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�æ¥­ª¨ N -¯®¯¥à¥ç­¨ª®¢ ­¥®¡å®¤¨¬ë ¯p¨ ®¯â¨¬¨§ æ¨¨ ç¨á«¥­­ëå ¬¥â®¤®¢ ¤«ï p¥è¥­¨ï
í««¨¯â¨ç¥áª¨å § ¤ ç. � áâ âì¥ à áá¬ âà¨¢ îâáï ¢ à¨ æ¨®­­ë¥ § ¤ ç¨ ¢ ­¥®¡ëç­ëå ¯®¤¬­®-
¦¥áâ¢ å G1;1 ¯à®áâà ­áâ¢ �®¡®«¥¢  V � W 1

2 (
) ([1]{[5]). �â¨ ¯®¤¬­®¦¥áâ¢ , á­ ¡¦¥­­ë¥ á¯¥-
æ¨ «ì­ë¬ áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬, ï¢«ïîâáï £¨«ì¡¥àâ®¢ë¬¨ ¯à®áâà ­áâ¢ ¬¨ (ãá¨«¥­­ë¬¨
¯à®áâà ­áâ¢ ¬¨ �®¡®«¥¢ ). � ¤¢ã¬¥à­®¬ á«ãç ¥ ª¢ ¤à âë ­®à¬ ¢ G1;1 á®¤¥à¦ â ¨­â¥£à «ë ¯®
®âà¥§ª ¬ (áâ¥à¦­ï¬) S1; : : : ; Sr� ®â ª¢ ¤à â®¢ ¯à®¨§¢®¤­ëå ¯¥à¢®£® ¯®àï¤ª ; ¡®«¥¥ á«®¦­ë¥ § -
¤ ç¨ á®®â¢¥âáâ¢ãîâ ãá«®¢¨ï¬ à ¢­®¢¥á¨ï ¯«¨â, ¯®¤ªà¥¯«¥­­ëå áâ¥à¦­ï¬¨, ¨ ¡ë«¨ ¯®áâ ¢«¥­ë
(¢ ¯à¥¤£¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥) �.�.�¨¬®è¥­ª® ¢ 1915 £. (á¬. [6], [7]); âà¥å¬¥à­ë¥ § ¤ ç¨
á¢ï§ ­ë, ­ ¯à¨¬¥à, á ­¥ª®â®àë¬¨ § ¤ ç ¬¨ £¨¤à®¤¨­ ¬¨ª¨ ([8]{[10]). � áâ âì¥ â ª¦¥ ¯à¨¢¥¤¥-
­ë ¯à¨¬¥àë § ¤ ç ­  á®áâ ¢­ëå ¬­®£®¡à §¨ïå, ¢ª«îç îé¨å ¡«®ª¨ à §­®© à §¬¥à­®áâ¨; ¤«ï
á®®â¢¥âáâ¢ãîé¨å ª®¬¯ ªâ®¢ ¯®«ãç¥­ë ®æ¥­ª¨ ¯®¯¥à¥ç­¨ª®¢.

1. �á¨«¥­­ë¥ ¯à®áâà ­áâ¢  �®¡®«¥¢  G1;1 ¤«ï ¤¢ã¬¥à­ëå ®¡« áâ¥©

1.1. �á¨«¥­­ë¥ ¯à®áâà ­áâ¢  �®¡®«¥¢ . �ãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ­  ¯«®áª®áâ¨
á «¨¯è¨æ¥¢®© ªãá®ç­®-£« ¤ª®© £à ­¨æ¥© � � @
; V � W 1

2 (
) | ª« áá¨ç¥áª®¥ ¯à®áâà ­-
áâ¢® �®¡®«¥¢  (á¬. [1]{[4]) á® áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬ (u; v)V � (1;rurv)0;
 + (u; v)0;
; £¤¥
(u; v)0;
 � (u; v)L2(
); juj0;
 � (u; u)1=20;
:

�á¨«¥­­®¥ ¯à®áâà ­áâ¢® �®¡®«¥¢  G1;1;(2) � G1;1;(2)(
;S) ¬ë á¢ï§ë¢ ¥¬ á à áá¬®âà¥­¨¥¬ ¯®¤-
¬­®¦¥áâ¢  S � 
, á®áâ®ïé¥£® ¨§ ®âà¥§ª®¢ (áâ¥à¦­¥©, áâà¨­£¥à®¢) S1; : : : ; Sr� á ª®­æ ¬¨ ­  �:
� áá¬ âà¨¢ ï íâ¨ ®âà¥§ª¨ ª ª «¨­¨¨ à §à¥§®¢, ¯®«ãç ¥¬ à §¡¨¥­¨¥ 
 ­  ®â¤¥«ì­ë¥ ¡«®ª¨ (¯ -
­¥«¨) P1; : : : ; Pr0 , ¨¬¥îé¨¥ «¨¯è¨æ¥¢ë ªãá®ç­® £« ¤ª¨¥ £à ­¨æë (r0 = 1, ¥á«¨ S � �): �á«¨
s ®¡®§­ ç ¥â «®ª «ì­ë© ¯ à ¬¥âà ¤ã£¨ ¤«ï Sr ¨ Ds á®®â¢¥âáâ¢ã¥â ¤¨ää¥à¥­æ¨à®¢ ­¨î ¢¤®«ì
Sr; r 2 [1; r�]; â® ¬®¦­® ®¯à¥¤¥«¨âì ([2], [3]) ¨áå®¤­®¥ «¨­¥©­®¥ ¯à®áâà ­áâ¢® G � G1;1;(2) (ãá¨-
«¥­¨¥ ¯à®áâà ­áâ¢  V ) ª ª ¯®¤¬­®¦¥áâ¢® äã­ªæ¨© v 2 V â ª¨å, çâ® ¨å á«¥¤ë ­  ª ¦¤®¬ Sr
¯à¨­ ¤«¥¦ â W 1

2 (Sr); r 2 [1; r�]:
�­ ¡¤¨¬ G áª «ïà­ë¬ ¯à®¨§¢¥¤¥­¨¥¬

(v; v0)G � (v; v0)W 1
2 (
)

+
r�X
r=1

(v; v0)W 1
2 (Sr)

(1.1)

¨ á®®â¢¥âáâ¢ãîé¥© ­®à¬®© kvkG.
1.2. �®«­®â  ãá¨«¥­­ëå ¯à®áâà ­áâ¢ �®¡®«¥¢  ¨ â¥®à¥¬ë ¢«®¦¥­¨ï.

�¥®à¥¬  1.1. �à®áâà ­áâ¢® G ¯®«­®.

�®ª § â¥«ìáâ¢®. �§ (1.1) á«¥¤ã¥â, çâ® «î¡ ï äã­¤ ¬¥­â «ì­ ï ¯®á«¥¤®¢ â¥«ì­®áâì un ¢
G äã­¤ ¬¥­â «ì­  ¢ W 1

2 (
) ¨ áå®¤¨âáï ¢ W 1
2 (
) ª u 2 W 1

2 (
); ¯à®áâ¥©è¨¥ â¥®à¥¬ë ® á«¥¤ å
ãâ¢¥à¦¤ îâ, çâ® ­  ª ¦¤®¬ Sr á«¥¤ë un áå®¤ïâáï ª á«¥¤ ¬ u ¢ á¬ëá«¥ L2(Sr): � ¤àã£®© áâ®à®­ë,
á«¥¤ë un ¡ë«¨ à ¢­®¬¥à­® ®£à ­¨ç¥­ë ¢ W 1

2 (Sr) ¨, á«¥¤®¢ â¥«ì­®, ¢ á¨«ã á¢®©áâ¢ ®¡®¡é¥­­ëå
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¯p®¨§¢®¤­ëå ¢ á¬ëá«¥ �®¡®«¥¢  (¢ á¨«ã § ¬ª­ãâ®áâ¨ ®¯¥p â®p  ®¡®¡é¥­­®£® ¤¨ää¥p¥­æ¨p®-
¢ ­¨ï (á¬. [1]{[4])) á«¥¤ u ­  ª ¦¤®¬ Sr ï¢«ï¥âáï í«¥¬¥­â®¬ W 1

2 (Sr) ¨ á ¬  äã­ªæ¨ï u 2 G:
�§ äã­¤ ¬¥­â «ì­®áâ¨ á«¥¤®¢ un ¢ á¬ëá«¥ ª ¦¤®£® W 1

2 (Sr) á«¥¤ã¥â ¨å áå®¤¨¬®áâì (¢ W
1
2 (Sr) ¨

L2(Sr) ®¤­®¢à¥¬¥­­®) ª ­¥ª®â®àë¬ ¯à¥¤¥«ì­ë¬ äã­ªæ¨ï¬. �® áå®¤¨¬®áâì ª á«¥¤ ¬ u ¢ á¬ëá«¥
L2(Sr) ã¦¥ ãáâ ­®¢«¥­ . �®íâ®¬ã u = limn!1 un ¢ á¬ëá«¥ G.

�¥®à¥¬  1.2. �ãáâì u 2 G ¨ f � u jS� Tru ®¡®§­ ç ¥â á«¥¤ u ­  S: �®£¤  f ¯®çâ¨ ¢áî¤ã

­  S á®¢¯ ¤ ¥â á ­¥¯à¥àë¢­®© ­  S äã­ªæ¨¥©; ¡®«¥¥ â®£®, ®¯¥à â®à ¢«®¦¥­¨ï Tr, à áá¬ âà¨-
¢ ¥¬ë© ª ª ®â®¡à ¦¥­¨¥ G ¢ C( �S), ï¢«ï¥âáï ª®¬¯ ªâ­ë¬.

�®ª § â¥«ìáâ¢®. � ª ª ª (­  ª ¦¤®¬ Sr) f 2W 1
2 (Sr); ¬®¦­® áç¨â âì f 2 C(Sr): �áâ ¥âáï

¤®ª § âì ­¥¯à¥àë¢­®áâì ¢ â®çª å ¯¥à¥á¥ç¥­¨ï áâ¥à¦­¥©. �«ï íâ®£® à áá¬®âà¨¬ â®çªã ¯¥à¥-
á¥ç¥­¨ï M0 ª ª¨å-­¨¡ã¤ì ¤¢ãå áâ¥à¦­¥© ¨ ª ª®©-­¨¡ã¤ì âà¥ã£®«ì­¨ª T � 4M0M1M2 � 
,
¨¬¥îé¨© ¤¢¥ áâ®à®­ë ­  á®®â¢¥âáâ¢ãîé¨å áâ¥à¦­ïå. �ç¨â ¥¬, çâ® u 2 W 1

2 (T ) (¯à¨ ­¥®¡å®¤¨-
¬®áâ¨ ¯à®¤®«¦ ¥¬ äã­ªæ¨î ¤® äã­ªæ¨¨ ¨§W 1

2 (R
2) (á¬. [1], [3], [4]). �®£¤  ­  £à ­¨æ¥ @T ¤ ­­ ï

äã­ªæ¨ï u ¨¬¥¥â á«¥¤ f ¢ á¬ëá«¥ ¯à®áâà ­áâ¢  �®¡®«¥¢ -�«®¡®¤¥æª®£® W
1=2
2 (@T ) (á¬. [1], [3],

[11]). �®íâ®¬ã f 2W
1=2
2 (M0Mi); i = 1; 2; ¨ ¢ë¯®«­¥­® ãá«®¢¨¥ á®£« á®¢ ­¨ïZ s0

0

jw(s)j2

s
ds <1;

£¤¥ w(s) � f(s) � f(�s); s | «®ª «ì­ë© ¯ à ¬¥âà ¤ã£¨ ¤«ï @T , s = 0 á®®â¢¥âáâ¢ã¥â â®çª¥ M0

¨ s0 ¤®áâ â®ç­® ¬ «® (­ ¯à., s0 = minfjM0M1j; jM0M2jg): �â® ãá«®¢¨¥ ¢¬¥áâ¥ á ­¥¯à¥àë¢­®áâìî
f ­  ®âà¥§ª å M0M1 ¨ M0M2 ¯à¨¢®¤¨â ª ­¥¯à¥àë¢­®áâ¨ f ¢ â®çª¥ M0. �à¨¬¥­ïï â¥®à¥¬ã ®
ª®¬¯ ªâ­®áâ¨ ¢«®¦¥­¨ï W 1

2 (Sr) ¢ C(Sr); r 2 [1; r�]; § ª«îç ¥¬ ® á¯à ¢¥¤«¨¢®áâ¨ â¥®à¥¬ë.
�ç¥¢¨¤­®, ®¯¥à â®à Tr «¨­¥¥­ ¨ ®£à ­¨ç¥­ (¨­ ç¥ £®¢®àï, Tr 2 LfG;C(S)g):
�â¬¥â¨¬, çâ® ¥á«¨ â®çª¨ Ai; i 2 [1; i�]; ¯à¨­ ¤«¥¦ â S; â® ¢¬¥áâ® (1.1) ¬®¦­® ¨á¯®«ì§®¢ âì

áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥

(v; v0)G � (v; v0)W 1
2 (
)

+
r�X
r=1

(v; v0)W 1
2 (Sr)

+
i�X
i=1

v(Ai)v0(Ai)

(á®®â¢¥âáâ¢ãîé¨¥ ­®à¬ë íª¢¨¢ «¥­â­ë).
�p¨ ª®­áâpã¨p®¢ ­¨¨ G ¬ë ¬®£«¨ ¡ë ãá¨«¨¢ âì ­¥ á ¬® V;   ­¥ª®â®p®¥ ¥£® ¯®¤¯p®áâp ­-

áâ¢®, ­ ¯p¨¬¥à, â¨¯  V0 � W 1
2 (
; �0) á ­®à¬®© juj1;
 � (jruj2; 1)1=20;
 ¨ á®áâ®ïé¥£® ¨§ äã­ªæ¨© á

­ã«¥¢ë¬¨ á«¥¤ ¬¨ ­  �0, £¤¥ �0 � � á®áâ®¨â ¨§ ­¥áª®«ìª¨å ¯p®áâëå ¤ã£ (¤®¯ãáâ¨¬ ¨ á«ãç ©
�0 = �): �®£¤  ¡ë ¬ë ¯®«ãç¨«¨ ¢¬¥áâ® G ¥£® ¯®¤¯p®áâp ­áâ¢® G�0 � G1;1;(2);�0; ¯®¤ç¥pª­¥¬,
çâ® ¥á«¨ ª®­æë ®âp¥§ª  Sr ¯p¨­ ¤«¥¦ â �0; â® á«¥¤ ­  Sr ¤«ï u 2 G�0 ­¥¯p¥pë¢¥­ ­  S [ �0

(á¬. ¤®ª § â¥«ìáâ¢® â¥®p¥¬ë 1.2) ¨ ¤®«¦¥­ ¯p¨­ ¤«¥¦ âì
�

W 1
2(Sr) (á«ãç © á ®¤­¨¬ ª®­æ®¬ Sr

­  �0  ­ «®£¨ç¥­). �®«¥¥ â®£®, ¬®¦­® �0 p áè¨p¨âì §  áç¥â ¤®¡ ¢«¥­¨ï â®ç¥ª Ai 2 S; i 2 [1; i�];
¢®§¬®¦­® ¤ ¦¥ ¯à¨ �0 � fAig � S ®¯p¥¤¥«¨âì ¯®¤¯p®áâp ­áâ¢® G�0 ¢ G ãá«®¢¨ï¬¨

v(Ai) = 0; i 2 [1; i�]: (1.2)

