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�®âï ¬®£®£à ¨ªM(2; n), n � 2, ¤¢ãå¨¤¥ªá®© § ¤ ç¨ ®  § ç¥¨ïå ¯®àï¤ª  n   ¯¥à¢ë©

¢§£«ï¤   «®£¨ç¥ ¬®£®£à ¨ªã M(3; n) =
n
x = kxijtkn :

nP
i=1

nP
j=1

xijt = 1 8t 2 Nn,
nP

i=1

nP
t=1

xijt = 1

8j 2 Nn,
nP

j=1

nP
t=1

xijt = 1 8i 2 Nn, xijt � 0 8(i; j; t) 2 N 3
n

o
, £¤¥ Nn = f1; : : : ; ng, N 3

n = Nn �Nn �Nn,

âà¥å¨¤¥ªá®©  ªá¨ «ì®© § ¤ ç¨ ¢ë¡®à  (®  § ç¥¨ïå), ¬¥¦¤ã ¨¬¨ ¥áâì ¯à¨æ¨¯¨ «ì®¥
®â«¨ç¨¥. �® á®áâ®¨â ¢ â®¬, çâ® ¬®£®£à ¨ª M(3; n) ¥ ï¢«ï¥âáï æ¥«®ç¨á«¥ë¬, ¢ â® ¢à¥-
¬ï ª ª ¬®£®£à ¨ª M(2; n) ¨¬¥¥â â®«ìª® æ¥«®ç¨á«¥ë¥ ¢¥àè¨ë [1]. �à¨¬¥àë ¥æ¥«®ç¨-
á«¥ëå ¢¥àè¨ ¬®£®£à ¨ª  M(3; n) ¤ ¢® ¢áâà¥ç «¨áì ¢ «¨â¥à âãà¥ ([1]), ® á ¬® ¯®ïâ¨¥
r-¥æ¥«®ç¨á«¥®© ¢¥àè¨ë ¬®£®£à ¨ª  M(3; n) ¢¢¥¤¥® á®¢á¥¬ ¥¤ ¢®. � ¯®¬¨¬ [2]{[4],
çâ® ¢¥àè¨  ¬®£®£à ¨ª  M(3; n)  §ë¢ ¥âáï r-¥æ¥«®ç¨á«¥®© (r-¢¥àè¨®©), ¥á«¨ ®  á®-
¤¥à¦¨â à®¢® r ¥æ¥«®ç¨á«¥ëå (¤à®¡ëå) ª®¬¯®¥â. �¥à¢ë¬ ®á®¢ë¬ à¥§ã«ìâ â®¬, ®â®-
áïé¨¬áï ª ¢®¯à®áã áãé¥áâ¢®¢ ¨ï r-¢¥àè¨ ¬®£®£à ¨ª  M(3; n), ï¢¨« áì â¥®à¥¬  [3]: ¤«ï
«î¡®£® ç¨á«  r 2 Rn = f4; 6; 7; : : : ; 3n � 2g, ¨ â®«ìª® ¤«ï ¥£®, ã ¬®£®£à ¨ª  M(3; n) áãé¥-
áâ¢ãîâ r-¢¥àè¨ë. �â®àë¬ ¢ ¦ë¬ à¥§ã«ìâ â®¬ áç¨â îâáï â¥®à¥¬ë ®¡ ®æ¥ª å á¨§ã ç¨á« 
�(n; r) r-¢¥àè¨ ¬®£®£à ¨ª M(3; n) ([2]{[4]), ¯®§¢®«¨¢è¨¥ ®¯à®¢¥à£ãâì £¨¯®â¥§ã 18 ¨§ [5]. �
¯®¬®éìî íâ¨å â¥®à¥¬ ¨ ï¢ëå ä®à¬ã« ¤«ï �(n; r) ¯à¨ r = 4; 6; 7 [4], [6] ¢ [2], [6] ¯®«ãç¥ë ®æ¥ª¨
á¨§ã ç¨á«  ¥æ¥«®ç¨á«¥ëå ¢¥àè¨ ¬®£®£à ¨ª  M(p; n) p-¨¤¥ªá®© (p � 3)  ªá¨ «ì®©
§ ¤ ç¨ ¢ë¡®à , ª®â®àë¥ § ç¨â¥«ì® ã«ãçè îâ ®æ¥ªã, ¯à¨¢¥¤¥ãî ¢ [7].

� ¬ â¥¬ â¨ç¥áª®© â®çª¨ §à¥¨ï § ç¨â¥«ìë© ¨â¥à¥á ¯à¥¤áâ ¢«ï¥â ¯à®¡«¥¬  ®¯¨á ¨ï
áâà®¥¨ï r-¢¥àè¨ ¬®£®£à ¨ª  M(3; n) ¤«ï ¢á¥å r 2 Rn ¨ ¨áá«¥¤®¢ ¨ï ¨å áâàãªâãà. �â 
¯à®¡«¥¬  ¢ ®¡é¥¬ á«ãç ¥ ï¢«ï¥âáï çà¥§¢ëç ©® á«®¦®©, ¨ ¯à¥¦¤¥ ¢á¥£® ¨§-§  ¥®¤®§ ç-
®áâ¨ (¥¥¤¨áâ¢¥®áâ¨) áâàãªâãà ¢¥àè¨ ¬®£®£à ¨ª , ®¯à¥¤¥«ïîé¨å ¨å â¨¯. �¤¥â¨ä¨-
ª æ¨ï â¨¯®¢ r-¢¥àè¨ ¬®£®£à ¨ª  M(3; n) ¯à®¢®¤¨âáï ¯® ª®«¨ç¥áâ¢ã ¤à®¡ëå ª®¬¯®¥â,
á®¤¥à¦ é¨åáï ¢ ¤¢ã¬¥àëå á¥ç¥¨ïå âà¥å¨¤¥ªáëå ¬ âà¨æ, ¯à¥¤áâ ¢«ïîé¨å á®¡®© ¥£® ¢¥à-
è¨ë.

