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�¯¥à¢ë¥ «¥¢ë© à¥£ã«ïà¨§¨àãîé¨© ®¯¥à â®à (���) ¤«ï  «£¥¡à®-¤¨ää¥à¥æ¨ «ì®© á¨áâ¥-
¬ë ãà ¢¥¨© (���)

A(t)x0(t) +B(t)x(t) = f(t); t 2 T = [t0; t1]; (1)

(A(t), B(t) | (n� n)-¬ âà¨æë, detA(t) = 0 8t 2 T ) ¡ë« ¢¢¥¤¥ ¢ [1] ª ª «¨¥©ë© ¤¨ää¥à¥-
æ¨ «ìë© ®¯¥à â®à, ¯à¨¢®¤ïé¨© (1) ª ¢¨¤ã, à §à¥è¥®¬ã ®â®á¨â¥«ì® ¯à®¨§¢®¤ëå 1.

� ¤ «ì¥©è¥¬ à¥£ã«ïà¨§¨àãîé¨© ®¯¥à â®à ®ª § «áï ¢¥áì¬  ¯®«¥§ë¬ ¨áâàã¬¥â®¬ ¤«ï
¨áá«¥¤®¢ ¨ï ¨ ç¨á«¥®£® à¥è¥¨ï â ª¨å á¨áâ¥¬. �®-¯¥à¢ëå, ® ¤ ¥â ¨ä®à¬ æ¨î ® áâàãªâã-
à¥ à¥è¥¨ï ¨ ¯®§¢®«ï¥â ¯®«ãç¨âì ãâ¢¥à¦¤¥¨ï áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ [2]. �®-¢â®àëå,
¯®¤å®¤, á¢ï§ ë© á ���, ª®áâàãªâ¨¢¥ á ¢ëç¨á«¨â¥«ì®© â®çª¨ §à¥¨ï, ¯®áª®«ìªã ® ¯à¥-
®¡à §ã¥â ¨áå®¤ãî ��� ª á¨áâ¥¬¥, ¤«ï ¯à¨¡«¨¦¥®£® à¥è¥¨ï ª®â®à®© ¨¬¥¥âáï ¬®¦¥áâ¢®
áå®¤ïé¨åáï ¬¥â®¤®¢, ¯àï¬®¥ ¯à¨¬¥¥¨¥ ª®â®àëå ª (1) «¨¡® ¢®®¡é¥ ¥¢®§¬®¦®, «¨¡® ¥ ¤ ¥â
¯à¨¥¬«¥¬®£® à¥§ã«ìâ â . � ª®¥æ, áãé¥áâ¢®¢ ¨¥ ��� ¬®¦¥â ¨£à âì ¢ ¦ãî à®«ì ¯à¨ ¤®ª § -
â¥«ìáâ¢¥ áå®¤¨¬®áâ¨ ç¨á«¥ëå ¬¥â®¤®¢, ¨á¯®«ì§ã¥¬ëå ¥¯®áà¥¤áâ¢¥® ¤«ï à¥è¥¨ï à áá¬ -
âà¨¢ ¥¬®© ��� ( ¯à., [3]).

� ¤ ®¬ã ¬®¬¥âã ¢á¥ ®á®¢ë¥ ¯à¨æ¨¯¨ «ìë¥ ¢®¯à®áë, ª á îé¨¥áï ¢¨¤ , ãá«®¢¨© áãé¥-
áâ¢®¢ ¨ï ¨  «£®à¨â¬®¢ ¯®áâà®¥¨ï ��� ¤«ï á¨áâ¥¬ë  «£¥¡à®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨©
(1), ã¦¥ à¥è¥ë (á¬., £« ¢ë¬ ®¡à §®¬, [2]).

�¥à¥¤  ¢â®à®¬ áâ®ï«  § ¤ ç  ¨áá«¥¤®¢ âì íâã ¯à®¡«¥¬ã ¯à¨¬¥¨â¥«ì® ª ��� á ®âª«®ï-
îé¨¬áï  à£ã¬¥â®¬ (¥ª®â®àë¥ ¯à¨«®¦¥¨ï â ª¨å á¨áâ¥¬ ãª § ë ¢ [4]). � [5] ¡ë« ¯®áâà®¥
��� ¤«ï á¨áâ¥¬ë

A(t)x0(t) +B(t)x(t) +D(t)x(t� �(t)) = f(t); t 2 T;

x(t) =  (t); t 2 [t�; t0]; t� = min
t2T

(t� �(t));

£¤¥ �(t) > 0, detA(t) = 0 8t 2 T , ¢ ¯à¥¤¯®«®¦¥¨¨ áãé¥áâ¢®¢ ¨ï ��� ¤«ï ��� (1), çâ® ¢
á«ãç ¥ ¯®áâ®ïëå ª®íää¨æ¨¥â®¢ íª¢¨¢ «¥â® âà¥¡®¢ ¨î à¥£ã«ïà®áâ¨ ¯ãçª  cA + B (®
à¥£ã«ïàëå ¨ á¨£ã«ïàëå ¯ãçª å ¤¢ãå ¬ âà¨æ [6], c. 313).

�¥«ì ¤ ®© à ¡®âë |  ©â¨ «¥¢ë© à¥£ã«ïà¨§¨àãîé¨© ®¯¥à â®à ¤«ï á¨áâ¥¬ë á ¯®áâ®ï-
ë¬¨ ª®íää¨æ¨¥â ¬¨

pX
j=0

Ajx
(j)(t) +

qX
j=0

Djx
(j)(t� �) = f(t); t 2 [t0;+1); (2)

x(t) =  (t); t 2 [t0 � �; t0]; (3)

1 �¤¥áì ¨ ¤ «¥¥ f 0(t) = d
dt
[f(t)]; f (j)(t) =

�
d
dt

�j
[f(t)], j � 1:
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£¤¥ q � 0 ¬®¦¥â ¡ëâì ¡®«ìè¥ p � 1, � = const > 0, detAp = 0, ¢ ãá«®¢¨ïå, ª®£¤  ¯ãç®ª ¬ âà¨æ
pP

j=0
cjAj á¨£ã«ïà¥, ® à¥£ã«ïà¥ ¯ãç®ª

pP
j=0

cjAj + d
qP

j=0
cjDj .

�® á¨å ¯®à â ª®© ®¯¥à â®à ¥ ¡ë« ¯®áâà®¥ ¤ ¦¥ ¤«ï á«ãç ï p = 1, q = 0 ¯® ¯à¨ç¨¥
®âáãâáâ¢¨ï å®à®è¥© áâàãªâãà®© â¥®à¨¨ ¤«ï ¯ãçª®¢ ¡®«¥¥ ç¥¬ ¤¢ãå ¬ âà¨æ.

� ¨¡®«¥¥ ¡«¨§ª  ¤ ®© à ¡®â¥ áâ âìï [7], £¤¥ ãáâ ®¢«¥®, çâ® ¥á«¨ ¯ãç®ª cA + B + dD

à¥£ã«ïà¥ (cA +B á¨£ã«ïàë©), â® áãé¥áâ¢ãîâ ¥®á®¡¥ë¥ ¬ âà¨æë P ¨ Q â ª¨¥, çâ®

P
�
AQx0(t) +BQx(t) +DQx(t� �)

�
=

=

0B@N1 � �

O eA �
O O N2

1CA y0(t) +
0B@N3 � �

O eB �
O O N4

1CA y(t) +
0B@E O O

O eD O

O O E

1CA y(t� �);

£¤¥ � = const > 0, y(t) = Qx(t), Ni | ¢¥àå¥âà¥ã£®«ìë¥ ¬ âà¨æë á ã«¥¢®© £« ¢®© ¤¨ £®-
 «ìî, E | ¥¤¨¨ç ï ¬ âà¨æ  á®®â¢¥âáâ¢ãîé¥£® ¯®àï¤ª ,   eA ¨ eB â ª®¢ë, çâ® dim(Im eA +
Im eB)? = dim(ker eAT ker eB) = 0.

� á®¦ «¥¨î, íâ  áâàãªâãà ï ä®à¬  ¯®«®áâìî ®¯¨áë¢ ¥â ¤¨ ¬¨ªã á¨áâ¥¬ë â®«ìª® â®£¤ ,
ª®£¤  ¯ãç®ª c eA + eB à¥£ã«ïà¥, å®âï, ¢®®¡é¥ £®¢®àï, ® ¬®¦¥â ®ª § âìáï ¨ á¨£ã«ïàë¬. � â®
¦¥ ¢à¥¬ï á«®¦®áâ¨ ¯à¨ ¯®áâà®¥¨¨ ��� ¢®§¨ª îâ ª ª à § ¢ ¯®á«¥¤¥¬ á«ãç ¥.