�ª § ­­ë¥ â¥®à¥¬ë «¥£ª® ®¡®¡é îâáï ­  á«ãç ¨ G á® áª «ïà­ë¬¨ ¯à®¨§¢¥¤¥­¨ï¬¨ â¨¯ 

(v; v0)G � (v; v0)W l
2(
)

+
r�X
r=1

(v; v0)Wmr
2 (Sr); (1.3)

£¤¥ l � 1; mr > 1=2; r 2 [1; r�]; ¯®«­®âa G «¥£ª® ãáâ ­ ¢«¨¢ ¥âáï ¨ ¤«ï ¯à®áâà ­áâ¢ á ­®à¬ ¬¨
â¨¯ 

kvkG � kvkW l
p(
)

+
r�X
r=1

kvkWmr
pr

(Sr); (1.4)
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£¤¥ 1 < p < 1, l � 1; mr � 0; 1 < pr < 1; r 2 [1; r�] (ç áâ­ë© á«ãç © á l = 1; mr = 1;
pr = p (r 2 [1; r�]) ¢ (1.4) ¡ã¤¥â ®¡®§­ ç âìáï ­¨¦¥ ç¥à¥§ G1;1;(p)): �®§¬®¦­® ¤ ¦¥ ¨á¯®«ì§®¢ ­¨¥
¯p®áâp ­áâ¢  W1

pr
(Sr) á ¡¥áª®­¥ç­ë¬ ¯®pï¤ª®¬ £« ¤ª®áâ¨ (á¬. [12]) ¢¬¥áâ® Wmr

pr
(Sr): �p®¬¥

â®£®, ­¥á«®¦­® p áá¬®âp¥âì á«ãç ©, ª®£¤  ª ª¨¥-â® Sr ï¢«ïîâáï £« ¤ª¨¬¨ ¤ã£ ¬¨ ¨«¨ ¤ ¦¥
§ ¬ª­ãâë¬¨ ªp¨¢ë¬¨. �®§¬®¦¥­ ¨ á«ãç ©, ª®£¤  Sr � 
.

1.3. �¯¯à®ªá¨¬ æ¨ï ¯à®áâà ­áâ¢  G1;1;(p). �à¨ ¨§ãç¥­¨¨  ¯¯à®ªá¨¬ æ¨¨ ãá¨«¥­­ëå ¯à®-
áâà ­áâ¢ �®¡®«¥¢  ®¡ëç­ë© ¯®¤å®¤, á¢ï§ ­­ë© á ãáà¥¤­¥­¨¥¬ äã­ªæ¨© ¯® �®¡®«¥¢ã, ®ª §ë¢ -
¥âáï ­¥¯à¨¬¥­¨¬ë¬. �á®¡ ï à®«ì ¯à®áâà ­áâ¢ W 1

p (Sr) ¤¥« ¥â ¥áâ¥áâ¢¥­­ë¬ ¨á¯®«ì§®¢ âì  ¯-

¯à®ªá¨¬ æ¨¨ í«¥¬¥­â®¢ u 2 G � G1;1;(p) í«¥¬¥­â ¬¨ ûh ¯®¤¯à®áâà ­áâ¢ Ĝh � G; ï¢«ïîé¨åáï
â¨¯¨ç­ë¬¨ ¤«ï ¯à®¥ªæ¨®­­®- á¥â®ç­ëå ¬¥â®¤®¢.

�£à ­¨ç¨¢ ïáì á«ãç ¥¬ �, á®áâ®ïé¥© ¨§ ¯pï¬®«¨­¥©­ëå ®âp¥§ª®¢, ¬ë á¢ï§ë¢ ¥¬ Ĝh á á¥-
¬¥©áâ¢®¬ ª¢ §¨à ¢­®¬¥à­ëå âà¨ ­£ã«ïæ¨© Th(
), âà¥¡ãï, çâ®¡ë ¥£® í«¥¬¥­âë ûh ï¢«ï«¨áì
­¥¯à¥àë¢­ë¬¨ ­  
 ¨ «¨­¥©­ë¬¨ ­  ª ¦¤®¬ í«¥¬¥­â à­®¬ âà¥ã£®«ì­¨ª¥ T 2 Th(
) äã­ª-
æ¨ï¬¨ (¯ à ¬¥âà h > 0 å à ªâ¥à¨§ã¥â ¤«¨­ë áâ®à®­ âà¥ã£®«ì­¨ª®¢ T ; ¤«ï ª®­ªà¥â­®áâ¨ ¡ã¤¥¬
áç¨â âì çâ® ®­ á®®â¢¥âáâ¢ã¥â ­ ¨¬¥­ìè¥© ¨§ ¤«¨­ áâ®à®­ âà¥ã£®«ì­¨ª®¢ T ): �à¨ íâ®¬ ¬®¦-
­® áç¨â âì, çâ® Th(
) ¯®à®¦¤ ¥â p ¢­®¬¥p­ãî âà¨ ­£ã«ïæ¨î ª ¦¤®© ¯ ­¥«¨ ¨ çâ® ª ¦¤ë©
®âà¥§®ª Sk ï¢«ï¥âáï ®¡ê¥¤¨­¥­¨¥¬ ­¥ª®â®àëå áâ®à®­ âà¥ã£®«ì­¨ª®¢ T .

�ª ¦¥¬ á¯®á®¡ ¯®áâà®¥­¨ï

û � Ihu 2 Ĝh (1.5)

áp §ã ¤«ï ­ ¨¡®«¥¥ ¨­â¥p¥á­®£® á«ãç ï ¯p®áâp ­áâ¢  G1;1;(p);�0 (¯à¥¤¯®« £ ï, çâ® �0 á®áâ®¨â ¨§
®¡ê¥¤¨­¥­¨ï ­¥ª®â®àëå áâ®à®­ âà¥ã£®«ì­¨ª®¢ T 2 Th(
) ¨, ¢®§¬®¦­®, ­¥ª®â®à®£® ­ ¡®à  ¨å
¢¥àè¨­, ¯à¨­ ¤«¥¦ é¨å S): �«ï ¢ëç¨á«¥­¨ï §­ ç¥­¨© û (á¬. (1.5)) ¢ ¢¥àè¨­ å Ai âà¥ã£®«ì­¨-
ª®¢ T ¨áå®¤¨¬ ¨§ ¯à ¢¨« 

ûi � 'i(u) � 0; Ai 2 �0: (1.6)

� ®áâ îé¨åáï ¢¥àè¨­ å (¨å ¬­®¦¥áâ¢® ®¡®§­ ç¨¬ ç¥à¥§ 
h) ¡ã¤¥¬ ¨á¯®«ì§®¢ âì á¯¥æ¨ «ì­®
¢ë¡¨à ¥¬ë¥ ®¤­®¬¥à­ë¥ ãáà¥¤­¥­¨ï ¯® �â¥ª«®¢ã

YJu(x) � (2�)�1(u; 1)0;J ; (1.7)

£¤¥ J � 
 | ­¥ª®â®àë© ®âà¥§®ª ¤«¨­ë 2� á æ¥­âà®¬ ¢ x: �¨¦¥ ¢á¥£¤  � � h; ¤«ï ­ £«ï¤­®áâ¨
¬®¦­® áç¨â âì, çâ® � � h=4.

�«ï ª ¦¤®£® Ai =2 S; §  ¨áª«îç¥­¨¥¬ ­¥ª®â®à®£® ª®­¥ç­®£® ç¨á«  ¢¥àè¨­ ¬­®£®ã£®«ì­¨ª 

, ¢ ª®â®àëå íâ® ­¥¢®§¬®¦­®, ¯®«®¦¨¬

'i(u) � YJu(Ai) (1.8)

á J; ¯ à ««¥«ì­ë¬ ®¤­®© ¨§ áâ®à®­ í«¥¬¥­â à­®£® âà¥ã£®«ì­¨ª  á ¢¥àè¨­®© ¢ Ai; ¢ ¨áª«îç¨-
â¥«ì­ëå ¢¥àè¨­ å âà¥¡ã¥¬ â®«ìª®, çâ®¡ë Ai 2 J ¨ çâ®¡ë J ¢ (1.7) ¡ë« ç áâìî ®¤­®© ¨§ áâ®à®­
ã¯®¬ï­ãâ®£® í«¥¬¥­â à­®£® âà¥ã£®«ì­¨ª  | â¥¬ á ¬ë¬ ¯à¨¬¥­ï¥¬®¥ ãáà¥¤­¥­¨¥ ®â­®á¨âáï ­¥
ª â®çª¥ Ai,   ª ­¥ª®â®à®© â®çª¥ ­  á®®â¢¥âáâ¢ãîé¥© áâ®à®­¥. �â¬¥â¨¬, çâ® ¥á«¨ Ai ­¥ ï¢«ï¥âáï
¨§®«¨p®¢ ­­®© â®çª®© �0; â® (1.6) ¬®¦­® âà ªâ®¢ âì ª ª (1.7) á J � �0:

�á«¨ Ai 2 Sr ¨ ­¥ ¯à¨­ ¤«¥¦¨â ¤àã£¨¬ áâ¥à¦­ï¬, â® ¡ã¤¥¬ áç¨â âì J � Sr; ¥á«¨ ¦¥ Ai

ï¢«ï¥âáï â®çª®© ¯¥à¥á¥ç¥­¨ï k áâ¥à¦­¥© Sr1 ; : : : ; Srk ; â® ¯®«®¦¨¬

'i(u) �
1
k

kX
j=1

YJju(Ai); (1.9)

£¤¥ Jj � Srj ; j = 1; : : : ; k; ¨ ¢áî¤ã ¨á¯®«ì§ã¥âáï ®¤­®¬¥à­®¥ á¨¬¬¥âà¨ç­®¥ ãáà¥¤­¥­¨¥ ¯® �â¥-
ª«®¢ã ¨«¨, ¢ á«ãç ¥ ­¥®¡å®¤¨¬®áâ¨, ¥£® ãª § ­­ë© ¢ëè¥ ¢ à¨ ­â á® á¤¢¨£®¬ (¬­®¦¥áâ¢® â®ç¥ª
Ai; ï¢«ïîé¨åáï â®çª ¬¨ ¯¥à¥á¥ç¥­¨ï k � 2 áâ¥à¦­¥©, ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ !):
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�â®â ¦¥ ®¯¥à â®à ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¤«ï  ¯¯à®ªá¨¬ æ¨¨ ¡ ­ å®¢  ¯à®áâà ­áâ¢ W 1
p (S); á®-

áâ®ïé¥£® ¨§ ­¥¯à¥àë¢­ëå ­  S äã­ªæ¨©, áã¦¥­¨ï ª®â®pëå ­  ª ¦¤®¬ Sr ¯à¨­ ¤«¥¦ âW 1
p (Sr);

kukpW 1
p (S)

�
r�X
j=1

kukpW 1
p (Sr)

;

W 1
p (S) ¬®¦­® ®â®¦¤¥áâ¢«ïâì á ¯®¤¯à®áâà ­áâ¢®¬ ¢ ¯àï¬®¬ ¯à®¨§¢¥¤¥­¨¨ ¯à®áâà ­áâ¢ W 1

p (Sr);
r 2 [1; r�]:

�¨¦¥ K ¨ � ¨á¯®«ì§ãîâáï â®«ìª® ¤«ï ®¡®§­ ç¥­¨ï ­¥§ ¢¨áïé¨å ®â á¥âª¨ ª®­áâ ­â. �á«®-
¢¨¬áï â ª¦¥ ¤«ï ­¥®âp¨æ â¥«ì­ëå äã­ªæ¨®­ «®¢ Fh ¨ F 0

h ¨á¯®«ì§®¢ âì § ¯¨áì Fh(u) � F 0
h(u);

¥á«¨ áãé¥áâ¢ãîâ ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë �0 ¨ �1 â ª¨¥, çâ®

�0Fh(u) � F 0
h(u) � �1Fh(u) 8u 2 G

(íâ® ã¤®¡­®, ¢ ç áâ­®áâ¨, ¤«ï ®¡®§­ ç¥­¨ï íª¢¨¢ «¥­â­®áâ¨ ­®p¬).

�¥¬¬  1.1. �á«¨ �0 = �0 ­¥ á®¤¥p¦¨â ¨§®«¨p®¢ ­­ëå â®ç¥ª, â® ¤«ï ãª § ­­®£® ®¯¥à â®à 

Ih áãé¥áâ¢ãîâ â ª¨¥ ª®­áâ ­âë h0 > 0 ¨ K, çâ® ¯à¨ ¢á¥å h � h0 á¯à ¢¥¤«¨¢ë ­¥à ¢¥­áâ¢ 

kIhkW 1
p (S)7!W 1

p (S)
� K; (1.10)

kIhkW 1
p (
)7!W 1

p (
)
� K: (1.11)

�®ª § â¥«ìáâ¢®. � ª ª ª

kIhuk
p
W 1

p (S)
=

r�X
r=1

kIhuk
p
W 1

p (Sr)
;

â® ¤«ï ª ¦¤®£® Sr ¢ á®®â¢¥âáâ¢ãîé¨å «®ª «ì­ëå ª®®à¤¨­ â å (¥á«¨ ¤«¨­  Sr à ¢­  l; â® ã§«ë
®¤­®¬¥à­®© á¥âª¨ ¬®¦­® ¯à¨­ïâì §  xi � hi, £¤¥ i = 0; : : : ; N c h � l=N) ¨¬¥¥¬

kIhuk
p
W 1

p (Sr)
�
�
h

NX
i=0

j'i(u)j
p + h1�p

N�1X
i=0

j'i+1(u)� 'i(u)j
p
�
;

¤®áâ â®ç­® à áá¬®âà¥âì á« £ ¥¬ë¥, á®®â¢¥âáâ¢ãîé¨¥ â®çª ¬ Ai 2 ! (á¬. (1.9)) (¨å ç¨á«® à ¢-
­®¬¥à­® ®£à ­¨ç¥­®), â.ª. ­ã¦­ë¥ ­¥à ¢¥­áâ¢  ¤«ï ®áâ «ì­ëå â®ç¥ª ï¢«ïîâáï áâ ­¤ àâ­ë¬¨.
�¬¥¥¬ j'i+1(u)� 'i(u)jp � �[j'i+1(u)� uij

p + j'i(u)� uij
p] ¨

j'i(u)� uij �
1
k

kX
j=1

jYJju(Ai)� uij

(á¬. (1.9)). �« £ ¥¬ë¥ jYJju(Ai) � uij ®æ¥­¨¢ îâáï ­  ª ¦¤®¬ Srj ¯® ®â¤¥«ì­®áâ¨ ¯à¨ ¯®¬®é¨
ä®à¬ã«ë �ìîâ®­ -�¥©¡­¨æ  ¨ ­¥à ¢¥­áâ¢  ��¥«ì¤¥à ; ¢ ¬¥áâ­ëå ª®®à¤¨­ â å ¬®¦¥¬ § ¯¨á âì

jYJju(Ai)� uij � (2�)�1j(u� ui; 1)L1(Jj)j � Kh1=qkD1ukLp(J0

rj
);

