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�à¥¤« £ ¥¬ë© ¬¥â®¤ á®áâ®¨â ¢ ¯®á«¥¤®¢ â¥«ì­®¬ ¯à®å®¦¤¥­¨¨ á«¥¤ãîé¨å íâ ¯®¢.
1. � âà¨ç­®¥ ï¤à® ãà ¢­¥­¨ï

x(t) =
Z t

0
K(t; s)x(s)ds+ f(t); t 2 [0;1[; (1)

¨¬¥îé¥¥ íªá¯®­¥­æ¨ «ì­ë© ¯®àï¤®ª à®áâ , § ¬¥­ï¥âáï ¬ âà¨æ¥©

K(t; s) def= K(t; s) exp(�(t� s)); (2)

¯®àï¤®ª à®áâ  ª®â®à®© ¡®«ìè¥ ­¥ª®â®à®£® ãª § ­­®£® ­¨¦¥ ¯®«®¦¨â¥«ì­®£® ç¨á« .
2. �âà®¨âáï ¬ âà¨æ  Q(�; �) | £« ¢­ ï ç áâì ï¤à  K(�; �) â ª, çâ® íªá¯®­¥­æ¨ «ì­ ï ®æ¥­ª 

¥¥ à¥§®«ì¢¥­âë ¬®¦¥â ¡ëâì ­ ©¤¥­  á ­ã¦­®© áâ¥¯¥­ìî â®ç­®áâ¨,   ¯®«ãç îé ïáï ¯à¨ íâ®¬
¤®¡ ¢ª 

H(t; s) def= K(t; s)�Q(t; s)

­¥ ®ª §ë¢ ¥â ­  ­¥¥ áãé¥áâ¢¥­­®£® ¢«¨ï­¨ï. T ª¨¬ ®¡à §®¬, ®ª §ë¢ ¥âáï ¨§¢¥áâ­®© ®æ¥­ª 
à¥§®«ì¢¥­âë ï¤à  K(�; �).

3. � ¨á¯®«ì§®¢ ­¨¥¬ (2) ®¯à¥¤¥«ï¥âáï íªá¯®­¥­æ¨ «ì­ ï ®æ¥­ª  à¥§®«ì¢¥­âë ï¤à  K(�; �).
4. �áª®¬ ï ®æ¥­ª  ­ å®¤¨âáï á ¯®¬®éìî ä®à¬ã«ë à¥è¥­¨ï ãà ¢­¥­¨ï (1)

x(t) =
Z t

0

RK(t; s)f(s)ds+ f(t); t 2 [0;1[: (3)

�¯¨á ­­ë© ¬¥â®¤ ¢ á¢®¥© áãé¥áâ¢¥­­®© ç áâ¨ ®¯¨à ¥âáï ­  ¢¢¥¤¥­­®¥ �.�. �¨­®ªãà®¢ë¬ [1]
 áá®æ¨¨à®¢ ­­®¥ ¯à®¨§¢¥¤¥­¨¥ ¬ âà¨æ. �­ ¬®¦¥â ¡ëâì ¯à¨¬¥­¥­, ¢ ç áâ­®áâ¨, ª ãà ¢­¥­¨î
(1) á ¯®çâ¨-¯¥à¨®¤¨ç¥áª¨¬ ¯® ¤¢ã¬  à£ã¬¥­â ¬ ï¤à®¬; ¢ íâ®¬ á«ãç ¥ áâà®¨âáï \¡«¨§ª ï" ª
K(�; �) ¯¥à¨®¤¨ç¥áª ï ¬ âà¨æ  Q(�; �), ®æ¥­ª  à¥§®«ì¢¥­âë ª®â®à®© ¬®¦¥â ¡ëâì ­ ©¤¥­  á «î¡®©
áâ¥¯¥­ìî â®ç­®áâ¨ [2].

