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Ââåäåíèå.

Ôóíêöèÿ F ÿâëÿåòñÿ ïîëèàíàëèòè÷åñêîé, åñëè îíà ÿâëÿåòñÿ ðåøåíè-
ÿìè ñëåäóþùèõ óðàâíåíèé (îäíîãî èëè âòîðîãî):(

∂

∂z

)n
F (z) = 0

(
∂

∂x
+ i

∂

∂y

)n
F = 0.

Ì.Ï.Ãàíèí [1], [2] ðàññìîòðåë ÷åòûðå êðàåâûå çàäà÷è äëÿ ïîëèàíàëèòè-
÷åñêèõ ôóíêöèé, êðàåâûå óñëîâèÿ êîòîðûõ èìåþò âèä

1. ak(s)∆kU + bk(s)∆
kV = ck(s), (k = 0, 1, ..., n− 1) ,

2. ak(s)∆kU + bk(s)∆
kV = ck(s), a

1
k(s)

∂
∂n∆kU + b1

k(s)
∂
∂n∆kV = c1

k(s),(
k = 0, 1, ..., [

n− 1

2
]

)
,

ïðè÷åì â ñëó÷àå n íå÷åòíîãî îòáðàñûâàåòñÿ ïîñëåäíåå óñëîâèå.

3. ak(s)∂
kU
∂nk

+ bk(s)
∂kV
∂nk

= ck(s), (k = 0, 1, ..., n− 1) ,

4. ak(s) ∂n−1U
∂xn−k∂yk−1 + bk(s)

∂n−1V
∂xn−k∂yk−1 = ck(s), (k = 1, 2, ..., n).

Çäåñü U è V - âåùåñòâåííàÿ è ìíèìàÿ ÷àñòè ïîëèàíàëèòè÷åñêîé ôóíê-
öèè F (z) = U + iV , êîýôôèöèåíòû êðàåâûõ óñëîâèé 1-4 äèôôåðåíöè-
ðóåìû äîñòàòî÷íîå ÷èñëî ðàç. Çàäà÷è 2-4 äëÿ êðóãà, ïîëóïëîñêîñòè è
îáëàñòåé, îòîáðàæàåìûõ íà êðóã ðàöèîíàëüíîé ôóíêöèåé, ðåøåíû èì
ïóòåì ñâåäåíèÿ ê n çàäà÷àì Ãèëüáåðòà [2].

Â äèïëîìíîé ðàáîòå èññëåäóåòñÿ êðàåâàÿ çàäà÷à ñ êðàåâûìè óñëîâè-
ÿìè âèäà 3 äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ

2∑
k=0

Ak
∂2F

∂x2−k∂yk
= 0 (∗)

2-ãî ïîðÿäêà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè Ak.
Íàïîìíèì, ÷òî óðàâíåíèå íàçûâàåòñÿ ýëëèïòè÷åñêèì, åñëè åãî õàðàê-

òåðèñòè÷åñêèé ìíîãî÷ëåí
∑2

k=0Aks
k íå èìååò âåùåñòâåííûõ êîðíåé.
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Êðîìå òîãî, áóäåì ïðåäïîëàãàòü, ÷òî âñå êîðíè õàðàêòåðèñòè÷åñêîãî
ìíîãî÷ëåíà èìåþò ïîëîæèòåëüíûå ìíèìûå ÷àñòè.

Ðåøåíèÿ óðàâíåíèÿ (∗) íàçûâàþòñÿ ðåãóëÿðíûìè â íåêîòîðîé
îáëàñòè D, åñëè îíè èìåþò â íåé íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå äî
ïîðÿäêà 2.
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�1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ.

Êðàåâàÿ çàäà÷à Ãèëüáåðòà.[3]

Îáîçíà÷èì s è σ äëèíû äóã îêðóæíîñòè, îòñ÷èòûâàåìûõ îò òî÷êè ïå-
ðåñå÷åíèÿ åå ñ ïîëîæèòåëüíûì íàïðàâëåíèåì îñè àáñöèññ. Ïóñòü íåïðå-
ðûâíàÿ ôóíêöèÿ u(s) åñòü ïðåäåëüíîå çíà÷åíèå äåéñòâèòåëüíîé ÷àñòè
ôóíêöèè F (z) íà êîíòóðå êðóãà.

Òîãäà ôîðìóëà Øâàðöà

F (z) =
1

2π

2π∫
0

u(σ)
eiσ + z

eiσ − z
dσ + iυ0 (1.1)

äàåò âîçìîæíîñòü âîññòàíîâèòü àíàëèòè÷åñêóþ â êðóãå |z| < 1 ôóíê-
öèþ ïî ãðàíè÷íûì çíà÷åíèÿì åå äåéñòâèòåëüíîé ÷àñòè íà îêðóæíîñòè ñ
òî÷íîñòüþ äî ìíèìîãî ñëàãàåìîãî iυ0. Ïîëàãàÿ â ôîðìóëå (1.1) z = 0 è
ïîëüçóÿñü òåîðåìîé î ñðåäíåì, íàéäåì, ÷òî

υ0 = υ(0, 0) =

2π∫
0

υ(σ)dσ.

Âûðàæåíèå eiσ+z
eiσ−z íàçûâàåòñÿ ÿäðîì Øâàðöà.

Ðàññìîòðèì âñïîìîãàòåëüíóþ çàäà÷ó:

Çàäà÷à A.
Äàí ïðîñòîé ãëàäêèé çàìêíóòûé êîíòóð L, îãðàíè÷èâàþùèé âíóòðåí-

íþþ îáëàñòü D+. Òðåáóåòñÿ îïðåäåëèòü ôóíêöèþ F (z), àíàëèòè÷åñêóþ
â îáëàñòè D+, çà èñêëþ÷åíèåì òî÷êè z0, ãäå äëÿ íåå äîïóñòèì ïîëþñ
ïîðÿäêà íå âûøå n è äåéñòâèòåëüíàÿ ÷àñòü êîòîðîé íà êîíòóðå L îáðà-
ùàåòñÿ â çàäàííóþ ôóíêöèþ u(s).

Ðåøåíèå:
F (z) = Su+Q(z), (1.2)

ãäå îïåðàòîð Øâàðöà Su îïðåäåëÿåòñÿ ôîðìóëîé

Su =
1

2π

2π∫
0

u(σ)
eiσ + z

eiσ − z
dσ.
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Ïóñòü ω(z) åñòü ôóíêöèÿ, êîíôîðìíî îòîáðàæàþùàÿ îáëàñòü D íà åäè-
íè÷íûé êðóã òàê, ÷òî íåêîòîðàÿ òî÷êà z0 ïåðåõîäèò â íà÷àëî êîîðäèíàò
ω(z0) = 0 è ω′(z0) > 0.
Òîãäà

Q(z) = iβ +
n∑
k=1

{
ck[ω(z)]k − ck[ω(z)]−k

}
.

Ðàññìîòðèì çàäà÷ó Ãèëüáåðòà äëÿ åäèíè÷íîãî êðóãà.