£¤¥ 1=p + 1=q = 1; J 0rj � Srj (á¬. (1.9)) ¨ jJ
0
rj
j = O(h): �®íâ®¬ã, ãç¨âë¢ ï, çâ® hhp=qh�p = 1;

¯®«ãç¨¬

j'i(u)� uij
ph1�p � K

kX
j=1

kDsuk
p
Lp(J0

rj
) � X:

�­ «®£¨ç­® ¨ ¯à®é¥ ®æ¥­¨¢ îâáï ®áâ «ì­ë¥ á« £ ¥¬ë¥,   ¤«ï ®æ¥­ª¨ áã¬¬ë á juijp ¬®¦­® ¤ ¦¥
¨á¯®«ì§®¢ âì ®£à ­¨ç¥­­®áâì ¢«®¦¥­¨ï W 1

p (Sr) ¢ C(Sr); § ¬¥â¨¬, çâ® X ! 0 ¯à¨ h! 0 ¢ á¨«ã
 ¡á®«îâ­®© ­¥¯à¥àë¢­®áâ¨ ¨­â¥£à «  �¥¡¥£  ¨ ®£à ­¨ç¥­­®áâ¨ kukW 1

p (S)
: � ª¨¬ ®¡à §®¬, (1.10)

¤®ª § ­®.
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�«ï ¤®ª § â¥«ìáâ¢  (1.11) § ¯¨è¥¬

kûkpW 1
p (
)

=
X

T2Th(
)

kûkpW 1
p (T )

;

kûkpW 1
p (T )

� K1h
2

 
3X
i=0

j'i(u)jp + h�p
2X
i=1

j'i(u)� '0(u)jp
!
; (1.12)

£¤¥ âà¥ã£®«ì­¨ª T ¨¬¥¥â ¢¥àè¨­ë A0; A1; A2 ¨ § ¢¨á¨¬®áâì äã­ªæ¨®­ «®¢ ®â T ­¥ ãª §ë¢ ¥âáï.
�«ï ­ ¨¡®«¥¥ â¨¯¨ç­®£® á«ãç ï, ª®£¤  ¨á¯®«ì§ãîâáï á¨¬¬¥âà¨ç­ë¥ ãáà¥¤­¥­¨ï,

XT;i � 'i(u)� '0(u) =
1
2�

Z �

��
[u(Ai + t~ei)� u(A0 + t~e0)]dt:

�à¨ ¯®¤å®¤ïé¥© ­ã¬¥à æ¨¨ ¬®¦­® áç¨â âì, çâ® [~ei;
��!
A0Ai] 6= 0; i = 1; 2;   ¤«ï £« ¤ª¨å äã­ªæ¨©

¬®¦­®, ¨áå®¤ï ¨§ à ¢¥­áâ¢

u(Ai + t~ei)� u(A0 + t~e0) = [u(Ai + t~ei)� u(A0 + t~ei)] +

+[u(A0 + t~ei)� u(A0 + t~e0)];

¯à¥®¡à §®¢ âì ¨å ¯à¨ ¯®¬®é¨ ¨­â¥£à «®¢ ¯® ®âà¥§ª ¬ ®â ¯à®¨§¢®¤­ëå u ¯® ­ ¯à ¢«¥­¨ï¬
��!
A0Ai

¨ ~ei � ~e0, ¥á«¨ ~ei � ~e0 6= 0 (¥á«¨
��!
A0Ai = 0; â® ¨¬¥¥¬ â®«ìª® ®¤­® á« £ ¥¬®¥). �®íâ®¬ã

jXT;ij � �h�1(h2)1=qkukW 1
p (�(T ))

; (1.13)

£¤¥ �(T ) ®¡®§­ ç ¥â ¬­®¦¥áâ¢® â®ç¥ª, ®âáâ®ïé¨å ®â T ­¥ ¡®«¥¥ ç¥¬ ­  � (®­® ¬®¦¥â á®¤¥à-
¦ âì ¨ ¢­¥è­¨¥ â®çª¨ ¯® ®â­®è¥­¨î ª ¨áå®¤­®© ®¡« áâ¨ | ­ã¦­®¥ ¯à®¤®«¦¥­¨¥ äã­ªæ¨¨
ª ª í«¥¬¥­â  W 1

p (
) á á®åà ­¥­¨¥¬ ª« áá  ­¥ ¢ë§ë¢ ¥â á«®¦­®áâ¥©). �â ­¤ àâ­ë© ¯à¥¤¥«ì­ë©
¯¥à¥å®¤ á®åà ­ï¥â (1.13) ¤«ï ­ã¦­ëå u. � «¨ç¨¥ ãáà¥¤­¥­¨© á® á¤¢¨£®¬ âà¥¡ã¥â «¨èì ­¥áãé¥-
áâ¢¥­­ëå ¨§¬¥­¥­¨©. �®íâ®¬ã ¬®¦­® áç¨â âì (1.13) á¯à ¢¥¤«¨¢ë¬ ¤«ï ¢á¥å T 2 Th(
) ¨, â. ª.
h2h�2p(h2)p=q = 1, ¬®¦­® § ª«îç¨âì, çâ®

h2h�p
2X
i=1

j'i(u)� '0(u)jp � KkukpW 1
p (�(T ))

; (1.14)

h2
2X
i=0

j'i(u)j
p � KkukpW 1

p (�(T ))
: (1.15)

�ã¬¬¨àãï ­¥à ¢¥­áâ¢  (1.14), (1.15) ¯® ¢á¥¬ T ¨ ãç¨âë¢ ï (1.12) ¨ (1.13), ¯®«ãç¨¬ (1.11).

�â¬¥â¨¬, çâ® ¡®«¥¥ á«®¦­ë¥ Ih ¨á¯®«ì§®¢ «¨áì ¢ [3], [14].

�¥¬¬  1.2. �ãáâì G � G1;1;(p);�0. �®£¤  á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 

lim
h!0

Ihu = u 8u 2 G: (1.16)

�®ª § â¥«ìáâ¢®. � áá¬®âp¨¬ ¢­ ç «¥ á«ãç ©, ª®£¤  ¢ë¯®«­¥­ë ãá«®¢¨ï «¥¬¬ë 1.1 (�0 ­¥
á®¤¥p¦¨â ¨§®«¨p®¢ ­­ëå â®ç¥ª). �®£¤  á¥¬¥©áâ¢® ®¯¥à â®à®¢ Ih à ¢­®¬¥à­® ®£à ­¨ç¥­® ª ª ¢
L(W 1

p (
)) (¯p®áâp ­áâ¢¥ «¨­¥©­ëå ®£p ­¨ç¥­­ëå ®¯¥p â®p®¢, ®â®¡p ¦ îé¨å W
1
p (
) ¢ W

1
p (
));

â ª ¨ ¢ L(W 1
p (S)).

�®áª®«ìªã ¤«ï £« ¤ª¨å ­  Sr äã­ªæ¨ïå ¨¬¥¥â ¬¥áâ® áå®¤¨¬®áâì Ihu ª u, â® ¯® â¥®à¥¬¥
� ­ å  (á¬. [13]) § ª«îç ¥¬, çâ® limh!0 kIhu� ukW 1

p (S)
= 0 8u 2W 1

p (S):
�«ï ¯p¨¬¥­¨¬®áâ¨ â¥®p¥¬ë � ­ å  ¢ L(W 1

p (
)) ¤®áâ â®ç­® ¤®ª § âì á®®â¢¥âáâ¢ãîéãî áå®-
¤¨¬®áâì ¤«ï ¢á¥å u 2W 2

p (
) (¨å ¬­®¦¥áâ¢® ¢áî¤ã ¯«®â­® ¢ W
1
p (
)). �«ï z � u� û ¨¬¥¥¬

kzkpW 1
p (
)

=
X

T2Th(
)

kẑkpW 1
p (T )

= Z1 + Z2;
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£¤¥ Z1 á®¤¥à¦¨â ¢á¥ â ª¨¥ T 2 Th(
); çâ® ¢ ¢¥àè¨­ å ª ¦¤®£® âà¥ã£®«ì­¨ª  ¨á¯®«ì§ãîâáï
â®«ìª® á¨¬¬¥âà¨ç­ë¥ ãáà¥¤­¥­¨ï,   Z2 á®¤¥à¦¨â ¢á¥ ®áâ «ì­ë¥ âà¥ã£®«ì­¨ª¨. �¥à  ®¡ê¥¤¨­¥-
­¨ï ¢á¥å âà¥ã£®«ì­¨ª®¢, ®â­¥á¥­­ëå ª Z2; áâà¥¬¨âáï ª ­ã«î ¯à¨ h ! 0 ¨ ¯®íâ®¬ã ­¥à ¢¥­áâ¢ 
âà¥ã£®«ì­¨ª , (1.14), (1.15) ¨  ¡á®«îâ­ ï ­¥¯à¥àë¢­®áâì ¨­â¥£p «  �¥¡¥£  ¯à¨¢®¤ïâ ª â®¬ã,
çâ® limh!0 Z2 = 0:

� ª®© ¦¥ ä ªâ «¥£ª® ãáâ ­ ¢«¨¢ ¥âáï ¨ ¤«ï Z1, ¥á«¨ ¤®ª ¦¥¬, çâ®

kzkpW 1
p (T )

� KhpjujpW 2
p (�(T ))

(1.17)

¤«ï ª ¦¤®£® á®®â¢¥âáâ¢ãîé¥£® âà¥ã£®«ì­¨ª , £¤¥

jujpW 2
p (�(T ))

�
X
j�j=2

jD�ujp0;�(T ):

�  �(T ) ®¯p¥¤¥«¨¬ «¨­¥©­ãî äã­ªæ¨î û0, á®¢¯ ¤ îéãî ­  T á û. �æ¥­ª  (1.17) á«¥¤ã¥â ¨§
®æ¥­ª¨

kvkpW 1
p (�(T ))

� KhpjvjpW 2
p (�(T ))

; (1.18)

£¤¥ v � z0 � u � û0 2 V (T;�(T )) � W 2
p (�(T )) ¨ ¯®¤¯p®áâp ­áâ¢® V (T;�(T )) ®¯p¥¤¥«ï¥âáï

á®®â­®è¥­¨ï¬¨

'i(v) = 0; i 2 [0; 2] (1.19)

(¥á«¨ u ¢ ªàã£¥ à ¤¨ãá  � ¨ á æ¥­âà®¬ ¢ â®çª¥ x ï¢«ï¥âáï ¬­®£®ç«¥­®¬ áâ¥¯¥­¨ ­¥ ¢ëè¥ 1, â®
YJu(x) = u(x)):

� ¬¥â¨¬ â¥¯¥pì, çâ® ¯®áª®«ìªã 
 ¯p¥¤¯®« £ « áì á®áâ®ïé¥© ¨§ ª®­¥ç­®£® ç¨á«  âp¥ã£®«ì-
­ëå ¯ ­¥«¥©, ¬ë ¨¬¥¥¬ ¯p ¢® ®£p ­¨ç¨âìáï ª®­¥ç­ë¬ ­ ¡®p®¬ T ¨ �(T ): �®íâ®¬ã, ¨á¯®«ì§ãï
ª®­¥ç­®¥ ç¨á«®  ää¨­­ëå ¯p¥®¡p §®¢ ­¨© (¯¥p¥­®á ­ ç «  ª®®p¤¨­ â ­¥ ¨£p ¥â p®«¨), ¯¥p¥-
¢®¤ïé¨å T ¢ ¬®¤¥«ì­ë© âp¥ã£®«ì­¨ª T �; ï¢«ïîé¨©áï ¯®«®¢¨­®© ª¢ ¤p â  [0; 1]2; ¬®¦­® (á¬.,
­ ¯p., [2], [3]) á¢¥áâ¨ § ¤ çã (1.18), (1.19) ª ¯®«ãç¥­¨î ®æ¥­ª¨

kv�kpW 1
p (T

�) � Kjv�jpW 2
p (�

�(T�)) (1.20)

­  á®®â¢¥âáâ¢ãîé¥¬ V (T �;��(T �)) �W 2
p (�

�(T �)); ª®â®p ï á«¥¤ã¥â ¨§ ª« áá¨ç¥áª®© â¥®p¥¬ë ®¡
íª¢¨¢ «¥­â­ëå ­®p¬ å ¢ W 2

p (�
�(T �)) (á¬. [1],[2],[4]). � ª¨¬ ®¡p §®¬, (1.17) ¤®ª § ­®. �§ ­¥£® ¨

(1.11) ¯® â¥®à¥¬¥ � ­ å  á«¥¤ã¥â

lim
h!0

kIhu� ukW 1
p (
)

= 0 8u 2W 1
p (
); (1.21)

¥á«¨ �0 ­¥ á®¤¥p¦¨â ¨§®«¨p®¢ ­­ëå â®ç¥ª.
� ª®­¥æ, ¥á«¨ �0 á®¤¥à¦¨â ¨§®«¨p®¢ ­­ãî â®çªã Ai ¨ ¢ ­¥© ¢ë¯®«­ï¥âáï (1.6), â® ­ àï¤ã á

®¯¥à â®à®¬ Ih à áá¬®âà¨¬ ¨§¬¥­¥­­ë© ®¯¥à â®à I 0h; ¢ ª®â®à®¬ ¢¬¥áâ® (1.6) ¨á¯®«ì§ã¥âáï ®¤­® ¨§
á®®â­®è¥­¨© (1.8), (1.9) (ª®­áâàãªæ¨ï ®¯¥à â®à  I 0h ¨£­®à¨àã¥â ­ «¨ç¨¥ ¨§®«¨p®¢ ­­ëå â®ç¥ª
¢ �0 ¨ ®­ ä ªâ¨ç¥áª¨ á®¢¯ ¤ ¥â á Ih ¨§ (1.20)). � ª ª ª

kIhu� ukW 1
p (
)

� kI 0hu� ukW 1
p (
)

+ kI 0hu� IhukW 1
p (
)

;

â® ­ã¦­® ®æ¥­¨âì á¢¥àåã kI 0hu � Ihuk
p
W 1

p (
)
; ãç¨âë¢ ï, çâ® u 2 G: �á«¨ �0 á®¤¥à¦¨â ¨§®«¨p®-

¢ ­­ãî â®çªã Ai ¨ ¢ ­¥© ¤«ï I 0hu ¢ë¯®«­ï¥âáï (1.8) á J � Sr; â® jI 0hu(Ai)j � �h1=qkDsukLp(J)
¨

h2h�pjI 0hu(Ai)jp � �0h2h�php=qkDsuk
p
Lp(J)

= �0hkDsuk
p
Lp(J)

:

�­ «®£¨ç­ ï ®æ¥­ª  ¯®«ãç ¥âáï ¨ ¢ á«ãç ¥ (1.9). �¥¬ á ¬ë¬ ã¡¥¦¤ ¥¬áï, çâ® ­ «¨ç¨¥ ¨§®«¨p®-
¢ ­­ëå â®ç¥ª ¢ �0 ­¥ ¨§¬¥­ï¥â á¯à ¢¥¤«¨¢®áâ¨ (1.16).
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�¥®à¥¬  1.3. �«ï â®£® çâ®¡ë äã­ªæ¨ï u 2 W 1
p (
) ¯à¨­ ¤«¥¦ «  ãá¨«¥­­®¬ã ¯à®áâà ­-

áâ¢ã �®¡®«¥¢  G1;1;(p);�0, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ®­  ï¢«ï« áì ¯à¥¤¥«®¬ (¢ á¬ëá«¥

G1;1;(p);�0) ­¥¯à¥àë¢­ëå ­  
, ªãá®ç­® «¨­¥©­ëå ­  ãª § ­­ëå âà¨ ­£ã«ïæ¨ïå Th(
) äã­ªæ¨©
ûh, ûhj�0 = 0.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì ¤®ª § ­  ¢ «¥¬¬¥ 1.2,   ¤®áâ â®ç­®áâì á«¥¤ã¥â ¨§ â¥®à¥¬
1.1 ¨ 1.2.

