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� à ¡®â¥ à¥è ¥âáï § ¤ ç  ®¯â¨¬¨§ æ¨¨ ¯àï¬ëå ¬¥â®¤®¢ à¥è¥­¨ï ¯¥à¨®¤¨ç¥áª¨å ªà ¥¢ëå
§ ¤ ç

Ax � x(m)(s) +B(x; s) = y(s) (x 2 X; y 2 Y; s 2 (�1;1)); (0.1)

x(k)(0) = x(k)(2�); k = 0;m� 1; (0.2)

£¤¥ X ¨ Y | ®¯à¥¤¥«ï¥¬ë¥ ­¨¦¥ ¯à®áâà ­áâ¢  2�-¯¥à¨®¤¨ç¥áª¨å äã­ªæ¨©,   B | «¨­¥©­ë©
(¢ â®¬ ç¨á«¥ ¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­ë©) ®¯¥à â®à ¨§ X ¢ Y , ¯à¨ç¥¬ m + 1 2 N (¯à¨ m = 0
ãá«®¢¨ï (0.2) ®âáãâáâ¢ãîâ). �­  ï¢«ï¥âáï ¥áâ¥áâ¢¥­­ë¬ ¯à®¤®«¦¥­¨¥¬ à ¡®â [1]{[6], à¥§ã«ìâ âë
ª®â®àëå áãé¥áâ¢¥­­ë¬ ®¡à §®¬ ¨á¯®«ì§ãîâáï ¢ ¤ «ì­¥©è¥¬ ¨§«®¦¥­¨¨.

1. �®áâ ­®¢ª  § ¤ ç¨

�«¥¤ãï [2], [5], [7], ¯à¨¢¥¤¥¬ ¯®áâ ­®¢ªã § ¤ ç¨. �ãáâì ¤ ­ ª« áá F = ffg ®¤­®§­ ç­® à §-
à¥è¨¬ëå ªà ¥¢ëå § ¤ ç (0.1){(0.2), ®¯à¥¤¥«ï¥¬ë© ­¥ª®â®àë¬¨ ª« áá ¬¨ ®¯¥à â®à®¢ B = fBg
¨ ¯à ¢ëå ç áâ¥© Y � = fyg � Y . � ¤ «ì­¥©è¥¬ ¯à¥¤¯®« £ ¥âáï, çâ® ª« ááë B ¨ Y �,   á«¥¤®¢ -
â¥«ì­®, ¨ ª« áá F â ª®¢ë, çâ® ®¯¥à â®àë A : X ! Y ¨ A�1 : Y ! X ®£à ­¨ç¥­ë ¯® ­®à¬¥ ¢
á®¢®ªã¯­®áâ¨,   ª« áá ¨áª®¬ëå í«¥¬¥­â®¢ X� = fA�1y : y 2 Y �, B 2 Bg ®¡à §ã¥â æ¥­âà «ì­®-
á¨¬¬¥âà¨ç¥áª¨© ª®¬¯ ªâ ¢ ¯à®áâà ­áâ¢¥ X.

�®«®¦¨¬ Xn = H T
n

T
X, Yn = H T

n

T
Y , £¤¥ H T

n | ¬­®¦¥áâ¢® ¢á¥å âà¨£®­®¬¥âà¨ç¥áª¨å ¯®«¨-
­®¬®¢ ¯®àï¤ª  ­¥ ¢ëè¥ n (n+1 2 N). � ¦¤®© § ¤ ç¥ f 2 F ¯®áâ ¢¨¬ ¢ á®®â¢¥âáâ¢¨¥ ®¤­®§­ ç­®
à §à¥è¨¬ë¥ ª®­¥ç­®¬¥à­ë¥ ãà ¢­¥­¨ï ¢¨¤ 

Anxn � x(m)
n (s) +Bn(xn; s) = yn(s) (xn 2 Xn; yn 2 Yn; Bn : Xn ! Yn); (1.1)

à¥è¥­¨ï¬¨ ª®â®àëå

x�n(s) = A�1n (yn; s) =
nX

k=�n

��ke
iks; ��k 2 C ; s 2 (�1;1); (1.2)

¡ã¤¥¬ ¯à¨¡«¨¦ âì à¥è¥­¨¥ x�(s) 2 X ªà ¥¢®© § ¤ ç¨ (0.1){(0.2). �®£¤  [2], [5], [7] ¨¬¥¥â á¬ëá«
®¯à¥¤¥«¨âì ®¯â¨¬ «ì­ãî ®æ¥­ªã ¯®£à¥è­®áâ¨ Vn(F ) ª« áá  Fn = ffng ¢á¥å ¯àï¬ëå ¬¥â®¤®¢
¢¨¤  (1.1){(1.2) à¥è¥­¨ï ª« áá  F ªà ¥¢ëå § ¤ ç (0.1){(0.2)

Vn(F ) = inf
fn2Fn

sup
f2F

kx� � x�nkX : (1.3)
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�¯à¥¤¥«¥­¨¥. �¨ªá¨à®¢ ­­ë© ¯àï¬®© ¬¥â®¤ f�n 2 Fn,

A�nx
�
n � x�n

(m)(s) +B�
n(x

�
n; s) = y�n(s) (x�n 2 Xn; y�n 2 Yn; B�

n : Xn ! Yn); (1:1�)

x�n(s) = A�n
�1(y�n; s) =

nX
k=�n

��ke
iks; ��k 2 C ; (1:2�)

­ §ë¢ ¥âáï á®®â¢¥âáâ¢¥­­® ®¯â¨¬ «ì­ë¬,  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì­ë¬, ®¯â¨¬ «ì­ë¬ ¯® ¯®-
àï¤ªã ¢ ª« áá¥ F ªà ¥¢ëå § ¤ ç (0.1){(0.2), ¥á«¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï á®®â¢¥âáâ¢¥­­®

sup
f2F

kx� � x�nkX =;�;� Vn(F ); (1.4)

£¤¥ á¨¬¢®«ë � ¨ � ®§­ ç îâ §­ ª¨ á¨«ì­®© ¨ á« ¡®© íª¢¨¢ «¥­â­®áâ¥©.

� è  § ¤ ç  á®áâ®¨â ¢ ­ å®¦¤¥­¨¨ ®¯â¨¬ «ì­®© ®æ¥­ª¨ ¯®£à¥è­®áâ¨ Vn(F ) ¨§ (1.3) ¯à¨
à §«¨ç­ëå á¯®á®¡ å ¢ë¡®à  ¯à®áâà ­áâ¢ X, Y ¨  ¯¯à®ªá¨¬¨àãîé¨å ãà ¢­¥­¨© (1.1){(1.2) ¨
¢ ¯®áâà®¥­¨¨ ®¯â¨¬ «ì­®£® ¢ â®«ìª® çâ® ãª § ­­®¬ á¬ëá«¥ ¯àï¬®£® ¬¥â®¤  (1.1�){(1.2�). �à¨
íâ®¬ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á«¥¤ãîé¨¥ ¯ àë (X;Y ) äã­ªæ¨®­ «ì­ëå ¯à®áâà ­áâ¢ X ¨ Y :

Y = L2(0; 2�) � L2 ¨ X =Wm
2 [0; 2�] �Wm

2 (W �
2 � L2)

á ­®à¬ ¬¨ á®®â¢¥âáâ¢¥­­®

kykL2 =
�
1
2�

Z 2�

0

jy(s)j2ds
�1=2

; y 2 Y ; kxkWm
2
=

mX
k=0

kx(k)(s)kL2 ; x 2 X; (1.5)