�à¨¢¥¤¥­­ ï ¢ ¤ ­­®© § ¬¥âª¥ â¥®à¥¬  2 ¤ ¥â ¢®§¬®¦­®áâì ¯®áâà®¨âì ­ã¦­ãî Q(�; �) á ¯¥à-
¢®© ¯®¯ëâª¨, ¨§¡ ¢«ïï ¨áá«¥¤®¢ â¥«ï ®â ­¥®¡å®¤¨¬®áâ¨ à § §  à §®¬ áâà®¨âì íâã ¬ âà¨æã,
­ å®¤¨âì íªá¯®­¥­æ¨ «ì­ãî ®æ¥­ªã ¥¥ à¥§®«ì¢¥­âë ¨ ã¦¥ á ¥¥ ¯®¬®éìî ®æ¥­¨¢ âì ¬ «®áâì ¤®-
¡ ¢ª¨. �â® ®á®¡¥­­® ®¡à¥¬¥­¨â¥«ì­®, ª®£¤  ¯®«ãç¥­¨¥ íªá¯®­¥­æ¨ «ì­®© ®æ¥­ª¨ à¥§®«ì¢¥­âë
ï¤à  Q(�; �) á®¯àï¦¥­® á® §­ ç¨â¥«ì­ë¬¨, ¯ãáâì ¤ ¦¥ â¥å­¨ç¥áª¨¬¨, âàã¤­®áâï¬¨. �¯à®ç¥¬,
¥á«¨ ®æ¥­ªã à¥§®«ì¢¥­âë ï¤à  Q(�; �) ¯®«ãç¨âì ­¥á«®¦­®, â® ¬®¦­® ¨á¯®«ì§®¢ âì â¥®à¥¬ã 1.

�¨¦¥ k � k | ­®à¬  ¢ n-¬¥à­®¬ ¢¥ªâ®à­®¬ ¯à®áâà ­áâ¢¥, kAk | á®£« á®¢ ­­ ï á ­¥© ­®à¬ 

n� n-¬ âà¨æë A; RK(�; �) | à¥§®«ì¢¥­â  ï¤à  K(�; �); � def= f(t; s) : 0 � s � t < 1g. �à¨ § ¯¨á¨
á®®â­®è¥­¨© ¬¥¦¤ã áã¬¬¨àã¥¬ë¬¨ äã­ªæ¨ï¬¨ á«®¢  \¯®çâ¨ ¢áî¤ã" ¡ã¤¥¬ ®¯ãáª âì.

� ¯®¬­¨¬ [3], çâ® n � n-¬ âà¨æ  K(�; �) = (kij), ®¯à¥¤¥«¥­­ ï ¢ �, ã¤®¢«¥â¢®àï¥â «®-
ª «ì­®¬ã ãá«®¢¨î U , ¥á«¨ ¯à¨ «î¡®¬ b > 0 ¢ë¯®«­ï¥âáï å®âï ¡ë ®¤­® ¨§ ­¥à ¢¥­áâ¢:
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¯à¨ 1 < p <1 �Z b

0

�Z t

0
jkij j

qds

� p

q

dt

� 1

p

<1

�
1
p
+
1
q
= 1

�
;

¯à¨ p = 1 Z b

0

vrai sup
s2[0;b]

jkij jdt <1:

�á¥ ¢áâà¥ç îé¨¥áï ¢ à ¡®â¥ ï¤à  ¯à¥¤¯®« £ îâáï ã¤®¢«¥â¢®àïîé¨¬¨ «®ª «ì­®¬ã ãá«®-
¢¨î U . �à¨ íâ®¬ ¨å à¥§®«ì¢¥­âë (¯à¨ á®®â¢¥âáâ¢ãîé¥¬ p) ã¤®¢«¥â¢®àïîâ â®¬ã ¦¥ ãá«®¢¨î
([4], á. 64; [5], á. 113); ¯à¨ «î¡®© f 2 Ln

p [0; b] áãé¥áâ¢ã¥â (¨ ¥¤¨­áâ¢¥­­®) ®¯à¥¤¥«ï¥¬®¥ (3) à¥è¥-
­¨¥ x 2 Ln

p [0; b] ãà ¢­¥­¨ï (1); R
K(�; �) ¢ � ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