Çàïèøåì êðàåâîå óñëîâèå â âèäå:

Re

{(
a(s)√

a2(s) + b2(s)
− i

b(s)√
a2(s) + b2(s)

)
F (t)

}
=

c(s)√
a2(s) + b2(s)

,

ãäå F (z) = U(x, y) + iV (x, y) - èñêîìàÿ ôóíêöèÿ, t = t(s).

Èíäåêñ æ ôóíêöèè a(s) + ib(s) áóäåì íàçûâàòü èíäåêñîì êîýôôèöèåíòà
çàäà÷è Ãèëüáåðòà.
Ðàçäåëèì îáå ÷àñòè êðàåâîãî óñëîâèÿ íà ðåãóëÿðèçóþùèé ìíîæèòåëü
ôóíêöèè a(s) + ib(s):

Re

[
F (t)

tæeiγ(t)

]
= |t|−æeω1(σ) c(s)√

a2(s) + b2(s)
,

ãäå

γ(z) =
1

2π

2π∫
0

[
arctg

b(σ)

a(σ)
− æσ

]
eiσ + z

eiσ − z
dσ,

γ(z) = ω(x, y) + iω1(x, y).

Ó÷èòûâàÿ, ÷òî |t| = 1 íà êîíòóðå, ïîëó÷èì, ÷òî ðåøåíèå çàäà÷è Ãèëü-
áåðòà ïðåäñòàâèòñÿ ñëåäóþùèìè ôîðìóëàìè:
1. Ïðè æ = 0

F (z) = eiγ(z)

 1

2π

2π∫
0

eω1(σ) c(s)√
a2(s) + b2(s)

eiσ + z

eiσ − z
dσ + iβ0

 .
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2. Ïðè æ > 0

F (z) = zæeiγ(z)

 1

2π

2π∫
0

eω1(σ) c(s)√
a2(s) + b2(s)

eiσ + z

eiσ − z
dσ +Q(z)

 ,
ãäå Q(z) - ðåøåíèå çàäà÷è A.
3. Ïðè æ < 0

F (z) = zæeiγ(z) 1

2π

2π∫
0

eω1(σ) c(s)√
a2(s) + b2(s)

eiσ + z

eiσ − z
dσ.

Â ïîñëåäíåì ñëó÷àå äëÿ ðàçðåøèìîñòè çàäà÷è ôóíêöèÿ

1

2π

2π∫
0

eω1(σ) c(s)√
a2(s) + b2(s)

eiσ + z

eiσ − z
dσ =

= − 1

2π

2π∫
0

eω1(σ) c(s)√
a2(s) + b2(s)

dσ +
1

π

2π∫
0

eω1(σ) c(s)√
a2(s) + b2(s)

dσ

1− ze−iσ

äîëæíà èìåòü íóëü ïîðÿäêà −æ â íà÷àëå êîîðäèíàò. Ðàçëàãàÿ åå â ñòå-
ïåííîé ðÿä â îêðåñòíîñòè íà÷àëà è ïðèðàâíèâàÿ íóëþ ïåðâûå −æ êîýô-
ôèöèåíòîâ, ïîëó÷èì

2π∫
0

eω1(σ) c(s)√
a2(s) + b2(s)

e−ikσdσ = 0, (k = 0, 1, ...,−æ− 1) (1.3)

èëè, â äåéñòâèòåëüíîé ôîðìå,
2π∫

0

eω1(σ) c(s)√
a2(s) + b2(s)

cos kσdσ = 0,

2π∫
0

eω1(σ) c(s)√
a2(s) + b2(s)

sin kσdσ = 0.

Ýòè ôîðìóëû äàþò −2æ − 1 óñëîâèé ðàçðåøèìîñòè, êîòîðûì äîëæåí
óäîâëåòâîðÿòü ñâîáîäíûé ÷ëåí, ÷òîáû íåîäíîðîäíàÿ çàäà÷à Ãèëüáåðòà ñ
îòðèöàòåëüíûì èíäåêñîì áûëà ðàçðåøèìà.
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�2. Ñòðóêòóðíûå ôîðìóëû äëÿ ðåøåíèé ýëëèïòè÷åñêîãî
óðàâíåíèÿ âòîðîãî ïîðÿäêà ãëàâíîãî òèïà ñ ïîñòîÿííûìè

êîýôôèöèåíòàìè. [4], [5]

Ðàññìîòðèì ýëëèïòè÷åñêîå äèôôåðåíöèàëüíîå óðàâíåíèå

L(U) =
4∑

k=0

ak
∂4U(x, y)

∂x4−k∂yk
= 0 (2.1)

ñ âåùåñòâåííûìè ïîñòîÿííûìè êîýôôèöèåíòàìè ak, ïðè ýòîì a4 6= 0.
Óðàâíåíèå (2.1) âêëþ÷àåò â ñåáÿ â êà÷åñòâå ÷àñòíûõ ñëó÷àåâ îñíîâíûå
óðàâíåíèÿ ïëîñêîé òåîðèè óïðóãîñòè äëÿ èçîòðîïíîé è àíèçîòðîïíîé
ñðåäû. Îáîçíà÷èì ÷åðåç s1, s2 êîðíè ïîëèíîìà

∑4
k=0 aks

k ñ ïîëîæèòåëü-
íûìè ìíèìûìè ÷àñòÿìè. Åñëè s1 = s2 = i, òî óðàâíåíèå (2.1) åñòü îñ-
íîâíîå óðàâíåíèå ïëîñêîé èçîòðîïíîé òåîðèè óïðóãîñòè. Åñëè æå s1, s2

ðàçëè÷íû, òî óðàâíåíèå (2.1) åñòü îñíîâíîå óðàâíåíèå ïëîñêîé àíèçî-
òðîïíîé òåîðèè óïðóãîñòè. Ìû áóäåì èçó÷àòü âòîðîé ñëó÷àé, òàê êàê
ïåðâûé äîñòàòî÷íî õîðîøî èññëåäîâàí. [6].

Óðàâíåíèå (2.1) ìîæíî ïðîèíòåãðèðîâàòü â îáùåì âèäå, çàïèñàâ åãî
ñëåäóþùèì îáðàçîì:

∆1∆2U(x, y) = 0, (2.2)

ãäå
∆j = ∂2/∂x2

j + ∂2/∂y2
j = 4∂2/∂zj∂xj,

∂

∂zj
=

1

2

(
∂

∂xj
− i

∂

∂yj

)
,

∂

∂zj
=

1

2

(
∂

∂xj
+ i

∂

∂yj

)
,

zj = xj + iyj = x+ sjy.

Á. Ëåâè [7] ïîêàçàë, ÷òî îáùåå ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ âèäà (2.2)
ìîæåò áûòü ïðåäñòàâëåíî â âèäå U(x, y) = U1(x, y)+U2(x, y), ãäå Uk(x, y)
åñòü ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ

∆kU(x, y) = 0.