  â ª¦¥
Y = C2� ¨ X = C

(m)
2� � Cm

2� (C�
2� � C2�)

á ­®à¬ ¬¨ á®®â¢¥âáâ¢¥­­®

kykC2� = max
s
jy(s)j; y 2 Y ; kxkCm

2�
=

mX
k=0

kx(k)(s)kC2� : (1.6)

� ¯à®áâà ­áâ¢ å Wm
2 ¨ Cm

2�, ®á®¡¥­­® ¯à¨  á¨¬¯â®â¨ç¥áª®© ®¯â¨¬¨§ æ¨¨, ¡ã¤¥¬ ¯®«ì§®¢ âìáï
â ª¦¥ íª¢¨¢ «¥­â­ë¬¨ ¯à¨¢¥¤¥­­ë¬ ¢ (1.5) ¨ (1.6) ­®à¬ ¬¨

kxkWm
2
= kGxkL2 (x 2Wm

2 ); kxkCm
2�
= kGxkC2� (x 2 Cm

2�); (1.7)

£¤¥

Gx � x(m)(s) +mx(s); m 2 N; (1.8)

¯à¨ ªà ¥¢ëå ãá«®¢¨ïå (0.2).

2. �á­®¢­ë¥ à¥§ã«ìâ âë

�®áª®«ìªã ¯®¤¯à®áâà ­áâ¢  Xn ¨ Yn ï¢«ïîâáï ¢® ¬­®£¨å á«ãç ïå íªáâà¥¬ «ì­ë¬¨ ¢ ¯à®-
áâà ­áâ¢ å á®®â¢¥âáâ¢¥­­® X = Wm

2 ¨ Y = L2, â® ¢ íâ¨å ¯à®áâà ­áâ¢ å ¯®áâ ¢«¥­­ãî ¢ëè¥ § -
¤ çã ¤®áâ â®ç­® [2], [5], [7] à áá¬ âà¨¢ âì ¤«ï ä¨ªá¨à®¢ ­­®© § ¤ ç¨ (0.1){(0.2), â. ¥. ¯à¨ F = f .
� íâ®¬ á«ãç ¥ á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ç¥âëà¥ â¥®à¥¬ë, ¯¥à¥­®á ª®â®àëå ­  ª« áá F = ffg
§ ¤ ç ¨ ­  ¢á¥¢®§¬®¦­ë¥ ¯àï¬ë¥ ¬¥â®¤ë ­¥ ¯à¥¤áâ ¢«ï¥â ¯à¨­æ¨¯¨ «ì­ëå âàã¤­®áâ¥© [2], [5],
[7].

�¥®à¥¬  1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï

1) ®¯¥à â®à B : X ! Y ¢¯®«­¥ ­¥¯à¥àë¢¥­;
2) § ¤ ç  (0.1){(0.2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x� 2 X ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ y 2 Y ;
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3) áãé¥áâ¢ãîâ «¨­¥©­ë¥ ¯à®¥ªæ¨®­­ë¥ ®¯¥à â®àë P �
n : Y ! Yn â ª¨¥, çâ®

 ) kT � TG�1P �
nGkX!Y ! 0; n!1; T � B �mE; (2.1)

¡) ky � P �
nykY � �(y; Yn) � En(y)Y ; y 2 Y; n!1: (2.2)

�®£¤  á¯à ¢¥¤«¨¢ë  á¨¬¯â®â¨ç¥áª¨¥ à ¢¥­áâ¢ 

Vn = inf
fn2Fn

kx� � x�nkX � En(x
�)X � En(x

�(m))Y ; (2.3)

¨ ¯à¨¡«¨¦¥­­ë© ¬¥â®¤ (1:1�){(1:2�) ¯à¨ y�n = P �
ny, B

�
n = P �

nB ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨ ®¯â¨-

¬ «ì­ë¬.

�¤¥áì ¨ ¤ «¥¥ En(y)Y = �(y; H T
n )Y | ­ ¨«ãçè¥¥ áà¥¤­¥ª¢ ¤à â¨ç¥áª®¥ ¯à¨¡«¨¦¥­¨¥ äã­ª-

æ¨¨ y 2 Y âà¨£®­®¬¥âà¨ç¥áª¨¬¨ ¯®«¨­®¬ ¬¨ ¯®àï¤ª  ­¥ ¢ëè¥ n (n+ 1 2 N) ¢ ¯à®áâà ­áâ¢¥ Y ;
 ­ «®£¨ç­® ®¯à¥¤¥«ï¥âáï ¢¥«¨ç¨­  En(x�)X = �(x�; H T

n )X , £¤¥ �('; H
T
n )Z | à ááâ®ï­¨¥ ®â z 2 Z

¤® ¯®¤¯à®áâà ­áâ¢  H
T
n ¢ ¯à®áâà ­áâ¢¥ Z (Z = X ¨«¨ Y ).

� ª¨¬ ®¡à §®¬, ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 ¯à®¥ªæ¨®­­ë© ¬¥â®¤

A�nx
�
n � x�n

(m)(s) + (P �
nB)(x

�
n; s) = P �

n(y; s) (x�n 2 Xn; P �
ny 2 Yn) (2.4)

ï¢«ï¥âáï  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì­ë¬ áà¥¤¨ ¢á¥¢®§¬®¦­ëå ¯àï¬ëå ¬¥â®¤®¢ ¢¨¤  (1.1){(1.2)
à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (0.1){(0.2).

�«ï «î¡®© y 2 Y ¯®«®¦¨¬

P �
n(y; s) =

nX
k=�n

ck(y)eiks � �n(y; s); ck(y) =
1
2�

Z 2�

0

y(s)e�iksds: (2.5)

�®£¤  ¬¥â®¤ (2.4) ï¢«ï¥âáï ¬¥â®¤®¬ � «�¥àª¨­  à¥è¥­¨ï § ¤ ç¨ (0.1){(0.2), ¯à¨ íâ®¬ ª®íää¨-
æ¨¥­âë ��k (k = �n; n) ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï (1.2�) ®¯à¥¤¥«ïîâáï ª ª à¥è¥­¨¥ á¨áâ¥¬ë «¨-
­¥©­ëå  «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨© (����)

(ij)m��j +
mX

k=�n

��kcj(Be
iks) = cj(y); j = �n; n: (2.6)

�®íâ®¬ã ¨§ â¥®à¥¬ë 1 ¯®«ãç ¥¬

�«¥¤áâ¢¨¥. �¥â®¤ � «�¥àª¨­  (2.4){(2.6)  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «¥­ áà¥¤¨ ¢á¥¢®§¬®¦­ëå
¯àï¬ëå ¬¥â®¤®¢ ¢¨¤  (2.1){(2.2); ¥á«¨ ¦¥ BXn � Yn, â® íâ®â ¬¥â®¤ ®¯â¨¬ «¥­ ¯à¨ ¢á¥å n 2 N.

�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï 1) ¨ 2) â¥®à¥¬ë 1 ¨ áãé¥áâ¢ãîâ ®£à ­¨ç¥­­ë¥ ¯®

­®à¬¥ ¢ á®¢®ªã¯­®áâ¨ «¨­¥©­ë¥ ¯à®¥ªæ¨®­­ë¥ ®¯¥à â®àë P �
n : Y ! Yn. �®£¤  á¯à ¢¥¤«¨¢ë

à ¢¥­áâ¢  á« ¡®© íª¢¨¢ «¥­â­®áâ¨

Vn � En(x�)X � En(x�
(m))Y � kx� � x�nkX ; (2.7)

¨ ¯à¨¡«¨¦¥­­ë© ¬¥â®¤ (2:4) ®¯â¨¬ «¥­ ¯® ¯®àï¤ªã.