RK(t; s) = K(t; s) +
Z t

0

K(t; �)RK(�; s)d�

¨ ï¢«ï¥âáï áã¬¬®© á®áâ ¢«¥­­®£® ¨§ ¨â¥à¨à®¢ ­­ëå ï¤¥à àï¤ , áå®¤ïé¥£®áï ¯® ­®à¬¥ ¯à®áâà ­-
áâ¢  ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¢ Ln

p [0; b] ([6]; [7], á.420); ï¤à  ¨ ¨å à¥§®«ì¢¥­âë áã¬¬¨àã¥¬ë ¯®
á®¢®ªã¯­®áâ¨ ¯¥à¥¬¥­­ëå ¢ ®¡« áâ¨ 0 � s � t < b [8] (¨, á«¥¤®¢ â¥«ì­®, á¯à ¢¥¤«¨¢  â¥®à¥¬ 
�ã¡¨­¨). �­ë¬¨ á«®¢ ¬¨, «®ª «ì­®¥ ãá«®¢¨¥ U ®¡¥á¯¥ç¨¢ ¥â § ª®­­®áâì ¢á¥å ¯à®¨§¢®¤¨¬ëå
¢ëª« ¤®ª.

�¥¬¬ . �ãáâì ¯à¨ (t; s) 2 �

K(t; s) = Q(t; s) +H(t; s); (4)

¯à¨ç¥¬

vrai sup
(t;s)2�

kRQ(t; s)k exp(��(t� s)) � c <1 (� > 0): (5)

�®£¤ , ¥á«¨

vrai sup
(t;s)2�

kH(t; s)k < m;

£¤¥

m
def= min

�
�

� + c
;

��

� + c

�
; (6)

� > 0 | § ¤ ­­®¥ ç¨á«®, â®

vrai sup
(t;s)2�

kRK(t; s)k exp(�(�+ �)(t� s)) <1;

vrai sup
t2[0;1[

Z t

0

kRK(t; s)k exp(�(� + �)(t� s))ds <1:

�¥®à¥¬  1. � ãá«®¢¨ïå «¥¬¬ë, £¤¥ ï¤à® K(�; �) ®¯à¥¤¥«¥­® ¢ (2), á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

vrai sup
(t;s)2�

kRK(t; s)k exp((� � �� �)(t� s)) <1; (7)

vrai sup
t2[0;1[

Z t

0
kRK(t; s)k exp((� � �� �)(t� s))ds <1: (8)

�à¨¬¥à. �ãáâì ¢ (1)

K(t; s) = (�0; 4 exp(3(t� s)) + 0; 01 sin t cos s) exp(�4(t� s)):

�®§ì¬¥¬ � = 4. �®£¤ 

K(t; s) = �0; 4 exp(3(t� s)) + 0; 01 sin t cos s:
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�¥§®«ì¢¥­â  ¯¥à¢®£® á« £ ¥¬®£® «¥£ª® ­ å®¤¨âáï, ¯®íâ®¬ã ¯®¯à®¡ã¥¬ ¢§ïâì

Q(t; s) = �0; 4 exp(3(t� s)); H(t; s) = 0; 01 sin t cos s:

�®áª®«ìªã RQ(t; s) = �0; 4 exp(2; 6(t � s)), â®

sup
(t;s)2�

jRQ(t; s)j � 0; 4 exp(2; 6(t � s));

¯à¨ íâ®¬ c = 0; 4; � = 2; 6 > 1. �®«®¦¨¢ â¥¯¥àì � = 0; 01, ¢ á®®â¢¥âáâ¢¨¨ á (6) ¯®«ãç¨¬ m > 0; 02.
� ª ª ª

sup
(t;s)2�

jH(t; s)j = 0; 01 < m;

â® ãá«®¢¨ï â¥®à¥¬ë 1 ¢ë¯®«­¥­ë. �¥à ¢¥­áâ¢  (7), (8) á®®â¢¥âáâ¢¥­­® ¤ îâ

sup
(t;s)2�

jRK(t; s)j exp(1; 39(t � s)) <1; (9)

sup
t2[0;1[

Z t

0

jRK(t; s)j exp(1; 39(t � s))ds <1: (10)

� §®¢¥¬ ­¨¦­îî £à ­ì ¬­®¦¥áâ¢  §­ ç¥­¨© �, ¯à¨ ª®â®àëå

vrai sup
(t;s)2�

kK(t; s)k exp(��(t� s)) <1;

(íªá¯®­¥­æ¨ «ì­ë¬) ¯®àï¤ª®¬ à®áâ  ¬ âà¨æë K(�; �).