�¥®à¥¬  1.4. �á¨«¥­­®¥ ¯à®áâà ­áâ¢® �®¡®«¥¢  G1;1;(p);�0 ï¢«ï¥âáï á¥¯ à ¡¥«ì­ë¬ ¡ ­ å®-

¢ë¬ ¯à®áâà ­áâ¢®¬,   G1;1;(2);�0 ï¢«ï¥âáï £¨«ì¡¥àâ®¢ë¬ ¯à®áâà ­áâ¢®¬.

�®ª § â¥«ìáâ¢®. �®«­®â  G ¤®ª § ­  ¢ â¥®à¥¬¥ 1.1. �¥á«®¦­ë¬ á«¥¤áâ¢¨¥¬ â¥®à¥¬ë 1.3
ï¢«ï¥âáï á¥¯ à ¡¥«ì­®áâì G.

� ¬¥â¨¬, çâ® á¥¯ à ¡¥«ì­®áâì G1;1;(2);�0 ¬®¦¥â ¡ëâì ¢ë¢¥¤¥­  ¨ ª ª á«¥¤áâ¢¨¥ ¨§®¬¥âà¨¨
G1;1;(2);�0 ¨ ­¥ª®â®à®£® ¯®¤¯à®áâà ­áâ¢  ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà ­áâ¢¥ W 1

2 (
)�W 1
2 (S) ¨«¨ ¤ ¦¥

¢
W 1

2 (
)�W 1
2 (S1)� � � � �W 1

2 (Sr�):

�p®¬¥ â®£®, ¤«ï £¨«ì¡¥àâ®¢  ¯à®áâà ­áâ¢  G � G1;1;(2);�0 ¨¬¥¥¬

kukG �
�
(jruj2; 1)0;
 +

r�X
r=1

(jDsuj
2; 1)0;Sr

�1=2
: (1.22)

�®¤ç¥àª­¥¬, çâ® (1.22) á®¤¥à¦¨â  ­ «®£ ­¥à ¢¥­áâ¢  �ã ­ª à¥-�â¥ª«®¢  á ªà ¥¢ë¬ ãá«®¢¨¥¬
�¨à¨å«¥ ¢ ª®­¥ç­®¬ ­ ¡®à¥ â®ç¥ª.

�¥ ®ç¥­ì á«®¦­® ­  ®á­®¢¥ áâ ­¤ pâ­ëå ªãá®ç­® £« ¤ª¨å § ¬¥­ ¯¥p¥¬¥­­ëå (á¬. [2],[3])
p áá¬®âp¥âì á«ãç ©, ª®£¤  ª ª¨¥-â® Sr ï¢«ïîâáï £« ¤ª¨¬¨ ¤ã£ ¬¨ ¨«¨ ¤ ¦¥ § ¬ª­ãâë¬¨ ªp¨-
¢ë¬¨ (¢ ¦­® â®«ìª®, çâ®¡ë ¢ â®çª å ¯¥à¥á¥ç¥­¨ï ¤ã£ ­¥ ¢®§­¨ª «® ­ã«¥¢ëå ã£«®¢). �®§¬®¦¥­
¨ á«ãç ©, ª®£¤  Sr � 
.

2. � p¨ æ¨®­­ë¥ § ¤ ç¨ ¢ ãá¨«¥­­ëå ¯à®áâà ­áâ¢ å �®¡®«¥¢ 

2.1. �p ¥¢ë¥ § ¤ ç¨ ¨ ¢ p¨ æ¨®­­ë¥ ­¥p ¢¥­áâ¢ . �áî¤ã ­¨¦¥ ¨¬¥¥¬ ¤¥«® â®«ìª® á £¨«ì-
¡¥pâ®¢ë¬¨ ¯p®áâp ­áâ¢ ¬¨ G; l 2 G� (l ¥áâì «¨­¥©­ë© ¨ ®£p ­¨ç¥­­ë© äã­ªæ¨®­ « ­ ¤ G);
bL(u; v) ®¡®§­ ç ¥â ¡¨«¨­¥©­ãî ä®p¬ã ­ ¤ G�G ¨ ¬ë ¨á¯®«ì§ã¥¬ ãá«®¢¨ï, ¯p¨ ª®â®pëå ¬®¦-
­® ¯®ª § âì, çâ® bL(u; v) ®£p ­¨ç¥­  ¨ á¨¬¬¥âp¨ç­  ¨ çâ® ª¢ ¤p â¨ç­ ï ä®p¬  bL(v; v) � �I2(v)
¯®«®¦¨â¥«ì­® ®¯p¥¤¥«¥­ , â.¥. áãé¥áâ¢ã¥â �0 > 0 â ª®¥, çâ®

�I2(v) � �0kvk
2
G 8v 2 G: (2.1)

�p¨ â ª¨å ãá«®¢¨ïå ª« áá¨ç¥áª ï § ¤ ç  ®âëáª ­¨ï

u = arg min
v2G

[ �I2(v)� 2l(v)] (2.2)

ï¢«ï¥âáï ª®pp¥ªâ­®© (á¬., ­ ¯p., [2]{[5], [15]).
� ç­¥¬ á p áá¬®âp¥­¨ï G � G1;1;(2);�0 ¨§ â¥®p¥¬ë 1.4 ¨

�I2(v) � I2(v) +
r�X
r=1

Z
Sr

c(1)r (Dsv)2ds+
j�X
j=1

c
(0)
j (v(A�

j ))
2; (2.3)

I2(v) �
r0X
i=1

c(2)i (1; jrvj2)0;Pi ; (2.4)

£¤¥ ¢á¥ c(r)i áãâì ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë ¨ A�
j 2 S; j 2 [1; j�] (®¡®¡é¥­¨ï ­  á«ãç © ¯¥p¥¬¥­­ëå

ª®íää¨æ¨¥­â®¢ ¤®áâ â®ç­® ¯p®§p ç­ë).
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�¥®à¥¬  2.1. �à¨ G � G1;1;(2);�0 ¢ p¨ æ¨®­­ ï § ¤ ç  (2.2){(2.4) ª®pp¥ªâ­ .

�®ª § â¥«ìáâ¢®. �£p ­¨ç¥­­®áâì ¨ ¯®«®¦¨â¥«ì­ ï ®¯p¥¤¥«¥­­®áâì ª¢ ¤p â¨ç­®© ä®p¬ë
á«¥¤ãîâ ¨§ (2.3), (2.4) ¨ ãá«®¢¨©, ­ «®¦¥­­ëå ­  ¯®áâ®ï­­ë¥ ª®íää¨æ¨¥­âë.

�¥®p¥¬  2.1 ®§­ ç ¥â, çâ® ¤«ï ¯®¤®¡­ëå § ¤ ç ªp ¥¢®¥ ãá«®¢¨¥ �¨p¨å«¥ ¬®¦¥â áâ ¢¨âìáï
¤ ¦¥ ¢ ®â¤¥«ì­ëå â®çª å Ai 2 S ¨ ­¥ ®¡ï§ ­­ëå ¡ëâì £p ­¨ç­ë¬¨ ¤«ï ¨áå®¤­®© ®¡« áâ¨;
¢ â®çª å �1 � � n �0 ¬®¦­® £®¢®p¨âì ®¡ ¨á¯®«ì§®¢ ­¨¨ ¥áâ¥áâ¢¥­­®£® ªp ¥¢®£® ãá«®¢¨ï â¨¯ 
�¥©¬ ­ , ®¯p¥¤¥«ï¥¬®£® â ª¦¥ ¨ ¢¨¤®¬ äã­ªæ¨®­ «  l. � ª ç¥áâ¢¥ ¤®¯ãáâ¨¬®£® ¯p¨¬¥p  ¬®¦­®
¢§ïâì

l(v) � (f0; v)0;
 +
2X
i=1

(fi;Div)0;
 + (g; v)0;�1 +

+
r�X
r=1

(dr; v)0;Sr +
r�X
r=1

(er;Dsv)0;Sr +
j�X
j=1

d
(0)
j v(A�

j );

£¤¥ fi 2 L2(
); i 2 [0; 2]; g 2 L2(�1); dr 2 L2(Sr); er 2 L2(Sr); r 2 [1; r�]:
�ã­ªæ¨®­ « �I2(v) ¬®¦¥â á®¤¥p¦ âì â ª¦¥ á« £ ¥¬®¥ â¨¯  c�1 jvj

2
0;�1

c c�1 > 0:

� á«ãç ¥ �1 = ; ¨ ¢á¥å ­ã«¥¢ëå ª®íää¨æ¨¥­â®¢ c(0)j ¢ (2.3) ¬®¦¥â ¡ëâì ¯®«¥§¥­ (¤«ï ®¡¥á¯¥-
ç¥­¨ï (2.1)) ¢ë¡®p ¯®¤¯p®áâp ­áâ¢  ¢ G1;1;(2); á®áâ®ïé¥£® ¨§ äã­ªæ¨©, ®pâ®£®­ «ì­ëå ª 1.

�¥®à¥¬  2.2. � p¨ æ¨®­­ ï § ¤ ç , ®â«¨ç îé ïáï ®â § ¤ ç¨ ¨§ â¥®p¥¬ë 2.1 â¥¬, çâ®

¬¨­¨¬¨§ æ¨ï ¢ (2.2) ¯p®¨§¢®¤¨âáï ­¥ ¯® ¢á¥¬ v 2 G,   «¨èì ¯® v 2W � G á ãá«®¢¨ï¬¨

v(x) � 0 (2.5)

¤«ï ¯®çâ¨ ¢á¥å x 2 
 ¨ ¤«ï ¢á¥å x ­  ª ¦¤®¬ Sr; ª®pp¥ªâ­ .

�®ª § â¥«ìáâ¢®. �¥á«®¦­® ¯p®¢¥p¨âì, çâ® W ¥áâì ­¥¯ãáâ®¥, ¢ë¯ãª«®¥ ¨ § ¬ª­ãâ®¥ ¬­®-
¦¥áâ¢® ¢ G. �®íâ®¬ã ¯p¨¬¥­¨¬  ª« áá¨ç¥áª ï â¥®p¨ï ¢ p¨ æ¨®­­ëå ­¥p ¢¥­áâ¢ (á¬. [2], [3],
[15]).

�¥£ª® ¯®ª § âì, çâ® ¢¬¥áâ® ãá«®¢¨© (2.5) ¬®¦­® ¤ ¦¥ áâ ¢¨âì ãá«®¢¨ï â¨¯  u(Ai) � 0;
Ai 2 S; i 2 [1; i�]:

2.2. � p¨ æ¨®­­ë¥ § ¤ ç¨ ­  á®áâ ¢­ëå ¬­®£®®¡p §¨ïå. �p¨¢¥¤¥­­ë¥ § ¤ ç¨ ¬®¦­® p á-
á¬ âp¨¢ âì ª ª ¯p®áâ¥©è¨¥ ¯p¨¬¥pë ª®pp¥ªâ­ëå ¢ p¨ æ¨®­­ëå § ¤ ç ­  á®áâ ¢­ëå ¬­®£®®¡-
p §¨ïå, ¢ª«îç îé¨å ®â­®á¨â¥«ì­® ¯p®áâë¥ ¤¢ã¬¥p­ë¥ ¨ ®¤­®¬¥p­ë¥ ¡«®ª¨ (¯«®áª ï § ¬ª­ã-
â ï ®¡« áâì 
 ¢ëáâã¯ «  ¢ p®«¨ ¤¢ã¬¥p­®£® ¡«®ª ,   ®¤­®¬¥p­ë¥ ¡«®ª¨ ®¯p¥¤¥«ï«¨áì á¨áâ¥¬®©
áâ¥p¦­¥© Sr):

� ª ç¥áâ¢¥ ¤pã£®£® ¯p¨¬¥p  p áá¬®âp¨¬ ¬­®£®®¡p §¨¥

U (2) � F [E; F � [6
i=1Fi; E � [12

j=1Ej ; (2.6)

£¤¥ Fi, i 2 [1; 6], áãâì £p ­¨ ªã¡  Q � [0; 1]3;   Ej , j 2 [1; 12], | ¥£® p¥¡p .
� ¯p®áâp ­áâ¢¥ �®¡®«¥¢  W 1

2 (F ) � V á ª¢ ¤p â®¬ ­®p¬ë

kvk2V �
6X
i=1

kvk2W 1
2
(Fi)

p áá¬®âp¨¬ ¬­®¦¥áâ¢® â ª¨å äã­ªæ¨©, çâ® ¨å á«¥¤ë ­  ª ¦¤®¬ p¥¡p¥ Ej ï¢«ïîâáï í«¥¬¥­â ¬¨
W 1

2 (Ej). �â® ¯®¤¬­®¦¥áâ¢® ï¢«ï¥âáï ¯p¥¤£¨«ì¡¥pâ®¢ë¬ ¯p®áâp ­áâ¢®¬ G � G(U (2)) á

kvk2G(U(2)) � kvk2V +
12X
j=1

kvk2W 1
2 (Ej)

:
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�¥®à¥¬  2.3. �p®áâp ­áâ¢® G � G(U (2)) ï¢«ï¥âáï £¨«ì¡¥àâ®¢ë¬ ¯à®áâà ­áâ¢®¬; á«¥¤ë

­  E í«¥¬¥­â®¢ ¨§ G ï¢«ïîâáï ­¥¯p¥pë¢­ë¬¨ äã­ªæ¨ï¬¨.

