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� à ¡®â¥ ®¯¨áë¢ ¥âáï ª« áá ­¥á ¬®á®¯àï¦¥­­ëå ¢®§¬ãé¥­­ëå ®¯¥à â®à®¢ A(") = B0� "B ¢
£¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥, ¤«ï ª®â®àëå á¯à ¢¥¤«¨¢® ¯à¥¤¯®«®¦¥­¨¥ �.�à�¥¤¨­£¥à  [1]: á¯¥ª-
âà «ì­ë¥ ®¡ê¥ªâë A(") ¬®¦­® ¢ë¡à âì  ­ «¨â¨ç¥áª¨ § ¢¨áïé¨¬¨ ®â ¯ à ¬¥âà  ". �â®â ª« áá
®¯¥à â®à®¢ ­ å®¤¨â ¯à¨«®¦¥­¨ï ¢ â¥®à¨¨ äã­ªæ¨®­ «ì­®-¤¨ää¥à¥­æ¨ «ì­ëåãà ¢­¥­¨©. �à¥¤-
«®¦¥­­ë© ¢ë¡®à ®¯¥à â®à  ¢®§¬ãé¥­¨ï B ¯®§¢®«ï¥â á ¥¤¨­ëå ¯®§¨æ¨© à áá¬ âà¨¢ âì ª ª á«ã-
ç ©, ª®£¤  B ¯®à®¦¤ ¥âáï ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨¥¬ ¡¥§ ®âª«®­¥­¨©  à£ã¬¥­â®¢, â ª ¨
á«ãç ©, ª®£¤  ¢ ¤¨ää¥à¥­æ¨ «ì­®¬ ãà ¢­¥­¨¨ ¯à¨áãâáâ¢ãîâ «¨­¥©­ë¥ ®âª«®­¥­¨ï  à£ã¬¥­â®¢.
�¯¨áë¢ ¥¬®¬ã ª« ááã ¯à¨­ ¤«¥¦¨â, ¢ ç áâ­®áâ¨, à áá¬®âà¥­­ë© ¢ àï¤¥ à ¡®â (á¬., ­ ¯à., [2],
á. 178{186 ¨ ¡¨¡«¨®£à ä¨î ª ­¥©) ®¯¥à â®à, ¯®à®¦¤¥­­ë© ¯¥à¨®¤¨ç¥áª®© § ¤ ç¥© ­  á®¡áâ¢¥­-
­ë¥ §­ ç¥­¨ï ¤«ï ãà ¢­¥­¨© á ç áâ­ë¬¨ ¯à®¨§¢®¤­ë¬¨ ¨ ®âª«®­ïîé¨¬¨áï  à£ã¬¥­â ¬¨.

�¡®§­ ç¨¬ ç¥à¥§ Zm ¬­®¦¥áâ¢® ¢á¥å â®ç¥ª ¨§ Rm á æ¥«®ç¨á«¥­­ë¬¨ ª®®à¤¨­ â ¬¨. �ãáâì
< | ª®¬¯«¥ªá­®¥ £¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ h�; �i ¨ ­®à¬®© k � k,
¢ ª®â®à®¬ á¥¬¥©áâ¢® í«¥¬¥­â®¢ fyk; k 2 Zmg ï¢«ï¥âáï ¡ §¨á®¬ �¨áá . �â® ®§­ ç ¥â, çâ® áãé¥-
áâ¢ã¥â ¡¨¥ªâ¨¢­®¥ ®â®¡à ¦¥­¨¥ � ¬­®¦¥áâ¢  N ­  Zm â ª®¥, çâ® ¯®á«¥¤®¢ â¥«ì­®áâì (zn), £¤¥
zn = y�(n), ï¢«ï¥âáï ¡ §¨á®¬ �¨áá  ¢ <. �ãáâì M = fbk; k 2 Zmg | § ¤ ­­®¥ ç¨á«®¢®¥ ¬­®-
¦¥áâ¢®. �«ï í«¥¬¥­â  x 2 < ç¥à¥§ [x]k, k 2 Zm, ®¡®§­ ç¨¬ ª®íää¨æ¨¥­âë ¥£® à §«®¦¥­¨ï ¯®
¤ ­­®¬ã ¡ §¨áã �¨áá . �¥à¥§ D(B0) ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢á¥å í«¥¬¥­â®¢ x 2 <, ¤«ï ª®â®àëå
á¥¬¥©áâ¢® fbk[x]kyk; k 2 Zmg  ¡á®«îâ­® áã¬¬¨àã¥¬® ([3], c. 116). �ã¬¬  á¥¬¥©áâ¢  ®¡®§­ ç ¥âáï
á¨¬¢®«®¬