�«¥¤áâ¢¨¥. � ãá«®¢¨ïå â¥®à¥¬ë ¬¥â®¤ë ¯®¤®¡« áâ¥© ¨ ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢ (2.1�){(2.2�)
á ���� á®®â¢¥âáâ¢¥­­®

nX
k=�n

��k

Z sj+1

sj

A(eiks; s)ds =
Z sj+1

sj

y(s)ds; sj =
2j�

2n+ 1
; j = �n; n; (2.8)

nX
k=�n

��k(Ae
iks; Aeijs) = (y;Aeijs); j = �n; n; (2.9)

£¤¥ ('; ) | áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ L2, ï¢«ïîâáï ®¯â¨¬ «ì­ë¬¨ ¯® ¯®àï¤ªã áà¥¤¨ ¢á¥¢®§-
¬®¦­ëå ¯àï¬ëå ¬¥â®¤®¢ à¥è¥­¨ï § ¤ ç¨ (0.1){(0.2).
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�¥®à¥¬  3. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï

1) ®¯¥à â®à A : X ! Y ­¥¯à¥àë¢­® ®¡à â¨¬, ¯à¨ç¥¬ kA�1k = 1;
2) áãé¥áâ¢ãîâ â ª¨¥ «¨­¥©­ë¥ ¯à®¥ªæ¨®­­ë¥ ®¯¥à â®àë P �

n : Y ! Yn, çâ®

 ) kT � P �
nTkX!Y ! 0; n!1; (2.10)

¡) kx� �G�1P �
nGx

�kX � En(x
�)X ; n!1; x� = A�1y: (2.11)

�®£¤  á¯à ¢¥¤«¨¢® ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 1 ¨ ¥¥ á«¥¤áâ¢¨ï.

�¥®à¥¬  4. �ãáâì ®¯¥à â®à A : X ! Y ­¥¯à¥àë¢­® ®¡à â¨¬ ¨ ¢ë¯®«­¥­® ãá«®¢¨¥ 2  )
â¥®à¥¬ë 3. �®£¤  á¯à ¢¥¤«¨¢® § ª«îç¥­¨¥ â¥®à¥¬ë 2 ¨ ¥¥ á«¥¤áâ¢¨ï.

�¥¯¥àì à áá¬®âà¨¬ ª« áá § ¤ ç (0.1){(0.2) ¢ ¯ à¥ ¯à®áâà ­áâ¢ X = Cm
2� ¨ Y = C2� (m+1 2 N,

C�
2� = C2�). � íâ®¬ á«ãç ¥ ¯®­ ¤®¡ïâáï ª®«¬®£®à®¢áª¨¥ ¯®¯¥à¥ç­¨ª¨ [8]{[10] dm(�; Z), m 2 N,

¬­®¦¥áâ¢  � � Z ¢ B-¯à®áâà ­áâ¢¥ Z.

�¥®à¥¬  5. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï

1) X� = fA�1y : y 2 Y �, B 2 Bg ¨ GX� | æ¥­âà «ì­® á¨¬¬¥âà¨ç¥áª¨¥ ª®¬¯ ªâë ¢

¯à®áâà ­áâ¢ å á®®â¢¥âáâ¢¥­­® X ¨ Y ;
2) áãé¥áâ¢ãîâ á¨«ì­® áå®¤ïé¨¥áï ª ¥¤¨­¨ç­®¬ã ®¯¥à â®àã ¯à®áâà ­áâ¢  C2� â ª¨¥ «¨-

­¥©­ë¥ ®¯¥à â®àë P �
n : C2� ! H

T
n � C2�, çâ®

sup
B2B

kT � P �
nTkXn!Y ! 0; n!1: (2.12)

�®£¤  á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢  á« ¡®© íª¢¨¢ «¥­â­®áâ¨

Vn(F ) � d2n+1(X�; X) � d2n+1(GX�; Y ); (2.13)

¨ ¬¥â®¤ (2:4) ¯à¨ X = Cm
2�, Y = C2� ï¢«ï¥âáï ®¯â¨¬ «ì­ë¬ ¯® ¯®àï¤ªã áà¥¤¨ ¢á¥å ¯àï¬ëå

¬¥â®¤®¢ ¢¨¤  (1.1){(1.2) à¥è¥­¨ï ª« áá  F § ¤ ç (0.1){(0.2).

�«¥¤áâ¢¨¥. �ãáâì X� =Wm+rH!, £¤¥ m+1 ¨ r+1 2 N,   ! = !(�) | ¯à®¨§¢®«ì­ë© ¬®¤ã«ì
­¥¯à¥àë¢­®áâ¨ á è £®¬ � 2 (0; �]. �«ï «î¡®£® y 2 C2� ¯®«®¦¨¬

P �
n(y; s) =

nX
k=�n

ak(y)e
iksf1� (1� �k;n)

r+1g; (2.14)

£¤¥ äã­ªæ¨®­ «ë ak(y) ®¯à¥¤¥«ïîâáï ¯® «î¡®© ¨§ ä®à¬ã«

ak(y) =
1
2�

2�Z
0

y(�)e�ik�d� � ck(y); (2.15)

ak(y) =
1

2n+ 1

2nX
j=0

y(sj)e
�iksj � ck;n(y); sj =

2j�
2n+ 1

; (2.16)

  ¬ âà¨æ  �k;n (k = �n; n; �0;n = 1) ®¯à¥¤¥«ï¥âáï ¯® «î¡®© ¨§ ä®à¬ã«

�k;n = cos
k�

2n+ 1
; �k;n =

k�

2n+ 2
ctg

k�

2n+ 2
: (2.17)

�®£¤ 

Vn(F ) �
1
nr

!

�
1
n

�
; (2.18)

¨ ¬¥â®¤ (2.4), (2.14){(2.17) ®¯â¨¬ «¥­ ¯® ¯®àï¤ªã ¢ ª« áá¥ § ¤ ç F .
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�§ â¥®à¥¬ë 5, ¥¥ á«¥¤áâ¢¨ï ¨ á®®â¢¥âáâ¢ãîé¨å à¥§ã«ìâ â®¢ [1]{[4], [11] á«¥¤ã¥â, çâ® å®à®-
è® ¨§¢¥áâ­ë¥ ¯à®¥ªæ¨®­­ë¥ ¬¥â®¤ë (­ ¯à., ¬¥â®¤ë � «�¥àª¨­ , ª®««®ª æ¨¨ ¨ ¯®¤®¡« áâ¥©) ­¥
ï¢«ïîâáï ®¯â¨¬ «ì­ë¬¨ ¤ ¦¥ ¯® ¯®àï¤ªã ­¥ â®«ìª® áà¥¤¨ ¢á¥å ¯àï¬ëå ¬¥â®¤®¢, ­® ¨ áà¥¤¨
¢á¥å ¯®«¨­®¬¨ «ì­ëå ¬¥â®¤®¢. � â® ¦¥ ¢à¥¬ï ¯à¨ ­¥ª®â®à®¬ áã¦¥­¨¨ ª« áá  ¤®¯ãáª ¥¬ëå ª
\ª®­ªãà¥­æ¨¨" ¯®«¨­®¬¨ «ì­ëå ¬¥â®¤®¢ ¯®«®¦¥­¨¥ áãé¥áâ¢¥­­® ¬¥­ï¥âáï.