Èñïîëüçóÿ èçâåñòíîå ïðåäñòàâëåíèå ãàðìîíè÷åñêèõ ôóíêöèé, ïîëó÷èì

U(x, y) = Re [ϕ1(z1) + ϕ2(z2)] , (2.3)
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ãäå ϕ1(z1), ϕ2(z2) - àíàëèòè÷åñêèå ôóíêöèè ñâîèõ àðãóìåíòîâ.
Ôóíêöèþ

V (x, y) = Im (ϕ1(z1) + ϕ2(z2)) ,

òîæå óäîâëåòâîðÿþùóþ óðàâíåíèþ (2.1), íàçîâåì ñîïðÿæåííîé ñ ôóíê-
öèåé U(x, y) è ðàññìîòðèì êîìïëåêñíîå ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ
(2.1):

F (z) = U + iV = ϕ1(z1) + ϕ2(z2). (2.4)

Ôóíêöèÿ F (z), óäîâëåòâîðÿåò, î÷åâèäíî, óðàâíåíèþ

∂2F (z)

∂z1∂z2
= 0. (2.5)

è íàîáîðîò, âñÿêîå ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (2.5) ìîæåò áûòü ïðåä-
ñòàâëåíî â âèäå

F (z) = F1(z1) + F2(z2),

ãäå Fk(zk) åñòü ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ

∂F (z)

∂zk
= 0,

ò.å. îáùåå ðåøåíèå óðàâíåíèÿ (2.5) èìååò âèä (2.4). Óðàâíåíèå (2.5)

ìîæíî çàïèñàòü â âèäå
2∑

k=0

Ak
∂2F

∂x2−k∂yk
= 0, åñëè èñïîëüçîâàòü ôîðìóëó

∂
∂zk

= 1
2

(
∂
∂xk

+ i ∂
∂yk

)
.

Ïîêàæåì, ÷òî ïðè îïðåäåëåííûõ óñëîâèÿõ ôóíêöèè ϕ1(z1), ϕ2(z2) â ïðåä-
ñòàâëåíèè (2.4) îïðåäåëÿþòñÿ ïî F (z) åäèíñòâåííûì îáðàçîì. Ñ ýòîé
öåëüþ ðàññìîòðèì ðàâåíñòâî

∂F (z)

∂z1
=
∂[ϕ1(z1)]

∂z1
+
∂[ϕ2(z2)]

∂z1
=
∂[ϕ2(z2)]

∂z1
.

Îòñþäà îïðåäåëèì åäèíñòâåííûì îáðàçîì ïî F (z) ôóíêöèþ ϕ′2(z2).
Ñëåäîâàòåëüíî, ôóíêöèÿ ϕ2(z2) îïðåäåëèòñÿ ñ òî÷íîñòüþ äî êîíñòàíòû.
Ïîñëå ýòîãî èç ðàâåíñòâà (2.4) íàõîäèì ôóíêöèþ ϕ1(z1):

ϕ1(z1) = F (z)− ϕ2(z2).

Òàêèì îáðàçîì, ôóíêöèè ϕq(zq)(q = 1, 2) îïðåäåëÿåòñÿ ïî F (z). Óñëîâèÿ,
êîòîðûå ñëåäóåò íàëîæèòü íà ôóíêöèè ϕq(zq) äëÿ åäèíñòâåííîñòè ïðåä-
ñòàâëåíèÿ (2.4), ìîãóò áûòü ñëåäóþùèìè. Ìîæíî, íàïðèìåð, çàäàòü â
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íåêîòîðîé òî÷êå dq çíà÷åíèå ôóíêöèè ϕ2(z2). Â ÷àñòíîñòè, ìîæíî ïîòðå-
áîâàòü, ÷òîáû ϕ2(z2) îáðàùàëàñü â íóëü â êàêîé-ëèáî òî÷êå îïðåäåëåíèÿ
ýòîé ôóíêöèè. Â ñëó÷àå ðåãóëÿðíîñòè F (z) â îêðåñòíîñòè áåñêîíå÷íî
óäàëåííîé òî÷êè è ïðè F (∞) = 0 ìîæíî ïîòðåáîâàòü îò ϕq(zq) îáðàùå-
íèÿ â íóëü ïîðÿäêà 1 íà áåñêîíå÷íîñòè.
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�3. Îá îñíîâíûõ ìåòîäàõ ðåøåíèÿ êðàåâûõ çàäà÷.

Áóäåì ðàññìàòðèâàòü êðàåâûå çàäà÷è ñëåäóþùåãî âèäà.
Â îäíîñâÿçíîé îáëàñòè D, îãðàíè÷åííîé êîíòóðîì Γ, íàéòè ôóíêöèþ,
îïðåäåëÿåìóþ óðàâíåíèåì (2.5), ïî êðàåâûì óñëîâèÿì íà Γ

Re
1∑

k=0

[ajk(t)− ibjk(t)]LkF (t) = cj(t) (3.1)

(j = 0, 1).

Çäåñü çàäàííûå ôóíêöèè ajk(t), bjk(t), cj(t)(j, k = 0, 1) óäîâëåòâîðÿþò
óñëîâèþ Ãåëüäåðà è det‖ajk(t)− ibjk(t)‖ 6= 0, t ∈ Γ ; Lk - äèôôåðåíöèàëü-
íûå îïåðàòîðû, êîòîðûå ìîæíî çàäàâàòü ðàçëè÷íûì îáðàçîì, íàïðèìåð,
∂/∂nk, ∂n−1/∂xn−k−1∂yk è ò.ä., è òàêèì îáðàçîì ïîëó÷àòü ðàçëè÷íûå êðà-
åâûå çàäà÷è.

Äëÿ ýôôåêòèâíîãî ðåøåíèÿ ïëîñêèõ çàäà÷ òåîðèè óïðóãîñòè äëÿ
íåêîòîðûõ êëàññîâ îáëàñòåé ïðèìåíÿþòñÿ òàêèå ìåòîäû:

1.Êîíôîðìíîå îòîáðàæåíèå îáëàñòè D íà åäèíè÷íûé êðóã E+ ñ ïîìî-
ùüþ ðàöèîíàëüíîé ôóíêöèè.

2. Ìåòîä õàðàêòåðèñòè÷åñêîé ôóíêöèè.

Â äàííîé äèïëîìíîé ðàáîòå ÿ ðàññìîòðþ ìåòîä êîíôîðìíîãî îòîáðàæå-
íèÿ, åãî ïðèìåíåíèå ê èññëåäîâàíèþ êðàåâûõ çàäà÷ âèäà (3.1), ïðèâîäÿ
èõ ê êðàåâûì çàäà÷àì äëÿ àíàëèòè÷åñêèõ ôóíêöèé.
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Ìåòîä êîíôîðìíîãî îòîáðàæåíèÿ.