� ¤ ®© à ¡®â¥ ¨§ãç¥ë ¥ª®â®àë¥ â¨¯ë (3n � 2)-¢¥àè¨ ¬®£®£à ¨ª  M(3; n) ¨ ¨áá«¥-
¤®¢ ë ¨å á¢®©áâ¢ . � ¤ «ì¥©è¥¬ ¡ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® n � 3.

1. �¢®©áâ¢  (3n� 2)-¢¥àè¨. �®¢®ªã¯®áâì í«¥¬¥â®¢ ¬ âà¨æë x = kxijtkn á ä¨ªá¨à®¢ -
ë¬ § ç¥¨¥¬ ®¤®£® ¨¤¥ªá ,  ¯à¨¬¥à t, ¡ã¤¥¬  §ë¢ âì ¤¢ã¬¥àë¬ á¥ç¥¨¥¬ ®à¨¥â æ¨¨
(i; j) ¬ âà¨æë x. �¢ã¬¥à®¥ á¥ç¥¨¥ ¯à¥¤áâ ¢«ï¥â á®¡®© ®¡ëçãî ¤¢ãå¨¤¥ªáãî ¬ âà¨æã. � -
ª¨¬ ®¡à §®¬, ã ¬ âà¨æë x ¨¬¥îâáï ¤¢ã¬¥àë¥ á¥ç¥¨ï ®à¨¥â æ¨© (i; j), (i; t), ¨ (j; t). �à®¨§-
¢®«ìãî ®à¨¥â æ¨î ¤¢ã¬¥à®£® á¥ç¥¨ï ¬ âà¨æë x ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ (g; h),   ä¨ªá¨à®-
¢ ®¥ ¤¢ã¬¥à®¥ á¥ç¥¨¥ íâ®© ®à¨¥â æ¨¨ | ç¥à¥§ s.

�®¢®ªã¯®áâì í«¥¬¥â®¢ ¬ âà¨æë x = kxijtkn á ä¨ªá¨à®¢ ë¬¨ § ç¥¨ï¬¨ ¤¢ãå ¨¤¥ª-
á®¢,  ¯à¨¬¥à i ¨ j, ¡ã¤¥¬  §ë¢ âì ®¤®¬¥àë¬ á¥ç¥¨¥¬ ®à¨¥â æ¨¨ t ¬ âà¨æë x. �à¨ íâ®¬
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®¤®¬¥à®¥ á¥ç¥¨¥ ®à¨¥â æ¨¨ i ¡ã¤¥¬  §ë¢ âì áâà®ª®©, ®¤®¬¥à®¥ á¥ç¥¨¥ ®à¨¥â æ¨¨ j |
áâ®«¡æ®¬,   ®¤®¬¥à®¥ á¥ç¥¨¥ ®à¨¥â æ¨¨ t | ª®«®ª®©.

�¢ã¬¥àë¥ ¨ ®¤®¬¥àë¥ á¥ç¥¨ï ¬ âà¨æë x ¡ã¤¥¬ ®¡®§ ç âì á®®â¢¥âáâ¢ãîé¥© ¡ãª¢®©,
á¯à ¢  ¢¨§ã ®â ª®â®à®© § ¯¨áë¢ îâáï ¨¤¥ªáë ®à¨¥â æ¨¨,   ¢¢¥àåã | § ç¥¨ï ä¨ªá¨à®¢ -
ëå ¨¤¥ªá®¢. � ª, ¤¢ã¬¥à®¥ á¥ç¥¨¥ ®à¨¥â æ¨¨ (g; h) ¬ âà¨æë x á ä¨ªá¨à®¢ ë¬ ¨¤¥ªá®¬
s § ¯¨è¥âáï ¢ ¢¨¤¥ xs

gh,   ®¤®¬¥à®¥ á¥ç¥¨¥ ®à¨¥â æ¨¨ s ¬ âà¨æë x á ä¨ªá¨à®¢ ë¬¨ ¨-
¤¥ªá ¬¨ g ¨ h | ¢ ¢¨¤¥ xgh

s .
� àï¤ã á ¬®£®£à ¨ª®¬M(3; n) à áá¬®âà¨¬ "-¢®§¬ãé¥ë© (" > 0) ¬®£®£à ¨ªM"(3; n),

§ ¤ ë© ãá«®¢¨ï¬¨
nX

i=1

nX
j=1

xijt(") = 1 8t 2 Nn�1;
nX

i=1

nX
j=1

xijn(") = 1 + n2";

nX
j=1

nX
t=1

xijt(") = 1 + " 8i 2 Nn�1;
nX

j=1

nX
t=1

xnjt(") = 1 + (n2 � n+ 1)";

nX
i=1

nX
t=1

xijt(") = 1 + n" 8j 2 Nn; xijt(") � 0 8(i; j; t) 2 N 3

n:

�¥¬¬  1 ([8]). �ãé¥áâ¢ã¥â â ª®¥ ç¨á«® "1 > 0, çâ® ¯à¨ 0 < " < "1 ¬®£®£à ¨ª M"(3; n)
ï¢«ï¥âáï ¥¢ëà®¦¤¥ë¬. �à¨ íâ®¬ ¢áïª ï ¢¥àè¨  x(") = kxijt(")kn ¬®£®£à ¨ª  M"(3; n)
¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥  ¢ ¢¨¤¥ kxijt(")kn = kxijtkn + "k�ijtkn, £¤¥ x = kxijtkn | ¢¥àè¨ 

(¢®§¬®¦®, ¢ëà®¦¤¥ ï) ¬®£®£à ¨ª  M(3; n),   ¥ã«¥¢ë¥ ª®¬¯®¥âë (¥ ®¡ï§aâ¥«ì®
¯®«®¦¨â¥«ìë¥) ¬ âà¨æë k�ijtkn á®®â¢¥âáâ¢ãîâ ¥ã«¥¢ë¬ ª®¬¯®¥â ¬ ¢¥àè¨ë x("),
â. ¥. á¯à ¢¥¤«¨¢® ¢ª«îç¥¨¥ R(x) = f(i; j; t) 2 N 3

n : xijt > 0g � R(x(")) = f(i; j; t) 2 N 3
n : xijt(") >

0g. �®¦¥áâ¢  R(x) ¨ R(x(")) á®¢¯ ¤ îâ, ¥á«¨ ¢¥àè¨  x ¬®£®£à ¨ª  M(3; n) ï¢«ï¥âáï
¥¢ëà®¦¤¥®©.