1. �á¯®¬®£ â¥«ìë¥ ®¡®§ ç¥¨ï

� à §¤¥« å 1, 2, 3 ¡ã¤¥¬ áç¨â âì, çâ® ¢ (2) Aj = Aj(t), Dj = Dj(t); detAp(t) � 0, t 2 [t0;+1).
�á¯®«ì§ãï á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï:

x(0)(t) = x(t� �); f(0)(t) =  (t� �);

x(i)(t) = x(t+ (i� 1)�); f(i)(t) = f(t+ (i� 1)�); A(i)j(t) = Aj(t+ (i� 1)�);

D(i)j(t) = Dj(t+ (i� 1)�); i = 1;1; t 2 J = [t0; t0 + �]; (4)

� = const > 0, § ¯¨è¥¬ ��� á ®âª«®ïîé¨¬áï  à£ã¬¥â®¬ (2), (3) ¢ ¡®«¥¥ ã¤®¡®¬ ¤«ï ¤ «ì-
¥©è¨å à ááã¦¤¥¨© ¢¨¤¥

pX
j=0

A(i)j(t)x
(j)
(i) (t) +

qX
j=0

D(i)j(t)x
(j)
(i�1)(t) = f(i)(t); i = 1;1; (5)

x(0)(t) = f(0)(t); t 2 J: (6)

�¯à¥¤¥«¥¨¥ 1. �®¤ à¥è¥¨¥¬ ��� (5), (6)   ®âà¥§ª¥ J ¡ã¤¥¬ ¯®¨¬ âì á®¢®ªã¯®áâì
n-¬¥àëå ¢¥ªâ®à-äãªæ¨© x(i)(t) 2 C�(J), i = 0;1, � = maxfp; qg, ª®â®àë¥ ®¡à é îâ à ¢¥áâ¢ 
(5), (6) ¯à¨ ¯®¤áâ ®¢ª¥ ¢ â®¦¤¥áâ¢  2.

�¯à¥¤¥«¨¬ ®¯¥à â®à ¤¨ää¥à¥æ¨à®¢ ¨ï � ¨ ®¯¥à â®à á¤¢¨£  ! à ¢¥áâ¢ ¬¨

�[�(t)] = �0(t); ![�(t)] = �(t� �):

�®®â¢¥âáâ¢¥®,

!k[�(t)] = �(t� k�) (k > 1); (!�1)s[�(t)] = �(t+ s�) (s � 1)

¨«¨ ¢ ®¡®§ ç¥¨ïå (4)

!0[�(i)(t)] = �(i)(t); !k[�(i)(t)] = �(i�k)(t); 0 < k � i;

(!�1)s[�(i)(t)] = �(i+s)(t); s � 1; i = 1;1:

2 C(J), Ck(J) | ¯à®áâà áâ¢  äãªæ¨©, ¥¯à¥àë¢ëå ¨ k à § ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ëå   J

á®®â¢¥âáâ¢¥®.
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�¯à¥¤¥«¥¨¥ 2. �ãç®ª ¯®áâ®ïëå (n�n)-¬ âà¨æ P (c; d) =
pP

j=0

�P
k=0

cjdkPk;j  §®¢¥¬ à¥£ã«ïà-

ë¬, ¥á«¨ áãé¥áâ¢ãîâ ®â«¨çë¥ ®â ã«ï ç¨á«  c� ¨ d� â ª¨¥, çâ® detP (c�; d�) 6= 0. � ¯à®â¨¢®¬
á«ãç ¥ (detP (c; d) = 0 8c; d) íâ®â ¯ãç®ª ¡ã¤¥¬  §ë¢ âì á¨£ã«ïàë¬.

�à¨¢¥¤¥¬ ¥®¡å®¤¨¬oe ¢ ¤ «ì¥©è¥¬

�â¢¥à¦¤¥¨¥ A. �ãáâì ¯ãç®ª ¬ âà¨æ P (c; d) =
pP

j=0

�P
k=0

cjdkPk;j à¥£ã«ïà¥. �®£¤  ¯ãç®ª

U(c; d) = V (c; d; d�1)P (c; d)

â ª¦¥ ¡ã¤¥â à¥£ã«ïàë¬. �¤¥áì V (c; d; d�1) =
�P

j=0

�P
k=0

cj
�
(d�1)kVk;j + dkV k;j

�
, detV (c; d; d�1) 6= 0

8c; d 6= 0, Vk;j, V k;j | ¯®áâ®ïë¥ (n� n)-¬ âà¨æë.

2. �¯à¥¤¥«¥¨¥ ¨ ®á®¡¥®áâ¨ ��� ¤«ï ��� á § ¯ §¤ë¢ ¨¥¬

�à¥¤¯®«®¦¨¬, çâ® ¢ ��� (2), (3) â ª ¦¥, ª ª ¨ ¢ á¨áâ¥¬¥
pX

j=0

Aj(t)x
(j)(t) = f(t); t 2 T = [t0;+1); (7)

(detAp(t) = 0 8t 2 T ), í«¥¬¥âë ¬ âà¨æ ª®íää¨æ¨¥â®¢ ¨ ¢¥ªâ®à®¢ ¯à ¢®© ç áâ¨ | ¤®áâ â®ç®
£« ¤ª¨¥ äãªæ¨¨   á¢®¨å ®¡« áâïå ®¯à¥¤¥«¥¨ï.

�¯à¥¤¥«¥¨¥ 3. ��� ¤«ï á¨áâ¥¬ë (7)  §ë¢ ¥âáï ®¯¥à â®à

L =
lX

j=0

Lj(t)�j (8)

(Lj(t) 2 C(T ) | ¥ª®â®àë¥ (n� n)-¬ âà¨æë) â ª®©, çâ®

L

� pX
j=0

Aj(t)x
(j)(t)

�
= x(p)(t) +

p�1X
j=0

bAj(t)x
(j)(t) 8x 2 Cp+l(T ):

�à¨ íâ®¬  ¨¬¥ìè¥¥ l � 0, ¯à¨ ª®â®à®¬   T ¤«ï (7) ®¯à¥¤¥«¥ ®¯¥à â®à L,  §ë¢ ¥âáï ¨¤¥ª-
á®¬ ¥à §à¥è¥®áâ¨ ®â®á¨â¥«ì® áâ àè¨å ¯à®¨§¢®¤ëå (¨«¨, ª®à®ç¥, ¨¤¥ªá®¬) c¨áâ¥¬ë
(7).

�¯à¥¤¥«¥¨¥ 4. �¥è¥¨¥¬ á¨áâ¥¬ë (2), (3)  §®¢¥¬ n-¬¥àãî ¢¥ªâ®à-äãªæ¨î x(t) 2
C([t0��;+1)) � à § (� = maxfp; qg) ¥¯à¥àë¢® ¤¨ää¥à¥æ¨àã¥¬ãî   ª ¦¤®¬ ¨§ ¯à®¬¥¦ãâ-
ª®¢ [ti � �; ti), i = 0;1, ã¤®¢«¥â¢®àïîéãî ãà ¢¥¨î (2) 8t 2 T ¨ ãá«®¢¨î (3) 8t 2 [t0 � �; t0].

�®¤ ¯à®¨§¢®¤ë¬¨ äãªæ¨¨ x(t) ¢ â®çª å t = ti � �, i = 0;1, ¡ã¤¥¬ ¯®¨¬ âì ¯à ¢ë¥
¯à®¨§¢®¤ë¥.

�¯à¥¤¥«¥¨¥ 5. �®¢®ªã¯®áâì ®¯¥à â®à®¢

V(i) =
mX
s=1

vX
j=0

V(i)s;j(t)�j(!�1)s +
iX

k=0

viX
j=0

V (i)k;j(t)�j!k; i = 1;1; (9)

£¤¥ V(i)s;j(t); V (i)k;j(t) 2 C(J) | ¥ª®â®àë¥ (n � n)-¬ âà¨æë, ¡ã¤¥¬  §ë¢ âì ��� ¤«ï á¨áâ¥¬ë
(5), (6), ¥á«¨ ¤¥©áâ¢¨¥ ®¯¥à â®à  V(i) ¯à¥®¡à §ã¥â ¥¥ ª ¢¨¤ã

x
(r)
(i) (t) +

r�1X
j=0

bA(i)j(t)x
(j)
(i) (t) +

iX
k=1

r�1X
j=0

bD(i)k;j(t)x
(j)
(i�k)(t) = V(i)[f(i)(t)]; i = 1;1; (10)
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á®¢¬¥áâ® á ãà ¢¥¨¥¬ (6).

