

� á¨«ã ¢®«ìâ¥àà®¢®áâ¨ ®¯¥à â®à  L § ¤ çã �®è¨ Lx = f , x(0) = � ¬®¦­® à áá¬ âà¨¢ âì â®«ìª®
­  ®âà¥§ª¥ [0; b]: �â  § ¤ ç  ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ xb(t) =

R t
0 C(t; s)f(s)ds + X(t)�, t 2

[0; b], ¯à¨ç¥¬ xb(t) =
R t
0 W (t; s)zb(s)ds, zb(t) = (L0xb)(t); £¤¥ zb | à¥è¥­¨¥ ãà ¢­¥­¨ï (16) ¯à¨

�b = ��[0;b], � = f�LU�. � ª¨¬ ®¡à §®¬, ãà ¢­¥­¨¥ (16) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ¯à¨ ª ¦¤®¬ �b 2 Bb

à¥è¥­¨¥ zb = (I �Kb)�1�b.
� áá¬ âà¨¢ ï ®¯¥à â®à Kb : B ! B ª ª áã¦¥­¨¥ ®¯¥à â®à  K : B ! B ­  ¯à®áâà ­áâ¢®

Bb, § ¯¨è¥¬ ãà ¢­¥­¨¥ (17) ¢ ¢¨¤¥ (14), ¯®«®¦¨¢ � = �b + Kb
bzb. �à ¢­¥­¨¥ (14) ¯® ãá«®¢¨î

®¤­®§­ ç­® à §à¥è¨¬®. �â ª, ãà ¢­¥­¨¥ z �Kz � LWz = � ®¤­®§­ ç­® à §à¥è¨¬® (áãé¥áâ¢ã¥â
®¡à â­ë© ®¯¥à â®à (LW)�1 : B! B), ¥á«¨ ®¤­®§­ ç­® à §à¥è¨¬® ãà ¢­¥­¨¥ (14).

� ­ å®¢ë ¯à®áâà ­áâ¢ Bb ¨Db ¨§®¬¥âà¨ç¥áª¨ ¨§®¬®àä­ë: zb = L0x
b, xb(t) =

R t
0 W (t; s)zb(s)ds,

kxbkDb = kzbkBb . �®íâ®¬ã ãâ¢¥à¦¤¥­¨ï ®¡ ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ ãà ¢­¥­¨© (14) ¨ (15)
íª¢¨¢ «¥­â­ë.

� ¬¥ç ­¨¥ 4. �ãáâì ®¡à § Hbx ª ¦¤®© äã­ªæ¨¨ x 2 Cb def= fx 2 C : x(t) � 0 ­  [0; b]g
¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã Db. �®£¤  à §à¥è¨¬®áâì ãà ¢­¥­¨ï x = Hbx+ �b ¢ ¯à®áâà ­áâ¢¥ Cb

£ à ­â¨àã¥â ¥£® à §à¥è¨¬®áâì ¢ ¯à®áâà ­áâ¢¥ Db.

�§ â¥®à¥¬ë 4 ¢ëâ¥ª îâ ªà¨â¥à¨¨ ¨ ¤®áâ â®ç­ë¥ ¯à¨§­ ª¨ ­ «¨ç¨ï D0-á¢®©áâ¢  à¥è¥­¨©
¤ ­­®£® ãà ¢­¥­¨ï. � § ¢¨á¨¬®áâ¨ ®â ¢ë¡®à  ¯à®áâà ­áâ¢  B ¨ ¬®¤¥«ì­®£® ãà ¢­¥­¨ï L0x = z
íâ® á¢®©áâ¢® å à ªâ¥à¨§ã¥â à §«¨ç­ë¥ áâ®à®­ë  á¨¬¯â®â¨ç¥áª®£® ¯®¢¥¤¥­¨ï à¥è¥­¨©.