P
k2Zm

bk[x]kyk. �à¥¤¯®« £ ¥âáï, çâ® ¬­®¦¥áâ¢® D(B0) ¯«®â­® ¢ <. � ¤ ¤¨¬ ®¯¥à â®à

B0 : D(B0)! < ä®à¬ã«®© B0x =
P

k2Zm

bk[x]kyk, x 2 D(B0). �ç¥¢¨¤­®, B0 | «¨­¥©­ë© § ¬ª­ãâë©

®¯¥à â®à. �¡®§­ ç¨¬, ¤ «¥¥, ç¥à¥§ f�� ; � 2 Ng á®¢®ªã¯­®áâì ¢á¥å à §«¨ç­ëå í«¥¬¥­â®¢ ¬­®¦¥-
áâ¢  M . �ãáâì ¢ë¯®«­¥­® ãá«®¢¨¥ �(�) = inf

� 6=�
j�� ��� j > 0 8� 2 N . �«ï ª ¦¤®£® � 2 N ¯®«®¦¨¬

N� = fk 2 Zm; bk = ��g. �ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¬­®¦¥áâ¢  N� ª®­¥ç­ë ¨ ã¤®¢«¥â¢®àïîâ ãá«®-
¢¨î: ¥á«¨ s = (s1; : : : ; sm) 2 N� , â® ¢á¥ ®áâ «ì­ë¥ í«¥¬¥­âë N� ¯®«ãç îâáï ¨§ s ¨§¬¥­¥­¨¥¬ §­ -
ª  ­¥ª®â®àëå ¥£® ª®®à¤¨­ â. �¥à¥§ eN� ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢¥ªâ®à®¢ � = ((�1)�1 ; : : : ; (�1)�m),
£¤¥ �i 2 f0; 1g, i = 1; : : : ;m, â ª¨å, çâ® s� = (s1(�1)�1 ; : : : ; sm(�1)�m) 2 N� , ¥á«¨ s 2 N� .

�á­®, çâ®

�s = �s� ¤«ï s 2 N� ¨ � 2 eN� : (1)

�¯®àï¤®ç¨¢ ¯à®¨§¢®«ì­ë¬ ®¡à §®¬ ª ¦¤®¥ ¬­®¦¥áâ¢® N� , § ¯¨è¥¬ ¡ §¨á �¨áá  fyk; k 2
Zmg ¢ ¢¨¤¥

fys; s 2 N� ; � 2 Ng: (2)

�®áª®«ìªã ¢áïª¨© ¡ §¨á �¨áá  ¯¥à¥áâ ­®¢®ç¥­ ([4], c. 379), â® ¯®á«¥¤®¢ â¥«ì­®áâì (2) â ª¦¥
ï¢«ï¥âáï ¡ §¨á®¬ ¢ <. �¥à¥§ fy�s ; s 2 N� ; � 2 Ng ®¡®§­ ç¨¬ ¡¨®àâ®£®­ «ì­ë© ª (2) ¡ §¨á �¨áá 
¢ <. �á­®, çâ® f�� ; � 2 Ng | á®¢®ªã¯­®áâì ¢á¥å à §«¨ç­ëå á®¡áâ¢¥­­ëå §­ ç¥­¨© ®¯¥à â®à 
B0,   (�� ; ys), � 2 N , s 2 N� , | á®¢®ªã¯­®áâì ¥£® á¯¥ªâà «ì­ëå ¯ à.