�à¨ íâ®¬  ¨¬¥ìè¥¥ ç¨á«® { = max
1�i�1

fv; vig, ¯à¨ ª®â®à®¬   J ®¯à¥¤¥«¥ ��� ¤«ï á¨áâ¥¬ë

(5), (6),  §®¢¥¬ ¨¤¥ªá®¬ ¥à §à¥è¥®áâ¨ ��� (5), (6).
�á«®¢¨¥ ¥¯à¥àë¢®áâ¨ à¥è¥¨ï § ¤ ç¨ (2), (3) ¯®à®¦¤ ¥â ªà ¥¢ë¥ ãá«®¢¨ï ¤«ï ��� (5),

(6)

x(i�1)(t0 + �) = x(i)(t0); i = 1;1: (11)

� ª ¯®ª § ® ¢ [2], ¥á«¨ à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ (5), (6), (11) áãé¥áâ¢ã¥â (¢ ãá«®¢¨ïå, ª®£¤ 
¤«ï ��� (5), (6)   J ®¯à¥¤¥«¥ ���), â® ®® ¥¤¨áâ¢¥® ¨ á®¢¯ ¤ ¥â á à¥è¥¨¥¬ § ¤ ç¨ (10),
(6), (11). �¥è¥¨ï § ¤ ç (2), (3) ¨ (5), (6), (11) (¨«¨ (10), (6), (11)) á¢ï§ ë á®®â®è¥¨¥¬

x(t) = x(i)(t� (i� 1)�); t 2 [t0 + (i� 1)�; t0 + i�]; i = 0;1:

�à¨ íâ®¬ ªà ¥¢®© § ¤ ç¥ (10), (6), (11) ¬®¦® ¯®áâ ¢¨âì ¢ á®®â¢¥âáâ¢¨¥ ¥ª®â®àãî á¨áâ¥¬ã
¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© r-£® ¯®àï¤ª  § ¯ §¤ë¢ îé¥£® â¨¯  á  ç «ìë¬ ãá«®¢¨¥¬ (3),
à §à¥è¥ãî ®â®á¨â¥«ì® áâ àè¥© ¯à®¨§¢®¤®©, à¥è¥¨¥ ª®â®à®© ¢ á¬ëá«¥ ®¯à¥¤¥«¥¨ï 4
á®¢¯ ¤ ¥â á à¥è¥¨¥¬ á¨áâ¥¬ë (2), (3) (¯®¤à®¡¥¥ ®¡ íâ®¬ á¬. [5]) 3.

� ¬¥ç ¨¥ 1. �¨áâ¥¬ã (5), (6) ¬®¦® § ¯¨á âì ¢ ®¯¥à â®à®© ä®à¬¥

S(i)[x(i)(t)] = f(i)(t); i = 1;1; t 2 J;

£¤¥ ®¯¥à â®àë S(i), i = 1;1, ®¯à¥¤¥«ïîâáï ãà ¢¥¨¥¬ (5),   S(0) = E | â®¦¤¥áâ¢¥ë© ®¯¥à -
â®à.

�®£¤  ¤¥©áâ¢¨¥ ®¯¥à â®à  !k (0 < k � i)   ãà ¢¥¨¥ (5) á«¥¤ã¥â ¯®¨¬ âì á«¥¤ãîé¨¬
®¡à §®¬:

!k
�
S(i)[x(i)(t)]

�
= S(i�k)[x(i�k)(t)]; k < i; !i

�
S(i)[x(i)(t)]

�
= S(0)[x(0)(t)] = x(0)(t):

�â®¡ë ¯à®¨««îáâà¨à®¢ âì ¢á¥ ®á®¢ë¥ ®â«¨ç¨ï ®¯¥à â®à®¢ V(i), i = 1;1, ®â ®¯¥à â®à  L,
à áá¬®âà¨¬ ¤¢  ¯à¨¬¥à . �à¨ íâ®¬ ¢ ¢ëª« ¤ª å § ¢¨á¨¬®áâì ®â t ¢ ¥¨§¢¥áâëå äãªæ¨ïå ¨
¯à ¢ëå ç áâïå ¡ã¤¥¬ ®¯ãáª âì.

�à¨¬¥à 1. � ¯ãçª¥ ¬ âà¨æ, áâ®ïé¨å ¯à¨ x0(i) ¨ x(i), ®âáãâáâ¢ã¥â \à¥£ã«ïà ï" ç áâì ([6],
á. 320) 0B@0 1 0

0 0 1
0 0 0

1CAx0(i) +
0B@0 0 0
0 1 0
0 0 1

1CAx(i) +
0B@0 0 0
0 0 0
1 0 0

1CAx(i�1) =

0B@f(i)1f(i)2
f(i)3

1CA ; (12)

x(0) =
�
f(0)1; f(0)2; f(0)3

�T
; t 2 J:

�¤¥áì T | á¨¬¢®« âà á¯®¨à®¢ ¨ï.

�¨ää¥à¥æ¨ «ìë© ®¯¥à â®à
�

1 �� �2

0 � ��2

0 0 �

�
¯à¨¢®¤¨â íâã á¨áâ¥¬ã ª ¢¨¤ã0B@0 0 0

0 1 0
0 0 1

1CAx0(i) +
0B@ 1 0 0
�1 0 0
0 0 0

1CAx00(i�1) +

0B@0 0 0
0 0 0
1 0 0

1CAx0(i�1) =

0B@f(i)1 � f 0(i)2 + f 00(i)3
f 0(i)2 � f 00(i)3

f 0(i)3

1CA :
�âáî¤  ¯à¨ i = 1 ¯®«ãç¨¬ ãá«®¢¨¥   ¯à ¢ãî ç áâì ¨áå®¤®© á¨áâ¥¬ë

f 00(0)1 = f(1)1 � f 0(1)2 + f 00(1)3: (13)

3 �®¯à®á ® áãé¥áâ¢®¢ ¨¨ à¥è¥¨ï ��� (5), (6), ã¤®¢«¥â¢®àïîé¥£® ªà ¥¢ë¬ ãá«®¢¨ï¬ (11), ¯à¥¤áâ -
¢«ï¥â á®¡®© á¥àì¥§ãî ¯à®¡«¥¬ã, ª®â®à ï ¢ ¤ ®© áâ âì¥ ¥ § âà £¨¢ ¥âáï.
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�¥§ã«ìâ â®¬ ¯à¨¬¥¥¨ï ®¯¥à â®à 
�
!�1 0 0
0 � 0
0 0 �

�
¡ã¤¥â ãà ¢¥¨¥0B@1 0 0

0 1 0
0 0 1

1CAx00(i) +
0B@ 0 0 0
�1 0 0
0 0 0

1CAx000(i�1) +

0B@0 0 0
0 0 0
1 0 0

1CAx00(i�1) =

0B@f(i+1)1 � f 0(i+1)2 + f 00(i+1)3

f 00(i)2 � f 000(i)3
f 00(i)3

1CA :
� ª®¥æ, ®¯¥à â®àë G(1) =

�
1 0 0

�3! 1 0
��2! 0 1

�
, G(i) =

�
1 0 0
�! 1 0
�! 0 1

�
, i = 2;1, ã¨çâ®¦ îâ ¯à®¨§¢®¤ë¥ ¢

\§ ¯ §¤ë¢ îé¥©" ç áâ¨ ¨ ¤ îâ ¨áª®¬ãî á¨áâ¥¬ã

x00(1)(t) =

0B@f(2)1 � f 0(2)2 + f 00(2)3
f 000(0)1 + f 00(1)2 � f 000(1)3
�f 00(0)1 + f 00(1)3

1CA ; x00(i)(t) =

0B@f(i+1)1 � f 0(i+1)2 + f 00(i+1)3

f 0(i)1
�f(i)1 + f 0(i)2

1CA ; i = 2;1:

� ª¨¬ ®¡à §®¬,

V(1) =

0B@ !�1 ��!�1 �2!�1

�3! �2 ��3

��2! 0 �2

1CA ; V(i) =

0B@!�1 ��!�1 �2!�1

� 0 0
�1 � 0

1CA ; i = 2;1:

� ª ¢¨¤® ¨§ íâ®£® ¯à¨¬¥à , ®¯¥à â®àë V(i) ¢ ®â«¨ç¨¥ ®â ��� (8) ï¢«ïîâáï ¥ ¯à®áâ® ¤¨ä-
ä¥à¥æ¨ «ìë¬¨,   ¬®£ãâ ¢ª«îç âì ¢ á¥¡ï áâ¥¯¥¨ ®¯¥à â®à®¢ ! ¨ !�1. �à¨áãâáâ¢¨¥¬ !�1

¤¨ªâã¥âáï ¥®¡å®¤¨¬®áâì § ¤ ¨ï á¨áâ¥¬ë (2) ¥   ®âà¥§ª¥,     ¯®«ã¯àï¬®©. �à®¬¥ â®£®, ¯®-
«ãç¥ ï à §à¥è¥ ï á¨áâ¥¬  ¬®¦¥â ®ª § âìáï ¡®«ìè¥£® ¯®àï¤ª , ç¥¬ ¨áå®¤ ï, â. ¥. ¢ (10)
r � p. �é¥ ®¤®© ®â«¨ç¨â¥«ì®© ®á®¡¥®áâìî ï¢«ï¥âáï ¢®§¨ª®¢¥¨¥ ®£à ¨ç¥¨© â¨¯  (13),
ª®â®àë¥ ¢ á®¢®ªã¯®áâ¨ ¯à¥¤áâ ¢«ïîâ á®¡®© ¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï
à¥è¥¨ï ¨áå®¤®© ���.