�¡®§­ ç¨¬ ç¥à¥§ Pn = fPng ¬­®¦¥áâ¢® ¢á¥å ¯à®¥ªæ¨®­­ëå (P 2
n = Pn) ®¯¥à â®à®¢ ¨§ C2� ¢

H T
n � C2� ¨ ¢ (1.1){(1.2) ¯®«®¦¨¬ yn = Pny ¨ Bn = PnB. �àã£¨¬¨ á«®¢ ¬¨, ¡ã¤¥¬ à áá¬ âà¨¢ âì

®¯â¨¬¨§ æ¨î ª« áá  Fn = ffng ¯®«¨­®¬¨ «ì­ëå ¯à®¥ªæ¨®­­ëå ¬¥â®¤®¢ ¢¨¤ 

Anxn � x(m)
n + PnBxn = Pny (xn 2 Xn; Pny 2 Yn; Pn 2 Pn) (2.19)

¢ ª« áá¥ F = ffg ®¤­®§­ ç­® à §à¥è¨¬ëå ªà ¥¢ëå § ¤ ç (0.1){ (0.2). � íâ®¬ á«ãç ¥ ®¯â¨¬ «ì­ ï
®æ¥­ª  ¯®£à¥è­®áâ¨ (1.3) ¯à¨­¨¬ ¥â ¢¨¤

Vn(F ) = inf
Pn2Pn

sup
f2F

kx� � x�nkX : (2.20)

�¥®à¥¬  6. �ãáâì X� =Wm+rH!, £¤¥ m+1 ¨ r+1 2 N,   ¯à¨ r = 0 ¬®¤ã«ì ­¥¯à¥àë¢­®áâ¨
!(�) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î

lim
n!1

!

�
1
n

�
lnn = 0: (2.21)

�®£¤ 

Vn(F ) �
lnn
nr

!

�
1
n

�
; n!1; (2.22)

¨ ¯à®¥ªæ¨®­­ë© ¬¥â®¤ (2:4) á ®¯¥à â®à®¬ P �
n 2 Pn, ã¤®¢«¥â¢®àïîé¨¬ ãá«®¢¨î kP �

nk = O(lnn),
ï¢«ï¥âáï ®¯â¨¬ «ì­ë¬ ¯® ¯®àï¤ªã áà¥¤¨ ¢á¥å ¯®«¨­®¬¨ «ì­ëå ¯à®¥ªæ¨®­­ëå ¬¥â®¤®¢ ¢¨¤ 

(2:19).

�«¥¤áâ¢¨¥. � ãá«®¢¨ïå â¥®à¥¬ë ®¯â¨¬ «ì­ë¬¨ ¯® ¯®àï¤ªã ï¢«ïîâáï

 ) ¬¥â®¤ � «�¥àª¨­  (2.4){(2.6);
¡) ¬¥â®¤ ¯®¤®¡« áâ¥© (2.4), (1:2�), (2.8);
¢) ¬¥â®¤ ª®««®ª æ¨¨ (2.4) á ¯à¨¡«¨¦¥­­ë¬ à¥è¥­¨¥¬ (1.2�), ª®íää¨æ¨¥­âë ª®â®à®£® ®¯à¥-

¤¥«ïîâáï ¨§ ����

nX
k=�n

��kf(ik)
meiksj +B(eiks; sj)g = y(sj); j = �n; n; (2.23)

sl =
2l�

2n+ 1
; l = �n; n; n+ 1 2 N: (2.24)

3. �®ª § â¥«ìáâ¢  â¥®à¥¬

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �¤¥áì ¯à¨å®¤¨âáï à §«¨ç âì ¤¢  á«ãç ï: m = 0 ¨ m 2 N.
1-© á«ãç ©. �à¨ m = 0 ãà ¢­¥­¨ï (0.1) ¨ (1.1), (1.1�), (2.4) ¯à¥¢à é îâáï ¢ ®¯¥à â®à­ë¥

ãà ¢­¥­¨ï ¢â®à®£® à®¤  ¢ ¯à®áâà ­áâ¢ å á®®â¢¥âáâ¢¥­­® X = Y = L2 ¨ Xn = Yn � L2. �®íâ®¬ã
[12] ¢ á¨«ã ãá«®¢¨© 1) ¨ 2) â¥®à¥¬ë ¯à¨ m = 0 ®¯¥à â®à A : L2 ! L2 ­¥¯à¥àë¢­® ®¡à â¨¬.

�§ â¥®à¥¬ë �¦¥ªá®­  [8]{[10] ¢ ¯à®áâà ­áâ¢¥ L2 ¨ ¨§ ãá«®¢¨ï 3 ¡) â¥®à¥¬ë á«¥¤ã¥â, çâ® ¯à¨
n ! 1 ®¯¥à â®àë P �

n á¨«ì­® áå®¤ïâáï ª ¥¤¨­¨ç­®¬ã ®¯¥à â®àã E ¯à®áâà ­áâ¢  L2,   â®£¤  ¢
á¨«ã â¥®à¥¬ë � ­ å {�â¥©­å ãáá  [12] ®­¨ ®£à ­¨ç¥­ë ¯® ­®à¬¥ ¢ á®¢®ªã¯­®áâ¨:

k'� P �
n'kL2 ! 0; n!1; ' 2 L2; kP �

nkL2!L2 = O(1); n!1: (3.1)

�âáî¤  ¨ ¨§ â¥®à¥¬ë �¥«ìä ­¤  (á¬., ­ ¯à., [12], á. 274{276) á«¥¤ã¥â

kB � P �
nBkL2!L2 ! 0; n!1: (3.2)
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�à¨ m = 0 ãá«®¢¨¥ 3  ) â¥®à¥¬ë ¯à¨­¨¬ ¥â ¢¨¤

kB �BP �
nkL2!L2 ! 0; n!1: (3.3)

� ª¨¬ ®¡à §®¬, ¢ á¨«ã áª § ­­®£® ¢ëè¥, ¢ ¯¥à¢ãî ®ç¥à¥¤ì ¢ á¨«ã (3.1){(3.3) ¯à¨ m = 0
¬ë ­ å®¤¨¬áï ¢ ãá«®¢¨ïå ¯à¨¬¥­¨¬®áâ¨ â¥®à¥¬ ([2], £«. 2, x 5), ®âªã¤  ¨ á«¥¤ã¥â âà¥¡ã¥¬®¥
ãâ¢¥à¦¤¥­¨¥ ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥.