61



�ãáâì Qm | ¬­®¦¥áâ¢® ¢á¥å â®ç¥ª ¨§ Rm á à æ¨®­ «ì­ë¬¨ ª®®à¤¨­ â ¬¨, 	 � Qm n f0g
| ª®­¥ç­®¥ ¬­®¦¥áâ¢®, fBq;s;�; q; s 2 Zm; � 2 	g | ç¨á«®¢®¥ ¬­®¦¥áâ¢®, ã¤®¢«¥â¢®àïîé¥¥
ãá«®¢¨î

Bq;s;� = Bq�;s�;� ¤«ï � 2 eN� ; q; s 2 Zm; � 2 	: (3)

�ãáâì B : D(B)! < | «¨­¥©­ë© ®¯¥à â®à ¢ <, ¯®¤ç¨­¥­­ë© ®¯¥à â®àã B0 ¨ ã¤®¢«¥â¢®àï-
îé¨© à ¢¥­áâ¢ã hBx; y�si =

P
q2Zm

P
�2	

Bq;s;�[x] s�q
�
; s 2 Zm, £¤¥

[x] s�q
�

=

8><>:
[x]k; ¥á«¨ k =

s� q

�
2 Zm;

0; ¥á«¨
s� q

�
=2 Zm;

s� q

�
=
�
s1 � q1
�1

; : : : ;
sm � qm
�m

�
:

�®¤ç¨­¥­­®áâì ®¯¥à â®à  B ®¯¥à â®àã B0 ®§­ ç ¥â (á¬., ­ ¯à., [5], c. 80), çâ® D(B0) � D(B) ¨
¯à¨ ­¥ª®â®àëå a1 � 0, a2 � 0 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

kBxk � a1kxk+ a2kB0xk 8x 2 D(B0): (4)

�¨ªá¨àã¥¬ á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ �� ®¯¥à â®à  B0 ¨ ¯®áâ ¢¨¬ ¢®¯à®á ® áãé¥áâ¢®¢ ­¨¨  ­ -
«¨â¨ç¥áª¨ § ¢¨áïé¨å ®â " á¯¥ªâà «ì­ëå ¯ à ®¯¥à â®à  A(") = B0� "B, ¢ ª®â®àëå á®¡áâ¢¥­­ë¥
§­ ç¥­¨ï ï¢«ïîâáï ¢®§¬ãé¥­¨ï¬¨ �� . �¥è¥­¨¥ á¯¥ªâà «ì­®© § ¤ ç¨ A(")y(") = �(")y(") ¨é¥¬
¢ ¢¨¤¥

�(") �
1X
p=0

�p"
p; y(") �

1X
p=0

xp"
p;

£¤¥ ç¨á«  �p = �p(�) ¨ í«¥¬¥­âë xp = xp(�) 2 D(B0) ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬

(B0 � �0I)x0 = 0; (B0 � �0I)xp = fp; p 2 N; (5)

¢ ª®â®àëå �0 = �� , fp = Bxp�1+
p�1P
i=0

�i+1xp�1�i, I | ¥¤¨­¨ç­ë© ®¯¥à â®à ¢ <. �®£« á­® ¯¥à¢®¬ã
¨§ á®®â­®è¥­¨© (5) x0 =

P
s2N�

cs(0)ys, £¤¥ cs(0) | ¯à®¨§¢®«ì­ë¥ ç¨á«  â ª¨¥, çâ®
P

s2N�

jcs(0)j2 6= 0.

� áá¬®âà¨¬ ãà ¢­¥­¨¥ ¤«ï ­ å®¦¤¥­¨ï x1

(B0 � �0I)x1 = f1: (6)

�¯¥à â®à B0 � �0I, ®ç¥¢¨¤­®, äà¥¤£®«ì¬®¢. �®íâ®¬ã ([6], c. 14) ãà ¢­¥­¨¥ (6) ¨¬¥¥â à¥è¥­¨¥
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  hf1; y�si = 0 ¤«ï s 2 N� , â. ¥.X

q2Zm

X
�2	

Bq;s;�[x0] k�q
�
+ cs(0)�1 = 0; s 2 N� : (7)

�ë ¯®«ãç¨«¨ á¨áâ¥¬ã ãà ¢­¥­¨© ®â­®á¨â¥«ì­® cs(0), s 2 N� . �¨ªá¨àã¥¬ ª ª®©-­¨¡ã¤ì í«¥¬¥­â
s0 2 N� . �®«®¦¨¢

�1 = �hBx0; y�s0i; (8)

ãç¨âë¢ ï (3), § ¬¥â¨¬, çâ® ¡ §¨á ¢ ¯à®áâà ­áâ¢¥ ¢á¥å à¥è¥­¨© á¨áâ¥¬ë (7) ®¡à §ã¥âáï ¢¥ªâ®à ¬¨
col(cs(0)) á ª®®à¤¨­ â ¬¨

cs(0) =

(
1; ¥á«¨ s = s0;