�à¨¬¥à 2. �ãç®ª ¬ âà¨æ, áâ®ïé¨å ¯à¨ x0(i) ¨ x(i), à¥£ã«ïà¥ ¢ á«ãç ¥ 
0 1
0 0

!
x0(i) +

 
1 0
0 1

!
x(i) +

 
1 0
0 0

!
x0(i�1) =

 
f(i)1
f(i)2

!
; i = 1;1; (14)

x(0) =
�
f(0)1; f(0)2

�T
; t 2 J:

�®¤¥©áâ¢®¢ ¢ ®¯¥à â®à®¬
�
� ��2

0 �

�
, ¯®«ãç¨¬ 

1 0
0 1

!
x0(i) +

 
1 0
0 0

!
x00(i�1) =

 
f 0(i)1 � f 00(i)2

f 0(i)2

!
; i = 1;1:

�áª«îç¨¬ ¨§ ¯®«ãç¥®£® ãà ¢¥¨ï á« £ ¥¬®¥ á x00(i�1). �¥á«®¦® ¯à®¢¥à¨âì c ãç¥â®¬ § ¬¥ç -
¨ï 1, çâ® íâ® ¤®áâ¨£ ¥âáï ¯à¨¬¥¥¨¥¬ ®¯¥à â®à®¢

G(1) =

 
1� �2! 0

0 1

!
; G(2) =

 
1� �! + �3!2 0

0 1

!
;

G(i) =

0@i�1P
j=0

(�1)j�j!j + (�1)i�(i+1)!i 0

0 1

1A ; i = 3;1:

�áª®¬ ï à §à¥è¥ ï á¨áâ¥¬  ¨¬¥¥â ¢¨¤ x0(1) =
�

f 0(1)1�f
00

(1)2�f
00

(0)1

f 0(1)2

�
,

x0(i) =

0B@i�1P
j=0

(�1)j
�
f
(j+1)
(i�j)1 � f

(j+2)
(i�j)2

�
+ (�1)if (i+1)

(0)1

f 0(i)2

1CA ; i = 2;1:
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� ª¨¬ ®¡à §®¬, ��� ®¯à¥¤¥«ï¥âáï ®¯¥à â®à ¬¨ V(1) =
�
���2! ��2

0 �

�
,

V(i) =

0@i�1P
j=0

(�1)j�j+1!j + (�1)i�i+1!i
i�1P
j=0

(�1)j+1�j+2!j

0 �

1A ; i = 2;1:

�â àè ï áâ¥¯¥ì ®¯¥à â®à  �, ¢å®¤ïé¥£® ¢ V(i), à ¢  i+ 1. �â® ®§ ç ¥â, çâ® ¢ ®¡é¥¬ á«ã-
ç ¥ ¤¨ää¥à¥æ¨ «ìë© ¯®àï¤®ª ®¯¥à â®à®¢ V(i) ¬®¦¥â ¥®£à ¨ç¥® ¢®§à áâ âì 4 á à®áâ®¬ i.
�®íâ®¬ã ¢¯®«¥ ¥áâ¥áâ¢¥® ¢ ¤ «ì¥©è¥¬ ¯®âà¥¡®¢ âì, çâ®¡ë ¢å®¤ë¥ ¤ ë¥ ¢ á¨áâ¥¬¥ (5),
(6) ¡ë«¨ ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ë¬¨ äãªæ¨ï¬¨.

� ¯à¨¬¥à¥ 2 ¢ ��� ®âáãâáâ¢ã¥â ®¯¥à â®à !�1,   á«¥¤®¢ â¥«ì®, ¥ ¢®§¨ª îâ ¨ ãá«®¢¨ï  
¯à ¢ãî ç áâì. �â¬¥â¨¬ â ª¦¥, çâ® ®¯¥à â®à ! ¢å®¤¨â ¢ V(i) ¢ ¬ ªá¨¬ «ì® ¢®§¬®¦®© áâ¥¯¥¨ i.

�ç¥¢¨¤®, ¢ ®¡®¨å á«ãç ïå ¯®áâà®¥ë¥ ��� ¬®¦® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ (9). �®áª®«ìªã ®¡ 
��� ¬¨¨¬ «ì® ¢®§¬®¦®© áâ¥¯¥¨ ¯® �, â® ¢ á®®â¢¥âáâ¢¨¨ á ®¯à¥¤¥«¥¨¥¬ 5 ¨¤¥ªá á¨áâ¥¬ë
(12) à ¢¥ 3,   ¨¤¥ªá á¨áâ¥¬ë (14) ¡¥áª®¥çe.

3. ��� á ®âª«®ïîé¨¬áï  à£ã¬¥â®¬ ¢ ¯à¥¤¯®«®¦¥¨¨ áãé¥áâ¢®¢ ¨ï ���
¤«ï ç áâ¨, ¥ á®¤¥à¦ é¥© § ¯ §¤ë¢ ¨ï

�ãáâì ª®íää¨æ¨¥âë ¨ ¯à ¢ë¥ ç áâ¨ ¢ (2), (3) ¡¥áª®¥ç® ¤¨ää¥à¥æ¨àã¥¬ë   á¢®¨å ®¡« -
áâïå ®¯à¥¤¥«¥¨ï. �®¯ãáâ¨¬, çâ® ¤«ï á¨áâ¥¬ë (7)   T = [t0;+1) ®¯à¥¤¥«¥ ��� ¢¨¤  (8) á
ª®íää¨æ¨¥â ¬¨ ¨§ ¯à®áâà áâ¢  C1(T ) (¢ (7) ¬ âà¨æë Aj(t) â¥ ¦¥, çâ® ¨ ¢ (2)). �à¨¬¥ïï
¬¥â®¤, ¨á¯®«ì§®¢ ë© ¢ [2] ¤«ï á¨áâ¥¬ë (7) á p = 1, ¬®¦® ¯®ª § âì, çâ® ¢ á«ãç ¥ ¯®áâ®ïëå
ª®íää¨æ¨¥â®¢ íâ® à ¢®á¨«ì® âà¥¡®¢ ¨î à¥£ã«ïà®áâ¨ ¯ãçª 

Pp
j=0 c

jAj , p > 1.
� íâ¨å ¯à¥¤¯®«®¦¥¨ïå ¯®áâà®¨¬ ��� ¤«ï ��� (5), (6). �®¤¥©áâ¢ã¥¬   ãà ¢¥¨¥ (5) ®¯¥-

à â®à®¬ L(i) =
lP

j=0
L(i)j(t)�j , £¤¥ L(i)j(t) = Lj(t+ (i� 1)�), i = 1;1, t 2 J , Lj(t) | ª®íää¨æ¨¥âë

¨§ (8). � à¥§ã«ìâ â¥ ¯®«ãç¨¬

x
(p)
(i) (t) +

p�1X
j=0

bA(i)j(t)x
(j)
(i) (t) +

q+lX
j=0

D(i)1;j(t)x
(j)
(i�1)(t) = L(i)[f(i)(t)]; i = 1;1; t 2 J: (15)

�á«¨ ¢ (15) q + l < p ¨«¨ D(i)1;j(t) � O, t 2 J , ¯à¨ j > p � 1, â® ¢ ¨áª®¬®¬ ��� V(i) = L(i). �
¯à®â¨¢®¬ á«ãç ¥ ¥®¡å®¤¨¬® ¨áª«îç¨âì ¢ (15) ¢á¥ ¯à®¨§¢®¤ë¥ ®â x(i�1)(t) ¯®àï¤ª  ¢ëè¥ p�1.

�«ï íâ®£® ¢¢¥¤¥¬ «¨¥©ë¥ ¤¨ää¥à¥æ¨ «ìë¥ ®¯¥à â®àë

W(i;k) =
q+lX
j=p

D(i)k;j(t)�
j�p; i = 1;1; k = 1; i; (16)

(q+ l�p)-£® ¯®àï¤ª , £¤¥ D(i)1;j(t) | ¬ âà¨æë ¨§ (15),   D(i)k;j(t), k > 1, ¡ã¤ãâ ®¯à¥¤¥«¥ë ¨¦¥.
�ëçâ¥¬ ¨§ (15) ¯à¨ i = 1 ãà ¢¥¨¥ (6), ¯à¥¤¢ à¨â¥«ì® ¯à¥®¡à §®¢ ®¥ ®¯¥à â®à®¬

W(1;1)�
p. � á¨«ã § ¬¥ç ¨ï 1 íâ® íª¢¨¢ «¥â® ¤¥©áâ¢¨î   (15) ®¯¥à â®à 

U(1) = E �W(1;1)U(0)!; U(0) = �p: (17)

�®«ãç¨¬

x
(p)
(1) +

p�1X
j=0

bA(1)jx
(j)
(1) +

p�1X
j=0

D(1)1;jx
(j)
(0) = L(1)[f(1)]�W(1;1)[f

(p)
(0) ] :=

bf(1):
4�®¤®¡ë© íää¥ªâ  ¡«î¤ ¥âáï ¯à¨ ¯à¨¬¥¥¨¨ ¬¥â®¤  è £®¢ ª ¤¨ää¥à¥æ¨ «ì®¬ã ãà ¢¥¨î á

®âª«®ïîé¨¬áï  à£ã¬¥â®¬ ®¯¥à¥¦ îé¥£® â¨¯  [8].
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�à¨ i = 2 ¤«ï (15) ¨á¯®«ì§ã¥¬ ®¯¥à â®à E �W(2;1)U(1)!, ¢ à¥§ã«ìâ â¥ ãà ¢¥¨¥ ¯à¨¬¥â ¢¨¤

x
(p)
(2) +

p�1X
j=0

bA(2)jx
(j)
(2) +

p�1X
j=0

D(2)1;jx
(j)
(1) +

q+l�1X
j=0

D(2)2;jx
(j)
(0) = L(2)[f(2)]�W(2;1)[ bf(1)]:

�â®¡ë ã¨çâ®¦¨âì ¯à®¨§¢®¤ë¥ x(j)(0)(t), j � p, ã¦®   ¯®«ãç¥®¥ ãà ¢¥¨¥ ¯®¤¥©áâ¢®¢ âì
®¯¥à â®à®¬ E �W(2;2)U(0)!