2-© á«ãç ©. �à¨ m 2 N ªà ¥¢ãî § ¤ çã (0.1){(0.2) § ¯¨è¥¬ ¢ ¢¨¤¥ íª¢¨¢ «¥­â­®£® ¥© «¨­¥©-
­®£® ®¯¥à â®à­®£® ãà ¢­¥­¨ï

Ax � Gx+ Tx = y (x 2 X; y 2 Y ); (3.4)

£¤¥, ª ª ã¦¥ ãª §ë¢ «®áì ¢ëè¥,

Gx � x(m)(s) +mx(s); Tx � (B �mE)x; x 2 X;

  E | ®¯¥à æ¨ï ¢«®¦¥­¨ï ¨§ X ¢ Y .
�¯¥à â®à T = B�mE :Wm

2 ! L2 ¢¯®«­¥ ­¥¯à¥àë¢¥­ ¢ á¨«ã ãá«®¢¨ï 1) ¨ ¯®«­®© ­¥¯à¥àë¢-
­®áâ¨ ®¯¥à æ¨¨ ¢«®¦¥­¨ï ¯à®áâà ­áâ¢  Wm

2 (m 2 N) ¢ ¯à®áâà ­áâ¢® L2. �®ª ¦¥¬, çâ® ®¯¥à â®à
G :Wm

2 ! L2 ­¥¯à¥àë¢­® ®¡à â¨¬ ¨ ¯à¨ ­®à¬¨à®¢ª¥ (1.7) á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

kGkX!Y = kG�1kY!X = 1: (3.5)

�ã­ªæ¨¨ x 2 X ¨ y 2 Y ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ àï¤®¢

x(s) =
1X

k=�1

ck(x)eiks; y(s) =
1X

k=�1

ck(y)eiks: (3.6)

�®£¤  ãà ¢­¥­¨¥

Gx � x(m)(s) +mx(s) = y(s) (x 2 X; y 2 Y; m 2 N) (3.7)

¯à¨¬¥â ¢¨¤

Gx =
1X

k=�1

ck(x)[m+ (ik)m]eiks =
1X

k=�1

ck(y)e
iks (x 2 X; y 2 Y ):

�âáî¤  á ãç¥â®¬ ¯®«­®âë á¨áâ¥¬ë äã­ªæ¨© feiksg1�1 ¢ ¯à®áâà ­áâ¢¥ L2 ­ å®¤¨¬

ck(x) =
ck(y)

m+ (ik)m
; k = �1;1; x 2 X; y 2 Y:

�®íâ®¬ã ãà ¢­¥­¨¥ (3.7) ®¤­®§­ ç­® à §à¥è¨¬® ¢ ¯à®áâà ­áâ¢¥ X ¯à¨ «î¡®© ¯à ¢®© ç áâ¨ ¨§
Y , á«¥¤®¢ â¥«ì­®, ®¯¥à â®à G : X ! Y «¨­¥©­® ®¡à â¨¬ ¨

x(s) =
1X

k=�1

ck(y)
m+ (ik)m

eiks = G�1(y; s): (3.8)

�§ á®®â­®è¥­¨© (1.7), (3.6){(3.8) á«¥¤ãîâ à ¢¥­áâ¢  (3.5); ¥á«¨ ¦¥ ­®à¬ë ¢ X ¨ Y ¢ë¡¨à îâáï
¯® ä®à¬ã«¥ (1.5), â® à ¢¥­áâ¢  (3.5) § ¬¥­ïîâáï ­  ­¥à ¢¥­áâ¢ 

kGkX!Y <1; kG�1kY!X <1: (3:50)

� ª¨¬ ®¡à §®¬, (3.4) ¯à¨¢®¤¨âáï ª ãà ¢­¥­¨î ¢â®à®£® à®¤  ¢ á¬ëá«¥ ([12], £«. 14). �®íâ®¬ã
¨§ ãá«®¢¨© 1) ¨ 2) â¥®à¥¬ë á«¥¤ã¥â [12], çâ® ®¯¥à â®à A : X ! Y ­¥¯à¥àë¢­® ®¡à â¨¬.

�®«®¦¨¬ Gx = z, Gxn = zn ¤«ï «î¡ëå x 2 X, xn 2 Xn. �®£¤  z 2 Y , zn 2 Yn ¨ x = G�1z,
xn = G�1zn, ¯à¨ç¥¬

kx� xnkX = kz � znkY (x 2 X; xn 2 Xn; z 2 Y; zn 2 Yn): (3.9)
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�«¥¤®¢ â¥«ì­®, (3.4), (1.1) ¨ (2.4) íª¢¨¢ «¥­â­ë ãà ¢­¥­¨ï¬ II-à®¤  á®®â¢¥âáâ¢¥­­®

Kz � z +Hz = y (z; y 2 Y ); H = (B �mE)G�1; (3.10)

Knzn � zn +Hnzn = yn (zn; yn 2 Yn); Hn = (Bn �mE)G�1; (3.11)

K�
nz

�
n � z�n + P �

nHz
�
n = P �

ny (z�n = Gx�n; P �
ny 2 Yn): (3.12)

�á­®, çâ® ®¯¥à â®à K = E +H = AG�1 ï¢«ï¥âáï ­¥¯à¥àë¢­® ®¡à â¨¬ë¬ ª ª ¯à®¨§¢¥¤¥­¨¥
­¥¯à¥àë¢­® ®¡à â¨¬ëå ®¯¥à â®à®¢, £¤¥ ®¯¥à â®à H = TG�1 = (B �mE)G�1 ï¢«ï¥âáï ¢¯®«­¥
­¥¯à¥àë¢­ë¬ ª ª ¯à®¨§¢¥¤¥­¨¥ ®£à ­¨ç¥­­®£® ¨ ¢¯®«­¥ ­¥¯à¥àë¢­®£® ®¯¥à â®à®¢.

�®áª®«ìªã P �
n ! E á¨«ì­® ¢ Y ,   H | ¢¯®«­¥ ­¥¯à¥àë¢­ë© ®¯¥à â®à ¢ Y , â® ¯®  ­ «®£¨¨ á

(3.2) ¨¬¥¥¬

kH � P �
nHkL2!L2 ! 0; n!1; H = (B �mE)G�1: (3.13)

� ¤àã£®© áâ®à®­ë, ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥

kH �HP �
nkL2!L2 ! 0; n!1; H = (B �mE)G�1: (3.14)

�¥©áâ¢¨â¥«ì­®, á ¯®¬®éìî ä®à¬ã«ë (3.5) ¨ ãá«®¢¨ï 3  ) â¥®à¥¬ë ­ å®¤¨¬

kH �HP �
nkL2!L2 = kTG�1 � TG�1P �

nkL2!L2 =

= k(T � TG�1P �
nG)G

�1kL2!L2 6 kT � TG�1P �
nGkWm

2
!L2 ! 0; n!1:

� ª¨¬ ®¡à §®¬, ¡« £®¤ àï á®®â­®è¥­¨ï¬ (2.2), (3.1), (3.13){(3.14) ¬ë á­®¢  ­ å®¤¨¬áï ¢
ãá«®¢¨ïå ¯à¨¬¥­¨¬®áâ¨ à¥§ã«ìâ â®¢ ([2], £«. 2, x 5), ­® ã¦¥ ª ãà ¢­¥­¨ï¬ (3.10){(3.12), ®âªã¤  á
ãç¥â®¬ (3.5) ¨ (3.9) ¨¬¥¥¬

kx� � x�nkX = kz� � z�nkY � kz� � P �
nz

�kY � En(z
�)Y ; (3.15)

£¤¥ z� = Gx�, z�n = Gx�n. �®íâ®¬ã

En(x�)Wm
2
6 Vn 6 kx� � x�nkWm

2
� En(x�)Wm

2
= En(Gx�)L2 : (3.16)

� á¨«ã (1.8) ¯à¨ x = x� ­ å®¤¨¬

En(Gx
�)L2 = En(x

�(m) +mx�)L2 6 En(x
�(m))L2 +mEn(x

�)L2 ; (3.17)

En(Gx�)L2 = En(x�
(m) +mx�)L2 > En(x�

(m))L2 �mEn(x�)L2 : (3.18)