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ãà ¢­¥­¨¥

(Lx)(t) def=
�
_x1(t)
_x2(t)

�
+
�
p11(t) p12(t)
p21(t) p22(t)

��
x1(t)
x2(t)

�
=
�
f1(t)
f2(t)

�
; t � 0; (18)

£¤¥ f = colff1; f2g 2 L1, äã­ªæ¨¨ pij ¨§¬¥à¨¬ë ¨ ®£à ­¨ç¥­ë ¢ áãé¥áâ¢¥­­®¬ ­  [0;1); ¢ë¡à ¢
¢ ª ç¥áâ¢¥ ¬®¤¥«ì­®£® ãà ¢­¥­¨¥

(L0x)(t)
def=

�
_x1(t)
_x2(t)

�
+
�
�6 �5
10 8

��
x1(t)
x2(t)

�
=
�
z1(t)
z2(t)

�
; t � 0:

�à¨§­ ª 1. �ãáâì ¯à¨ ­¥ª®â®à®¬ b � 0 ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢®�
vrai sup

t�b
jp11(t) + 6j2 + vrai sup

t�b
jp12(t) + 5j2 +

+ vrai sup
t�b

jp21(t)� 10j2 + vrai sup
t�b

jp22(t)� 8j2
�1=2

< 1=15;

â®£¤  ãà ¢­¥­¨¥ (18) D0-ãáâ®©ç¨¢®.
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�®ª § â¥«ìáâ¢®. � âà¨æ  �®è¨ ¬®¤¥«ì­®£® ãà ¢­¥­¨ï ¨¬¥¥â ¢¨¤

W (t; s) = es�t
�
cos(t� s) + 7 sin(t� s) 5 sin(t� s)

�10 sin(t� s) cos(t� s)� 7 sin(t� s)

�
:

�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

P0 =
�

6 5
�10 �8

�
; P =

�
p11 p12
p21 p22

�
; (Wz)(t) =

Z t

0

W (t; s)z(s)ds; U(t) =W (t; 0):

�à ¢­¥­¨¥ LWz = � ¯à¨­¨¬ ¥â ¢¨¤ z = Kz + �; £¤¥ (Kz)(t) =
R t
0 K(t; s)z(s)ds, K(t; s) = (P0 �

P (t))W (t; s), �(t) = f(t) + (P0 � P (t))U(t)x(0).
� á¨«ã â¥®à¥¬ë 4 ¢ë¯®«­¥­¨¥ ¯à¨ ­¥ª®â®à®¬ b � 0 ­¥à ¢¥­áâ¢ 

kKbk(L1)b!(L1)b < 1 (19)

£ à ­â¨àã¥â ®¤­®§­ ç­ãî à §à¥è¨¬®áâì ãà ¢­¥­¨ï z = Kz + � ¢ ¯à®áâà ­áâ¢¥ L1: �â®¡ë
ãáâ ­®¢¨âì ­¥à ¢¥­áâ¢® (19), ®¯à¥¤¥«¨¬ ¢ ¯à®áâà ­áâ¢¥ L1 ­®à¬ã kzkL1 í«¥¬¥­â  z 2 L1,
z = colfz1; z2g à ¢¥­áâ¢®¬

kzkL1 =
�
vrai sup

t�0
jz1(t)j2 + vrai sup

t�0
jz2(t)j2

�1=2
:

� ãá«®¢¨ïå ¯à¨§­ ª  1 ­¥à ¢¥­áâ¢® (19) ¡ã¤¥â ¢ë¯®«­¥­®. �âáî¤  ¢ á¨«ã â¥®à¥¬ë 1 á«¥¤ã¥â
D0-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï (18).

�®¢â®àïï à ááã¦¤¥­¨ï § ¬¥ç ­¨ï 3, ­¥âàã¤­® ¯®«ãç¨âì C
-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï (18)
¯à¨ 
 2 (0; 1).