�¥®à¥¬  2. �ãáâì ®¯à¥¤¥«¥­­®¥ ¢ (2) ï¤à® K(�; �) â ª®¢®, çâ®

vrai sup
(t;s)2�

kK(t; s)k exp(�
(t� s)) � c0 <1;

£¤¥ ¯®àï¤®ª à®áâ  
 � c0 + h+ 1,

h
def=

�(c0 + �) +
p
(c0 + �)2 + 4�
2

; (11)

� > 0 | § ¤ ­­®¥ ç¨á«®. �ãáâì, ¤ «¥¥, ¢ë¯®«­ï¥âáï à ¢¥­áâ¢® (4), ¯à¨ç¥¬

vrai sup
(t;s)2�

kH(t; s)k < h:

�®£¤ , ¥á«¨ ¢ë¯®«­ï¥âáï (5), £¤¥ c � c0 + h, á¯à ¢¥¤«¨¢ë ®æ¥­ª¨ (7), (8).

� ¬¥ç ­¨¥. � ª ª ª ¯à¨ (t; s) 2 �

kQ(t; s)k � c0 exp(
(t� s)) + h � (c0 + h) exp(
(t� s));

â® [6]
kRQ(t; s)k � (c0 + h) exp((
 + c0 + h)(t� s)):

�à ¢­¨¢ ï íâ® ­¥à ¢¥­áâ¢® á (5), ¢¨¤¨¬, çâ® ãá«®¢¨¥ c � c0 + h ¥áâ¥áâ¢¥­­®.

�à®¨««îáâà¨àã¥¬ â¥®à¥¬ã 2, ¢¥à­ã¢è¨áì ª à áá¬®âà¥­­®¬ã ¯à¨¬¥àã. �¬¥¥¬

sup
(t;s)2�

jK(t; s)j � 0; 41 exp(�(t� s));

¨, á«¥¤®¢ â¥«ì­®, c0 = 0; 41.
�à¨¬¥¬ � = 0; 01. �®£¤  ¢ á®®â¢¥âáâ¢¨¨ á (11) 0; 02 < h < 0; 03. �®áª®«ìªã ¤®«¦­® ¡ëâì


 � c0 + h+ 1, â® ¡¥à¥¬ � = 3. �®«ãç¨¬

K(t; s) = �0; 4 exp(2(t� s)) + 0; 01 sin t cos s exp(�(t� s)):
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T ª ª ª
sup

(t;s)2�

j0; 01 sin t cos s exp(�(t� s))j � 0; 01 < h;

â® ¯®«®¦¨¬

Q(t; s) = �0; 4 exp(2(t� s)); H(t; s) = 0; 01 sin t cos s exp(�(t� s)):

�á«®¢¨ï â¥®à¥¬ë 2 ¢ë¯®«­¥­ë, ¨ ®áâ ¥âáï ­ ©â¨ ®æ¥­ªã (5) ¯à¨ c � c0 + h. �¬¥¥¬ RQ(t; s) =
�0; 4 exp(1; 6(t � s)), ¨ âà¥¡ã¥¬®¥ ãá«®¢¨¥, ®ç¥¢¨¤­®, ¢ë¯®«­ï¥âáï. �®íâ®¬ã á¯à ¢¥¤«¨¢ë ­¥à -
¢¥­áâ¢  (7), (8). � ª ­¥âàã¤­® ã¡¥¤¨âìáï, ¯®«ãç ¥¬ (9), (10).

�«ï «®£¨ç¥áª®© § ¢¥àè¥­­®áâ¨ à ¡®âë ¯à¨¢¥¤¥¬ ãâ¢¥à¦¤¥­¨¥ ®â­®á¨â¥«ì­® à¥è¥­¨ï ãà ¢-
­¥­¨ï (1).

�â¢¥à¦¤¥­¨¥. �á«¨ RK(�; �) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (8) ¨

vrai sup
t2[0;1[

kf(t)k exp((� � �� �)t) <1;

â®
vrai sup
t2[0;1[

kx(t)k exp((� � �� �)t) <1:

�¨â¥à âãà 
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