�¥â®¤®¬ ®â ¯à®â¨¢®£® á ¯®¬®éìî «¥¬¬ë ¤®ª §ë¢ ¥âáï

�¥®à¥¬  1. �«ï â®£® çâ®¡ë ¬ âà¨æ  x ¡ë«  (3n�2)-¢¥àè¨®© ¬®£®£à ¨ª  M(3; n), ¥-
®¡å®¤¨¬®, çâ®¡ë ®  ¨¬¥«  3n�2 ¯®«®¦¨â¥«ìëå í«¥¬¥â®¢,   ª ¦¤®¥ ¥¥ ®¤®¬¥à®¥ á¥ç¥¨¥

á®¤¥à¦ «® ¥ ¡®«¥¥, ç¥¬ n� 1 ¤à®¡ëå ª®¬¯®¥â.

�¨á«® ¤à®¡ëå ª®¬¯®¥â ¬ âà¨æë x 2 M(3; n), á®¤¥à¦ é¨åáï ¢ ¤¢ã¬¥à®¬ á¥ç¥¨¨ ®à¨-
¥â æ¨¨ (g; h) á ä¨ªá¨à®¢ ë¬ ¨¤¥ªá®¬ s, ®¡®§ ç¨¬ ç¥à¥§ z(xs

gh). �¥ªâ®à, á®áâ ¢«¥ë© ¨§
ª®¬¯®¥â z(x1gh); : : : ; z(x

n
gh), ¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ z(x; (g; h)).

�®£« á® «¥¬¬¥ 4 [3] ¨¬¥¥â ¬¥áâ® ãâ¢¥à¦¤¥¨¥: ¤«ï â®£® çâ®¡ë ¬ âà¨æ  x ¡ë«  (3n � 2)-
¢¥àè¨®© ¬®£®£à ¨ª  M(3; n), ¥®¡å®¤¨¬®, çâ®¡ë ¤«ï ¥¥ ¤¢ã¬¥àëå á¥ç¥¨© ¯à®¨§¢®«ì®©
®à¨¥â æ¨¨ (g; h) ¢ë¯®«ï«¨áì ¤¢  ãá«®¢¨ï:

nX
s=1

z(xs
gh) = 3n� 2; z(xs

gh) � 2 8s 2 Nn; (1)

¯à¨ç¥¬ áà¥¤¨ ¥à ¢¥áâ¢ ¨¬¥¥âáï å®âï ¡ë ¤¢  à ¢¥áâ¢ . �ãáâì ysgh = z(xs
gh)� 1 8s 2 Nn. �®£¤ 

á¨áâ¥¬  (1) ¯à¨¬¥â ¢¨¤

nX
s=1

ysgh = 2n� 2; (2)

¨ ª®«¨ç¥áâ¢® à¥è¥¨© (y1gh; : : : ; y
n
gh) ãà ¢¥¨ï (2) ¢ ¯®«®¦¨â¥«ìëå æ¥«ëå ç¨á« å ysgh á®¢¯ -

¤ ¥â á ç¨á«®¬ à¥è¥¨© á¨áâ¥¬ë (1). � ª ¯®ª § ® ¢ [9], ª®«¨ç¥áâ¢® à¥è¥¨© ãà ¢¥¨ï (2) ¢
¯®«®¦¨â¥«ìëå æ¥«ëå ç¨á« å à ¢®

�
2n�3

n�1

�
. �¤ ª® ¯®ª  ¥¨§¢¥áâ®, áãé¥áâ¢ã¥â «¨ ¬ âà¨æ 

x ¤«ï ª ¦¤®£® â ª®£® à¥è¥¨ï, ï¢«ïîé ïáï (3n � 2)-¢¥àè¨®© ¬®£®£à ¨ª  M(3; n). �¥è¥-
¨¥ á¨áâ¥¬ë (1) ¡ã¤¥¬ § ¯¨áë¢ âì ¢ ¢¨¤¥ ¢¥ªâ®à  (z1; : : : ; zn)gh, ª ¦¤ ï ª®¬¯®¥â  ª®â®à®£®
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®¡®§ ç ¥â ª®«¨ç¥áâ¢® ¤à®¡ëå ª®¬¯®¥â á®®â¢¥âáâ¢ãîé¥£® ¤¢ã¬¥à®£® á¥ç¥¨ï ®à¨¥â æ¨¨
(g; h).

�ãáâì Sn | ¬®¦¥áâ¢® ¢á¥å ¯¥à¥áâ ®¢®ª ¨§ ç¨á¥« ¬®¦¥áâ¢  Nn.
�¥à¥áâ ®¢ªã ¤¢ã¬¥àëå á¥ç¥¨© ®à¨¥â æ¨¨ (i; j) (á®®â¢¥âáâ¢¥®, (i; t) ¨ (j; t)) ¬ âà¨æë x

¡ã¤¥¬ ®¡®§ ç âì ç¥à¥§ �(i; j) (á®®â¢¥âáâ¢¥®, �(i; t) ¨ �(j; t)).
�ãáâì x | ¥ª®â®à ï (3n� 2)-¢¥àè¨  ¬®£®£à ¨ª  M(3; n). �ã¤¥¬ £®¢®à¨âì, çâ® ¢¥àè¨-

  y ¬®£®£à ¨ª  M(3; n) ¯à¨ ¤«¥¦¨â ª« ááã M(x), ¥á«¨ áãé¥áâ¢ãîâ â ª¨¥ ¯¥à¥áâ ®¢ª¨
�(i; j), �(i; t), �(j; t) ¨§ Sn ¤¢ã¬¥àëå á¥ç¥¨© á®®â¢¥âáâ¢¥® ®à¨¥â æ¨¨ (i; j); (i; t) ¨ (j; t) ¬ -
âà¨æë y, ª®â®àë¥ ¯®§¢®«ïîâ ¯®«ãç¨âì ¢¥àè¨ã x. �à¨ íâ®¬ áç¨â ¥¬, çâ® x 2 M(x). � ç¥,
M(x) | ¬®¦¥áâ¢® ¢á¥¢®§¬®¦ëå (3n� 2)-¢¥àè¨ ¬®£®£à ¨ª  M(3; n), ª ¦¤ ï ¨§ ª®â®àëå
®â«¨ç ¥âáï ®â ¢¥àè¨ë x «¨èì ¯¥à¥áâ ®¢ª ¬¨ �(i; j), �(i; t) ¨ �(j; t) ¥¥ ¤¢ã¬¥àëå á¥ç¥¨©.