�®ª § â¥«ìáâ¢®. �p®áâp ­áâ¢® G ¬®¦­® ®â®¦¤¥áâ¢¨âì á ¯®¤¬­®¦¥áâ¢®¬ ¢ £¨«ì¡¥àâ®¢®¬
¯à®áâà ­áâ¢¥

~G �
6Y
i=1

W 1
2 (Fi)�

12Y
j=1

W 1
2 (Ej); (2.7)

®¯p¥¤¥«ï¥¬®¬ ãá«®¢¨ï¬¨ áª«¥©ª¨: ¥á«¨ ª ª®¥-â® p¥¡p® Ej ¯p¨­ ¤«¥¦¨â ¤¢ã¬ £p ­ï¬, ­ ¯p¨¬¥à,
Fi1 ¨ Fi2 ;, â® âp¥¡ã¥âáï, çâ®¡ë

TrW 1
2 (Fi1 )7!L2(Ej) u = TrW 1

2 (Fi2 )7!L2(Ej) u = TrW 1
2 (Ej)7!L2(Ej) u: (2.8)

�¥á«®¦­® ¯p®¢¥p¨âì, çâ® ãá«®¢¨ï (2.8) p ¢­®á¨«ì­ë ãá«®¢¨ï¬ ¯p¨­ ¤«¥¦­®áâ¨ u ¯¥p¥á¥ç¥­¨î
ï¤¥p ­¥áª®«ìª¨å ®£p ­¨ç¥­­ëå ®¯¥p â®p®¢ ¨§ L( ~G;L2(Ej)): �®íâ®¬ã ãá«®¢¨ï (2.8) ®¯p¥¤¥«ïîâ
¯®¤¯p®áâp ­áâ¢® ¢ ~G (á¬. (2.7)). �«¥¤®¢ â¥«ì­®, G| £¨«ì¡¥pâ®¢® ¯p®áâp ­áâ¢®. �®ª § â¥«ìáâ¢®
­¥¯p¥pë¢­®áâ¨ á«¥¤®¢ ­  ®¤­®¬¥p­®¬ ¬­®£®®¡p §¨¨ E ¯®çâ¨ â ª®¥ ¦¥, ª ª ¤«ï â¥®p¥¬ë 1.2.

�®çâ¨ ®ç¥¢¨¤­  ª®àà¥ªâ­®áâì § ¤ ç¨ (2.2) á �I2(v) � kvk2G ¢ ¯p®áâp ­áâ¢¥ G ¨§ â¥®p¥¬ë 2.3
¨«¨ ¥£® ¯®¤¯p®áâp ­áâ¢¥ G(U (2);�0), ®¯p¥¤¥«ï¥¬®¬ ãá«®¢¨ï¬¨ (1.2) á fAig � E:

� áá¬®âp¨¬ á®áâ ¢­®¥ ¬­®£®®¡p §¨¥

U (2);� � F [E�; F � [6
i=1Fi; E� � [12

j=1E
�
j ;

®â«¨ç îé¥¥áï ®â U (2) ¨§ (2.6) â¥¬, çâ® ¢¬¥áâ® p¥¡¥p Ej ¡¥pãâáï ­¥ª®â®pë¥ ¯pï¬®«¨­¥©­ë¥
®âp¥§ª¨, á®¤¥p¦ é¨¥ ãª § ­­ë¥ p¥¡p  ª ª á¢®¨ ç áâ¨.

�®¢®¥ ¯p¥¤£¨«ì¡¥pâ®¢® ¯p®áâp ­áâ¢® G � G(U (2);�) á

kvk2G(U(2);� ) � kvk2V +
12X
j=1

kvk2W 1
2 (E

�

j
)

¬®¦­® á¢ï§ âì á ¯p®¤®«¦¥­¨ï¬¨ í«¥¬¥­â®¢ ¨§ G(U (2)) (á¬. â¥®p¥¬ã 2.3) ¨«¨ ¦¥ á ¯®¤¯p®áâp ­-
áâ¢®¬ ¢ £¨«ì¡¥pâ®¢®¬ ¯p®áâp ­áâ¢¥

~G �
6Y
i=1

W 1
2 (Fi)�

12Y
j=1

W 1
2 (E

�
j )

(á¬. (2.7)). �®íâ®¬ã á¯p ¢¥¤«¨¢ 

�¥®à¥¬  2.4. �p®áâp ­áâ¢® G � G(U (2);�) ï¢«ï¥âáï £¨«ì¡¥àâ®¢ë¬ ¯à®áâà ­áâ¢®¬ ¨ á«¥-

¤ë ­  E� í«¥¬¥­â®¢ ¨§ G ï¢«ïîâáï ­¥¯p¥pë¢­ë¬¨ äã­ªæ¨ï¬¨. �®àà¥ªâ­ë § ¤ ç¨ (2.2) ¢

¯p®áâp ­áâ¢¥ G ¨«¨ ¥£® ¯®¤¯p®áâp ­áâ¢¥ G(U (2);�;�0); ®¯p¥¤¥«ï¥¬®¬ ãá«®¢¨ï¬¨ (1.2) á fAig �
E�, ¯p¨ç¥¬

�I2(v) �
6X
i

c
(2)
i (1; jrvj2)0;Fi +

12X
j=1

Z
E�

j

c
(1)
j (Dsv)

2ds;

£¤¥ ¢á¥ ª®íää¨æ¨¥­âë áãâì ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë,   ¤¢ã¬¥p­ë© ®¯¥p â®p r á¢ï§ ­ á

á®®â¢¥âáâ¢ãîé¨¬¨ ¤¥ª pâ®¢ë¬¨ ª®®p¤¨­ â ¬¨ ­  ãª § ­­®© £p ­¨.

� ¯p¨¢¥¤¥­­ëå ¯p¨¬¥p å ¢®¯p®á ®¡  ¯¯p®ªá¨¬ æ¨¨ G(U (2)) ¨ G(U (2);�);   â ª¦¥ ¨å ¯®¤-
¯p®áâp ­áâ¢ p¥è ¥âáï ¯®çâ¨ â ª ¦¥, ª ª ¢ «¥¬¬¥ 1.2 ¨ â¥®p¥¬¥ 1.3, ¥á«¨ ¨á¯®«ì§®¢ âì ¯®¤å®-
¤ïé¨¥ âp¨ ­£ã«ïæ¨¨ ¤«ï £p ­¥©,   ­  ®âp¥§ª å Ej ¨ E�

j | á®£« á®¢ ­­ë¥ á ­¨¬¨ ®¤­®¬¥p­ë¥
á¥âª¨. � ç áâ­®áâ¨, ¤«ï u 2 G(U (2);�) ¢ ã§« å á¥âª¨ Ai =2 E� á«¥¤ã¥â ¯p¨¬¥­ïâì ä®p¬ã«ë â¨¯ 
(1.8) á J; ¯ à ««¥«ì­ë¬ ®¤­®© ¨§ áâ®à®­ í«¥¬¥­â à­®£® âà¥ã£®«ì­¨ª  á ¢¥àè¨­®© Ai; ¤«ï â®ç¥ª
Ai 2 E�

r ; ­¥ ï¢«ïîé¨åáï ¢¥pè¨­ ¬¨ ªã¡  Q; áç¨â ¥¬ J � E�
r ; ¥á«¨ ¦¥ Ai ï¢«ï¥âáï ¢¥pè¨­®©
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ªã¡ , â® ¨á¯®«ì§ã¥¬ (1.9) á k = 3 ¨ ®¤­®¬¥à­ë¬¨ ãáà¥¤­¥­¨ï¬¨ ¯® �â¥ª«®¢ã ¯® á®®â¢¥âáâ¢ãî-
é¨¬ p¥¡p ¬; ¯® ¯®«ãç¥­­ë¬ §­ ç¥­¨ï¬ Ihu(Ai) ®¯à¥¤¥«ï¥âáï ­¥¯p¥pë¢­ ï ­  U (2);� ¨ «¨­¥©­ ï
­  ª ¦¤®© ïç¥©ª¥ âp¥ã£®«ì­®-®¤­®¬¥p­®© á¥âª¨ äã­ªæ¨ï ûh � Ihu. �®£¤  á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2.5. �«ï u 2 G(U (2);�) � G ¨ ãª § ­­®£® ¢ëè¥ ®¯¥à â®à  Ih á¯p ¢¥¤«¨¢ë à ¢¥­-

áâ¢  (1.16).

� ª ¯p¨¬¥p âp¥å¬¥p­®£® á®áâ ¢­®£® ¬­®£®®¡p §¨ï p áá¬®âp¨¬

U (3) � Q [ F [E:

� ¯p®áâp ­áâ¢¥ W 1
2 (Q) ¢ë¤¥«¨¬ ¬­®¦¥áâ¢® äã­ªæ¨© â ª¨å, çâ® ¨å á«¥¤ë ­  F ï¢«ïîâ-

áï í«¥¬¥­â ¬¨ £¨«ì¡¥pâ®¢  ¯p®áâp ­áâ¢  G(U (2)) ¨§ â¥®p¥¬ë 2.3 (â®ç­¥¥, á«¥¤ë ­  F ¯à¨­ ¤-
«¥¦ â W 1

2 (F );   á«¥¤ë ­  à¥¡à å Ej ¤«ï ãª § ­­ëå í«¥¬¥­â®¢ ¨§ W 1
2 (F ) ï¢«ïîâáï í«¥¬¥­â ¬¨

®¤­®¬¥à­ëå ¯à®áâà ­áâ¢ W 1
2 (Ej)): �â® ¬­®¦¥áâ¢® ï¢«ï¥âáï ¯p¥¤£¨«ì¡¥pâ®¢ë¬ ¯p®áâp ­áâ¢®¬

G � G(U (3)) á

kvk2G(U(3)) � kvk2W 1
2 (Q)

+ kvk2G(U(2)): (2.9)

�  ®á­®¢¥ ¤®ª § â¥«ìáâ¢  â¥®p¥¬ë 2.3 ¬®¦­® ã¡¥¤¨âìáï, çâ® á¯p ¢¥¤«¨¢ 

�¥®à¥¬  2.6. G(U (3)) � G (á¬. (2.9)) ï¢«ï¥âáï £¨«ì¡¥àâ®¢ë¬ ¯à®áâà ­áâ¢®¬ ¨ á«¥¤ë ­ 

E í«¥¬¥­â®¢ ¨§ G ï¢«ïîâáï ­¥¯p¥pë¢­ë¬¨ äã­ªæ¨ï¬¨; ¢ íâ®¬ ¯p®áâp ­áâ¢¥ ¨«¨ ¥£® ¯®¤-

¯p®áâp ­áâ¢¥ G(U (3);�0), ®¯p¥¤¥«ï¥¬®¬ ãá«®¢¨ï¬¨ (1.2) á fAig � E, § ¤ ç¨ (2.2) á

�I2(v) � c(3)(1; jr(3)vj2)0;Q +
6X
i=1

c
(2)
i (1; jrvj2)0;Fi +

12X
j=1

Z
Ej

c
(1)
j (Dsv)

2ds; (2.10)

£¤¥ ¢á¥ ª®íää¨æ¨¥­âë áãâì ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë,   âp¥å¬¥p­ë© ®¯¥p â®p r(3) á¢ï§ ­

á ¨áå®¤­ë¬¨ ¤¥ª pâ®¢ë¬¨ ª®®p¤¨­ â ¬¨ ¢ R3 ; ª®pp¥ªâ­ë.

�ç¥¢¨¤­®, çâ® ¯p¨ § ¬¥­¥ G(U (2)) ­  W 1
2 (F ) (á¬. (2.9)) ¯®«ãç ¥âáï ¡®«¥¥ ¯p®áâ®© á«ãç ©,

¤«ï ª®â®p®£®

kvk2G(U(3)) � kvk2W 1
2 (Q)

+ kvk2W 1
2 (F )

(2.11)

¨ ¢ (2.10) á«¥¤ã¥â ¡p âì ¢á¥ c
(1)
j p ¢­ë¬¨ ­ã«î (á«ãç © (2.11) ¢ ¯à¨¬¥­¥­¨¨ ª § ¤ ç ¬ â¨¯ 

�â®ªá  ¤«ï ¡®«¥¥ á«®¦­ëå Q ¯à¥¤áâ ¢«ï¥â ¨­â¥à¥á ¯à¨ à¥è¥­¨¨ ­¥ª®â®àëå § ¤ ç £¨¤à®¤¨­ -
¬¨ª¨).

�â¬¥â¨¬ â ª¦¥, çâ® «î¡ ï ¨§ p áá¬®âp¥­­ëå § ¤ ç (ªp®¬¥ § ¤ ç, á¢ï§ ­­ëå á ¢ p¨ æ¨®­-
­ë¬¨ ­¥p ¢¥­áâ¢ ¬¨) p ¢­®á¨«ì­  ª®pp¥ªâ­®¬ã ®¯¥p â®p­®¬ã ãp ¢­¥­¨î

Lu = f

¢ á®®â¢¥âáâ¢ãîé¥¬ £¨«ì¡¥pâ®¢®¬ ¯p®áâp ­áâ¢¥ G á á¨¬¬¥âp¨ç­ë¬ ¨ ¯®«®¦¨â¥«ì­® ®¯p¥¤¥«¥­-
­ë¬ ®¯¥p â®p®¬ L â ª¨¬, çâ®

(Lu; v)G = bL(u; v); (Lv; v)G = �I2(v) 8u 2 G; 8v 2 G

(á¬. (2.1)). �®§¬®¦­ë ¯p¨¬¥pë ¡®«¥¥ ®¡é¨å ª®pp¥ªâ­ëå § ¤ ç ¢ G:
2.3. �¯¥ªâp «ì­ë¥ § ¤ ç¨. �£à ­¨ç¨¬áï ®¯¥à â®à­ë¬¨ § ¤ ç ¬¨

Mu = �Lu (2.12)
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á ãª § ­­ë¬ ¢ëè¥ L ¨ á¨¬¬¥âp¨ç­ë¬ ª®¬¯ ªâ­ë¬ ®¯¥p â®p®¬ M (¤«ï â ª¨å § ¤ ç ¢ G ¯p¨-
¬¥­¨¬  â¥®p¥¬  �¨«ì¡¥pâ -�¬¨¤â  (á¬. [2]{[4], [13])). � ¯p¨¬¥p, ¢ á«ãç ¥ G ¨§ â¥®à¥¬ë 2.1 ¨
�I2(v) ¨§ (2.3) ®¯¥à â®à M ¬®¦­® ¢§ïâì â ª¨¬, çâ®

(Mv; v)G = �(2)jvj20;
 +
j�X
j=1

�(0)
j (v(A�

j ))
2; A�

j 2 S; j 2 [1; j�]:

�â¬¥â¨¬, çâ® ¯à¨ ­ «¨ç¨¨ á¨¬¬¥âà¨¨, ­ ¯à¨¬¥à, ®â­®á¨â¥«ì­® ®á¨ x1; ¬®¦­® ¤®ª § âì ¨ â¥®-
à¥¬ë ®¡ ®àâ®­®à¬¨à®¢ ­­ëå (¢ á¬ëá«¥ (u; v)G(L) � bL(u; v)) ¡ §¨á å, á®áâ®ïé¨å ¨§ á®¡áâ¢¥­­ëå
äã­ªæ¨© § ¤ ç¨ (2.12), ª ¦¤ ï ¨§ ª®â®àëå ï¢«ï¥âáï ç¥â­®© ¨«¨ ­¥ç¥â­®© äã­ªæ¨¥© ®â­®á¨-
â¥«ì­® x2 ([3]).