�®áª®«ìªã x� 2 Wm
2 ; â® á ¯®¬®éìî ­ ¨«ãçè¨å ¯à¨¡«¨¦¥­¨© ¢ £¨«ì¡¥àâ®¢ëå ¯à®áâà ­áâ¢ å

¨¬¥¥¬

E2
n(x

�)L2 = inf
'n2HTn

kx� � 'nk
2
L2

=
1X

jkj=n+1

jck(x
�)j2 =

1X
jkj=n+1

����ck(x
�(m))

(ik)m

����
2

6

6
1

(n+ 1)2m

1X
jkj=n+1

jck(x
�(m))j2 = (n+ 1)�2mE2

n(x
�(m))L2 ; m 2 N; n+ 1 2 N: (3.19)

�§ (3.17){(3.19) ¯®«ãç ¥¬  á¨¬¯â®â¨ç¥áªãî ä®à¬ã«ã

En(Gx�)L2 � En(x�
(m))L2 ; n!1; m 2 N: (3.20)

�§ á®®â­®è¥­¨© (3.15), (3.16) ¨ (3.20) á«¥¤ã¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥ ¯à¨m 2 N, ¢ â®¬ ç¨á«¥
ä®à¬ã«  (2.3).

�«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë ®áâ ¥âáï ¯®ª § âì áãé¥áâ¢®¢ ­¨¥ ®¯¥à â®à®¢ P �
n :

L2 ! H T
n � L2, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ â¥®à¥¬ë, ¤«ï ç¥£® ¢ á¨«ã áª § ­­®£® ¢ëè¥ ¤®áâ -

â®ç­® ®£à ­¨ç¨âìáï ãá«®¢¨ï¬¨ (2.2), (3.13) ¨ (3.14).
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�®«®¦¨¬ P �
n = �n ¢ L2, £¤¥ ®¯¥à â®à �n ®¯à¥¤¥«¥­ ¢ (2.5). �®£¤  ¨¬¥¥¬

�2
n = �n; ��n = �n; k�nkL2!L2 = 1 (n = 0; 1; : : : ); (3.21)

  â ª¦¥

ky � �nykL2 = En(y)L2 ! 0; n!1; y 2 L2: (3.22)

�®íâ®¬ã ãá«®¢¨ï (2.2) ¨ (3.13) ¢ë¯®«­ïîâáï. �®áª®«ìªã L2 | á ¬®á®¯àï¦¥­­®¥ ¯à®áâà ­áâ¢®,
  á®¯àï¦¥­­ë© ®¯¥à â®à H�, ª ª ¨ ®¯¥à â®à H, ï¢«ï¥âáï ¢¯®«­¥ ­¥¯à¥àë¢­ë¬ ¢ L2, â® ¢ á¨«ã
(2.5), (3.13) ¨ (3.21){(3.22) ­ å®¤¨¬ (á¬. â ª¦¥ [13], á. 203) ¤«ï H = (B �mE)G�1

kH �HP �
nkL2!L2 = k(H �H�n)

�kL2!L2 = kH� ���nH
�kL2!L2 = kH���nH

�kL2!L2 ! 0; n!1:

� ¬¥â¨¬, çâ® ãà ¢­¥­¨ï (1.1), (1.1�) ¨ (2.4) íª¢¨¢ «¥­â­ë ���� ¯®àï¤ª  2n + 1,   ¯à¨
P �
n = �n ãà ¢­¥­¨¥ (2.4) íª¢¨¢ «¥­â­® ª®­ªà¥â­®© ���� (2.6).
� ª¨¬ ®¡à §®¬, ¤«ï ¬¥â®¤  � «�¥àª¨­  à¥è¥­¨ï ªà ¥¢®© § ¤ ç¨ (0.1){(0.2) ¢ë¯®«­¥­ë ¢á¥

ãá«®¢¨ï â¥®à¥¬ë 1, ®âªã¤  ¨ á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ ¥¥ á«¥¤áâ¢¨ï. �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. � ãá«®¢¨ïå â¥®à¥¬ë ¤«ï «î¡ëå y 2 L2 ¨ n 2 N ¨¬¥¥¬

ky � P �
nykL2 = k(E � P �

n)(y � �ny)kL2 6 2kP �
nkEn(y)L2 6 �1En(y)L2 ; (3.23)

£¤¥ �k | ¯®«®¦¨â¥«ì­ë¥ ¯®áâ®ï­­ë¥, ­¥ § ¢¨áïé¨¥ ®â n 2 N. �®íâ®¬ã ®¯¥à â®àë P �
n ! E,

n!1, á¨«ì­® ¢ L2.
� ¯¨è¥¬ ãà ¢­¥­¨¥ (2.4) ¢ ¢¨¤¥

A�nx
�
n � Gx�n + P �

nTx
�
n = P �

ny (x�n 2 Xn; P �
ny 2 Yn); (3.24)

£¤¥ ®¯¥à â®àë G ¨ T ®¯à¥¤¥«¥­ë ¢ëè¥. �®áª®«ìªã T = B�mE :Wm
2 ! L2 ¢¯®«­¥ ­¥¯à¥àë¢¥­,

â® á ¯®¬®éìî (3.4), (3.23) ¨ (3.24) ­ å®¤¨¬

"n � kA�A�nkXn!Y = kT � P �
nTkXn!Y 6 kT � P �

nTkX!Y ! 0; n!1: (3.25)

�®íâ®¬ã ¯à¨ qn = "nkA
�1kY!X < 1=2 ¨§ ([2], £«. 1, â¥®à¥¬  7) á«¥¤ã¥â, çâ® ®¯¥à â®àë A�n : Xn !

Yn ¨§ (3.24) «¨­¥©­® ®¡à â¨¬ë,   ®¡à â­ë¥ ®¯¥à â®àë ®£à ­¨ç¥­ë ¯® ­®à¬¥ ¢ á®¢®ªã¯­®áâ¨,
â®ç­¥¥,

kA�n
�1kYn!Xn

6 2kA�1kY!X � �2 <1: (3.26)

� ¯®¬®éìî (3.4), (3.24) ¨ (3.26) ¨§ ([2], £«. 1, â¥®à¥¬  6) ­ å®¤¨¬ ®æ¥­ª¨

kx� � x�nkX 6 kE �A�n
�1P �

nAkX!XEn(x�)X ; (3.27)

kx� � x�nkX 6 kE �A�n
�1P �

nTkX!Xkx
� �G�1P �

nGx
�kX ; (3.28)

£¤¥ x� � x�n = A�1y �A�n
�1P �

ny. �§ (3.20), (3.23), (3.25){(3.27) á«¥¤ãîâ ­¥à ¢¥­áâ¢ 

En(x
�)X 6 Vn 6 kx� � x�nkX 6 �3En(x

�)X : (3.29)

�§ (3.29) ¨ (3.20) á«¥¤ãîâ ®æ¥­ª¨ (2.7),   ¨§ ­¨å | ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë. �

�¥¯¥àì ¤®ª ¦¥¬ á«¥¤áâ¢¨¥ â¥®à¥¬ë. �¡®§­ ç¨¬ ç¥à¥§ P �
n = �n : L2 ! H T

n � L2 ®¯¥à â®à
à áá¬ âà¨¢ ¥¬®£® ¢ á«¥¤áâ¢¨¨ â¥®à¥¬ë 2 ¬¥â®¤  ¯®¤®¡« áâ¥© á ãª § ­­ë¬¨ ¢ (2.8) ã§« ¬¨. �
[14] ãáâ ­®¢«¥­®, çâ®

ky ��nykL2 6
�

2
En(y)L2 ; y 2 L2; �2

n = �n; n 2 N:

�®íâ®¬ã ãâ¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï ®â­®á¨â¥«ì­® ¬¥â®¤  ¯®¤®¡« áâ¥© ï¢«ï¥âáï ç áâ­ë¬ á«ãç ¥¬
â¥®à¥¬ë 2. �«ï ¤®ª § â¥«ìáâ¢   ­ «®£¨ç­®£® ãâ¢¥à¦¤¥­¨ï ¤«ï ¬¥â®¤  ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢
¢ á¨«ã áª § ­­®£® ¢ëè¥ ¤®áâ â®ç­® ¯®ª § âì, çâ®

kx� � x�nkX = OfEn(x�)Xg;
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£¤¥ x�n(s) | ®¯à¥¤¥«¥­­®¥ ¢ (1.2�) ¯à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ (0.1){(0.2), ª®íää¨æ¨¥­âë
ª®â®à®£® ­ å®¤ïâáï ¨§ ���� (2.9). �à¨ íâ®¬, á«¥¤ãï �.�.�¨å«¨­ã [15], ¬®¦­® ãâ¢¥à¦¤ âì,
çâ® ���� (2.9) ®¤­®§­ ç­® à §à¥è¨¬  ¯à¨ «î¡ëå n 2 N ¨ «î¡ëå ¯à ¢ëå ç áâïå ¢ á¨«ã â®-
£®, çâ® ¥e ®¯à¥¤¥«¨â¥«ì ¥áâì ®¯à¥¤¥«¨â¥«ì �à ¬¬  [12] «¨­¥©­® ­¥§ ¢¨á¨¬®© á¨áâ¥¬ë äã­ª-
æ¨© fA(eik� ; s)g1�1,   «¨­¥©­ ï ­¥§ ¢¨á¨¬®áâì ¯®á«¥¤­¥© á¨áâ¥¬ë ¥áâì á«¥¤áâ¢¨¥ «¨­¥©­®© ­¥-
§ ¢¨á¨¬®áâ¨ á¨áâ¥¬ë äã­ªæ¨© feiksg1�1 ¨ ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ ªà ¥¢®© § ¤ ç¨ (0.1){
(0.2). �®íâ®¬ã á®£« á­® ¬¥â®¤ã ­ ¨¬¥­ìè¨å ª¢ ¤à â®¢ à¥è¥­¨ï § ¤ ç¨ (0.1){(0.2) ¤«ï «î¡®£®
xn 2 Xn � X ¨¬¥¥¬

ky �Ax�nkY 6 ky �AxnkY ; n 2 N; y � Ax�:

�âáî¤ , ¢ë¡¨à ï xn 2 Xn ª ª í«¥¬¥­â ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï ¤«ï x� 2 X ¢ ¯à®áâà ­áâ¢¥ X
¨ ¨á¯®«ì§ãï ®£à ­¨ç¥­­®áâì ®¯¥à â®à®¢ A : X ! Y ¨ A�1 : Y ! X, ­ å®¤¨¬

kx� � x�nkX 6 kA�1kY!XkA(x� � xn)kY 6 kA�1kY!XkAkX!YEn(x�)X = OfEn(x�)Xg:

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 3. �á«®¢¨ï 1) ¨ 2  ) ¤®ª §ë¢ ¥¬®© â¥®à¥¬ë ®¡¥á¯¥ç¨¢ îâ, ª ª
¢¨¤­® ¨§ å®¤  ¤®ª § â¥«ìáâ¢  ¯à¥¤ë¤ãé¥© â¥®à¥¬ë, á¯à ¢¥¤«¨¢®áâì ®æ¥­ª¨ (3.28). �§ (3.28) ¨
(2.10){(2.11) á«¥¤ã¥â, çâ® ¯à¨ n!1 ¤«ï «î¡®© y 2 Y ¨¬¥¥¬

x�n = A�n
�1P �

ny ! A�1y = x� á¨«ì­® ¢ Y : (3.30)

�¥¯¥àì ¨§ (3.28), (3.30), (3.5) ¨ ãá«®¢¨© â¥®à¥¬ë ­ å®¤¨¬

En(x
�)X 6 Vn 6 kx� � x�nkX 6 �nkx

� �G�1P �
nGx

�kX � En(x
�)X ; (3.31)

£¤¥ ¯à¨ n!1

�n � kE �A�n
�1P �

nTkX!X ! kE �A�1TkX!X = kA�1GkX!X = kA�1kY!X = 1: (3.32)

�§ (3.31) ¨ (3.32) á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë 3. �«ï ¤®ª § â¥«ìáâ¢  ¥¥ á«¥¤áâ¢¨ï ¤®áâ -
â®ç­® ¯®ª § âì á¯à ¢¥¤«¨¢®áâì â®¦¤¥áâ¢  G�1�nGx = �nx, x 2 X, çâ® íª¢¨¢ «¥­â­® â®¦¤¥áâ¢ã
�nGx = G�nx, x 2 X. �à¨ m = 1 ¤®ª § â¥«ìáâ¢® íâ®£® â®¦¤¥áâ¢  ¨¬¥¥âáï ¢ [6],   á«ãç © m > 1
à áá¬ âà¨¢ ¥âáï  ­ «®£¨ç­®. �

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 4 ¯®«ãç ¥âáï ¨§ áà ¢­¨â¥«ì­®£®  ­ «¨§  å®¤  ¤®ª § â¥«ìáâ¢ 
â¥®à¥¬ 2 ¨ 3.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 5. �§ (1.3) ¨ (2.4) á ãç¥â®¬ dimXn = dimYn = 2n + 1 < 1
­ å®¤¨¬

d2n+1(X
�;X) 6 �(X�;Xn) 6 Vn(F ) 6 sup

f2F
kx� � x�nkX (3.33)

¯à¨ X = Cm
2�, Y = C2�, Xn � X, Yn � Y , £¤¥ x�n | à¥è¥­¨¥ ãà ¢­¥­¨ï (2.4). �§ ãá«®¢¨© â¥®à¥¬ë,

ª ª ¨ ¢ [5], ­ å®¤¨¬, çâ® ®¯¥à â®àë A�n : Xn ! Yn ­¥¯à¥àë¢­® ®¡à â¨¬ë ¯à¨ ¢á¥å n 2 N å®âï ¡ë
¤®áâ â®ç­® ¡®«ìè¨å ¨ á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

sup
f2F

sup
n2N

kA�n
�1kYn!Xn

6 2 sup
f2F

kA�1kY!X <1: (3.34)

�®íâ®¬ã [2] ¤«ï ¯®£à¥è­®áâ¨ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï x�n 2 Xn á¯à ¢¥¤«¨¢  ®æ¥­ª  (3.27) ¯à¨
X = Cm

2�; Y = C2�, ®âªã¤  ¢ á¨«ã (3.34) ¨ (2.12) ­ å®¤¨¬

kx� � x�nkX 6 f1 + 2kA�1kY!XkAkX!Y kP
�
nkY!Y gEn(x�)X 6 �0En(x�)X 6 �0�(X�;Xn); (3.35)

£¤¥ �0 | ­¥ § ¢¨áïé ï ®â n 2 N ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï, ®¡é ï ¤«ï ¢á¥£® ª« áá  F .
�§ (3.33){(3.35) á ãç¥â®¬ ãá«®¢¨© â¥®à¥¬ë ­ å®¤¨¬ ­¥à ¢¥­áâ¢ 

d2n+1(X
�;X) 6 Vn(F ) 6 sup

f2F
kx� � x�nkX 6 �0�(X

�;Xn) = Ofd2n+1(X
�;X)g; (3.36)

á®¤¥à¦ é¨¥ ¢ á¥¡¥ ®æ¥­ª¨ (2.13). �§ (3.36) á«¥¤ã¥â ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë. �
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�¯¥à â®àë P �
n : C2� ! Yn � C2�, ¯®áâà®¥­­ë¥ á®£« á­® (2.14){(2.17), á¨«ì­® áå®¤ïâáï ¢ C2�

ª ¥¤¨­¨ç­®¬ã ®¯¥à â®àã ¨ ¤«ï ­¨å á¯à ¢¥¤«¨¢ë (á¬. [16] ¨ [2], £«. 3) ®æ¥­ª¨

sup
y2W rH!

ky � P �
nykC2� � d2n+1(W

rH!; C2�) �
1
nr
!