�­ «®£¨ç­ë¬ ®¡à §®¬ ¤«ï ãà ¢­¥­¨ï (18) ¯®«ãç¨¬, ¢ë¡à ¢ ¢ ª ç¥áâ¢¥ ¬®¤¥«ì­®£® ãà ¢­¥-
­¨¥ (12), ãâ¢¥à¦¤¥­¨¥ ®¡ ãáâ®©ç¨¢®áâ¨ ¯® ¯¥à¢®© ª®¬¯®­¥­â¥. �à¥¤¢ à¨â¥«ì­® § ¬¥â¨¬, çâ®
¤«ï ¨§ãç¥­¨ï ãáâ®©ç¨¢®áâ¨ ¯® ç áâ¨ ¯¥à¥¬¥­­ëå ã¤®¡­® ¯®«ì§®¢ âìáï ¯à®áâà ­áâ¢ ¬¨, ¯®à®-
¦¤¥­­ë¬¨ \¬ âà¨ç­ë¬¨ ¢¥á ¬¨". � ª, ¤«ï à áá¬ âà¨¢ ¥¬®£® á«ãç ï ¢¢¥¤¥¬ ¬ âà¨æã

�(t) =
�
e�
1t 0
0 e
2t

�
;

£¤¥ 
1 2 (0; �), 
2 2 (�;1). �à®áâà ­áâ¢®

L1�
def= fz 2 L : z = �y; y 2 L1; kzkL1

�

def= kykL1g

¡ ­ å®¢®. �á«¨ x 2 D0
def= D(L0;L

1
� ), â®

jx1(t)j �Mxe
�
1t; jx2(t)j �Mxe


2t; t � 0:

�à¨§­ ª 2. �ãáâì ¤«ï ­¥ª®â®à®£® b � 0 ¢ë¯®«­¥­ë ­¥à ¢¥­áâ¢ 

1
�� 
1

vrai sup
t�b

jp11(t)� �j+
1


2 � �
vrai sup

t�b
jp12(t)je(
1+
2)t < 1;

1
�� 
1

vrai sup
t�b

jp21(t)je
�(
1+
2)t +

1

2 � �

vrai sup
t�b

jp22(t) + �j < 1;

â®£¤  ãà ¢­¥­¨¥ (18) D0-ãáâ®©ç¨¢®.

� ¬¥â¨¬, çâ® ¢ á«ãç ¥ ¯®áâ®ï­­ëå ª®íää¨æ¨¥­â®¢ pij ãá«®¢¨ï ¯à¨§­ ª  2 á®¢¯ ¤ îâ á
¨§¢¥áâ­ë¬ ªà¨â¥à¨¥¬  á¨¬¯â®â¨ç¥áª®© ãáâ®©ç¨¢®áâ¨ â®«ìª® ¯® ¯¥à¢®© ª®¬¯®­¥­â¥: p11 > 0,
p12 = 0, p21 ¨ p22 | «î¡®£® §­ ª  (á¬. [28], £«. 1, x 1.1, 1.1.5, á«¥¤áâ¢¨¥ 1.1.1).
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�®ª § â¥«ìáâ¢®. �®á¯®«ì§ã¥¬áï ®¡®§­ ç¥­¨ï¬¨ ¨§ ¤®ª § â¥«ìáâ¢  ¯à¨§­ ª  1. �ãáâì, ªà®-
¬¥ â®£®,

P0 =
�
� 0
0 ��

�
; W (t; s) =

�
e��(t�s) 0

0 e�(t�s)

�
:

�à ¢­¥­¨¥ LWz = � ¯à¨­¨¬ ¥â ¢¨¤ z = (P0 � P )Wz + �, £¤¥ �(t) = f(t) + (P0 � P (t))U(t)x(0).
�â® ãà ¢­¥­¨¥ ¯®á«¥ ¯®¤áâ ­®¢ª¨ z = �y, £¤¥ y 2 L1, á¢®¤¨âáï ª ãà ¢­¥­¨î y = Ky + r ¢
¯à®áâà ­áâ¢¥ L1. �¤¥áì