2.4. �®§¬®¦­ë¥ ®¡®¡é¥­¨ï. �®¯à®á ®¡  ¯¯à®ªá¨¬ æ¨¨ àï¤  ã¯®¬ï­ãâëå ¯à®áâà ­áâ¢ (­ ¯à.,
G(U (3))) ¡®«¥¥ á«®¦¥­, ç¥¬ à áá¬®âà¥­­ë© ¢ «¥¬¬ å 1.1, 1.2 ¨ â¥®à¥¬¥ 1.3, ­® ¢ æ¥«®¬ ­¥¡å®¤¨-
¬ë¥ ¯®áâà®¥­¨ï ¯®å®¦¨ ­  ¯à¨¢¥¤¥­­ë¥. � ¬­®£® ¡®«¥¥ âàã¤¥­ â®â ¦¥ ¢®¯à®á ¢ ¯à¨¬¥­¥­¨¨ ª
ãá¨«¥­­ë¬ ¯à®áâà ­áâ¢ ¬ �®¡®«¥¢ , ¯®áâà®¥­­ë¬ ­  ¡ §¥ ¯à®áâà ­áâ¢  W �W 2

2 (
) á

(w;w0)W 2
2 (
)

�
X
j�j�2

(D�w;D�w0)0;


¨«¨ ¥£® ¯®¤¯à®áâà ­áâ¢, ­ ¯à¨¬¥à, â¨¯ 
�

W 2
2(
); á®áâ®ïé¥£® ¨§ äã­ªæ¨©, ®¡à é îé¨åáï ¢ ­ã«ì

­  � ¢¬¥áâ¥ á ¯à®¨§¢®¤­ë¬¨ ¯¥à¢®£® ¯®àï¤ª . �ç¨âë¢ ï ¥é¥ ¢®§¬®¦­®áâì ®¡®©â¨ íâ®â ¢®¯à®á
§  áç¥â á¢¥¤¥­¨ï ¨áå®¤­ëå § ¤ ç ª á¨áâ¥¬ ¬ â¨¯  �â®ªá  (á¬. [3]), ®£à ­¨ç¨¬áï ¯à®áâ¥©è¨¬¨
¯à¨¬¥à ¬¨ ª®àà¥ªâ­ëå ¢ à¨ æ¨®­­ëå § ¤ ç, à®¤áâ¢¥­­ëå à áá¬®âà¥­­ë¬ ¢ [6], [7] ¨ ¨¬¥îé¨å
¡®«ìè®¥ ¯à¨ª« ¤­®¥ §­ ç¥­¨¥.

�ãáâì, ª ª ¢ â¥®à¥¬¥ 1.1, s ¨ n � ~n ®¡®§­ ç îâ «®ª «ì­ë¥ ¯ à ¬¥âà ¤ã£¨ ¨ ¥¤¨­¨ç­ë©
¢¥ªâ®à ­®à¬ «¨ ¯® ®â­®è¥­¨î ª Sr; r 2 [1; r�], á®®â¢¥âáâ¢¥­­®. �¯à¥¤¥«¨¬ G2 � G2;2;(2) ª ª
¯®¤¬­®¦¥áâ¢® äã­ªæ¨© w 2 W 2

2 (
) â ª¨å, çâ® á«¥¤ë ¯à®¨§¢®¤­ëå Dsw ¨ Dnw ­  ª ¦¤®¬ Sr
¯à¨­ ¤«¥¦ âW 1

2 (Sr); r 2 [1; r�], | ãª § ­­ë¥ ¯à®¨§¢®¤­ë¥ áãâì í«¥¬¥­âëW 1
2 (
) ¨ ¨¬¥îâ á«¥¤ë

¢ á¬ëá«¥ ª ¦¤®£® L2(Sr): �¢¥¤¥¬ ¢ G2 áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥

(w;w0)G2
� (w;w0)W 2

2 (
)
+

r�X
r=1

[(D2
sw;D

2
sw

0)0;Sr + (DsDnw;DsDnw
0)0;Sr ]: (2.13)

�¥®à¥¬  2.7. G2 (á¬. (2.13)) ï¢«ï¥âáï £¨«ì¡¥àâ®¢ë¬ ¯à®áâà ­áâ¢®¬ ¨ á«¥¤ë D1w ¨ D2w
­  S ¤«ï w 2 G ï¢«ïîâáï ­¥¯p¥pë¢­ë¬¨ äã­ªæ¨ï¬¨.

�®ª § â¥«ìáâ¢®. �ãáâì ~s � ~sr � [cos�r; sin�r] ®¯à¥¤¥«ï¥â ­ ¯à ¢«¥­¨¥ áâà¨­£¥à  Sr,
r 2 [1; r�]: �®£¤  ­  ­¥¬

Dsw = cos�rD1w + sin�rD2w; Dnw = � sin�rD1w + cos�rD2w

(íâ¨ ä®à¬ã«ë ¢¥à­ë ¤«ï á®®â¢¥âáâ¢ãîé¨å á«¥¤®¢). �®íâ®¬ã ­  ª ¦¤®¬ Sr ¨¬¥¥¬

kD2
swk

2
0;Sr

+ kDsDnwk
2
0;Sr

� kDsD1wk
2
0;Sr

+ kDsD2wk
2
0;Sr

¨ G2 á®¢¯ ¤ ¥â á ¯®¤¬­®¦¥áâ¢®¬ äã­ªæ¨© w 2W 2
2 (
) â ª¨å, çâ® á«¥¤ë ¯à®¨§¢®¤­ëå D1w ¨ D2w

­  ª ¦¤®¬ Sr ¯à¨­ ¤«¥¦ â W 1
2 (Sr): �á«¨ â¥¯¥àì ¢¢¥áâ¨ íª¢¨¢ «¥­â­ãî ­®à¬ã á

kwk2 � kwk2W 2
2 (
)

+ 2jwj20;S +
r�X
r=1

[jDsD1wj
2
0;Sr

+ jDsD2wj
2
0;Sr

];

â® ¯®«ãç ¥¬®¥ ¯à¥¤£¨«ì¡¥àâ®¢® ¯à®áâà ­áâ¢® ¡ã¤¥â ¨§®¬¥âà¨ç­® ¯®¤¬­®¦¥áâ¢ã ¢ £¨«ì¡¥àâ®¢®¬
¯à®áâà ­áâ¢¥

~G �W 2
2 (
)�

r�Y
r=1

W 1
2 (Sr)�

r�Y
r=1

W 1
2 (Sr);
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í«¥¬¥­âë ª®â®à®£® ~w � [w; u1; : : : ; ur� ; v1; : : : ; vr� ] ®¯p¥¤¥«ïîâáï ãá«®¢¨ï¬¨

TrW 1
2 (
) 7!L2(Sr) D1w = ur; TrW 1

2 (
)7!L2(Sr) D2w = vr; r 2 [1; r�]: (2.14)

�á«®¢¨ï (2.14) p ¢­®á¨«ì­ë ¯p¨­ ¤«¥¦­®áâ¨ ~w ¯¥p¥á¥ç¥­¨î ï¤¥p ­¥áª®«ìª¨å ®£p ­¨ç¥­­ëå
®¯¥p â®p®¢ ¨§ L( ~G;L2(Sr)) ¨ ®¯p¥¤¥«ïîâ ¯®¤¯p®áâp ­áâ¢® ¢ ~G: �®íâ®¬ã G | £¨«ì¡¥pâ®¢®
¯p®áâp ­áâ¢®. �®ª § â¥«ìáâ¢® ­¥¯p¥pë¢­®áâ¨ á«¥¤®¢ ­  ®¤­®¬¥p­®¬ ¬­®£®®¡p §¨¨ S ¯®çâ¨ â -
ª®¥ ¦¥, ª ª ¤«ï â¥®p¥¬ë 1.2.

�¥âàã¤­® ¬®¤¨ä¨æ¨à®¢ âì íâã â¥®à¥¬ã ­  á«ãç © ãá¨«¥­­ëå ¯®¤¯à®áâà ­áâ¢ ¢ W 2
2 (
) â¨¯ 

�

W 1
2(
): �®¤ç¥àª­¥¬, çâ® ¤«ï ¯®á«¥¤­¥£® á«ãç ï ¨ ¯®«ãç ¥¬®£® ¯à®áâà ­áâ¢ 

�

G2 ¥áâ¥áâ¢¥­­®

âà¥¡®¢ âì, çâ®¡ë á«¥¤ë ¤«ï w ­  Sr (á ª®­æ ¬¨ ­  �) ¯à¨­ ¤«¥¦ «¨
�

W 2
2(Sr); | íâ® á«¥¤ã¥â ¨§

­¥¯à¥àë¢­®áâ¨ w ­  
 ¨ ­¥¯à¥àë¢­®áâ¨ á«¥¤®¢ ¤«ï ¯¥à¢ëå ¯à®¨§¢®¤­ëå ­  S [ �.

�¥âàã¤­® ¯®ª § âì, ­ ¯à¨¬¥à, çâ® § ¤ ç  (2.2) á G �
�

G2 ¨

�I2(v) � I2(v) +
r�X
r=1

Z
Sr

[cr;1(D2
sv)

2 + cr;2(DsDnv)2]ds;

£¤¥ I2(v) � kvk2W 2
2 (
)

¨ ¢á¥ cr;i áãâì ¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë, ï¢«ï¥âáï ª®pp¥ªâ­®©; ¢®§¬®¦¥­
á«ãç ©, ª®£¤  ¢ (2.13) ®âáãâáâ¢ãîâ á« £ ¥¬ë¥ (DsDnw;DsDnw

0)0;Sr ¨ ¢á¥ cr;2 = 0:

3. �æ¥­ª¨ N-¯®¯¥à¥ç­¨ª®¢ ¤«ï ª®¬¯ ªâ®¢ ¢ ãá¨«¥­­ëå ¯à®áâà ­áâ¢ å

�®¡®«¥¢ 

�á¨«¥­­ë© ¢ à¨ ­â £¨¯®â¥§ë �®«¬®£®à®¢ -� å¢ «®¢  (®¡  á¨¬¯â®â¨ç¥áª¨ ®¯â¨¬ «ì­ëå
 «£®à¨â¬ å ¤«ï p¥è¥­¨ï í««¨¯â¨ç¥áª¨å § ¤ ç ¢ ª« áá¨ç¥áª¨å ¯à®áâà ­áâ¢ å �®¡®«¥¢  (á¬.
[2], [3])) á¢ï§ ­ á p áá¬®âp¥­¨¥¬ ª« áá  § ¤ ç, p¥è¥­¨ï ª®â®pëå ®¡p §ãîâ ª®¬¯ ªâë ¢ íâ¨å
¯p®áâp ­áâ¢ å, ¨ ®æ¥­ª ¬¨ N -¯®¯¥à¥ç­¨ª®¢ ¤«ï íâ¨å ª®¬¯ ªâ®¢. �®ç­® â ª ï ¦¥ á¨âã æ¨ï ¢®§-
­¨ª ¥â ¨ ¯p¨ p¥è¥­¨¨ p®¤áâ¢¥­­ëå § ¤ ç ¢ ãá¨«¥­­ëå ¯à®áâà ­áâ¢ å �®¡®«¥¢  ¨ ¨å ®¡®¡é¥­¨ïå
­  á®áâ ¢­ëå ¬­®£®®¡p §¨ïå.

3.1. �®¬¯ ªâë ¢ ãá¨«¥­­ëå ¯à®áâà ­áâ¢ å �®¡®«¥¢  ¨ ¨å ¯®¯¥p¥ç­¨ª¨. �p¥¤áâ ¢«ï¥âáï
¥áâ¥áâ¢¥­­ë¬ ¯p¥¤¯®« £ âì, çâ® p¥è¥­¨¥ § ¤ ç¨ (2.2) ¨§ â¥®p¥¬ë 2.1 ã¤®¢«¥â¢®pï¥â ãá«®¢¨ï¬

kukW 1+�
2 (Pi)

� K2;i; i 2 [1; r0]; (3.1)

kukW 1+�
2 (Sr)

� K1;r; r 2 [1; r�]; (3.2)

£¤¥ � > 0 ¨W 1+�
2 á®®â¢¥âáâ¢ã¥â ¯à®áâà ­áâ¢ã �®¡®«¥¢ -�«®¡®¤¥æª®£® (á¬. [1]{[4]; íâ® £¨«ì¡¥pâ®-

¢® ¯p®áâp ­áâ¢® ª®¬¯ ªâ­® ¢ª« ¤ë¢ ¥âáï ¢ ¯p®áâp ­áâ¢® L2).
�ã¤¥â ¯®«¥§­  (á¬. [2], [3]) ¯p®áâ ï

�¥¬¬  3.1. �ãáâì £¨«ì¡¥pâ®¢® ¯p®áâp ­áâ¢® H2 ª®¬¯ ªâ­® ¢«®¦¥­® ¢ £¨«ì¡¥pâ®¢® ¯p®á-

âp ­áâ¢® H1. �®£¤  «î¡®© è p BR � fu : kukH2
� Rg ¢ H2 ï¢«ï¥âáï ª®¬¯ ªâ®¬ ¢ H1.

� ¥¥ ¯®¬®éìî «¥£ª® ¯à®¢¥àï¥âáï

�¥®à¥¬  3.1. �ãáâì M ¥áâì ¬­®¦¥áâ¢® äã­ªæ¨© ¨§ G, ã¤®¢«¥â¢®pïîé¨å (3.1) ¨ (3.2).
�®£¤  M ¥áâì ª®¬¯ ªâ ¢ G.