(�1)� ; ¥á«¨ s 6= s0; s 2 N� ;

£¤¥ � ­¥§ ¢¨á¨¬® ®â s ¯à¨­¨¬ ¥â §­ ç¥­¨ï 0 ¨ 1. �¨ªá¨àã¥¬ ­¥ª®â®àë© ¢¥ªâ®à C(0) = col(cs(0)),
¯à¨­ ¤«¥¦ é¨© íâ®¬ã ¡ §¨áã. �®áª®«ìªã

[x0]s =

(
cs(0); ¥á«¨ s 2 N� ;

0; ¥á«¨ s 2 Zm nN� ;
(9)
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â®

[x0]s = (�1)�(�)[x0]s�; (10)

£¤¥ s 2 N� , � 2 eN� , �(�) 2 f0; 1g. � ¤ «ì­¥©è¥¬ ¯à¥¤¯®« £ ¥âáï, çâ® x0 ¨ �1 ¢ë¡à ­ë ã¤®¢«¥-
â¢®àïîé¨¬¨ (8) ¨ (9).

�¥¬¬ . �¨á«  �p ¨ í«¥¬¥­âë xp, ã¤®¢«¥â¢®àïîé¨¥ (5), áãé¥áâ¢ãîâ ¨ ¬®£ãâ ¡ëâì ¢ë-

¡à ­ë â ª, çâ® ¤«ï p 2 N ¢ë¯®«­ïîâáï á®®â­®è¥­¨ï

�p = �hBxp�1; y�s0i; (11)

[xp]s =

(
(�1)�(�)[xp]s; ¥á«¨ s 2 Zm nN� ; � 2 eN� ;

0; ¥á«¨ s 2 N� :
(12)

�®ª § â¥«ìáâ¢®. �®£« á­® ¢ë¡®àã (8) ç¨á«  �1 ãà ¢­¥­¨¥ (6) à §à¥è¨¬® ®â­®á¨â¥«ì­® x1.
�®¤áâ ¢«ïï ¢ (6) ¢¬¥áâ® x0 ¨ x1 ¨å à §«®¦¥­¨ï ¯® ¡ §¨áã (2), ¤«ï ª ¦¤®£® s 2 Zm ¯®«ãç¨¬

(bs � ��)[x1]s =
X
q2Zm

X
�2	

Bq;s;�[x0] s�q
�
+ �1[x0]s: (13)

� ¬¥­¨¬ ¢ (13) s ­  s�, q ­  q�, £¤¥ � 2 eN� , ¨ ãçâ¥¬ (1), (3) ¨ (10). �¬¥¥¬

(bs � ��)[x1]s = (bs � ��)(�1)�(�)[x1]s� : (14)

�á«¨ s 2 Zm nN� , â® bs � �� 6= 0 ¨ ¨§ (14) á«¥¤ã¥â, çâ® [x1]s = (�1)�(�)[x1]s�. �ãáâì s 2 N� . �®£¤ 
¢ á¨«ã ¢ë¡®à  �1 à ¢¥­áâ¢® (13) ¨¬¥¥â ¢¨¤ 0 � [x1]s = 0. �®íâ®¬ã ¬®¦­® ¯®«®¦¨âì [x1]s = 0.

�ãáâì ­ ©¤¥­ë �i ¨ xi, i = 1; : : : ; p � 1, ã¤®¢«¥â¢®àïîé¨¥ á®®â­®è¥­¨ï¬ (5), (11) ¨ (12).
�®ª ¦¥¬, çâ® áãé¥áâ¢ãîâ �p ¨ xp, â ª¦¥ ã¤®¢«¥â¢®àïîé¨¥ íâ¨¬ á®®â­®è¥­¨ï¬.