�¡®§ ç¨¬ ç¥à¥§ S(x) ¬®¦¥áâ¢® â¥å ç¨á¥«, á ¯®¬®éìî ª®â®àëå ¬®£ãâ ¡ëâì § ¯¨á ë ¢á¥
¥ã«¥¢ë¥ í«¥¬¥âë ¬ âà¨æë x.

�¥®à¥¬  2. �áïª ï (3n� 2)-¢¥àè¨  x ¬®£®£à ¨ª  M(3; n) ®¡« ¤ ¥â á«¥¤ãîé¨¬¨ á¢®©-

áâ¢ ¬¨:
1) (n!)2 � jM(x)j � (n!)3;
2) S(x) = S(y) 8y 2M(x);
3) ¤«ï «î¡®© ¢¥àè¨ë y 2M(x) ¨ ®à¨¥â æ¨¨ (g; h) ¥¥ ¤¢ã¬¥àëå á¥ç¥¨© ¢¥ªâ®à z(y; (g; h))

¯à¥¤áâ ¢«ï¥â á®¡®© ¯¥à¥áâ ®¢ªã ç¨á¥« z(x1gh); : : : ; z(x
n
gh).

�®ª § â¥«ìáâ¢® ¥à ¢¥áâ¢  jM(x)j � (n!)2 ¯à®¢®¤¨âáï ®â ¯à®â¨¢®£®,   ®áâ «ìë¥ á¢®©áâ¢ 
â¥®à¥¬ë 2 ®ç¥¢¨¤ë.

�®-¢¨¤¨¬®¬ã, ¤«ï ¢áïª®© (3n� 2)-¢¥àè¨ë x ¬®£®£à ¨ª  M(3; n) ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢®
jM(x)j = (n!)3. � ®¡é¥¬ á«ãç ¥ ¯à¨ n � 4 ¤®ª § âì íâ® ¯à¥¤¯®«®¦¥¨¥ ¯®ª  ¥ ã¤ «®áì. �
ç áâ®¬ á«ãç ¥ ¯à¨ n = 3 íâ® ¯à¥¤¯®«®¦¥¨¥ á¯à ¢¥¤«¨¢® ([6]).

�«ï (3n � 2)-¢¥àè¨ë x = kxijtkn ¬®£®£à ¨ª  M(3; n) ¢¢¥¤¥¬ ¬ âà¨æë I(x) = kIjt(x)kn,
J(x) = kJit(x)kn, T (x) = kTij(x)kn, í«¥¬¥âë ª®â®àëå ®¯à¥¤¥«ïîâáï ¯® ä®à¬ã« ¬:

Ijt(x) =
nX

i=1

zijt(x) 8(j; t) 2 N 2

n; Jit(x) =
nX

j=1

zijt(x) 8(i; t) 2 N 2

n; Tij(x) =
nX

t=1

zijt(x) 8(i; j) 2 N 2

n;

£¤¥ N 2
n = Nn � Nn, zijt(x) = 1, ¥á«¨ xijt > 0, zijt(x) = 0, ¥á«¨ xijt = 0. � ç¥ £®¢®àï, ª®¬¯®-

¥â  Ijt(x) ¬ âà¨æë I(x) ®¡®§ ç ¥â ç¨á«® ¥ã«¥¢ëå í«¥¬¥â®¢, á®¤¥à¦ é¨åáï ¢ ®¤®¬¥à®¬
á¥ç¥¨¨ ®à¨¥â æ¨¨ i ¯à¨ ä¨ªá¨à®¢ ëå § ç¥¨ïå j ¨ t ¬ âà¨æë x, ¯à¥¤áâ ¢«ïîé¥© á®¡®©
(3n� 2)-¢¥àè¨ã ¬®£®£à ¨ª  M(3; n). � «®£¨çë© á¬ëá« ¨¬¥îâ ª®¬¯®¥âë ¬ âà¨æ J(x)
¨ T (x).

�¢¥¤¥¬ á«¥¤ãîé¨¥ ®¡®§ ç¥¨ï:

�(x) = maxfIjt(x) : (j; t) 2 N 2

ng; �(x) = maxfJit(x) : (i; t) 2 N 2

ng; (x) = maxfTij(x) : (i; j) 2 N 2

ng:

� âà¨æã, ¯®«ãç¥ãî ¨§ âà¥å¨¤¥ªá®© ¬ âà¨æë x ¯ãâ¥¬ § ¬¥ë ¥¥ áâà®ª (áâ®«¡æ®¢)   ª®-
«®ª¨, ¡ã¤¥¬ ®¡®§ ç âì á¨¬¢®«®¬ x1 (x2). � âà¨æã, ¯®«ãç¥ãî ¨§ ¬ âà¨æë x (á®®â¢¥âáâ¢¥®,
¨§ x1 ¨ x2) ¯ãâ¥¬ § ¬¥ë ¥¥ áâà®ª   áâ®«¡æë, ®¡®§ ç¨¬ á¨¬¢®«®¬ x3 (á®®â¢¥âáâ¢¥®, x4 ¨ x5).
� âà¨æë x1; : : : ; x5 ¡ã¤¥¬  §ë¢ âì ¯á¥¢¤®âà á¯®¨à®¢ ë¬¨ ¯® ®â®è¥¨î ª ¬ âà¨æ¥ x. �
¯®¬®éìî â¥®à¥¬ë 2 «¥£ª® ãáâ  ¢«¨¢ îâáï á«¥¤ãîé¨¥ á¢®©áâ¢  íâ¨å ¬ âà¨æ.