2 (¢ W(2;2) áç¨â ¥¬ D(2)2;q+l(t) � O, t 2 J).
� ª¨¬ ®¡à §®¬, ®¯¥à â®à U(2) = E�W(2;1)U(1)!�W(2;2)U(0)!

2 ¯à¥®¡à §ã¥â ¨áå®¤®¥ ãà ¢¥¨¥ ¢

x
(p)
(2) +

p�1X
j=0

bA(2)jx
(j)
(2) +

p�1X
j=0

D(2)1;jx
(j)
(1) +

p�1X
j=0

D(2)2;jx
(j)
(0) =

bf(2):
�à®¤®«¦ ï ¯à®æ¥áá, ¯à¨¤¥¬ ª ®¯¥à â®àã

U(i) = E �
iX

k=1

W(i;k)U(i�j)!
k; i = 1;1; (18)

ª®â®àë© ¨áª«îç ¥â ¢á¥ ¯à®¨§¢®¤ë¥ ¯®àï¤ª  ¢ëè¥ (p � 1)-£® ¢ \§ ¯ §¤ë¢ îé¥©" ç áâ¨ ãà ¢-
¥¨ï (15) ¯à¨ ¯à®¨§¢®«ì®¬ i. �«¥¤®¢ â¥«ì®, ®¯¥à â®à V(i) = U(i)L(i) ¯à¥®¡à §ã¥â ��� (5), (6)
ª ¢¨¤ã (10), (6), ¯à¨ç¥¬ ¢ (10) r = p.

�¥âàã¤® ¯à®á«¥¤¨âì áâàãªâãàã ®¯¥à â®à®¢ V(i) =
iP

k=0

viP
j=0

V (i)k;j(t)�j!k, i = 1;1, £¤¥ l � vi �

(q + l� p)i+ p. �â® ®§ ç ¥â, çâ® á¨áâ¥¬  (5), (6) ¬®¦¥â ¨¬¥âì   J ¡¥áª®¥çë© ¨¤¥ªá ¥à §-
à¥è¥®áâ¨. � [5] ¤«ï p = 1 ¯®«ãç¥® ãá«®¢¨¥   ¢å®¤ë¥ ¤ ë¥, ¯à¨ ª®â®à®¬ vi ¯à¨¨¬ ¥â
¬ ªá¨¬ «ì®¥ § ç¥¨¥.

� ª ¢¨¤¨¬, ¢ á¤¥« ëå ¯à¥¤¯®«®¦¥¨ïå à¥£ã«ïà¨§¨à®¢  ï á¨áâ¥¬  (10) ¨¬¥¥â â®â ¦¥
¯®àï¤®ª, çâ® ¨ ¨áå®¤ ï (5),   ¢ ��� (9) ®âáãâáâ¢ãîâ á« £ ¥¬ë¥ á !�1.

4. ��� á á¨£ã«ïà®© ç áâìî, ¥ á®¤¥à¦ é¥© § ¯ §¤ë¢ ¨ï

�ãé¥áâ¢®¢ ¨¥ ��� ¤«ï á¨áâ¥¬ë (5), (6) á ¯®áâ®ïë¬¨ ª®íää¨æ¨¥â ¬¨ ¢ á«ãç ¥, ª®£¤ 

¯ãç®ª
pP

j=0
cjAj á¨£ã«ïà¥, ãâ¢¥à¦¤ ¥â

�¥®à¥¬ . �ãáâì ¢ á¨áâ¥¬¥

pX
j=0

Ajx
(j)
(i) (t) +

iX
k=1

qX
j=0

Dk;jx
(j)
(i�k)(t) = f(i)(t); i = 1;1; (19)

x(0)(t) = f(0)(t); t 2 J; (20)

1) ¯ãç®ª
pP

j=0
cjAj + d

qP
j=0

cjD1;j à¥£ã«ïà¥;

2) f(i)(t) 2 C1(J), i = 0;1.

�®£¤  áãé¥áâ¢ãîâ ®¯¥à â®àë V(i), i = 1;1, ¢¨¤  (9) (£¤¥ V(i)s;j(t) = V(i)s;j, V (i)k;j(t) = V (i)k;j

| ¯®áâ®ïë¥ ¬ âà¨æë), ¯à¥®¡à §ãîé¨¥ (19), (20) ¢ á¨áâ¥¬ã

x
(r)
(i) (t) +

r�1X
j=0

�Ajx
(j)
(i) (t) +

iX
k=1

r�1X
j=0

�Dk;jx
(j)
(i�k)(t) = V(i)[f(i)(t)]; i = 1;1; (21)

á®¢¬¥áâ® á ãà ¢¥¨¥¬ (20).
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�®ª § â¥«ìáâ¢®. �á®¢ã ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë á®áâ ¢«ï¥â  «£®à¨â¬ ¯®áâà®¥¨ï ®¯¥à -
â®à®¢ V(i). � «¥¥ § ¢¨á¨¬®áâì ®â t ¢ ¥¨§¢¥áâëå ¢¥ªâ®à-äãªæ¨ïå ¨ ¯à ¢ëå ç áâïå ¤«ï ªà â-
ª®áâ¨ ¡ã¤¥¬ ®¯ãáª âì.

�á«¨ detAp 6= 0, â® ¯®á«¥ ã¬®¦¥¨ï (19)   A�1
p ¯®«ãç¨¬

x
(p)
(i) +

p�1X
j=0

Ajx
(j)
(i) +

iX
k=1

qX
j=0

Dk;jx
(j)
(i�k) = A�1

p f(i):

�à¨ q < p íâ  á¨áâ¥¬  ï¢«ï¥âáï ¨áª®¬®© (21). � ¯à®â¨¢®¬ á«ãç ¥ ª ¢¨¤ã (21) ¥¥ ¬®¦® ¯à¨-
¢¥áâ¨ ®¯¥à â®à ¬¨ â¨¯  (16){(18). �¥á«®¦® ã¡¥¤¨âìáï, çâ® ¯à®¨§¢¥¤¥¨¥ ¢á¥å ¯à¥®¡à §ãîé¨å
®¯¥à â®à®¢ ¡ã¤¥â ¨¬¥âì ¢¨¤ (9).

�ãáâì detAp = 0. �¬®¦¨¬ ãà ¢¥¨¥ (19)   ¬ âà¨æã P1, detP1 6= 0, ã¨çâ®¦ îéãî «¨-
¥©® § ¢¨á¨¬ë¥ áâà®ª¨ ¢ Ap, 

A[1]
p

O

!
x
(p)
(i) +

p�1X
j=0

0@A[1]
j

A
[2]
j

1Ax(j)(i) +
iX

k=1

qX
j=0

eDk;jx
(j)
(i�k) = P1f(i):

�¤¥áì ¬ âà¨æ  A[1]
p ¯®«®£® à £ , ¯à¨ç¥¬ rankA[1]

p = rankAp = k. �®«ãç¥®¥ à ¢¥áâ¢® ã¬®-

¦¨¬   ¬ âà¨æã
�
Ek O
O P2

�
â ªãî, çâ® detP2 6= 0, P2A

[2]
p�1 =

�
A

[3]

p�1

O

�
, rankA[3]

p�1 = rankA[2]
p�1, ¬ âà¨æ 

A
[3]
p�1 ¯®«®£® à £ .

� â¥¬ â ª¨¬ ¦¥ ®¡à §®¬ § ã«¨¬ «¨¥©® § ¢¨á¨¬ë¥ áâà®ª¨ ¢ ¯®¤¬ âà¨æ¥ ¬ âà¨æë P2A
[2]
p�2,

á®®â¢¥âáâ¢ãîé¥© ã«¥¢ë¬ áâà®ª ¬ ¢ P2A
[2]
p�1. �â®â ¯à®æ¥áá ¯à¥®¡à §®¢ ¨ï ¬ âà¨çëå ª®íää¨-

æ¨¥â®¢ ¢ ãà ¢¥¨¨ (19) (á ç «  áâ®ïé¨å ¯à¨ x(j)(i) ,   § â¥¬ | ¯à¨ x(j)(i�1)) ¢ ¯®àï¤ª¥ ã¡ë¢ ¨ï
§ ç¥¨© ¨¤¥ªá  j ¡ã¤¥¬ ¯à®¤®«¦ âì ¤® â¥å ¯®à, ¯®ª  ®ç¥à¥¤ ï ¡«®ç ï áâà®ª  ¥ ®ª ¦¥âáï
¯®«®£® à £ . � á¨«ã ¯à¥¤¯®«®¦¥¨ï 1) â¥®à¥¬ë â ª ï áâà®ª  ¥¯à¥¬¥® ®¡ àã¦¨âáï ¥
¯®§¦¥ ç¥¬ ¢ ¬ âà¨æ¥, áâ®ïé¥© ¯à¨ x(i�1).