� áá¬®âà¨¬ ãà ¢­¥­¨¥ ¤«ï ­ å®¦¤¥­¨ï xp

(B0 � ��I)xp = fp: (15)

�«ï ¥£® à §à¥è¨¬®áâ¨ ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë hfp; y�si = 0 ¤«ï s 2 N� . � á¯¨á ¢ íâ¨
à ¢¥­áâ¢  ¯®¤à®¡­¥¥, ¯®«ãç¨¬ ¤«ï s 2 N�X

q2Zm

X
�2	

Bq;s;�[xp�1] s�q
�
+

p�2X
i=0

�i+1[xp�i�1]s + cs(0)�p = 0: (16)

� ¬¥­¨¬ ¢ â¥å ãà ¢­¥­¨ïå (16), ¢ ª®â®àëå s 6= s0, q ­  q� ¤«ï � 2 eN� . �®áª®«ìªã (12) á¯à ¢¥¤«¨¢®
¤«ï xi, i = 1; : : : ; p � 1, ¨ ¨¬¥¥â ¬¥áâ® (3), â® á¨áâ¥¬  (16) á¢®¤¨âáï ª ®¤­®¬ã ãà ¢­¥­¨î, ¨§
ª®â®à®£® ­ å®¤¨¬ �p = �hBxp�1; y�s0i. �â ª, ãà ¢­¥­¨¥ (15) à §à¥è¨¬®. �¥à¥©¤¥¬ ¢ (15) ª
à §«®¦¥­¨ï¬ ¯® ¡ §¨áã �¨áá  (2). �«ï s 2 Zm á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

(bs � ��)[xp]s =
X
q2Zm

X
�2	

Bq;s;�[xp�1] s�q
�
+

p�1X
i=0

�i+1[xp�i�1]s: (17)

�®á«¥ § ¬¥­ë ¢ (17) s ­  sq, q ­  q� ¤«ï � 2 eN� ¨ ãç¥â  ¨­¤ãªæ¨®­­®£® ¯à¥¤¯®«®¦¥­¨ï ¯®«ãç¨¬

(bs � ��)[xp]s = (bs � ��)(�1)�(�)[xp]s� :
�á«¨ s =2 N� , â® ¨§ íâ®£® à ¢¥­áâ¢  á«¥¤ã¥â [xp]s = (�1)�(�)[xp]s�. �á«¨ s 2 N� , â® à ¢¥­áâ¢®
(17) ¨¬¥¥â ¢¨¤ 0 � [xp]s = 0, ¢ íâ®¬ á«ãç ¥ ¯®« £ ¥¬ [xp]s = 0. �­ ç¨â, �p ¨ xp ã¤®¢«¥â¢®àïîâ
á®®â­®è¥­¨ï¬ (5), (11) ¨ (12).

�¥®à¥¬ . �ãáâì B0 ¨ B | ®¯¨á ­­ë¥ ¢ëè¥ ®¯¥à â®àë, �� | á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ®¯¥-

à â®à  B0. �®£¤  áãé¥áâ¢ã¥â  ­ «¨â¨ç¥áª¨ § ¢¨áïé ï ®â " á¯¥ªâà «ì­ ï ¯ à  ®¯¥à â®à 

A(") = B0 � "B, ¢ ª®â®à®© á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ï¢«ï¥âáï ¢®§¬ãé¥­¨¥¬ ��.

63



�®ª § â¥«ìáâ¢®. �®£« á­® «¥¬¬e á¨áâ¥¬  (5), ¢ ª®â®à®© �0 = �� , à §à¥è¨¬ , ¯à¨ç¥¬ à¥-
è¥­¨¥ �p, xp ¬®¦­® ¢ë¡à âì â ª, çâ®¡ë ¢ë¯®«­ï«¨áì ãá«®¢¨ï (9), (11) ¨ (12). � ¤ «ì­¥©è¥¬
¯à¥¤¯®« £ ¥¬, çâ® â ª®© ¢ë¡®à á¤¥« ­. �î¡®© í«¥¬¥­â x 2 < ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

x = bx+ X
s2N�

[x]sys; (18)

£¤¥ bx =
1P0

�=1

P
s2N�

[x]sys, èâà¨å ®§­ ç ¥â, çâ® àï¤ ­¥ á®¤¥à¦¨â ç«¥­®¢, á®®â¢¥âáâ¢ãîé¨å ¨­¤¥ªáã

� = �. �®áª®«ìªã ¯®á«¥¤®¢ â¥«ì­®áâì (2) | ¡ §¨á �¨áá , â® ([4], c. 374) áãé¥áâ¢ãîâ ­¥ § ¢¨áïé¨¥