�«¥¤áâ¢¨¥ 1. �ãáâì ¤«ï (3n � 2)-¢¥àè¨ë x ¬®£®£à ¨ª  M(3; n) ¢ë¯®«ï¥âáï ®¤® ¨§
âà¥å ãá«®¢¨©:

1) �(x) 6= �(x), �(x) 6= (x), �(x) 6= (x);
2) �(x) = �(x) = (x),   «î¡ë¥ ¤¢¥ ¨§ âà¥å ¬ âà¨æ I(x), J(x), T (x) ¨¬¥îâ ¥®¤¨ ª®¢®¥

ç¨á«® í«¥¬¥â®¢, à ¢ëå �(x);
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3) �(x) = �(x), ¨«¨ �(x) = (x), ¨«¨ �(x) = (x), ¨ ¢ë¯®«ïîâáï á®®â®è¥¨ï jA(x)j 6= jB(x)j,
jA(x)j 6= j�(x)j, jB(x)j 6= j�(x)j, £¤¥ A(x) = f(j; t) 2 N 2

n : Ijt(x) = �(x)g,

B(x) = f(i; t) 2 N 2

n : Jit(x) = �(x)g; �(x) = f(i; j) 2 N 2

n : Tij(x) = (x)g:

�®£¤  ¯á¥¢¤®âà á¯®¨à®¢ ë¥ ¯® ®â®è¥¨î ª x ¬ âà¨æë x1; : : : ; x5 ï¢«ïîâáï (3n � 2)-
¢¥àè¨ ¬¨ ¬®£®£à ¨ª  M(3; n), ¯à¨ç¥¬ M(xp) \ M(x) = ; 8p 2 N5, M(xp) \ M(xq) = ;
8p; q 2 N5, p 6= q.

�«¥¤áâ¢¨¥ 2. �á«¨ ¤«ï (3n�2)-¢¥àè¨ë x ¬®£®£à ¨ª M(3; n) ¢ë¯®«ïîâáï â®«ìª® ¤¢ 
¨§ á«¥¤ãîé¨å âà¥å ãá«®¢¨©: �(x) 6= �(x), �(x) 6= (x), �(x) 6= (x), â® ¯á¥¢¤®âà á¯®¨à®¢ ë¥
¯® ®â®è¥¨î ª x ¬ âà¨æë x1 ¨ x2 ï¢«ïîâáï (3n�2)-¢¥àè¨ ¬¨ ¬®£®£à ¨ª M(3; n), ¯à¨ç¥¬
M(x1) \M(x) = ;, M(x2) \M(x) = ;, M(x1) \M(x2) = ;.

� ¬¥ç ¨¥. �á«¨ ¤«ï (3n�2)-¢¥àè¨ë x ¬®£®£à ¨ª M(3; n) ¢ë¯®«ïîâáï á®®â®è¥¨ï
�(x) = �(x) = (x), jA(x)j = jB(x)j = j�(x)j, â® ¯á¥¢¤®âà á¯®¨à®¢ ë¥ ¯® ®â®è¥¨î ª x
¬ âà¨æë x1 ¨ x2 ï¢«ïîâáï (3n� 2)-¢¥àè¨ ¬¨ ¬®£®£à ¨ª  M(3; n), ¯à¨ç¥¬

M(x) =M(x1) =M(x2):

2. �¥àè¨ë â¨¯  A(p1; q1; p2; q2; p3; q3). �ã¤¥¬ £®¢®à¨âì, çâ® (3n� 2)-¢¥àè¨  x ¬®£®£à -
¨ª  M(3; n) ¨¬¥¥â â¨¯ A(p1; q1; p2; q2; p3; q3), ¥á«¨ ª®«¨ç¥áâ¢® ¤à®¡ëå ª®¬¯®¥â, á®¤¥à¦ é¨å-
áï ¢ ¥¥ ¤¢ã¬¥àëå á¥ç¥¨ïå, § ¤ ¥âáï ¢¥ªâ®à ¬¨ (3; : : : ; 3, 2|{z}

p1-¥ ¬¥áâ®

, 3; : : : ; 3, 2|{z}
q1-¥ ¬¥áâ®

, 3; : : : ; 3)ij ,

(3; : : : ; 3, 2|{z}
p2-¥ ¬¥áâ®

, 3; : : : ; 3, 2|{z}
q2-¥ ¬¥áâ®

, 3; : : : ; 3)it, (3; : : : ; 3, 2|{z}
p3-¥ ¬¥áâ®

, 3; : : : ; 3, 2|{z}
q3-¥ ¬¥áâ®

, 3; : : : ; 3)jt, £¤¥

pl; ql 2 Nn, pl 6= ql, l = 1; 2; 3.

�¥®à¥¬  3 ([3]). � âà¨æ  x1 = kx1ijtkn á ¥ã«¥¢ë¬¨ í«¥¬¥â ¬¨ x1111 = x1nnn = 2=3, x1221 =
x1122 = x1232 = x1n12 = x1n�1;n�1;n = 1=3, x1k�1;k�1;k = x1kkk = x1k;k+1;k = 1=3, k = 3; 4; : : : ; n� 1 (n � 4),
ï¢«ï¥âáï (3n� 2)-¢¥àè¨®© ¬®£®£à ¨ª  M(3; n).

� ¬¥â¨¬, çâ® ¢¥àè¨  x1 ¬®£®£à ¨ª  M(3; n) ¨¬¥¥â â¨¯ A(1; n; 1; n; 1; n), ¨
S(x1) = f1=3; 2=3g.