�¯¨è¥¬ ¤ «ì¥©è¨¥ ¯à¥®¡à §®¢ ¨ï ¢ § ¢¨á¨¬®áâ¨ ®â ¬¥áâ  à á¯®«®¦¥¨ï  ©¤¥®© ¡«®ç-
®© áâà®ª¨ ¯®«®£® à £ .

A. �®¯ãáâ¨¬, çâ®   ª ª®¬-â® è £¥ ¯®«ãç¨«¨ á¨áâ¥¬ã ¢¨¤ 

pX
j=1

 
A

1;1
j A

1;2
j

O O

!
x
(j)
(i) +

 
A

1;1
0 A

1;2
0

A2;1
0 A2;2

0

!
x(i) +

iX
k=1

qX
j=0

 
D1;1

k;j D1;2
k;j

D
2;1
k;j D

2;2
k;j

!
x
(j)
(i�k) = '(i); (22)

i = 1;1, á ¬ âà¨æ¥©
�
A2;1

0 A2;2
0

�
¯®«®£® à £ .

�¤¥« ¥¬ ¯®¤áâ ®¢ªã x(i) = Qy(i) (i = 0;1), £¤¥ ¥®á®¡¥ ï (n� n)-¬ âà¨æ  Q â ª®¢ , çâ®�
A2;1

0 A2;2
0

�
Q =

�
O E

�
. �¥§ã«ìâ â®¬ ¡ã¤¥â á¨áâ¥¬  (22), ¥á«¨ ¢ ¯®á«¥¤¥© ¯®¬¥ïâì x   y,

A2;1
0   O, A2;2

0   E,    ¤ ¢á¥¬¨ ®áâ «ìë¬¨ ¡«®ª ¬¨ ¢ ¬ âà¨çëå ª®íää¨æ¨¥â å ¯®áâ ¢¨âì
§ ª \e". �à¨ íâ®¬ ãà ¢¥¨¥ (20) § ¬¥¨âáï   y(0) = Q�1f(0). � «¥¥ á ¯®¬®éìî ¯®«ãç¥®©
¥¤¨¨ç®© ¬ âà¨æë § ã«¨¬ ¢á¥ ¡«®ª¨ eA1;2

j , j = 0; p. �â® ¤®áâ¨£ ¥âáï ¯à¨¬¥¥¨¥¬ ®¯¥à â®à 

V1 =

 
E �

Pp
j=0

eA1;2
j �j

O E

!
:

�®«ãç¨¬
pX

j=1

 eA1;1
j O

O O

!
y
(j)
(i) +

 eA1;1
0 O

O E

!
y(i) +

iX
k=1

q+pX
j=0

0@ bD1;1
k;j

bD1;2
k;jbD2;1

k;j
bD2;2
k;j

1A y(j)(i�k) = b'(i);

£¤¥ bD2;s
k;j = O, j > q, s = 1; 2, k = 1; i.
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�áª«îç¥¨¥ ¡«®ª®¢ bD1;2
1;j , j = 0; q + p, ®áãé¥áâ¢«ï¥âáï á ¯®¬®éìî ®¯¥à â®à 

V2 =

0@E �!
q+pP
j=0

bD1;2
1;j�

j

O E

1A :
� ¯®«ãç¥®© á¨áâ¥¬¥

pX
j=1

 eA1;1
j O

O O

!
y
(j)
(i) +

 eA1;1
0 O

O E

!
y(i) +

q+pX
j=0

0@ bD1;1
1;j O

�D2;1
1;j

�D2;2
1;j

1Ay(j)(i�1) +
iX

k=2

2q+pX
j=0

�Dk;jy
(j)
(i�k) = �'(i)

¯ãç®ª ¬ âà¨æ, áâ®ïé¨å ¯à¨ y(i), y(i�1) ¨ ¨å ¯à®¨§¢®¤ëå, ¨¬¥¥â ¢¨¤0BB@
pP

j=0
cj eA1;1

j + d
q+pP
j=0

cj bD1;1
1;j O

d
q+pP
j=0

cj �D2;1
1;j E + d

q+pP
j=0

cj �D2;2
1;j

1CCA :
�® ãâ¢¥à¦¤¥¨î A íâ®â ¯ãç®ª à¥£ã«ïà¥. �«¥¤®¢ â¥«ì®, à¥£ã«ïàë¬ ï¢«ï¥âáï ¨ ¯ãç®ª

pX
j=0

cj eA1;1
j + d

q+pX
j=0

cj �D1;1
1;j :

�®íâ®¬ã ¯®á«¥¤ãîé¨¥ ¯à¥®¡à §®¢ ¨ï ¡ã¤¥¬ ¯à®¨§¢®¤¨âì  ¤ á¨áâ¥¬®©

pX
j=0

eA1;1
j y

(j)
(i) +

q+pX
j=0

bD1;1
1;jy

(j)
(i�k) +

iX
k=2

2q+pX
j=0

�D1;1
k;jy

(j)
(i�k) = '(i); i = 1;1; (23)

¤«ï ª®â®à®© ¢ë¯®«ïîâáï ¢á¥ ¯à¥¤¯®«®¦¥¨ï â¥®à¥¬ë, ® à §¬¥à®áâì ª®â®à®© ¬¥ìè¥ à §-
¬¥à®áâ¨ ¨áå®¤®© á¨áâ¥¬ë (19). �¤¥áì y(i�k) ¨ '(i) | á®®â¢¥âáâ¢ãîé¨¥ ¯®¤¢¥ªâ®àë ¢¥ªâ®à®¢
y(i�k), k = 0; i, ¨ �'(i).

B. �ãáâì ¢ ¯à®æ¥áá¥ § ã«¥¨ï «¨¥©® § ¢¨á¨¬ëå áâà®ª ¢ ãà ¢¥¨¨ (19) ¡«®ç ï áâà®-
ª  ¯®«®£® à £  ®ª § « áì ¢ ¬ âà¨æ¥, áâ®ïé¥© ¯¥à¥¤ x(i�1). �®á«¥ á®®â¢¥âáâ¢ãîé¥© § ¬¥ë
¯¥à¥¬¥ëå x(i) = Qy(i), i = 0;1, detQ 6= 0, ¯®«ãç¨¬ á¨áâ¥¬ã

pX
j=0

 
A

1;1
j A

1;2
j

O O

!
y
(j)
(i) +

qX
j=1

 
D

1;1
1;j D

1;2
1;j

O O

!
y
(j)
(i�1) +

 
D

1;1
1;0 D

1;2
1;0

O E

!
y(i�1) +

+
iX

k=2

qX
j=0

eDk;jy
(j)
(i�k) = '(i); i = 1;1; (24)

ª®â®àãî ®¯¥à â®à  
E O

O E!�1

!
¯à¨¢®¤¨â ª ¢¨¤ã (22) (á«ãç © A), çâ® ¯®§¢®«¨â ¢ ¤ «ì¥©è¥¬ ¯¥à¥©â¨ ª á¨áâ¥¬¥ ¬¥ìè¥© à §-
¬¥à®áâ¨ (23).

�§ (24) ¯à¨ i = 1 ¢®§¨ª ¥â á®®â®è¥¨¥�
O E

��
y(0) � '(1)

�
= O; t 2 J; (25)

ª®â®à®¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ãá«®¢¨¥   ¯à ¢ãî ç áâì á¨áâ¥¬ë (19), (20), ¯®áª®«ìªã y0 = Q�1x(0),
'(1) = bPf(1), £¤¥ ¥¢ëà®¦¤¥ ï (n� n)-¬ âà¨æ  bP ¥áâì ¯à®¨§¢¥¤¥¨¥ ¢á¥å ¬ âà¨æ, á ¯®¬®éìî
ª®â®àëå ¡ë« ®áãé¥áâ¢«¥ ¯à®æ¥áá § ã«¥¨ï «¨¥©® § ¢¨á¨¬ëå áâà®ª ¢ ¬ âà¨çëå ª®íää¨-
æ¨¥â å ãà ¢¥¨ï (19).
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C. �á«¨ ¡«®ç ï áâà®ª  ¯®«®£® à £  ®¡ àã¦¨« áì ¢ (19) ¢ ª ª®©-¨¡ã¤ì ¨§ ¬ âà¨æ ¯à¨
x
(j�)
(i) , 1 � j� < p, â® ¥¢ëà®¦¤¥ ï § ¬¥  ¯¥à¥¬¥ëå ¤ áâ á¨áâ¥¬ã

pX
j=j�+1

 
A

1;1
j A

1;2
j

O O

!
y
(j)
(i) +

 
A

1;1
j� A

1;2
j�

O E

!
y
(j�)
(i) +

j��1X
j=0

 
A1;1
j A1;2

j

A
2;1
j A

2;2
j

!
y
(j)
(i) +

+
iX

k=1

qX
j=0

 
D1;1

k;j D1;2
k;j

D
2;1
k;j D

2;2
k;j

!
y
(j)
(i�k) = '(i):

�á¯®«ì§ãï ¯®«ãç¥ãî ¥¤¨¨çãî ¬ âà¨æã, ¬®¦® ¨áª«îç¨âì «¨èì ¡«®ª¨, áâ®ïé¨¥ ¢ ¯à ¢ëå
¢¥àå¨å ã£« å ¬ âà¨æ ¯à¨ y(j)(i) ¨ y

(j)
(i�1), j � j�, ¥á«¨ â ª®¢ë¥ ¨¬¥îâáï.