�¡ëç­® N -¯®¯¥à¥ç­¨ª á¢ï§ë¢ ¥âáï á �N � min
GN

max
u2M

ku�Puk; £¤¥ GN | «î¡®¥ ¯®¤¯à®áâà ­-

áâ¢® G á dimGN � N ¨ P | ®àâ®¯à®¥ªâ®à ­  GN (á¬. [16]{[18]); ¬ë ¯à¥¤¯®ç¨â ¥¬ ¨á¯®«ì§®¢ âì
¯à¨ �N = "(N) ®¡à â­ãî äã­ªæ¨î N(";M) � N(") (" > 0 | â®ç­®áâì  ¯¯à®ªá¨¬ æ¨¨), ¤®ª §ë-
¢ ï, çâ®
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N(") � "�2=� : (3.3)

�¥®¡å®¤¨¬ ï ®æ¥­ª  á­¨§ã ¡ã¤¥â á«¥¤®¢ âì ¨§

�N [M ;G] � �0N
��=2; (3.4)

¯®«®¦¨â¥«ì­ë¥ ª®­áâ ­âë ®¡®§­ ç îâáï ç¥p¥§ � ¨«¨ K.
3.2. �á¯®¬®£ â¥«ì­ë¥ ®æ¥­ª¨. �p®áâë¥, ¯® áà ¢­¥­¨î á [1], [17], ¤®ª § â¥«ìáâ¢  á¢ï§ ­ë á

¯®¤¯p®áâp ­áâ¢ ¬¨ Sn ¨ S�n; á®áâ®ïé¨¬¨ ¨§ äã­ªæ¨© u =
Pn

k=1 akek ¨ u =
Pn

k=1 ake
�
k á®®â¢¥â-

áâ¢¥­­® á ek(x) � (2=a)1=2 sin[�kx=a]; e�k(x) � (2=a)1=2 cos[�kx=a] (ª ¦¤ ï ¨§ á¨áâ¥¬ ek(x) ¨ e�k(x)
®pâ®­®p¬¨p®¢ ­  ¢ L2(Q); £¤¥ Q � [0; a]; a > 0; ¨å ®¡ê¥¤¨­¥­¨¥ ¤ ¥â ®àâ®£®­ «ì­ãî á¨áâ¥¬ã ¢
L2([�a; a])):

�¥¬¬  3.2. �ãé¥áâ¢ã¥â ª®­áâ ­â  K � K(a; �), § ¢¨áïé ï «¨èì ®â a ¨ � 2 (0; 1), â -
ª ï, çâ® ¤«ï «î¡®£® u ¨§ ¯®¤¯p®áâp ­áâ¢  Sn ¨«¨ S�n á¯p ¢¥¤«¨¢  ®æ¥­ª 

juj2�;Q �
Z a

0

Z a

0

ju(x0)� u(x)j2

jx0 � xj1+2�
dxdx0 � K(a; �)

nX
k=1

a2kk
2�: (3.5)

�®ª § â¥«ìáâ¢®. �ãáâì u =
Pn

k=1 akek. �®£¤ 

X �
Z a

0

Z a

0

ju(x0)� u(x)j2

jx0 � xj1+2�
dx dx0 �

Z a

�a

Z a

�a

ju(x+ z)� u(x)j2

jzj1+2�
dx dz:

�ç¨âë¢ ï, çâ® ek(x) ¨ e�k(x) ®¡p §ãîâ ®pâ®£®­ «ì­ãî á¨áâ¥¬ã ¢ á¬ëá«¥ L2([�a; a]) ¨ § ¬¥ç ï,
çâ®

ek(x+ z)� ek(x) = �(1� cos[�kz=a])ek(x) + sin[�kz=a]e�k(x)

¨ (1� cos[�kz=a])2 + (sin[�kz=a])2 = 4(sin[�kz=(2a)])2 ; ¨¬¥¥¬

X � K

Z a

0

1
jzj1+2�

nX
k=1

a2k(sin[�kz=(2a)])
2dz =

nX
k=1

a2k�
2
k;

£¤¥

�2
k �

Z a

0

(sin[�kz=(2a)])2

z1+2�
dz =

(k�)2�

(2a)2�

Z k�=2

0

(sin t)2

t1+2�
dt � K1k

2�

Z 1

0

(sin t)2

t1+2�
dt � K2k

2�:

�®íâ®¬ã

X � K
nX

k=1

a2kk
2�:

�á«¨ ¦¥ u =
Pn

k=1 ake
�
k; â® ¤®áâ â®ç­® § ¬¥â¨âì, çâ®

e�k(x+ z)� e�k(x) = �(1� cos[�kz=a])e�k(x)� sin[�kz=a]ek(x);

¨ ¯p¨¬¥­¨âì â®â ¦¥ á ¬ë©  ­ «¨§.

�®å®¦¨¥ ®æ¥­ª¨, á¢ï§ë¢ îé¨¥ ¨­â¥£p «ì­ë¥ ­®p¬ë ¨ ­®p¬ë ¢ á¬ëá«¥ �¥©«ï, ¢áâp¥ç îâáï
¢ [17], [19].

�p¨ r > 1 ¡ã¤¥¬ ¨á¯®«ì§®¢ âì p §«®¦¥­¨¥ r = [r] + frg; £¤¥ [r] � 1 ¨ frg � � 2 [0; 1)
®¡®§­ ç îâ æ¥«ãî ¨ ¤à®¡­ãî ç áâ¨ r á®®â¢¥âáâ¢¥­­®.
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�¥¬¬  3.3. �ãáâì r � 1+� > 1 ¨ frg � � > 0: �ãé¥áâ¢ãîâ ª®­áâ ­âë K0(a; r) ¨ K1(a; r),
§ ¢¨áïé¨¥ «¨èì ®â a ¨ r ¨ â ª¨¥, çâ® ¤«ï «î¡®© äã­ªæ¨¨ u =

Pn
k=1 ukek 2 Sn á¯p ¢¥¤«¨¢ë

®æ¥­ª¨

kuk2r;Q � juj20;Q + jD[r]u(x)j20;Q +
Z a

0

Z a

0

jD[r]u(x0)�D[r]u(x)j2

jx0 � xj1+2frg
dx dx0 �

� K(a; r)
nX

k=1

u2k(1 + k2r); (3.6)

kuk21+�;Q � K1(a; r)n
2�kuk21;Q: (3.7)

�®ª § â¥«ìáâ¢®. �ãáâì u =
Pn

k=1 ukek 2 Sn. �®£¤  (¯p¨ ç¥â­®¬ ¨«¨ ­¥ç¥â­®¬ [r]) á¯p ¢¥¤-
«¨¢  ®¤­  ¨§ ä®p¬ã«

D[r]u =
nX

k=1

[�k=a][r](�1)[r=2]akek;D
[r]u =

nX
k=1

[�k=a][r](�1)[(r�1)=2]ake
�
k;

­®, ­¥§ ¢¨á¨¬® ®â ¯p¨­ ¤«¥¦­®áâ¨ D[r]u ª Sn ¨«¨ S�n; ¢á¥£¤ 

1
2
jD[r]uj20;[�a;a] = jD[r]uj20;Q =

nX
k=1

[�k=a]2[r]u2k:

�p®¬¥ â®£®, ¤«ï D[r]u ¯p¨¬¥­¨¬  ®æ¥­ª  (3.5) á frg ¢¬¥áâ® � ¨ a2k = [�k=a]2[r]u2k. �â® ¨ ¤ ¥â
­ã¦­®¥ ­¥p ¢¥­áâ¢® (3.6).

�«ï ¤®ª § â¥«ìáâ¢  (3.7) ­ ¤® ¨á¯®«ì§®¢ âì (3.6) ¨ ®ç¥¢¨¤­®¥ p ¢¥­áâ¢®

kuk21;Q =
nX

k=1

u2k(1 + [k�=a]2): �

� ¬¥â¨¬, çâ® á«ãç © frg � � = 0 ¯p¨¢®¤¨â ª ¡®«¥¥ ¯p®áâ®© ä®p¬¥ (3.6) ¨ ã¯p®é¥­¨î ¢
¤®ª § â¥«ìáâ¢¥.

� á«ãç ¥ ª¢ ¤p â  Q � [0; a]2; a > 0 ¨ ç¨á«  � 2 (0; 1) ã¤®¡­®, á«¥¤ãï � «ìïp¤®, ¯®« £ âì
(á¬. [1], [11])

juj2�;Q �
Z a

0

�Z a

0

Z a

0

ju(x01; x2)� u(x1; x2)j2

jx01 � x1j1+2�
dx1dx

0
1

�
dx2 +

+
Z a

0

�Z a

0

Z a

0

ju(x1; x02)� u(x1; x2)j2

jx02 � x2j1+2�
dx2dx

0
2

�
dx1: (3.8)

�ã¤ãâ ¯®«¥§­ë á«¥¤ãîé¨¥ ®àâ®­®à¬¨à®¢ ­­ë¥ ¢ L2(Q) á¨áâ¥¬ë äã­ªæ¨©:

fe~k(x) � ek1(x1)ek2(x2)g; fe�~k(x) � e�k1(x1)e
�
k2
(x2)g;

fe~k(x) � ek1(x1)e
�
k2
(x2)g; fe�~k(x) � e�k1(x1)ek2(x2)g

á ~k � [k1; k2] ¨ ks 2 [1; n]; s 2 [1; 2]: � ¬¥â¨¬, çâ® ¨å ®¡ê¥¤¨­¥­¨¥ ¤ ¥â ®àâ®£®­ «ì­ãî á¨áâ¥¬ã ¢
á¬ëá«¥ L2([�a; a]2);   ¤«ï ¯®«ãç¥­¨ï ®àâ®­®à¬¨à®¢ ­­®© á¨áâ¥¬ë ¢ íâ®¬ ¦¥ á¬ëá«¥ ¤®áâ â®ç­®
ª ¦¤ãî ¨§ ãª § ­­ëå äã­ªæ¨© ã¬­®¦¨âì ­  2�1.

�p¨ N � n2 p áá¬®âp¨¬ â ª¦¥ ¯®¤¯p®áâp ­áâ¢  p §¬¥p­®áâ¨ N; ­ âï­ãâë¥ ­  ãª § ­­ë¥
ç¥âëà¥ á¨áâ¥¬ë äã­ªæ¨© ¨ ®¡®§­ ç ¥¬ë¥ á®®â¢¥âáâ¢¥­­® ç¥p¥§ SN ; S�N ; SN ; S

�

N . �®íää¨æ¨¥­âë
p §«®¦¥­¨ï ¯® ãª § ­­ë¬ ¡ §¨á ¬ ¡ã¤¥¬ ®¡®§­ ç âì ç¥p¥§ u~k. � ¯p¨¬¥p, ¤«ï u 2 SN ¨¬¥¥¬
u =

P
~k u~ke~k; u~k = (u; e~k)0;Q:
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�¥¬¬  3.4. �ãé¥áâ¢ã¥â ª®­áâ ­â  K � K(a; �), § ¢¨áïé ï «¨èì ®â a ¨ � 2 (0; 1), â -
ª ï, çâ® ¤«ï «î¡®© äã­ªæ¨¨ u ¨§ ãª § ­­ëå ¯®¤¯p®áâp ­áâ¢ SN ; S

�
N ; SN ; S

�

N á¯p ¢¥¤«¨¢ 

®æ¥­ª 

juj2�;Q � K(a; �)
X
~k

u2~k
�
k2�1 + k2�2

�
: (3.9)

�®ª § â¥«ìáâ¢®. �¬¥¥¬

X1 �
Z a

0

�Z a

0

Z a

0

ju(x01; x2)� u(x1; x2)j2

jx01 � x1j1+2�
dx1dx

0
1

�
dx2 �

�
Z a

�a

�Z a

a

Z a

a

ju(x1 + z; x2)� u(x1; x2)j2

jzj1+2�
dx1dz

�
dx2:

�á«¨ u =
Pn

k1=1

Pn
k2=1

u~ke~k(x1; x2); â®, ª ª ¢ ¤®ª § â¥«ìáâ¢¥ «¥¬¬ë 3.2, ¯p¨¤¥¬ ª p §«®¦¥-
­¨ï¬ ¯® ®pâ®£®­ «ì­ë¬ ¡ §¨á ¬ ¯p®áâp ­áâ¢ SN ¨ S

�

N : �¥p¥áâ ¢«ïï ®¤­®ªp â­ë¥ ¨­â¥£p «ë ¨
ãç¨âë¢ ï ®pâ®£®­ «ì­®áâì SN ¨ S

�

N ; ¯®«ãç¨¬

X1 � K
nX

k1=1

nX
k2=1

u2~k

Z a

0

(sin[�k1z=(2a)])2

z1+2�
dz � K1(a; �)

X
~k

u2~kk
2�
1 :

�§ á®®¡p ¦¥­¨© á¨¬¬¥âp¨¨ ãáâ ­ ¢«¨¢ ¥âáï ®æ¥­ª  ¤«ï

X2 �
Z a

0

�Z a

0

Z a

0

ju(x1; x02)� u(x1; x2)j2

jx02 � x2j1+2�
dx2dx

0
2

�
dx1:

�¥¬ á ¬ë¬ ¬ë ¤®ª § «¨ (3.9) ¢ á«ãç ¥ ¯®¤¯p®áâp ­áâ¢  SN . �áâ ¢è¨¥áï á«ãç ¨ á®¢¥pè¥­­®
 ­ «®£¨ç­ë.

�¨¦¥ ¯p®¨§¢®¤­ë¥
@j
~�ju

@�1x1@�2x2
®¡®§­ ç îâáï ç¥p¥§ D~�u á ~� � [�1; �2] ¨ j~�j � �1 + �2:

�¥¬¬  3.5. �ãáâì r � 1+� > 1 ¨ frg � � > 0. �ãé¥áâ¢ãîâ ª®­áâ ­âë K0(a; r) ¨ K1(a; r),
§ ¢¨áïé¨¥ «¨èì ®â a ¨ r ¨ â ª¨¥, çâ® ¤«ï «î¡®© äã­ªæ¨¨ u 2 SN á¯p ¢¥¤«¨¢ë ®æ¥­ª¨

kuk2r;Q � juj20;Q +
X
j~�j=[r]

jD
~�uj2frg;Q � K(a; r)

X
~k

u2k(1 + k2r1 + k2r2 ); (3.10)

kuk21+�;Q � K1(a; 1 + �)n2�kuk21;Q: (3.11)

�®ª § â¥«ìáâ¢®. �ãáâì j~�j = [r]. �®£¤  D
~�u ¯p¨­ ¤«¥¦¨â ®¤­®¬ã ¨§ ¯®¤¯p®áâp ­áâ¢ SN ;

S�N ; SN ; S
�

N ¨

jD
~�uj20;Q � K

X
~k

u2kk
2�1
1 k2�22 :

�®íää¨æ¨¥­âë u~�;~k p §«®¦¥­¨ï D
~�u ¯® ¡ §¨áã á®®â¢¥âáâ¢ãîé¥£® ¯®¤¯p®áâp ­áâ¢  â ª®¢ë, çâ®

ju~�;~kj = ju~kj(�k1=a)
�1(�k2=a)�2 : �®íâ®¬ã, ¯p¨¬¥­ïï ¤«ï D

~�u «¥¬¬ã 3.4 ¨ áã¬¬¨pãï ¯®«ãç¥­­ë¥
®æ¥­ª¨, ­¥á«®¦­® ¯®«ãç¨âì âp¥¡ã¥¬®¥ ­¥p ¢¥­áâ¢® (3.10).

�«ï ¤®ª § â¥«ìáâ¢  (3.11), ¨áå®¤ï ¨§ (3.10) ¨ ®æ¥­¨¢ ï ¯p ¢ãî ç áâì á¢¥påã, ¯®«ãç¨¬

juj21+�;a � K(a; r)K 0
X
~k

u2k[1 + k21 + k22]; (3.12)
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£¤¥

K 0 � max
1�ks�n;s2[1;2]

P
~k u

2
~k
[1 + k

2(1+�)
1 + k

2(1+�)
2 ]P

~k u
2
~k
[1 + k21 + k22]

� K 00n2�

¨ ¨á¯®«ì§®¢ ­® í«¥¬¥­â p­®¥ ­¥p ¢¥­áâ¢® (a1+a2)=(b1+ b2) � maxfa1=b1; a2=b2g 8ai > 0; 8bi > 0;
i = 1; 2 (ª®­áâ ­â  K 00 ­¥ § ¢¨á¨â ®â ~k ¨ n). �§ (3.12) á«¥¤ã¥â (3.11).

� ¬¥â¨¬, çâ® á«ãç © frg � � = 0 ¯p¨¢®¤¨â ª ¡®«¥¥ ¯p®áâ®© ä®p¬¥ (3.10) ¨ ã¯p®é¥­¨î ¢
¤®ª § â¥«ìáâ¢¥.

3.3. �æ¥­ª¨ ¯®¯¥p¥ç­¨ª®¢ á­¨§ã.

�¥®à¥¬  3.2. �«ï ª®¬¯ ªâ  M ¨§ â¥®p¥¬ë 3.1 á¯p ¢¥¤«¨¢  ®æ¥­ª  (3.4).