Ýòîò ìåòîä ïðè ðåøåíèè çàäà÷è (3.1) áóäåò ïðèìåíèì â òîì ñëó÷àå,
åñëè ñóùåñòâóþò ôóíêöèè ωk(ζ), îòîáðàæàþùèå êîíôîðìíî åäèíè÷íûé
êðóã E+ íà îáëàñòè Dk = {x+ sky; (x, y) ∈ D}, (k = 1, ..., ν), ïðè÷åì àô-
ôèííî ñîîòâåòñòâóþùèì òî÷êàì ãðàíèö îáëàñòåé Dk ñîîòâåòñòâóåò îäíà
òî÷êà íà åäèíè÷íîé îêðóæíîñòè C. Î ñóùåñòâîâàíèè òàêèõ ôóíêöèé äëÿ
íåêîòîðûõ îáëàñòåé ãîâîðèò
Òåîðåìà 1. (ñì.[4]) Äëÿ ñóùåñòâîâàíèÿ óêàçàííûõ ôóíêöèé ωk(ζ) äî-
ñòàòî÷íî, à ïðè ν > 1 è íåîáõîäèìî, ÷òîáû îáëàñòü D áûëà îäíîãî èç
ñëåäóþùèõ âèäîâ:
1. âíåøíîñòü ýëëèïñà (îòðåçêà),
2. âíåøíîñòü ïàðàáîëû,
3. ïîëóïëîñêîñòü,
4.ïëîñêîñòü ñ ðàçðåçîì ïî ëó÷ó,
5.ïëîñêîñòü ñ ðàçðåçîì ïî äâóì ëó÷àì, ðàñïîëîæåííûì íà îäíîé ïðÿ-
ìîé.
Áóäåì ãîâîðèòü â äàëüíåéøåì, ÷òî ïåðå÷èñëåííûå â òåîðåìå 1 îáëàñòè
ïðèíàäëåæàò êëàññó À. Êîãäà çàäà÷à (3.1) ðàññìàòðèâàåòñÿ äëÿ îäíîé
èç îáëàñòåé êëàññà À, ââåäåíèåì ôóíêöèé

Φj(ζ) = {LjF (z)}zq=ωq(ζ),zq=ωq(ζ−1) ,

êîòîðûå â ñîîòâåòñòâóþùèõ òî÷êàõ åäèíè÷íîé îêðóæíîñòè ñîâïàäàþò ñ
LjF (t) è ÿâëÿþòñÿ àíàëèòè÷åñêèìè âñþäó â åäèíè÷íîì êðóãå, îíà ïðè-
âîäèòñÿ ê êðàåâûì çàäà÷àì Ãèëüáåðòà äëÿ àíàëèòè÷åñêèõ ôóíêöèé.
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�4. Ðåøåíèå êðàåâîé çàäà÷è ñ íîðìàëüíîé ïðîèçâîäíîé äëÿ
âíåøíîñòè êðóãà.

Êðàåâàÿ çàäà÷à äëÿ âíåøíîñòè êðóãà

x2

a2
+
y2

b2
= 1.

Îáùåå ðåøåíèå óðàâíåíèÿ, èñ÷åçàþùåå íà áåñêîíå÷íîñòè, èìååò âèä

F (z) = ϕ1(z1) + ϕ2(z2),

ãäå ôóíêöèè ϕq àíàëèòè÷íû â îáëàñòè Dq = {x + sqy : x + iy ∈ D} è
èñ÷åçàþò íà áåñêîíå÷íîñòè.

Òðåáóåòñÿ îïðåäåëèòü ðåãóëÿðíîå â îáëàñòè D è èñ÷åçàþùåå íà áåñêî-
íå÷íîñòè ðåøåíèå F (z) óðàâíåíèÿ, óäîâëåòâîðÿþùåå íà Γ = ∂D êðàåâûì
óñëîâèÿì

Re [a0(t)− ib0(t)]F (t) = c0(t),

Re [a1(t)− ib1(t)]
∂F (t)

∂n
= c1(t), t ∈ Γ. (4.1)

Ðàññìîòðèì ñëó÷àé a = b = 1.
Òîãäà Γ : t = eis = cos s + i sin s, 0 ≤ s < 2π, s− íàòóðàëüíûé ïàðàìåòð
íà Γ. Â ïîëÿðíûõ êîîðäèíàòàõ z = reis,

∂t

∂n
= −∂t

∂r
= −t

ïðè t ∈ Γ. Çäåñü n− âíóòðåííÿÿ íîðìàëü ê Γ.

∂tq
∂n

=
∂

∂n

(
1− isq

2
t+

1 + isq
2

t

)
= −

(
1− isq

2
t+

1 + isq
2

1/t

)
.

Íà Γ èìååì

∂F (t)

∂n
= ϕ′1(t1)

∂t1
∂n

+ ϕ′2(t2)
∂t2
∂n

.
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Òàê êàê ôóíêöèÿ ω(ζ) = 1/ζ îòîáðàæàåò åäèíè÷íûé êðóã E íà îáëàñòü
D : |ζ| > 1, òî ôóíêöèè, îòîáðàæàþùèå E íà îáëàñòè
Dq = {x+ sqy : x+ iy ∈ D}, q = 1, 2 èìåþò âèä

ωq(ζ) =
1− isq

2
ω(ζ) +

1 + isq
2

ω(1/ζ) =
1− isq

2

1

ζ
+

1 + isq
2

ζ.

Ââåäåì àíàëèòè÷åñêèå ôóíêöèè

Φ0(ζ) = {F (t)}tq=ωq(ζ) = ϕ1(ω1(ζ)) + ϕ2(ω2(ζ)),

Φ1(ζ) =

{
∂F (t)

∂n

}
t=ω(ζ), tq=ωq(ζ)

=

= −
(

1− is1

2

1

ζ
+

1 + is1

2
ζ

)
ϕ′1(ω1(ζ))−

(
1− is2

2

1

ζ
+

1 + is2

2
ζ

)
ϕ′2(ω2(ζ)).

(4.2)
Ôóíêöèè Φq(ζ), q = 1, 2, ãîëîìîðôíû â E è èñ÷åçàþò â òî÷êå ζ = 0.

Ïðè |ζ| = 1
Φ0(ζ) = F (1/ζ),

Φ1(ζ) =
∂F (1/ζ)

∂n
.

Íà ∂E èç (1) ñëåäóåò, ÷òî

Re [a0(1/ζ)− ib0(1/ζ)]Φ0(ζ) = c0(1/ζ),

Re [a1(1/ζ)− ib1(1/ζ)]Φ1(ζ) = c1(1/ζ), ζ ∈ ∂E. (4.3)

Ïîëîæèì Ψq(ζ) = Φq(ζ)/ζ, q = 1, 2. Ýòè ôóíêöèè ãîëîìîðôíû â E.
Íà ∂E îíè óäîâëåòâîðÿþò êðàåâûì óñëîâèÿì

Re [a0(1/ζ)− ib0(1/ζ)]ζΨ0(ζ) = c0(1/ζ),

Re [a1(1/ζ)− ib1(1/ζ)]ζΨ1(ζ) = c1(1/ζ), ζ ∈ ∂E. (4.4)
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Ïóñòü κq = ind Γ(aq + ibq), q = 1, 2, ïðè÷åì Γ îðèåíòèðîâàí ïî-
ëîæèòåëüíî îòíîñèòåëüíî îáëàñòè D, ò.å. ïî ÷àñîâîé ñòðåëêå. Òîãäà
ind ∂E[aq(1/ζ) + ibq(1/ζ)]ζ] = κq−1, ãäå êîíòóð ∂E îðèåíòèðîâàí ïðîòèâ
÷àñîâîé ñòðåëêè.