(Ky)(t) =
Z t

0

K(t; s)y(s)ds; r = ��1�; K(t; s) = ��1(t)(P0 � P (t))W (t; s)�(s):

� á¨«ã â¥®à¥¬ë 4 ­¥à ¢¥­áâ¢® (19) £ à ­â¨àã¥â ®¤­®§­ ç­ãî à §à¥è¨¬®áâì ãà ¢­¥­¨ï
y = Ky+r ¢ ¯à®áâà ­áâ¢¥ L1 ¨, á«¥¤®¢ â¥«ì­®, ®¤­®§­ ç­ãî à §à¥è¨¬®áâì ãà ¢­¥­¨ï LWz = �
¢ ¯à®áâà ­áâ¢¥ L1� .

�¯à¥¤¥«¨¬ ¢ ¯à®áâà ­áâ¢¥ L1 ­®à¬ã kzkL1 í«¥¬¥­â  z 2 L1, z = colfz1; z2g à ¢¥­áâ¢®¬

kzkL1 = max
�
vrai sup

t�0
jz1(t)j; vrai sup

t�0
jz2(t)j

	
:

�®£¤  ­¥à ¢¥­áâ¢® (19) ¡ã¤¥â ¢ë¯®«­¥­®, ¥á«¨ á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

vrai sup
t�b

jp11(t)� �j
Z t

b
e(
1��)(t�s)ds+ vrai sup

t�b
jp12(t)je

(
1+�)t

Z t

b
e(
2��)sds < 1;

vrai sup
t�b

jp21(t)je
�(�+
2)t

Z t

b
e(��
1)sds+ vrai sup

t�b
jp22(t) + �j

Z t

b
e(��
2)(t�s) ds < 1:

� ãá«®¢¨ïå ¯à¨§­ ª  2 ¯®á«¥¤­¨¥ ­¥à ¢¥­áâ¢  ¢ë¯®«­ïîâáï. �âáî¤  ¢ á¨«ã â¥®à¥¬ë 1 á«¥-
¤ã¥â D0-ãáâ®©ç¨¢®áâì ãà ¢­¥­¨ï (18).

�«ï ¨««îáâà æ¨¨ íää¥ªâ¨¢­®áâ¨ W-¬¥â®¤  ¨ ¢®§¬®¦­®áâ¨ ¯®«ãç âì á ¥£® ¯®¬®éìî ­¥-
ã«ãçè ¥¬ë¥ ¯à¨§­ ª¨ ãáâ®©ç¨¢®áâ¨ ¯à¨¢¥¤¥¬ ¤®ª § â¥«ìáâ¢® å®à®è® ¨§¢¥áâ­®£® ªà¨â¥à¨ï íªá-
¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâ¨  ¢â®­®¬­®£® ®¡ëª­®¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï. �®¤
íªá¯®­¥­æ¨ «ì­®© ãáâ®©ç¨¢®áâìî ãà ¢­¥­¨ï Lx = f ¡ã¤¥¬ ¯®­¨¬ âì ­ «¨ç¨¥ ¤«ï ª ¦¤®£®
à¥è¥­¨ï x ®¤­®à®¤­®£® ãà ¢­¥­¨ï Lx = 0 íªá¯®­¥­æ¨ «ì­®© ®æ¥­ª¨

jx(t)j �Mxe
�
t; t � 0; (20)

£¤¥ N ¨ 
 | ­¥ª®â®àë¥ ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë.

�à¨§­ ª 3. �à ¢­¥­¨¥

_x(t) + Px(t) = f(t); t � 0; (21)

íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¤¥©áâ¢¨â¥«ì­ë¥ ç áâ¨ ¢á¥å á®¡áâ¢¥­-

­ëå ç¨á¥« �i ¬ âà¨æë P ¯®«®¦¨â¥«ì­ë.