� á«ãç ¥ q + p � 2j� � 0 ¤«ï i = 2;1 íâ® ®áãé¥áâ¢«ï¥âáï c ¨á¯®«ì§®¢ ¨¥¬ ®¯¥à â®à 
V = V2V1, £¤¥

V1 =

0B@E �
p�j�P
j=0

eA1;2
j+j��

j

O E

1CA ; V2 =

0B@E �!
q+p�2j�P

j=0

eD1;2
1;j+j��

j

O E

1CA :
�á«¨ ¦¥ i = 1, â® á ãç¥â®¬ § ¬¥ç ¨ï 1 ¢ áã¬¬¥, ¯à¨áãâáâ¢ãîé¥© ¢ ®¯¥à â®à¥ V2, ã¦® ¤®¡ ¢¨âì
¬®¦¨â¥«ì �j

�

.
� ¬¥â¨¬, çâ® ¨áª«îç¥¨¥ ¡«®ª®¢ ¢ ç áâ¨, ¥ á®¤¥à¦ é¥© § ¯ §¤ë¢ ¨ï (çâ® ¤®áâ¨£ ¥âáï

¤¥©áâ¢¨¥¬ ®¯¥à â®à  V1), á«¥¤ã¥â  ç¨ âì á A1;2
p , ¯à¨ íâ®¬ ¡«®ª¨ A

1;2
j (j = 0; p� 1) ¨ D

1;2
1;j

(j = 0; q), ®ç¥¢¨¤®, ¨§¬¥ïâáï, ªà®¬¥ â®£® ¢ \§ ¯ §¤ë¢ îé¥©" ç áâ¨ ¯®ï¢ïâáï ¯à®¨§¢®¤ë¥
¯®àï¤ª®¢ q+1; : : : ; q+p�j�. �â¨¬ ®¡êïáï¥âáï ¯®ï¢«¥¨¥ § çª  \e"  ¤ A ¨ D ¢ ¯à¥¤áâ ¢«¥¨¨
¤«ï ®¯¥à â®à®¢ V1 ¨ V2 ¨ ã¢¥«¨ç¥¨¥ ¢¥àå¥£® ¯à¥¤¥«  áã¬¬ë ¢ ®¯¥à â®à¥ V2.

� à¥§ã«ìâ â¥ ¤¥©áâ¢¨ï ®¯¥à â®à  V ¯®«ãç¨¬

pX
j=j�+1

 eA1;1
j O

O O

!
y
(j)
(i) +

 eA1;1
j� O

O E

!
y
(j�)
(i) +

j��1X
j=0

0@ eA1;1
j

eA1;2
jeA2;1

j
eA2;2
j

1Ay(j)(i) +

+
q+p�j�X
j=j�

0@ eD1;1
1;j OeD2;1
1;j

eD2;2
1;j

1A y(j)(i�1) +
j��1X
j=0

0@ eD1;1
1;j

eD1;2
1;jeD2;1

1;j
eD2;2
1;j

1A y(j)(i�1) +
iX

k=2

2q+p�2j�X
j=0

eDk;jy
(j)
(i�k) = e'(i); (26)

i = 1;1. �¤¥áì eD2;s
k;j = O, s = 1; 2, j > q, k = 1; i.

�¯¥à â®à V2 = E ¯à¨ q + p � 2j� < 0, ¢ ãà ¢¥¨¨ (26) ã«¥¢ë¥ ¡«®ª¨ ¢ âà¥âì¥© áã¬¬¥
§ ¬¥ïîâáï   eD1;2

1;j ,   ¢¥àå¨© ¯à¥¤¥« ¯®á«¥¤¥© áã¬¬ë ¯® j |   q + p� j�.
�á«¨ ¢ (26) ¯ãç®ª

pX
j=j�

cj eA1;1
j (27)

à¥£ã«ïà¥, â® ¬®¦® ¯¥à¥©â¨ ª ¯à¥®¡à §®¢ ¨î á¨áâ¥¬ë ¬¥ìè¥© à §¬¥à®áâ¨, ã¤®¢«¥â¢®àïî-
é¥© ¢á¥¬ ãá«®¢¨ï¬ â¥®à¥¬ë,

pX
j=0

eA1;1
j y

(j)
(i) +

q+p�j�X
j=0

eD1;1
1;jy

(j)
(i�1) +

iX
k=2

2q+p�2j�X
j=0

eD1;1
k;jy

(j)
(i�k) = '(i):

�à¨ íâ®¬ ¡«®çë¥ áâà®ª¨ ¯®«®£® à £  ¡ã¤ãâ ¯®ï¢«ïâìáï ¨áª«îç¨â¥«ì® ¢ ¬ âà¨çëå ª®íää¨-
æ¨¥â å ¯à¨ yj(i), j = j�; p,   ®¯¥à â®à, ¯à¥®¡à §ãîé¨© ¯®á«¥¤îî á¨áâ¥¬ã ª ¢¨¤ã, à §à¥è¥®¬ã
®â®á¨â¥«ì® áâ àè¨å ¯à®¨§¢®¤ëå ¢ ç áâ¨, ¥ á®¤¥à¦ é¥© § ¯ §¤ë¢ ¨ï, ¡ã¤¥â ¯à¥¤áâ ¢«ïâì
á®¡®© ®¯¥à â®à (8).
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�á«¨ ¦¥ ãá«®¢¨¥ à¥£ã«ïà®áâ¨ ¯ãçª  (27) ¥ ¢ë¯®«ï¥âáï, â®  ¤ á¨áâ¥¬®© (26) ¯à®¤¥«ë¢ ¥¬
¢á¥ ¯à¥®¡à §®¢ ¨ï,  ç¨ ï á ¯à®æ¥áá  ¯®á«¥¤®¢ â¥«ì®£® § ã«¥¨ï «¨¥©® § ¢¨á¨¬ëå áâà®ª.
�â® ¢®§¬®¦®, ¯®áª®«ìªã ¯® ãâ¢¥à¦¤¥¨î A ¢ (26) ¯ãç®ª ¬ âà¨æ-ª®íää¨æ¨¥â®¢ ¯à¨ y

(j)
(i) ¨

y
(j)
(i�1) (j � 0) à¥£ã«ïà¥.

D. �®¯ãáâ¨¬, çâ® ¥¤¨¨çë© ¡«®ª ¯®ï¢¨«áï ¢ ®¤®© ¨§ ¬ âà¨æ ¯à¨ ¯à®¨§¢®¤ëå ¢ \§ ¯ §-
¤ë¢ îé¥©" ç áâ¨

pX
j=0

 
A

1;1
j A

1;2
j

O O

!
y
(j)
(i) +

qX
j=j�+1

 
D

1;1
1;j D

1;2
1;j

O O

!
y
(j)
(i�1) +

 
D

1;1
1;j� D

1;2
1;j�

O E

!
y
(j�)
(i�1) +

+
j��1X
j=0

 
D1;1

1;j D1;2
1;j

D
2;1
1;j D

2;2
1;j

!
y
(j)
(i�1) +

iX
k=2

qX
j=0

0@ eD1;1
k;j

eD1;2
k;jeD2;1

k;j
eD2;2
k;j

1Ay(j)(i�k) = '(i): (28)

�¤¥áì 1 � j� � q.
�¥©áâ¢¨¥ ®¯¥à â®à 

V =

 
E O

O E!�1

!