�¥®à¥¬  4. �«ï (3n� 2)-¢¥àè¨ë x1 ¬®£®£à ¨ª  M(3; n), ãª § ®© ¢ â¥®à¥¬¥ 3, á¯à -
¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï :

1) S(y) = f1=3; 2=3g 8y 2M(x1);
2) �(x1) = 1, �(x1) = (x1) = 2, jA(x1)j = 3n� 2, jB(x1)j = n� 3, j�(x1)j = n� 2 ¯à¨ n � 4;
3) ¯á¥¢¤®âà á¯®¨à®¢ ë¥ ¯® ®â®è¥¨î ª x1 ¬ âà¨æë x11, x12, x13, x14, x15 ï¢«ïîâáï

(3n � 2)-¢¥àè¨ ¬¨ ¬®£®£à ¨ª  M(3; n) ¯à¨ n � 4, ¯à¨ç¥¬ M(x1l ) \ M(x1) = ; 8l 2 N5,

M(x1p) \M(x1q) = ; 8p; q 2 N5, p 6= q.

�¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥¨ï 1) â¥®à¥¬ë 4 ¢ëâ¥ª ¥â ¨§ â¥®à¥¬ë 3 ¨ á¢®©áâ¢  2) â¥®à¥¬ë 2.
�¥¯®áà¥¤áâ¢¥®© ¯à®¢¥àª®© ã¡¥¦¤ ¥¬áï, çâ® ãâ¢¥à¦¤¥¨¥ 2) â¥®à¥¬ë 4 ¢¥à®. �¯à ¢¥¤«¨¢®áâì
ãâ¢¥à¦¤¥¨ï 3) â¥®à¥¬ë 4 ãáâ  ¢«¨¢ ¥¬   ®á®¢¥ ãâ¢¥à¦¤¥¨ï 2) â¥®à¥¬ë 4 ¨ ãá«®¢¨ï 3)
á«¥¤áâ¢¨ï 1.

�§ â¥®à¥¬ 2, 3 ¨ 4 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 3. �®«¨ç¥áâ¢® (3n � 2)-¢¥àè¨ ¬®£®£à ¨ª  M(3; n), n � 4, ¨¬¥îé¨å â¨¯
A(p1; q1; p2; q2; p3; q3) ¯à¨ «î¡ëå pl; ql 2 Nn, pl 6= ql, l = 1; 2; 3, ¥ ¬¥ìè¥ ç¨á«  6(n!)2.

�ä®à¬ã«¨àã¥¬ á«¥¤ãîé¥¥ ¯à¥¤¯®«®¦¥¨¥: ¥ã«¥¢ë¥ í«¥¬¥âë «î¡®© ¬ âà¨æë, ¯à¥¤áâ -
¢«ïîé¥© (3n� 2)-¢¥àè¨ã ¬®£®£à ¨ª  M(3; n), n � 3, ¨¬¥îéãî â¨¯ A(p1; q1; p2; q2; p3; q3), ¥
§ ¢¨áïâ ®â ç¨á«  n ¨ ¯à¨ ¤«¥¦ â ¬®¦¥áâ¢ã f1=3; 2=3g. �¤ ª® á¯à ¢¥¤«¨¢®áâì íâ®£® ¯à¥¤-
¯®«®¦¥¨ï ¯à¨ n > 3 ¯®ª  ¥ ¤®ª §  . �à¨ n = 3 ¨¬¥¥â ¬¥áâ® à ¢¥áâ¢® �(3; 7) = 648, ¨
¢á¥ ¥ã«¥¢ë¥ ª®¬¯®¥âë «î¡®© 7-¢¥àè¨ë ¬®£®£à ¨ª  M(3; 3) ¯à¨ ¤«¥¦ â ¬®¦¥áâ¢ã
f1=3; 2=3g [6].
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3. �¥àè¨ë â¨¯  B(p0; p1; q1; p2; q2). �ã¤¥¬ £®¢®à¨âì, çâ® (3n�2)-¢¥àè¨  x ¬®£®£à ¨ª 
M(3; n) ¨¬¥¥â â¨¯ B(p0; p1; q1; p2; q2), ¥á«¨ ª®«¨ç¥áâ¢® ¤à®¡ëå ª®¬¯®¥â, á®¤¥à¦ é¨åáï ¢ ¥¥
¤¢ã¬¥àëå á¥ç¥¨ïå, § ¤ ¥âáï ¢¥ªâ®à ¬¨ (2; : : : ; 2, n|{z}

p0-¥ ¬¥áâ®

, 2; : : : ; 2)ij , (3; : : : ; 3, 2|{z}
p1-¥ ¬¥áâ®

, 3; : : : ; 3,

2|{z}
q1-¥ ¬¥áâ®

, 3; : : : ; 3)it, (3; : : : ; 3, 2|{z}
p2-¥ ¬¥áâ®

, 3; : : : ; 3, 2|{z}
q2-¥ ¬¥áâ®

, 3; : : : ; 3)jt, £¤¥ p0; pl; ql 2 Nn, pl 6= ql, l = 1; 2.

�¥®à¥¬  5. � âà¨æ  x2 = kx2ijtkn á ¥ã«¥¢ë¬¨ í«¥¬¥â ¬¨

x2kk1 = 1=n; k = 1; : : : ; n; x2n�1;n;n = 1=n; x2n1n = (n� 1)=n;

x2k�1;k;k = (n� k + 1)=n; x2k;k+1;k = (k � 1)=n; k = 2; 3; : : : ; n� 1;

ï¢«ï¥âáï (3n� 2)-¢¥àè¨®© ¬®£®£à ¨ª  M(3; n).