®â x â ª¨¥ ç¨á«  �1 > 0 ¨ �2 > 0, çâ® á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® �1
1P
�=1

P
s2N�

j[x]sj2 � kxk2 �

�2
1P
�=1

P
s2N�

j[x]sj2. �«ï x 2 D(B0) ¨¬¥¥¬

k(B0 � ��I)bxk2 = 



 1X0

�=1

X
s2N�

(�� � ��)[x]sys





2 �
� �1

1X0

�=1

X
s2N�

j�� � �� j2 j[x]sj2 � �1�
2(�)

1X0

�=1

X
s2N�

j[x]sj2 � �1�
�1
2 �2(�)kbxk2:

� ª¨¬ ®¡à §®¬, ¤®ª § ­® ­¥à ¢¥­áâ¢®

kbxk � e�k(B0 � ��I)bxk; (19)

£¤¥ e� = e�(�) = ��1(�)
q
�1�

�1
2 . �à¨¬¥­¨¢ ­¥à ¢¥­áâ¢  (4) ¨ (19), ¯®«ãç¨¬

kBbxk � ak(B0 � ��I)bxk; (20)

£¤¥ a = a(�) = (a1 + a2j�� j)e� + a2. � ¬¥â¨¬, çâ® ¤«ï â¥å p 2 N , ¤«ï ª®â®àëå ¢ë¯®«­¥­  ®æ¥­ª 

k(B0 � ��I)bxpk � �dp�1p�2; (21)

£¤¥ � ¨ d ­¥ § ¢¨áïâ ®â p, á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

j�p+1j � �aky�s0kdp�1p�2; (22)

kbxpk � �e�dp�1p�2: (23)

�¥©áâ¢¨â¥«ì­®, á®£« á­® (11) ¨ (20)

j�p+1j � kBexpk ky�s0k � aky�s0k k(B0 � ��I)bxpk:
�®íâ®¬ã ¥á«¨ ¢ë¯®«­¥­® ­¥à ¢¥­áâ¢® (21), â® ¢ë¯®«­¥­® (22),   ¢ á¨«ã (19) | ¨ ­¥à ¢¥­áâ¢®
(23). �§¢¥áâ­® (­ ¯à., [7]), çâ® ¯à¨ ­¥ª®â®à®¬ b ¤«ï ¢á¥å p 2 N á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

p�1X
s=0

(s+ 1)�2(p� s)�2 � b(p+ 1)�2: (24)

�®«®¦¨¬ � = k(B0 � ��I)bx1k ¨ ¢ë¡¥à¥¬ ç¨á«® d â ª, çâ®¡ë

4d�1(a
q
��11 �2 + j�1je� + �e�abky�s0kd�1) � 1; (25)

£¤¥ b ã¤®¢«¥â¢®àï¥â ­¥à ¢¥­áâ¢ã (24). �®ª ¦¥¬, çâ® ¯à¨ ¢á¥å p 2 N á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®
(21). �à¨ p = 1 íâ® ­¥à ¢¥­áâ¢® ¢¥à­®. �ãáâì ®­® ¢¥à­® ¤«ï p � k. �ë¯¨è¥¬ á®®â­®è¥­¨¥ (5)
¤«ï p = k + 1. �¬¥¥¬

(B0 � ��I)xk+1 = Bxk +
k�1X
i=0

�i+1xk�i + �k+1x0: (26)
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�®«®¦¨¬ � = Bxk +
k�1P
i=0

�i+1xk�i ¨ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ (18) � = b� +
P

�2N�

[�]sys. �®£¤  à ¢¥­áâ¢®

(26) ¯à¨¬¥â ¢¨¤ (B0 � ��I)xk+1 = b�+
P

s2N�

([�]s + �k+1cs(0))ys. � á¨«ã (11) ¨ (12) (á¬. à ¢¥­áâ¢ 

(16), ¢ ª®â®àëå p = k + 1) [�]s + �k+1cs(0) = 0, s 2 N� . �à®¬¥ â®£®, xk = bxk ¤«ï k 2 N ¨ bx0 = 0.