¯à¨ j� � p ¯à¨¢®¤¨â (28) ª ã¦¥ à áá¬®âà¥®¬ã á«ãç î C,   ¯à¨ j� > p ¤ ¥â á¨áâ¥¬ã

 
O O

O E

!
y
(j�)
(i) +

j��1X
j=p+1

 
O OeA2;1
j

eA2;2
j

!
y
(j)
(i) +

pX
j=0

0@ eA1;1
j

eA1;2
jeA2;1

j
eA2;2
j

1Ay(j)(i) +
iX

k=1

qX
j=0

�Dk;jy
(j)
(i�k) = e'(i): (29)

�á«¨ j = p, â® ¢ (29) ¯¥à¢ë¥ ¤¢  á« £ ¥¬ëå ®âáãâáâ¢ãîâ, eA2;1
p = O, eA2;2

p = E.
�§ ãà ¢¥¨ï (28) ¯à¨ i = 1 ¯®«ãç¨¬ ãá«®¢¨¥   ¯à ¢ãî ç áâì á¨áâ¥¬ë (19), (20)

�
O E

�
y
(j�)
(0) +

j��1X
j=0

�
D

2;1
1;j D

2;2
1;j

�
y
(j)
(0) =

�
O E

�
'(1); t 2 J: (30)

� ¯®¬¨¬, çâ® y(0) = bQf(0), '(1) = bPf(1), £¤¥ bQ ¨ bP |¥ª®â®àë¥ ¥¢ëà®¦¤¥ë¥ (n�n)-¬ âà¨æë.
� «¥¥ â ª ¦¥, ª ª ¨ ¢ á«ãç ¥ C,  ¤ á¨áâ¥¬®© (29) ¯à®¤¥«ë¢ ¥¬ ¢á¥ ®¯¥à æ¨¨ á á ¬®£®

 ç « .
�à¥¤¯®«®¦¨¬, çâ® ¢ ¯à®æ¥áá¥ ¯à¥®¡à §®¢ ¨ï á¨áâ¥¬ë (26)   ¢á¥å ¯®á«¥¤ãîé¨å íâ ¯ å ¬ë

¡ã¤¥¬ ¯®«ãç âì ¢ à¨ â C. � ª ª ª à §¬¥à®áâì à áá¬ âà¨¢ ¥¬®© á¨áâ¥¬ë ¨ ç¨á«® ¢å®¤ïé¨å
¢ ¥¥ ¬ âà¨æ ®£à ¨ç¥®, â® ç¥à¥§ ª®¥ç®¥ ç¨á«® è £®¢ ¯®«ãç¨¬ «¨¡® á«ãç ¨ A, B, D, «¨¡®
á¨áâ¥¬ã (26) á à¥£ã«ïàë¬ ¯ãçª®¬ (27). �à¥¤¯®«®¦¥¨¥ 1) â¥®à¥¬ë £ à â¨àã¥â, çâ® á«ãç ¥¢
â¨¯  D ¬®¦¥â ¡ëâì ¥ ¡®«ìè¥, ç¥¬ n, ¯®áª®«ìªã §  k � n â ª¨å è £®¢ ¯®«ãç¨¬ á¨áâ¥¬ã á à¥£ã-
«ïà®© ç áâìî, ¥ á®¤¥à¦ é¥© § ¯ §¤ë¢ ¨ï, ��� ¤«ï ª®â®à®© áâà®¨âáï á¯®á®¡®¬, ®¯¨á ë¬
¢ ¯. 3. � ª¨¬ ®¡à §®¬, ¢ «î¡®¬ á«ãç ¥ ç¥à¥§ ª®¥ç®¥ ç¨á«® ¨â¥à æ¨© ¯®«ãç¨¬ á¨áâ¥¬ã ¬¥ìè¥©
à §¬¥à®áâ¨, ã¤®¢«¥â¢®àïîéãî ¢á¥¬ ãá«®¢¨ï¬ â¥®à¥¬ë.

�®á«¥¤®¢ â¥«ì® ¯à¨¬¥ïï ®¯¨á ë© ¢ëè¥ ¯à®æ¥áá, ¨áç¥à¯ ¥¬ á¨áâ¥¬ã (19). �®á«¥ ¯à¥¤-
¢ à¨â¥«ì®© ¯¥à¥áâ ®¢ª¨ áâà®ª ¨ áâ®«¡æ®¢ ¯®«ãç¥ ï ��� ¡ã¤¥â ¨¬¥âì ¢¨¤0BBBBB@

E O : : : O O

O O : : : O O

O O : : : O O

: : : : : : : : : : : : : : :

O O : : : O O

1CCCCCA z(r)(i) +

0BBBBB@
� � : : : � �
O E : : : O O

O O : : : O O

: : : : : : : : : : : : : : :

O O : : : O O

1CCCCCA z(r�1)
(i) + � � �+
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+

0BBBBB@
� � : : : � �
� � : : : � �
� � : : : � �
: : : : : : : : : : : : : : :

O O : : : O E

1CCCCCA z(i) +
iX

k=1

sX
j=0

eDk;jz
(j)
(i�k) =

ef(i); i = 1;1; (31)

£¤¥ z(i) = Q�1x(i), i = 0;1 (Q | ¥ª®â®à ï ¥®á®¡¥ ï (n� n)-¬ âà¨æ ; � ®¡®§ ç ¥â ¬ âà¨æã,
ª®â®à ï ¬®¦¥â ¡ëâì ®â«¨ç  ®â ã«¥¢®©).

�®®¡é¥ £®¢®àï, ¢ ª®íää¨æ¨¥â å à¥§ã«ìâ¨àãîé¥© á¨áâ¥¬ë ¡«®ª¨, à á¯®«®¦¥ë¥ ¯à ¢¥¥
¥¤¨¨çëå, â®¦¥ ¬®£ãâ ®ª § âìáï ¥ã«¥¢ë¬¨, ® ¥¢ëà®¦¤¥®© § ¬¥®© ¯¥à¥¬¥ëå â ªãî
á¨áâ¥¬ã ¢á¥£¤  ¬®¦® ¯à¨¢¥áâ¨ ª ¢¨¤ã (31).

�®¤¥©áâ¢ã¥¬   ãà ¢¥¨¥ (31) ®¯¥à â®à®¬0BBBBB@
E O : : : O O

O E� : : : O O

: : : : : : : : : : : : : : : : : : : : : :

O O : : : E�r�1 O

O O : : : O E�r

1CCCCCA ;

¢¥à¥¬áï ª áâ à®© ¯¥à¥¬¥®© x ¨ ã¬®¦¨¬ ¯®«ãç¥ãî á¨áâ¥¬ã   ¬ âà¨æã Q. � à¥§ã«ìâ â¥
¯®«ãç¨¬

x
(r)
(i) +

r�1X
j=0

�Ajx
(j)
(i) +

iX
k=1

s+rX
j=0

�Dk;jx
(j)
(i�k) = �f(i): (32)

�á«¨ ¢ íâ®¬ ãà ¢¥¨¨ �Dk;j = O, j > r � 1, k = 1;1, â® (32) | ¨áª®¬ ï á¨áâ¥¬  (21).
� ¯à®â¨¢®¬ á«ãç ¥ ¢ \§ ¯ §¤ë¢aîé¥©" ç áâ¨ ãà ¢¥¨ï (32) ¥®¡å®¤¨¬® ¨áª«îç¨âì ¢á¥

¯à®¨§¢®¤ë¥ ¯®àï¤ª  áâ àè¥ r�1. �â® ¤¥« ¥âáï á ¨á¯®«ì§®¢ ¨¥¬ ¯à¥®¡à §®¢ ¨©,   «®£¨çëå
®¯¨á ë¬ ¢ ¯. 3. � ¨¬¥®, ®¯¥à â®àë (16){(18) ¯à¥®¡à §ãîâ (32) ª ¢¨¤ã (21). �«ï ¯®«®©
â®ç®áâ¨ ã¦® ¢ ä®à¬ã« å (16){(18) ®¯ãáâ¨âì  à£ã¬¥â t, § ¬¥¨âì p   r,   q + l   s + r ¨
ãç¥áâì, çâ® ¢ (16) D(i)1;j | íâ® ¬ âà¨æë �D1;j ¨§ (32).

�¯¥à â®àë, á ¯®¬®éìî ª®â®àëå á¨áâ¥¬  (19) ¡ë«  ¯à¥®¡à §®¢   ¢ (21), ¯® ¯®áâà®¥¨î
¨¬¥îâ ¢¨¤ (9).

� ¬¥ç ¨¥ 2. �á®, çâ® ¢ â® ¢à¥¬ï ª ª ��� (21), (20) à §à¥è¨¬  ¤«ï «î¡ëå ¤®áâ â®ç®
£« ¤ª¨å äãªæ¨© f(0)(t) ¨ f(i)(t), i = 1;1, à¥è¥¨¥ á¨áâ¥¬ë (19), (20) ¬o¦¥â ¥ áãé¥áâ¢®¢ âì ¤«ï
§ ¤ ëå ¯à ¢ëå ç áâ¥©. � ç áâ®áâ¨, ¯®á«¥¤ïï ¥à §à¥è¨¬ , ¥á«¨ ¥ ¨¬¥îâ ¬¥áâ  ãá«®¢¨ï
(25), (30). �á«¨ ¦¥ â ª®¥ à¥è¥¨¥ áãé¥áâ¢ã¥â, â® íâ¨ à ¢¥áâ¢  ¢ë¯®«ïîâáï  ¢â®¬ â¨ç¥áª¨.
� ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬ë¥ ¢ ¯à®æ¥áá¥ ¯®áâà®¥¨ï ��� ®£à ¨ç¥¨ï â¨¯  (25), (30) ¢ á®¢®-
ªã¯®áâ¨ ¯à¥¤áâ ¢«ïîâ á®¡®© ¥®¡å®¤¨¬®¥ ¨ ¤®áâ â®ç®¥ ãá«®¢¨¥ áãé¥áâ¢®¢ ¨ï à¥è¥¨ï ���
(19), (20).

�¨â¥à âãà 
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