Ïîëîæèì ãq(ζ) + ib̃q(ζ) := [aq(1/ζ) + ibq(1/ζ)]ζ, ãäå ôóíêöèè ãq(ζ) è
b̃q(ζ), q = 1, 2, âåùåñòâåííû. Åñëè a2

q + b2
q = 1, òî è ã2

q + b̃2
q = 1.

Èç ðàâåíñòâ (4.2) âûðàçèì èñêîìûå ôóíêöèè ϕq ÷åðåç Φ0 è Φ1,
êîòîðûå îïðåäåëèëèñü ïóòåì ðåøåíèÿ çàäà÷ Ãèëüáåðòà (4.3) èëè (4.4).

ϕ2(ω2(ζ)) = Φ0(ζ)− ϕ1(ω1(ζ)),

ϕ′2(ω2(ζ))ω′2(ζ) = Φ′0(ζ)− ϕ′1(ω1(ζ))ω′1(ζ),

Φ1(ζ) = −ω1(ζ)ϕ′1(ω1(ζ))− ω2(ζ)

ω′2(ζ)
[Φ′0(ζ)− ϕ′1(ω1(ζ))ω′1(ζ)],

ϕ′1(ω1(ζ)) =
Φ1(ζ) + Φ′0(ζ)ω2(ζ)/ω′2(ζ)

ω′1(ζ)ω2(ζ)/ω′2(ζ)− ω1(ζ)
=

Φ1(ζ)ω′2(ζ) + Φ′0(ζ)ω2(ζ)

ω′1(ζ)ω2(ζ)− ω1(ζ)ω′2(ζ)
,

ϕ1(ω1(ζ)) =

∫ ζ

0

Φ1(ζ)ω′2(ζ) + Φ′0(ζ)ω2(ζ)

ω′1(ζ)ω2(ζ)− ω1(ζ)ω′2(ζ)
ω′1(ζ)dζ,

ïîäèíòåãðàëüíàÿ ôóíêöèÿ îãðàíè÷åíà â òî÷êå ζ = 0.

ϕ1(z1) =

∫ ω−1
1 (z1)

0

Φ1(ζ)ω′2(ζ) + Φ′0(ζ)ω2(ζ)

ω′1(ζ)ω2(ζ)− ω1(ζ)ω′2(ζ)
ω′1(ζ)dζ,

ϕ2(z2) = Φ0(ω
−1
2 (z2))− ϕ1[ω1(ω

−1
2 (z2))],

ãäå
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ω−1
q (zq) =

zq −
√
z2
q − (1 + isq)(1− isq)

1 + isq
, q = 1, 2;

âåòâü êîðíÿ âûáèðàåòñÿ òàê, ÷òîáû ω−1
q (∞) = 0.

Òàêèì îáðàçîì, ôóíêöèè ϕq(zq)(q = 1, 2) âûðàçèëèñü ÷åðåç ðåøåíèÿ
çàäà÷ Ãèëüáåðòà (4.3). Î÷åâèäíî, ÷òî ïîðÿäîê ϕ2(z2) â òî÷êå zq = ∞
ðàâåí 1.

Âåðíåìñÿ ê çàäà÷àì Ãèëüáåðòà (4.3).

Åñëè èíäåêñ æk ≥, òî çàäà÷à Ãèëüáåðòà (4.3) áåçóñëîâíî ðàçðåøèìà è
èìååò 2æk + 1 ëèíåéíî íåçàâèñèìûõ ðåøåíèé.

Åñëè æk < 0, òî íåîäíîðîäíàÿ çàäà÷à Ãèëüáåðòà (4.3) ðàçðåøèìà òîãäà
è òîëüêî òîãäà, êîãäà ñâîáîäíûé ÷ëåí óäîâëåòâîðÿåò −2æk− 1 óñëîâèÿì
ðàçðåøèìîñòè.

Â íàøåì ñëó÷àå îäíîðîäíàÿ çàäà÷à Ãèëüáåðòà (4.1) èìååò ` ëèíåéíî
íåçàâèñèìûõ ðåøåíèé íàä ïîëåì äåéñòâèòåëüíûõ ÷èñåë, ãäå:

` = max{0, 2æ0 + 1}+max{0, 2æ1 + 1},

à íåîäíîðîäíàÿ ðàçðåøèìà ïðè âûïîëíåíèè `′ óñëîâèé ðàçðåøèìîñòè
(1.3), ãäå

`′ = max{0,−2æ0 − 1}+max{0,−2æ1 − 1},
Èíäåêñ çàäà÷è Ãèëüáåðòà (4.1) ðàâåí

`− `′ = 2æ0 + 2æ1 + 2.
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�5. Ðåøåíèå êðàåâîé çàäà÷è äëÿ ëèíåéíîãî ýëëèïòè÷åñêîãî
óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè äëÿ âíåøíîñòè

ýëëèïñà.

Ïóñòü D - âíåøíîñòü ýëëèïñà

Γ :
x2

a2
+
y2

b2
= 1.

Òðåáóåòñÿ îïðåäåëèòü ðåãóëÿðíóþ â îáëàñòè D è îãðàíè÷åííóþ íà áåñ-
êîíå÷íîñòè ôóíêöèþ F (z) ïî êðàåâûì óñëîâèÿì:

Re [F (t)] = c0(t),

Re

[
∂F (t)

∂n

]
= c1(t), t ∈ Γ.

Ó÷èòûâàÿ, ÷òî

∂

∂n
=
∂x

∂n

∂

∂x
+
∂y

∂n

∂

∂y
=
∂z

∂n

∂

∂z
+
∂z

∂n

∂

∂z
,

ãäå ∂
∂n - ïðîèçâîäíàÿ ïî âíóòðåííåé íîðìàëè, çíàÿ, ÷òî

∂x
∂s = ∂y

∂n ,
∂x
∂n = −∂y

∂s

(ñì. Ô.Ä. Ãàõîâ [3]), äåëàåì çàìåíó â ðàâåíñòâå, ïîëó÷àåì:

∂

∂n
=
∂x

∂n

∂

∂x
+
∂y

∂n

∂

∂y
= −∂y

∂s

∂

∂x
+
∂x

∂s

∂

∂y
,

ãäå s- íàòóðàëüíûé ïàðàìåòð.

Ïðèíèìàÿ âî âíèìàíèå ïðåäñòàâëåíèå

F (z) = ϕ1(z1) + ϕ2(z2),

ãäå ϕq(zq) (q = 1, 2) - àíàëèòè÷åñêèå ôóíêöèè ñâîèõ àðãóìåíòîâ, âû-
÷èñëèì çíà÷åíèå ïðîèçâîäíîé:

∂F (z)

∂n
=
∂ [ϕ1(z1) + ϕ2(z2)]

∂n
=
∂ϕ1(z1)

∂n
+
∂ϕ2(z2)

∂n
.