�å¥¬  ¤®ª § â¥«ìáâ¢ .�¥£ª® ¯à®¢¥à¨âì, çâ® x2 2M(3; n). �¥âàã¤® ã¡¥¤¨âìáï, çâ® ¬ âà¨æ 
x2(") = kx2ijt(")kn á ¥ã«¥¢ë¬¨ í«¥¬¥â ¬¨

x2kk1(") =
1
n
�

n2 � 2k(n� 1)� 1
2

"; k = 1; : : : ; n;

x2k�1;k;k(") =
n� k + 1

n
+
(k � 1)(n2 � (n� 1)k + 1)

2
"; k = 2; 3; : : : ; n� 1;

x2k;k+1;k(") =
k � 1
n

�
(k � 1)(n2 � (n� 1)k + 1)

2
"; k = 2; 3; : : : ; n� 1;

x2n�1;n;n(") =
1
n
+

n2 � 1
2

"; x2n1n(") =
n� 1
n

+
n2 + 1
2

"

¯à¨ ¤«¥¦¨â ¬®£®£à ¨ªãM"(3; n). � ª ª ª ç¨á«® ¥ã«¥¢ëå í«¥¬¥â®¢ ¬ âà¨æë x2(") à ¢®
3n � 2,   ¬®£®£à ¨ª M"(3; n) ¥¢ëà®¦¤¥ (á¬. «¥¬¬ã), â® ¬ âà¨æ  x2(") ï¢«ï¥âáï ¥£® ¢¥à-
è¨®©. �âáî¤ , ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ à ¢¥áâ¢® R(x2) = R(x2(")), § ª«îç ¥¬, çâ® ¬ âà¨æ  x2

ï¢«ï¥âáï (3n� 2)-¢¥àè¨®© ¬®£®£à ¨ª  M(3; n).
� ¬¥â¨¬, çâ® ¢¥àè¨  x2 ¨¬¥¥â â¨¯ B(1; 1; 2; 1; n) ¨ S(x2) = f1=n; 2=n; : : : ; (n� 1)=ng.

�¥®à¥¬  6. �«ï (3n� 2)-¢¥àè¨ë x2 ¬®£®£à ¨ª  M(3; n), ãª § ®© ¢ â¥®à¥¬¥ 5, á¯à -
¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï :

1) S(y) = f1=n; 2=n; : : : ; (n� 1)=ng 8y 2M(x2);
2) �(x2) = �(x2) = 1, (x2) = 2; jA(x2)j = jB(x2)j = 3n� 2, j�(x2)j = n� 2;
3) ¯á¥¢¤®âà á¯®¨à®¢ ë¥ ¯® ®â®è¥¨î ª x2 ¬ âà¨æë x21, x22 ï¢«ïîâáï (3n � 2)-

¢¥àè¨ ¬¨ ¬®£®£à ¨ª  M(3; n), ¯à¨ç¥¬

M(x21) \M(x2) = ;; M(x22) \M(x2) = ;; M(x21) \M(x22) = ;:

�®ª § â¥«ìáâ¢® ãâ¢¥à¦¤¥¨ï 1) â¥®à¥¬ë 6 á«¥¤ã¥â ¨§ â¥®à¥¬ë 5 ¨ á¢®©áâ¢  2) â¥®à¥¬ë 2.
�¥£ª® ¯à®¢¥à¨âì, çâ® ãâ¢¥à¦¤¥¨¥ 2) â¥®à¥¬ë 6 ¢¥à®. �¯à ¢¥¤«¨¢®áâì ãâ¢¥à¦¤¥¨ï 3) â¥®à¥¬ë
6 ¢ëâ¥ª ¥â ¨§ ãâ¢¥à¦¤¥¨ï 2) â¥®à¥¬ë 6 ¨ á«¥¤áâ¢¨ï 2.

�§ â¥®à¥¬ 2, 5 ¨ 6 ¯®«ãç¨¬

�«¥¤áâ¢¨¥ 4. �®«¨ç¥áâ¢® (3n � 2)-¢¥àè¨ ¬®£®£à ¨ª  M(3; n), ¨¬¥îé¨å â¨¯
B(p0; p1; q1; p2; q2) ¯à¨ «î¡ëå p0; pl; ql 2 Nn, pl 6= ql, l = 1; 2, ¥ ¬¥ìè¥ ç¨á«  3(n!)2.

�®-¢¨¤¨¬®¬ã, ¤«ï «î¡®£®  âãà «ì®£® ç¨á«  n  ¨¬¥ìè ï ( ¨¡®«ìè ï) ¯®«®¦¨â¥«ì ï
ª®¬¯®¥â  áà¥¤¨ ¢á¥å (3n � 2)-¢¥àè¨ ¬®£®£à ¨ª  M(3; n) à ¢  1

n

�
n�1

n

�
. �¤ ª® á¯à ¢¥¤-

«¨¢®áâì íâ®£® ¯à¥¤¯®«®¦¥¨ï ¯à¨ n � 4 ¯®ª  ¥ ¤®ª §  .
�«¥¤ãîé¨© ¯à¨¬¥à ¯®ª §ë¢ ¥â, çâ® ã ¬®£®£à ¨ª M(3; n) ¯à¨ n = 6 áãé¥áâ¢ãîâ (3n�2)-

¢¥àè¨ë, ¨¬¥îé¨¥ â¨¯ B(p0; p1; q1; p2; q2), p0; pl; ql 2 Nn, pl 6= ql, l = 1; 2, áâàãªâãà  ª®â®àëå
®â«¨ç ¥âáï ®â áâàãªâãàë ¢¥àè¨ë x2, ãª § ®© ¢ â¥®à¥¬¥ 5.
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�à¨¬¥à 1. � âà¨æ  x2 = kx2ijtk6 á ¥ã«¥¢ë¬¨ í«¥¬¥â ¬¨ x
2
111 = x2221 = x2331 = x2441 = x2551 =

x2661 = x2163 = x2524 = 1=6, x2435 = x2256 = 1=3, x2232 = x2452 = 1=2, x2125 = x2566 = 2=3, x2613 = x2344 = 5=6
ï¢«ï¥âáï 16-¢¥àè¨®© ¬®£®£à ¨ª  M(3; 6).