�
1
n

�
:

�âáî¤  ¨ ¨§ â¥®à¥¬ë 5 á ãç¥â®¬ ®æ¥­®ª ¯®¯¥à¥ç­¨ª®¢ [8]{[10] ­ å®¤¨¬ ­¥à ¢¥­áâ¢  (2.18),   ¨§
­¨å | ãâ¢¥à¦¤¥­¨¥ á«¥¤áâ¢¨ï.

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 6. �â  â¥®à¥¬  ¢ à §«¨ç­ëå ç áâ­ëå á«ãç ïå ¤®ª §ë¢ « áì ¢
[1], [3], [4], [6],   â ª¦¥ ¢ ([2], x x 7, 8 ¨ 10). �§ ­¨å á ãç¥â®¬ (2.21) ¨ (2.20) á«¥¤ã¥â, çâ®

�4
lnn
nr

!

�
1
n

�
6 Vn(F ) 6 sup

f2F
kx� � x�nkCm2� ; (3.37)

£¤¥ x�n | à¥è¥­¨¥ ãà ¢­¥­¨ï (2.19) ¯à¨ Pn = P �
n . � ª ¨ ¢ ãª § ­­ëå à ¡®â å, ¤®ª §ë¢ ¥âáï, çâ®

sup
f2F

kx� � x�nkCm2� = O

�
lnn
nr

!

�
1
n

��
: (3.38)

�§ (3.37) ¨ (3.38) á«¥¤ãîâ ®æ¥­ª¨ (2.22),   ¨§ ­¨å | ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë. �

�«ï ®â¬¥ç¥­­ëå ¢ á«¥¤áâ¢¨¨ ¢ à¨ ­â®¢ ¬¥â®¤®¢ � «�¥àª¨­ , ¯®¤®¡« áâ¥©,   â ª¦¥ ª®««®ª -
æ¨¨ á ���� (2.23) ¨ ã§« ¬¨ ª®««®ª æ¨¨ (2.24), ¯®à®¦¤ îé¨¥ ¨å ®¯¥à â®àë P �

n ,â®ç­¥¥, �n, �n

¨ Ln ¢ ¯à®áâà ­áâ¢¥ C2� ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬

k�nkC2�!C2� �
4
�2

lnn; k�nkC2�!C2� � lnn; kLnkC2�!C2� �
2
�
lnn; n!1:

�®íâ®¬ã ãâ¢¥à¦¤¥­¨ï á«¥¤áâ¢¨ï «¥£ª® ¢ë¢®¤ïâáï ¨§ â¥®à¥¬ë 6.

4. �¥ª®â®àë¥ § ¬¥ç ­¨ï

�ãáâì ¢ (0.1) A : X ! X ¥áâì ¨­â¥£à®-¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à, £¤¥ m (m + 1 2 N)
| ¯®àï¤®ª ¢­¥è­¥£®,   p (p + 1 2 N) | ¯®àï¤®ª ¢­ãâà¥­­¥£® ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢
á®®â¢¥âáâ¢¥­­®. �ëè¥ ¡ë« à áá¬®âà¥­ á«ãç © m > p > 0, ¨ ¢ íâ®¬ á«ãç ¥ ¯à¨ X =Wm

2 , Y = L2

(á®®â¢¥âáâ¢¥­­® X = Cm
2�, Y = C2�) § ¤ ç  (0.1){(0.2) ¯®áâ ¢«¥­  ª®àà¥ªâ­®.

�¥¯¥àì à áá¬®âà¨¬ å®âï ¡ë ¢ªà âæ¥ á«ãç © p > m > 0, ª®£¤  § ¤ ç  (0.1){(0.2), ª ª ¯®ª § ­®
¢ à ¡®â¥ ([7], £«. 6), ¬®¦¥â ¡ëâì ¯®áâ ¢«¥­  ª ª ª®àà¥ªâ­®, â ª ¨ ­¥ª®àà¥ªâ­®, çâ® áãé¥áâ¢¥­­ë¬
®¡à §®¬ § ¢¨á¨â ®â â®¯®«®£¨¨ ¯à®áâà ­áâ¢  Y . �ë¡¨à ï ¯®«­ë¥ ¯à®áâà ­áâ¢  X = W p

2 , Y =
W p�m

2 (¨«¨ ¦¥ X = Cp
2�, Y = Cp�m

2� ) á á®®â¢¥âáâ¢ãîé¨¬¨ ­®à¬ ¬¨, § ¤ çã (0.1){(0.2) á­®¢ 
¬®¦­® ¯®áâ ¢¨âì ª®àà¥ªâ­®. � íâ®¬ á«ãç ¥ ¢® ¢á¥å  ¯¯à®ªá¨¬¨àãîé¨å (0.1){(0.2) ãà ¢­¥­¨ïå
¯®« £ ¥¬ Xn = H T

n \ X ¨ Yn = H T
n \ Y . �®£¤  á¯à ¢¥¤«¨¢ë  ­ «®£¨ç­ë¥ ¯à¨¢¥¤¥­­ë¬ ¢ëè¥

ãâ¢¥à¦¤¥­¨ï. �«ï ¨««îáâà æ¨¨ ¯à¨¢¥¤¥¬ ®¤¨­ «¨èì à¥§ã«ìâ â.

�¥®à¥¬  7. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï

1) ®¯¥à â®à B : W p
2 !W p�m

2 ¢¯®«­¥ ­¥¯à¥àë¢¥­;
2) ªà ¥¢ ï § ¤ ç  (0:1){(0:2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ x� 2W p

2 ¯à¨ «î¡®© y 2W p�m
2 .

�®£¤  á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï :

 ) Vn � inf
fn2Fn

kx� � x�nkWp

2
� En(x�)Wp

2
� En(x�(p))L2, n!1;

¡) ¬¥â®¤ � «�¥àª¨­  ¯® âà¨£®­®¬¥âà¨ç¥áª®© á¨áâ¥¬¥ äã­ªæ¨©  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ -

«¥­;
¢) ¬¥â®¤ ¯®¤®¡« áâ¥© á ã§« ¬¨ ¨§ (2:8) ¨ ¬¥â®¤ âà¨£®­®¬¥âà¨ç¥áª®© ª®««®ª æ¨¨ á ã§« ¬¨

¨§ (2:16) ®¯â¨¬ «ì­ë ¯® ¯®àï¤ªã.
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