Çàìåíèìè z = t ∈ Γ.

∂F (t)

∂n
=
∂ϕ1(t1)

∂n
+
∂ϕ2(t2)

∂n
= ϕ′1(t1)

∂t1
∂n

+ ϕ′2(t2)
∂t2
∂n

.
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Èìååì ïðåäñòàâëåíèå

tq = x+ sqy =
1− isq

2
t+

1 + isq
2

t, (q = 1, 2).

Çàïèøåì óðàâíåíèå ýëëèïñà â ïàðàìåòðè÷åñêîé ôîðìå
x = a cosϕ
y = b sinϕ, 0 ≤ ϕ ≤ π.
Ó÷èòûâàÿ ðàâåíñòâà

t = x+ iy = a cosϕ+ ib sinϕ,

t = x− iy = a cosϕ− ib sinϕ,

íàéäåì çíà÷åíèÿ ïðîèçâîäíûõ:

∂t

∂ϕ
= −a sinϕ+ ib cosϕ,

∂t

∂ϕ
= −a sinϕ− ib cosϕ,

| ∂t
∂ϕ
| = | ∂t

∂ϕ
| =

√
a2 sin2 ϕ+ b2 cos2 ϕ,

−→n = i−→s ,
ãäå −→s - åäèíè÷íûé êàñàòåëüíûé âåêòîð ê Γ, −→n - åäèíè÷íûé âåêòîð âíóò-
ðåííåé íîðìàëè ê Γ, íàïðàâëåííûé âíóòðü D.
Çàïèøåì

∂t

∂n
= i

∂t

∂s
= i

∂t

∂ϕ
/ | ∂t

∂ϕ
|= i

−a sinϕ+ ib cosϕ√
a2 sin2 ϕ+ b2 cos2 ϕ

,

∂t

∂n
= −i

∂t

∂s
= −i

∂t

∂ϕ
/ | ∂t

∂ϕ
|= −i

−a sinϕ− ib cosϕ√
a2 sin2 ϕ+ b2 cos2 ϕ

.

Òîãäà ïîëó÷àåì:

∂F (t)

∂n
= [

1− is1

2
i
−a sinϕ+ ib cosϕ√
a2 sin2 ϕ+ b2 cos2 ϕ

−1 + is1

2
i
−a sinϕ− ib cosϕ√
a2 sin2 ϕ+ b2 cos2 ϕ

]ϕ′1(t1)+

[
1− is2

2
i
−a sinϕ+ ib cosϕ√
a2 sin2 ϕ+ b2 cos2 ϕ

− 1 + is2

2
i
−a sinϕ− ib cosϕ√
a2 sin2 ϕ+ b2 cos2 ϕ

]ϕ′2(t2).
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Âûðàçèì cosϕ è sinϕ ÷åðåç t è t:

cosϕ =
t+ t

2a
; sinϕ =

t− t
2ib

.

Ïîäñòàâèì è óïðîñòèì:

∂F (t)

∂n
=

[
is1a

2(t− t)− b2(t+ t)√
−a4(t− t)2 + b4(t+ t)2

]
ϕ′1(t1)+

[
is2a

2(t− t)− b2(t+ t)√
−a4(t− t)2 + b4(t+ t)2

]
ϕ′2(t2).

Òàê êàê ôóíêöèÿ ω(ζ) = a−b
2 ζ + a+b

2
1
ζ îòîáðàæàåò åäèíè÷íûé êðóã E

+

íà âíåøíîñòü ýëëèïñà x2

a2 + y2

b2 = 1, òî ôóíêöèè, îòîáðàæàþùèå E+ íà
îáëàñòè Dq = {x+ sqy, (x, y) ∈ D}, (q = 1, 2), áóäóò èìåòü âèä:

ωq(ζ) =
1− isq

2
ω(ζ) +

1 + isq
2

ω

(
1

ζ

)
=
a+ isqb

2
ζ +

a− isqb

2

1

ζ
,

ãäå ω
(

1
ζ

)
= a+b

2 ζ + a−b
2

1
ζ .

Â äàëüíåéøåì áóäåì óïîòðåáëÿòü ñëåäóþùèå îáîçíà÷åíèÿ:

ω̃(ζ) = ω

(
1

ζ

)
, ω̃q (ζ) = ωq

(
1

ζ

)
.

Ôóíêöèÿ îáðàòíàÿ ê ôóíêöèè ω(ζ) èìååò âèä:

ζ = ω−1(z) =
1

a− b
(z −

√
z2 − (a2 − b2)), ω−1(∞) = 0.

Ââîäèì àíàëèòè÷åñêèå ôóíêöèè:

Φ0(ζ) = {F (t)}tq=ωq(ζ),

Φ1(ζ) =

{
∂F (t)

∂n

}
t=ω(ζ),t=ω̃(ζ),tq=ωq(ζ)

.
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Ïîëó÷èì ñëåäóþùèå âûðàæåíèÿ:

Φ0(ζ) = ϕ1[ω1(ζ)] + ϕ2[ω2(ζ)],

Φ1(ζ) =

[
is1a

2 (ω(ζ)− ω̃(ζ))− b2((ω(ζ) + ω̃(ζ))√
−a4(ω(ζ)− ω̃(ζ))2 + b4(ω(ζ) + ω̃(ζ))2

]
ϕ′1(ω1(ζ))+

+

[
is2a

2(ω(ζ)− ω̃(ζ))− b2((ω(ζ) + ω̃(ζ))√
−a4(ω(ζ)− ω̃(ζ))2 + b4(ω(ζ) + ω̃(ζ))2

]
ϕ′2(ω2(ζ)).

Ïîäñòàâèì â Φ0(ζ) è Φ1(ζ) çíà÷åíèÿ ω(ζ)è ω̃(ζ) , óïðîñòèì, ïîëó÷èì

Φ0(ζ) = ϕ1

(
a+ is1b

2
ζ +

a− is1b

2

1

ζ

)
+ ϕ2

(
a+ is2b

2
ζ +

a− is2b

2

1

ζ

)
,

Φ1(ζ) =

[
is1a(1− ζ2)− b(1 + ζ2)√
−a2(−1 + ζ2)2 + b2(1 + ζ2)2

]
ϕ′1

(
a+ is1b

2
ζ +

a− is1b

2

1

ζ

)
+

+

[
is2a(1− ζ2)− b(1 + ζ2)√
−a2(−1 + ζ2)2 + b2(1 + ζ2)2

]
ϕ′2

(
a+ is2b

2
ζ +

a− is2b

2

1

ζ

)
Êðàåâûå óñëîâèÿ

Re [Φ0(τ)] = c0(σ),

Re [Φ1(τ)] = c1(σ),

ãäå τ = eiσ.