�®íâ®¬ã (B0���I)bxk+1 = (Bbxk)b+k�1P
i=0

�i+1bxk�i. �âáî¤  á®£« á­® ¨­¤ãªæ¨®­­®¬ã ¯à¥¤¯®«®¦¥­¨î
(22){(25) á«¥¤ã¥â

k(B0 � ��I)bxk+1k � kBbxkkq��11 �2 + j�1j kbxkk+ k�1X
i=1

j�i+1j kbxk�ik �
� �adk�1k�2

q
��11 �2 + j�1j�e�dk�1k�2 + �2a�ky�s0kdk�2

k�1X
i=1

i�2(k � i)�2 �

� �dk(k + 1)�2
�
k + 1
k

�2
d�1(a

q
��11 �2 + j�1j� + �a�ky�s0kbd�1) � �dk(k + 1)�2:

�­ ç¨â, ­¥à ¢¥­áâ¢® (21) ¢ë¯®«­¥­® ¤«ï p = k+1. �á¯®«ì§ãï (22), (23), (5), § ¬ª­ãâ®áâì ®¯¥à â®-

à  B0 ¨ ¯®¤ç¨­¥­­®áâì ¥¬ã ®¯¥à â®à  B, ¯®«ãç ¥¬, çâ® ¤«ï j"j � d�1 áå®¤ïâáï àï¤ë ��+
1P
p=1

�p"
p

¨
1P
p=0

xp"
p,   ¨å áã¬¬ë ®¡à §ãîâ á¯¥ªâà «ì­ãî ¯ àã ¢®§¬ãé¥­­®£® ®¯¥à â®à  A(").

� ª ç¥áâ¢¥ ¨««îáâà æ¨¨ à áá¬®âà¨¬ ­¥á ¬®á®¯àï¦¥­­ãî § ¤ çã ¤«ï äã­ªæ¨®­ «ì­®-¤¨ä-
ä¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï

u(2m1)(t)+ic(u(2m1)(t+t0)+u
(2m1)(t�t0))� "

2m1�2X
r=0

m2X
j=1

ar;j(t)u
(r)(Pr;jt)=�u(t); t 2 (0; 2�); (27)

£¤¥, ª ª ¨ ¢ [2],

u(t) 2W 2
�(2�); � = f0; : : : ; 2m1g; c; t0 2 R; i =

p�1;
ar;j(t) 2 L2

1(2�); ar;j = (�1)rar;j(�t); Pr;j 2 Z n f0g;

u(r)(Pr;j) =
�
d

dr

�r

u(�)
����
�=Pr;jt

; u(0)(�) = u(�); r = 0; : : : ; 2m1 � 2; j = 1; : : : ;m2:

�«ï íâ®© § ¤ ç¨

H = L2
1(2�); B0u(t) = u(2m1)(t) + ic(u(2m1)(t+ t0) + u(2m1)(t� t0));

D(B0) =W 2
�(2�); bk = �k2m1(1 + 2ci cos kt0); yk = exp(ikt); k 2 Z;

	 = fPr;j ; r = 0; : : : ; 2m1 � 2; j = 1; : : : ;m2g; Bq;s;� =
2m1�2X
r=0

m2X�

j=1

[ar;j ]q

�
i(s� q)
Pr;j

�r
; q; s 2 Z;

£¤¥ á¨¬¢®« � ®§­ ç ¥â, çâ® áã¬¬¨à®¢ ­¨¥ ¯à®¨§¢®¤¨âáï ¯® â¥¬ ¨­¤¥ªá ¬ r, j, ¤«ï ª®â®àëå
� = Pr;j 2 	;

Bu(t) =
2m1�2X
r=0

m2X
j=1

ar;j(t)u(r)(Pr;jt):

�á­®, çâ® �� = b� , � 2 Z+, ¨ ¢ë¯®«­¥­® à ¢¥­áâ¢® (1). �®áª®«ìªã ar;j(t) = (�1)rar;j(�t), â®
á¯à ¢¥¤«¨¢® (3). �®£« á­® â¥®à¥¬¥ áãé¥áâ¢ã¥â  ­ «¨â¨ç¥áª¨ § ¢¨áïé ï ®â " á¯¥ªâà «ì­ ï ¯ à 
§ ¤ ç¨ (27), ¢ ª®â®à®© á®¡áâ¢¥­­®¥ §­ ç¥­¨¥ ï¢«ï¥âáï ¢®§¬ãé¥­¨¥¬ ä¨ªá¨à®¢ ­­®£® �� .
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