�®ª § â¥«ìáâ¢®. �®áâ â®ç­®áâì. �ãáâì ¯à®áâà ­áâ¢® D0 = D(L0;L
1

 ) ®¯à¥¤¥«ï¥âáï

ãà ¢­¥­¨¥¬ L0x
def= _x + �x, 0 < 
 < �,   ®¯¥à â®à K� : L1
 ! L1
 | à ¢¥­áâ¢®¬ (K�z)(t)

def=
(E� �P )

R t
0 e

��(t�s)z(s)ds, £¤¥ � > 
 > 0. �¯¥à â®à K��
 : L1 ! L1 ®¯à¥¤¥«ï¥âáï, á®®â¢¥âáâ¢¥­-

­®, à ¢¥­áâ¢®¬ (K��
z)(t)
def= (E� � P )

R t
0 e

(
��)(t�s)z(s)ds.
�¥âàã¤­® ¯à®¢¥à¨âì, çâ® kK�kL1
 !L1
 = kK��
kL1!L1 � 1

��

jE� � P j. �«ï m-å ¨â¥à æ¨©

®¯¥à â®à  K� ¨ ¬ âà¨æë E� � P ¨¬¥¥¬

kKm
� kL1
 !L1
 = kKm

��
kL1!L1 �
1

(� � 
)m
j(E� � P )mj:
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�«¥¤®¢ â¥«ì­®, ¤«ï á¯¥ªâà «ì­ëå à ¤¨ãá®¢ �(E��P ) ¨ �(K�) ¬ âà¨æë E��P ¨ ®¯¥à â®à  K�

á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® �(K�) �
1

� � 

�(E� � P ).

�®à®è® ¨§¢¥áâ­® ([29], £«.1, 1.1.4), çâ® �(E��P ) = max
i
j�i��j. � ª¨¬ ®¡à §®¬, j�i��j < ��


¯à¨ ãá«®¢¨¨, çâ® <�i > 0 ¨ � ¤®áâ â®ç­® ¢¥«¨ª®,   
 > 0 ¨ ¤®áâ â®ç­® ¬ «®. �«¥¤®¢ â¥«ì­®, ¯à¨
â ª¨å ãá«®¢¨ïå �(K�) < 1. �âáî¤  ¨ ¨§ â¥®à¥¬ë 1 á«¥¤ã¥â, çâ® ¯à®áâà ­áâ¢  D0 ¨ D(L; L1
 )
á®¢¯ ¤ îâ. �®£¤  ¤«ï ª ¦¤®£® à¥è¥­¨ï x ãà ¢­¥­¨ï (21) ¯à¨ f � 0 á¯à ¢¥¤«¨¢  íªá¯®­¥­æ¨ «ì-
­ ï ®æ¥­ª  (20), £¤¥ N ¨ 
 | ­¥ª®â®àë¥ ¯®«®¦¨â¥«ì­ë¥ ç¨á« . �¥®¡å®¤¨¬®áâì ®ç¥¢¨¤­ .

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ª®­æ¥¯æ¨ï D0-ãáâ®©ç¨¢®áâ¨ ­¥ ¯à®â¨¢®à¥ç¨â ¢ á«ãç ¥ ®¡ëª­®-
¢¥­­®£® ¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï ª« áá¨ç¥áª®© ª®­æ¥¯æ¨¨. �®«¥¥ â®£®, ­  ®á­®¢¥ â¥®à¥¬
1, 4 ¬®¦­® ¤®áâ â®ç­® « ª®­¨ç­® ¯®«ãç¨âì ¨§¢¥áâ­ë¥ ¯à¨§­ ª¨ ãáâ®©ç¨¢®áâ¨. � ¤ «ì­¥©è¥¬
¬ë ¯à¨¢¥¤¥¬ ¯à¨§­ ª¨ ãáâ®©ç¨¢®áâ¨ ¤«ï à §«¨ç­ëå ª« áá®¢ ãà ¢­¥­¨© á § ¯ §¤ë¢ îé¨¬  à-
£ã¬¥­â®¬, ¯®«ãç¥­­ë¥ ­  ®á­®¢¥ W-¬¥â®¤ .
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