Ïîëîæèì, ÷òî
Φ0(ζ) = Ψ0(ζ),

1) Ôîðìóëà Øâàðöà (1.1) äàåò âîçìîæíîñòü âûðàçèòü àíàëèòè÷åñêóþ
â êðóãå |ζ| < 1 ôóíêöèþ Ψ0(ζ) ÷åðåç çíà÷åíèÿ åå äåéñòâèòåëüíîé ÷àñòè
íà îêðóæíîñòè ñ òî÷íîñòüþ äî ïîñòîÿííîãî ìíèìîãî ñëàãàåìîãî iυ0.

Ψ0(ζ) =
1

2π

2π∫
0

eiσ + ζ

eiσ − ζ
c0(σ)dσ + iυ0. (5.1)
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2)Èñïîëüçóÿ ðåøåíèå âñïîìîãàòåëüíîé çàäà÷è À (1.2), ïîëó÷èì

Φ1(ζ) =
1

2π

2π∫
0

τ + ζ

τ − ζ
c1(σ)dσ + c

√
a+ bζ −

√
a− b√

a+ b−
√
a− bζ

− c
√
a+ b−

√
a− bζ√

a+ bζ −
√
a− b

+

+d

√
a+ bζ +

√
a− b√

a+ b+
√
a− bζ

− d
√
a+ b+

√
a− bζ√

a+ bζ +
√
a− b

+ iβ0. (5.2)

Äëÿ åäèíñòâåííîñòè ïðåäñòàâëåíèÿ F (t) = ϕ1(t1) + ϕ2(t2) áóäåì ñ÷è-
òàòü, ÷òî ϕ2(t2) îáðàùàåòñÿ â íóëü â òî÷êå t2 = ∞. Φ1(ζ) èìååò íîëü
âòîðîãî ïîðÿäêà â òî÷êå ζ = 0.

Îñòàåòñÿ âûðàçèòü èñêîìûå ôóíêöèè ϕq(zq), (q = 1, 2) ÷åðåç
Φk(ζ), (k = 0, 1).

Φ′0(ζ) = ϕ′1

(
a+ is1b

2
ζ +

a− is1b

2

1

ζ

)[
a+ is1b

2
+
a− is1b

2

1

ζ2

]
+

+ϕ′2

(
a+ is2b

2
ζ +

a− is2b

2

1

ζ

)[
a+ is2b

2
+
a− is2b

2

1

ζ2

]
,

Φ1(ζ) = ϕ′1

(
a+ is1b

2
ζ +

a− is1b

2

1

ζ

)[
is1a(1− ζ2)− b(1 + ζ2)√
−a2(−1 + ζ2)2 + b2(1 + ζ2)2

]
+

+ϕ′2

(
a+ is2b

2
ζ +

a− is2b

2

1

ζ

)[
is2a(1− ζ2)− b(1 + ζ2)√
−a2(−1 + ζ2)2 + b2(1 + ζ2)2

]
.

Äëÿ óäîáñòâà ñäåëàåì çàìåíó

A =

[
a+ is1b

2
+
a− is1b

2

1

ζ2

]
, A1 =

[
a+ is2b

2
+
a− is2b

2

1

ζ2

]
,

B =

[
is1a(1− ζ2)− b(1 + ζ2)√
−a2(−1 + ζ2)2 + b2(1 + ζ2)2

]
, B1 =

[
is2a(1− ζ2)− b(1 + ζ2)√
−a2(−1 + ζ2)2 + b2(1 + ζ2)2

]
,
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D =
a+ is1b

2
ζ +

a− is1b

2

1

ζ
, D1 =

a+ is2b

2
ζ +

a− is2b

2

1

ζ
,

ïîëó÷èì ñèñòåìó è ðåøèì åå

 Φ′0(ζ) = ϕ′1(D)A+ ϕ′2(D1)A1,

Φ1(ζ) = ϕ′1(D)B + ϕ′2(D1)B1.

Èç âòîðîé ñòðîêè, ïîäåëåííóþ íà B, âû÷òåì ïåðâóþ, ïîäåëåííóþ íà A

Φ1(ζ)

B
− Φ′0(ζ)

A
=
ϕ′2(D1)B1

B
− ϕ′2(D1)A1

A

è âûðàçèì îòòóäà ϕ′2(D1)

ϕ′2(D1) =
AΦ1(ζ)−BΦ′0(ζ)

AB1 − A1B
.

Ïîäñòàâèì íàéäåííîå çíà÷åíèå â ïåðâóþ ñòðî÷êó ñèñòåìû

Φ′0(ζ) = ϕ′1(D)A+
AΦ1(ζ)−BΦ′0(ζ)

AB1 − A1B
A1

è íàéäåì ϕ′1(D)

ϕ′1(D) =
Φ′0(ζ)

A
− AΦ1(ζ)−BΦ′0(ζ)

AB1 − A1B

A1

A
.
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Òåïåðü âåðíåì îáîçíà÷åíèÿ è óïðîñòèì

ϕ′1

(
a+ is1b

2
ζ +

a− is1b

2

1

ζ

)
= (i(a(−1+ζ2)(Φ1(ζ)

√
−a2(−1 + ζ2)2 + b2(1 + ζ2)2+

+2iΦ′0(ζ)ζ2s2) + b(1 + ζ2(2Φ′0(ζ)ζ2+

+iΦ1(ζ)
√
a2(−1 + ζ2)2 + b2(1 + ζ2)2s2)))/

(
a2(−1 + ζ2)2 + b2(1 + ζ2)2

)
(s1−s2),

ϕ′2

(
a+ is2b

2
ζ +

a− is2b

2

1

ζ

)
= (a(−1+ζ2)(−iΦ1(ζ)

√
−a2(−1 + ζ2)2 + b2(1 + ζ2)2+

+2Φ′0(ζ)ζ2s1) + b(1 + ζ2(−2iΦ′0(ζ)ζ2+

Φ1(ζ)
√
a2(−1 + ζ2)2 + b2(1 + ζ2)2s1))/(a

2(−1+ζ2)2 +b2(1+ζ2)2)(s1−s2).

Âåðíåìñÿ ê èñõîäíûì ïåðåìåííûì z1 è z2

ϕ′1(z1) = (i(a(−1+ω−2(z))(Φ1(ω
−1(z))

√
−a2(−1 + ω−2(z))2 + b2(1 + ω−2(z))2+

+2iΦ′0(ω
−1(z))ω−2(z)s2)+b(1+ω−2(z)(2Φ′0(ω

−1(z))ω−2(z)+ iΦ1(ω
−1(z))×

√
a2(−1 + ω−2(z))2 + b2(1 + ω−2(z))2s2)))/(a

2(−1+ω−2(z))2+b2(1+ω−2(z))2)(s1−s2),
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ϕ′2(z2) = (a(−1+ω−2(z))(−iΦ1(ω
−1(z))

√
−a2(−1 + ω−2(z))2 + b2(1 + ω−2(z))2+

2Φ′0(ω
−1(z))ω−2(z)s1) + b(1 +ω−2(z)(−2iΦ′0(ω

−1(z))ω−2(z) + Φ1(ω
−1(z))×

√
a2(−1 + ω−2(z))2 + b2(1 + ω−2(z))2s1)))/(a

2(−1+ω−2(z))2+b2(1+ω−2(z))2)(s1−s2),

ãäå ω−1(z) = 1
a−b(z −

√
z2 − (a2 − b2)).