�¥àè¨  x2 ®¡« ¤ ¥â á¢®©áâ¢®¬: «î¡®¥ ®¤®¬¥à®¥ á¥ç¥¨¥ ¬ âà¨æë x2 M(3; 6) á®¤¥à¦¨â
¥ ¡®«¥¥ ®¤®£® ¯®«®¦¨â¥«ì®£® í«¥¬¥â . �®áâà®¥ë â ª¦¥ ¯à¨¬¥àë (3n � 2)-¢¥àè¨ ¬®-
£®£à ¨ª  M(3; n) ¤«ï n = 4; 5; 7; 8; : : : ; 12, ®¡« ¤ îé¨¥ ãª § ë¬ á¢®©áâ¢®¬. � á¢ï§¨ á íâ¨¬
¢®§¨ª ¥â ¢®¯à®á: ¢áïª ï «¨ ¬ âà¨æ  ¬®£®£à ¨ª M(3; n), á®¤¥à¦ é ï 3n�2 ¯®«®¦¨â¥«ìëå
í«¥¬¥â®¢ ¨ ®¡« ¤ îé ï ¢ëè¥ §¢ ë¬ á¢®©áâ¢®¬, ï¢«ï¥âáï ¥£® (3n� 2)-¢¥àè¨®©? �«¥¤ãî-
é¨© ¯à¨¬¥à ¤ ¥â ®âà¨æ â¥«ìë© ®â¢¥â   ¯®áâ ¢«¥ë© ¢®¯à®á.

�à¨¬¥à 2. � âà¨æ  x
2
= kx

2

ijtk6 á ¥ã«¥¢ë¬¨ í«¥¬¥â ¬¨ x
2

111
= x

2

221
= x

2

331
= x

2

441
= x

2

551
=

x
2

661 = x
2

645 = x
2

316 = 1=6, x
2

163 = x
2

524 = 1=3, x
2

122 = x
2

562 = 1=2, x
2

613 = x
2

344 = 2=3, x
2

235 = x
2

456 = 5=6
¯à¨ ¤«¥¦¨â ¬®£®£à ¨ªãM(3; 6), ¨ ª ¦¤®¥ ®¤®¬¥à®¥ á¥ç¥¨¥ «î¡®© ®à¨¥â æ¨¨ ¬ âà¨æë
x
2
á®¤¥à¦¨â ¥ ¡®«¥¥ ®¤®© ¤à®¡®© ª®¬¯®¥âë. �¤ ª® ¬ âà¨æ  x

2
¥ ï¢«ï¥âáï 16-¢¥àè¨®©

¬®£®£à ¨ª  M(3; 6).

4. �¥àè¨ë â¨¯  C(p1; p2; p3). �ã¤¥¬ £®¢®à¨âì, çâ® (3n � 2)-¢¥àè¨  x ¬®£®£à ¨ª 
M(3; n) ¨¬¥¥â â¨¯ C(p1; p2; p3), ¥á«¨ ª®«¨ç¥áâ¢® ¤à®¡ëå ª®¬¯®¥â, á®¤¥à¦ é¨åáï ¢ ¥¥ ¤¢ã-
¬¥àëå á¥ç¥¨ïå, § ¤ ¥âáï ¢¥ªâ®à ¬¨ (2; : : : ; 2, n|{z}

p1-¥ ¬¥áâ®

, 2; : : : ; 2)ij , (2; : : : ; 2, n|{z}
p2-¥ ¬¥áâ®

, 2; : : : ; 2)it,

(2; : : : ; 2, n|{z}
p3-¥ ¬¥áâ®

, 2; : : : ; 2)jt, £¤¥ p1; p2; p3 2 Nn.

� ¯®¬®éìî «¥¬¬ë ¤®ª §ë¢ ¥âáï

�¥®à¥¬  7. � âà¨æ  x3 = kx3ijtkn á ¥ã«¥¢ë¬¨ í«¥¬¥â ¬¨

x3kk1 = 1=n; k = 1; : : : ; n; x3n1k = 1=n; x3k�1;k;k = (n� 1)=n; k = 2; 3; : : : ; n;

ï¢«ï¥âáï (3n� 2)-¢¥àè¨®© ¬®£®£à ¨ª  M(3; n).

� ¬¥â¨¬, çâ® ¢¥àè¨  x3 ¨¬¥¥â â¨¯ C(1; 1; n), ¨ S(x3) = f1=n; (n� 1)=ng.

�¥®à¥¬  8. �«ï (3n� 2)-¢¥àè¨ë x3 ¬®£®£à ¨ª  M(3; n), ãª § ®© ¢ â¥®à¥¬¥ 7, á¯à -
¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥¨ï :

1) S(y) = f1=n; (n� 1)=ng 8y 2M(x3);
2) �(x3) = �(x3) = 1, (x3) = n� 1, jA(x3)j = jB(x3)j = 3n� 2, j�(x3)j = 1;
3) ¯á¥¢¤®âà á¯®¨à®¢ ë¥ ¯® ®â®è¥¨î ª x3 ¬ âà¨æë x31, x32 ï¢«ïîâáï (3n � 2)-

¢¥àè¨ ¬¨ ¬®£®£à ¨ª  M(3; n), ¯à¨ç¥¬

M(x31) \M(x3) = ;; M(x32) \M(x3) = ;; M(x31) \M(x32) = ;:

�§ ãâ¢¥à¦¤¥¨ï 2) â¥®à¥¬ë 8 ¯®«ãç¨¬, çâ® áà¥¤¨ ®¤®¬¥àëå á¥ç¥¨© ¢¥àè¨ë x3 áãé¥-
áâ¢ã¥â â®«ìª® ®¤® á¥ç¥¨¥, á®¤¥à¦ é¥¥ n� 1 ¯®«®¦¨â¥«ìëå ª®¬¯®¥â.

�§ â¥®à¥¬ 2, 7 ¨ 8 ¢ëâ¥ª ¥â

�«¥¤áâ¢¨¥ 5. �®«¨ç¥áâ¢® (3n�2)-¢¥àè¨ ¬®£®£à ¨ª M(3; n), ¨¬¥îé¨å â¨¯ C(p1; p2; p3)
¯à¨ «î¡ëå p1; p2; p3 2 Nn, ¥ ¬¥ìè¥ ç¨á«  3(n!)2.
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