ϕ1(z1) =

z1∫
∞

(i(a(−1+ω−2(z))(Φ1(ω
−1(z))

√
−a2(−1 + ω−2(z))2 + b2(1 + ω−2(z))2+

+2iΦ′0(ω
−1(z))ω−2(z)s2)+b(1+ω−2(z)(2Φ′0(ω

−1(z))ω−2(z)+ iΦ1(ω
−1(z))×

√
a2(−1 + ω−2(z))2 + b2(1 + ω−2(z))2s2)))÷

÷(a2(−1 + ω−2(z))2 + b2(1 + ω−2(z))2)(s1 − s2)dz1,

ϕ2(z2) =

z2∫
∞

(a(−1+ω−2(z))(−iΦ1(ω
−1(z))

√
−a2(−1 + ω−2(z))2 + b2(1 + ω−2(z))2+

+2Φ′0(ω
−1(z))ω−2(z)s1)+b(1+ω−2(z)(−2iΦ′0(ω

−1(z))ω−2(z)+Φ1(ω
−1(z))×

×
√
a2(−1 + ω−2(z))2 + b2(1 + ω−2(z))2s1)))÷

÷(a2(−1 + ω−2(z))2 + b2(1 + ω−2(z))2)(s1 − s2)dz2,
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Â ðåøåíèå (5.1),(5.2) çàäà÷è âõîäÿò 6 äåéñòâèòåëüíûõ ïîñòîÿííûõ,
2 èç êîòîðûõ - ïðîèçâîëüíûå. Íàéäåì îñòàâøèåñÿ 4 êîíñòàíòû ÷åðåç
ñîîòíîøåíèÿ. Òàê êàê Φ1(ζ) èìååò íîëü âòîðîãî ïîðÿäêà â òî÷êå ζ = 0,
èìååì

Φ1(0) = 0,

Φ′1(0) = 0.

Ïîñ÷èòàåì ñíà÷àëà ïðîèçâîäíóþ îò Φ1(ζ) ïî ζ:

Φ′1(ζ) =
1

2π

2π∫
0

2τ

(ζ − τ)2
c1(σ)dσ+

√
a+ bc√

a+ b−
√
a− bζ

+

√
a− b

(
−
√
a− b+

√
a+ bζ

)
c(√

a+ b−
√
a− bζ

)2 +

+

√
a+ b

(√
a+ b−

√
a− bζ

)
c(

−
√
a− b+

√
a+ bζ

)2 +

√
a− bc

−
√
a− b+

√
a+ bζ

+

√
a+ bd√

a+ b+
√
a− bζ

−

−
√
a− b

(√
a− b+

√
a+ bζ

)
d(√

a+ b+
√
a− bζ

)2 +

√
a+ b

(√
a+ b+

√
a− bζ

)
d(√

a− b+
√
a+ bζ

)2 − (
√
a− b)d√

a− b+
√
a+ bζ

.

Ñîñòàâèì ñèñòåìó êîãäà ζ = 0:

Φ1(0) =
1

2π

2π∫
0

c1(σ)dσ+c
−
√
a− b√
a+ b

−c
√
a+ b

−
√
a− b

+d

√
a− b√
a+ b

−d
√
a+ b√
a− b

+iβ0 = 0,

Φ′1(0) =
1

2π

2π∫
0

2c1(σ)

τ
dσ +

2b

a+ b
c+

2b

a− b
c+

2b

a+ b
d+

2b

a− b
d = 0.

Ðåøèì åå. Äëÿ ýòîãî ñäåëàåì ñëåäóþùåå:

c = c1 + ic2, c = c1 − ic2,

d = d1 + id2, d = d1 − id2,

Re [Φ1(0)] = 0, Im [Φ1(0)] = 0,

Re [Φ′1(0)] = 0, Im [Φ′1(0)] = 0.
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Ïîëó÷àåì

1

2π

2π∫
0

c1(σ)dσ + c1
−
√
a− b√
a+ b

− c1

√
a+ b

−
√
a− b

+ d1

√
a− b√
a+ b

− d1

√
a+ b√
a− b

= 0,

c2
−
√
a− b√
a+ b

+ c2

√
a+ b

−
√
a− b

+ d2

√
a− b√
a+ b

+ d2

√
a+ b√
a− b

+ β0 = 0,

1

2π

2π∫
0

2c1(σ)

τ
dσ +

2b

a+ b
c1 +

2b

a− b
c1 +

2b

a+ b
d1 +

2b

a− b
d1 = 0,

2b

a+ b
c2 −

2b

a− b
c− 2 +

2b

a+ b
d2 −

2b

a− b
d2 = 0.

Îòñþäà ìû ïîëó÷àåì íóæíûå êîíñòàíòû

c = −

a
π

2π∫
0

c1(σ)dσ
√
a− b

√
a+ b+ (a2 − b2) 1

2π

2π∫
0

2c1(σ)
τ dσ

8ab
+i

√
a− b

√
a+ bβ0

4a
,

c = −

a
π

2π∫
0

c1(σ)dσ
√
a− b

√
a+ b+ (a2 − b2) 1

2π

2π∫
0

2c1(σ)
τ dσ

8ab
−i
√
a− b

√
a+ bβ0

4a
,

d =

a
π

2π∫
0

c1(σ)dσ
√
a− b

√
a+ b+ (−a2 + b2) 1

2π

2π∫
0

2c1(σ)
τ dσ

8ab
−i
√
a− b

√
a+ bβ0

4a
,

d =

a
π

2π∫
0

c1(σ)dσ
√
a− b

√
a+ b+ (−a2 + b2) 1

2π

2π∫
0

2c1(σ)
τ dσ

8ab
+i

√
a− b

√
a+ bβ0

4a
.

Èòàê, ìû ïîëó÷àåì 2 ëèíåéíî íåçàâèñèìûõ ðåøåíèÿ ó ñîîòâåòñòâóþùåé
îäíîðîäíîé çàäà÷è.
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Çàêëþ÷åíèå.

Â äèïëîìíîé ðàáîòå ðàññìîòðåëà îáùóþ êðàåâóþ çàäà÷ó äëÿ âíåø-
íîñòè êðóãà. Ðåøèëà êîíêðåòíûé ïðèìåð êðàåâîé çàäà÷è äëÿ âíåøíî-
ñòè ýëëèïñà ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Íåîäíîðîäíàÿ çàäà÷à áåç-
óñëîâíî ðàçðåøèìà. Îäíîðîäíàÿ çàäà÷à èìååò 2 ëèíåéíî íåçàâèñèìûõ
ðåøåíèÿ.
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