�®ª § â¥«ìáâ¢®. �®ªpã£ ª¢ ¤p â Q � [0; a]2, a > 0, ®¯¨è¥¬ ®ªpã¦­®áâì; á®®â¢¥âáâ¢ãîé¨©
ªpã£ ®¡®§­ ç¨¬ ç¥p¥§ Ba; á®åp ­ïï ¥£® æ¥­âp ¨ ¢¤¢®¥ ã¢¥«¨ç¨¢ ï p ¤¨ãá, ®¯p¥¤¥«¨¬ ªpã£ B2a:
�¥ ®£p ­¨ç¨¢ ï ®¡é­®áâ¨ (§  áç¥â ¯¥p¥­®á  ­ ç «  ª®®p¤¨­ â ¨ ¢ë¡®p  ¤®áâ â®ç­® ¬ «®£® a),
¬®¦¥¬ áç¨â âì, çâ® B2a � Pi ¤«ï §­ ç¥­¨ï ¨­¤¥ªá  i = 1.

� ª ¨§¢¥áâ­® (á¬. [1]), áãé¥áâ¢ã¥â «¨­¥©­ë© ¨ ®£p ­¨ç¥­­ë© ®¯¥p â®p p ¯p®¤®«¦¥­¨ï äã­ª-
æ¨© u 2 W 1+�

2 (Q) ¤® äã­ªæ¨© p(u) 2 W 1+�
2 (R2); ®¯p¥¤¥«¥­­ëå ­  ¢á¥© ¯«®áª®áâ¨. �§ï¢ ­¥ª®-

â®pãî áp¥§ îéãî £« ¤ªãî äã­ªæ¨î '(x) 2 C1
0 (B2a) (á¬. [1], [3]) á '(x) = 1 ¯p¨ x 2 Ba ¨

'(x) � 0 ¯p¨ x 2 B2a ¨ ã¬­®¦ ï p(u) ­  '(x); ®¯p¥¤¥«¨¬ ä¨­¨â­ãî äã­ªæ¨î p0(u) � '(x)p(u)
¨ ®¯¥p â®p p0 2 L(W

1+�
2 (Q);W 1+�

2 (R2)) á kp0k � �� � ��(a):
� ¬¥â¨¬, çâ® ¯®áâp®¥­­ë¥ ¯p®¤®«¦¥­¨ï ¯®p®¦¤ îâ í«¥¬¥­âë £¨«ì¡¥pâ®¢  ¯p®áâp ­áâ¢  G;

á®¤¥p¦ é¨¥áï ¢ ª®¬¯ ªâ¥ M; ¥á«¨ ��kukW 1+�
2 (Q) � K2;1 (á¬. (3.1)).

�¥¯¥pì ¤«ï ¯p®¨§¢®«ì­®£® ¯®¤¯p®áâp ­áâ¢  VN � G ®¯p¥¤¥«¨¬ ¯®¤¯p®áâp ­áâ¢® VN;Q áã¦¥-
­¨© ­  Q í«¥¬¥­â®¢ VN : �ç¥¢¨¤­®, ¯p¨ P = (n+1)2 áãé¥áâ¢ã¥â u 2 SP á kuk1;Q = 1; ®pâ®£®­ «ì-
­ ï ¢ W 1

2 (Q) ª VN;Q ¨ â ª ï, çâ® kuk1+�;Q � (K1(a; 1 + �))1=2(n+ 1)� (á¬. (3.11)).
�®«®¦¨¬ v � K2;1(��kukW 1+�

2 (Q))
�1u: � ¬¥ç ï, çâ® p0(v) 2 M ¨ çâ® kvk1;Q � �0n

�� ; ®æ¥­¨¬
á­¨§ã p ááâ®ï­¨¥ ®â p0(v) 2 M (¢ á¬ëá«¥ G) ¤® ¢ë¡p ­­®£® ¯®¤¯p®áâp ­áâ¢  VN : �¥ ¤¥« ï
p §«¨ç¨ï ¢ ®¡®§­ ç¥­¨ïå ¤«ï í«¥¬¥­â®¢ ¨§ VN ¨ ¨å áã¦¥­¨© ­  Q, ¬®¦¥¬ § ¯¨á âì

kp0(v)� zkG � kv � zk1;Q 8z 2 VN :

� á¨«ã ®pâ®£®­ «ì­®áâ¨ (¢ W 1
2 (Q)) v ¨ VN;Q ¨¬¥¥¬

kv � zk1;Q � kvk1;Q � �0n
��

¨, á«¥¤®¢ â¥«ì­®, (3.4) ¤®ª § ­®.

�æ¥­ª  (3.4) ¢¥à­  ¨ ¢ á«ãç ¥ G1;1;(2);�0 ¨§ â¥®p¥¬ë 2.1.

�¥®à¥¬  3.3. �ãáâì ¢ ¯p®áâp ­áâ¢¥ G(U (2);�;�0) ¨§ â¥®p¥¬ë 2.4 ª®¬¯ ªâ M ®¯à¥¤¥«¥­

ãá«®¢¨ï¬¨

kukW 1+�
2 (Fi)

� K2;i; i 2 [1; 6]; (3.13)

kukW 1+�
2 (E�

j
) � K1;j ; j 2 [1; 12]; (3.14)

£¤¥ � > 0. �®£¤  ¤«ï ­¥£® á¯p ¢¥¤«¨¢  ®æ¥­ª  (3.4).

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¢ë¡à âì ª¢ ¤p â Q ¨ á®®â¢¥âáâ¢ãîé¨© ªpã£ B2a ¯à¨­ ¤«¥-
¦ é¨¬¨ ­¥ª®â®à®© £à ­¨ ¨, ¯à¨­¨¬ ï ¥¥ §  Pi ¨§ â¥®à¥¬ë 3.2, ¯à¨¬¥­¨âì íâã â¥®à¥¬ã.

�¥®à¥¬  3.4. �ãáâì ¢ ¯p®áâp ­áâ¢¥ G(U (3);�;�0) ¨§ â¥®p¥¬ë 2.6 ®¯à¥¤¥«¥­ ª®¬¯ ªâ ãá«®-

¢¨ï¬¨ (3.13), (3.14) á E�
j � Ej ; j 2 [1; 12]; ¨ kukW 1+�

2
(Q) � K3: �®£¤  ¤«ï ­¥£® á¯p ¢¥¤«¨¢  ®æ¥­ª 

�N [M ;G] � �0N
��=3:
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�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¢ë¡à âì ªã¡ Q3 � [0; a]3 ¨ á®®â¢¥âáâ¢ãîé¨© è à B2a ¯à¨­ ¤-
«¥¦ é¨¬¨ ¨áå®¤­®¬ã ªã¡ã Q ¨ ¬®¤¨ä¨æ¨à®¢ âì ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 3.2 ­  ®á­®¢¥ ®¡®¡é¥-
­¨© «¥¬¬ 3.4 ¨ 3.5 á N � n3:

3.4. �æ¥­ª¨ ¯®¯¥p¥ç­¨ª®¢ á¢¥påã.

�¥®à¥¬  3.5. �«ï ª®¬¯ ªâ  M ¨§ â¥®p¥¬ 3.1 ¨ 3.2 ¢¥p­   á¨¬¯â®â¨ç¥áª ï ®æ¥­ª  (3.3).

�®ª § â¥«ìáâ¢®. � ª ª ª (3.4) ã¦¥ ãáâ ­®¢«¥­®, â® ¤®áâ â®ç­® ¤®ª § âì, çâ®

�N [M ;G] � �1N
��=2: (3.15)

�«ï íâ®£® ¨á¯®«ì§ã¥¬ ¯®¤¯à®áâà ­áâ¢® á¯« ©­®¢ Ĝh � G; á¢ï§ ­­ëå á âà¨ ­£ã«ïæ¨ï¬¨ Th(
)
¨§ x 1. �ç¨â ï N � h�2; ¤®áâ â®ç­® ¯®ª § âì, çâ®

kûh � ukG � Kh� ; (3.16)

£¤¥ u | ¯à®¨§¢®«ì­ë© í«¥¬¥­â ª®¬¯ ªâ  M ¨ ûh 2 Ĝh |  ¯¯à®ªá¨¬¨àãîé¨© ¥£® í«¥¬¥­â;
¦¥« ¥¬ ï "-â®ç­®áâì ¤®áâ¨£ ¥âáï ¯à¨ h� � " ¨ N � h�2=� :

� á¨«ã â¥®à¥¬ ¢«®¦¥­¨ï ¤«ïW 1+�
2 í«¥¬¥­âë ¤ ­­®£® ª®¬¯ ªâ  ï¢«ïîâáï ­¥¯à¥àë¢­ë¬¨ (­ 

ª ¦¤®© ¯ ­¥«¨,   §­ ç¨â ¨ ­  
) äã­ªæ¨ï¬¨. �®íâ®¬ã ûh ­  ª ¦¤®¬ âà¥ã£®«ì­¨ª¥ T 2 Th(
)
¡ã¤¥â ¢ë¡¨à âìáï ª ª ¨­â¥à¯®«ïæ¨®­­ë© ¬­®£®ç«¥­ � £à ­¦  áâ¥¯¥­¨ m � [�] ¯à¨ � = [�] > 0
¨ m � [1 + �] ¯à¨ � > [�] (á¬., ­ ¯à., [2]). � ç áâ­®áâ¨, ¯à¨ � � 1 ª®­áâàãªæ¨ï ûh ®â«¨ç ¥âáï ®â
ãª § ­­®© ¤«ï (1.5) â¥¬, çâ® ¢® ¢á¥å ã§« å Ai ­ è¥© á¥âª¨ ¯®« £ ¥âáï

ûi � 'i(u) � u(Ai): (3.17)

�«ï ¤®ª § â¥«ìáâ¢  (3.16) ¯p¨¬¥­¨¬ë ¨§¢¥áâ­ë¥ ®æ¥­ª¨

kzk2W 1
2 (T )

� K(2)h2�kuk2
W 1+�

2 (T )
;

kzk2W 1
2 (T\Sr)

� K(1)h2�kuk2
W 1+�

2 (T\Sr)
;

£¤¥ z � ûh � u, T 2 Th(
) ¨ r 2 [1; r�].

�¥âàã¤­® ¢¨¤®¨§¬¥­¨âì ¯à¨¢¥¤¥­­®¥ ¤®ª § â¥«ìáâ¢® ­  á«ãç © ª®¬¯ ªâ  ¨§ â¥®à¥¬ë 3.3.
�®«¥¥ á«®¦­ë ®¡®¡é¥­¨ï ¤«ï âà¥å¬¥à­®£® á«ãç ï.

�¥®à¥¬  3.6. �«ï ª®¬¯ ªâ  M ¨§ â¥®à¥¬ë 3.4 N(") � "�3=� :

�®ª § â¥«ìáâ¢®. �®áâ â®ç­® ¢®á¯®«ì§®¢ âìáï ®æ¥­ª®© �N [M ;G] � �1N
��=3; ¢ëâ¥ª îé¥©

¨§ (3.16) á N � h�3; £¤¥ N | ç¨á«® ã§«®¢ á¨¬¯«¥ªá­®© á¥âª¨ ¤«ï ¨áå®¤­®£® ªã¡  Q.

�á«¨ 2(1+�) > 3; â® í«¥¬¥­âë ­ è¥£® ª®¬¯ ªâ  ®¯ïâì ï¢«ïîâáï ­¥¯à¥àë¢­ë¬¨ ­ Qäã­ªæ¨-
ï¬¨. �®íâ®¬ã ¢­®¢ì ¯p¨¬¥­¨¬ë ¨­â¥à¯®«ï­âë � £à ­¦  ­  ª ¦¤®¬ í«¥¬¥­â à­®¬ á¨¬¯«¥ªá¥
(â¥âà í¤à¥) ¨ (3.16) á«¥¤ã¥â ¨§ áâ ­¤ àâ­ëå ®æ¥­®ª ¯®£à¥è­®áâ¥© ¨­â¥à¯®«ïæ¨¨ ¢ ¯à®áâà ­-
áâ¢ å �®¡®«¥¢ , á¢ï§ ­­ëå á d-¬¥à­ë¬¨ á¨¬¯«¥ªá ¬¨ T (d) (d = 1; 2; 3):

�á«¨ ¦¥ 2(1 + �) � 3, â® � 2 (0; 1=2] ¨ ûh ¡ã¤¥â ªãá®ç­®-«¨­¥©­®© äã­ªæ¨¥©. �«ï § ¤ ­¨ï
¥¥ §­ ç¥­¨© ¡ã¤¥¬ ¯à¨¬¥­ïâì (3.17) â®«ìª® ¤«ï Ai 2 F (u 2 W 1+�

2 (F ) ­¥¯à¥àë¢­  ­  F ); ¢
®áâ îé¨åáï ã§« å á¥âª¨ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¤¢ã¬¥à­ë¥ ãáà¥¤­¥­¨ï (� � h):

� ¬¥â¨¬, çâ® ®¡®¡é¥­¨¥ â¥®à¥¬ë 3.5 ¤«ï z � ûh�u ¤ ¥â ®æ¥­ªã kzk2W 1
2 (F )

+ kzk2W 1
2 (E)

� Kh2� :

�®íâ®¬ã ¤«ï ¤®ª § â¥«ìáâ¢  (3.16) ¤®áâ â®ç­® ¯à®¢¥à¨âì

kzk2W 1
2 (Q)

� Kh2� : (3.18)

�«ï «î¡®£® á¨¬¯«¥ªá  T � A0A1A2A3 ¨§ Th(Q) ¯ãáâì �(T ) ®¡®§­ ç ¥â, ­ ¯à¨¬¥à, ®¡ê¥¤¨-
­¥­¨¥ ¥£® ¨ á®á¥¤­¨å á¨¬¯«¥ªá®¢ â ª®¥, çâ® ®­® á®¤¥à¦¨â ¬­®¦¥áâ¢® â®ç¥ª, ®âáâ®ïé¨å ®â T ­¥
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¡®«¥¥, ç¥¬ ­  �. �  �(T ) ®¯p¥¤¥«¨¬ «¨­¥©­ãî äã­ªæ¨î û0, á®¢¯ ¤ îéãî ­  T á ûh. �æ¥­ª 
(3.18) á«¥¤ã¥â ¨§ ®æ¥­ª¨

kvk2W 1
2 (�(T ))

� K�h2�
�
jvj2

W 1+�
2 (�(T ))

+ jvj2
W 1+�

2 (�(T )\F )
+ jvj2

W 1+�
2 (�(T )\E)

�
; (3.19)

£¤¥ v � z0 � u � û0 2 V (T;�(T )) � G(�(T )), G(�(T )) | ãá¨«¥­­®¥ ¯à®áâà ­áâ¢® �®¡®«¥¢  á
ª¢ ¤à â®¬ ­®à¬ë

kuk2G(�(T )) � kuk2
W 1+�

2 (�(T ))
+ kuk2

W 1+�
2 (F\�(T ))

+ kuk2
W 1+�

2 (E\�(T ))

¨ ¥£® ¯®¤¯p®áâp ­áâ¢® V (T;�(T )) ®¯p¥¤¥«ï¥âáï á®®â­®è¥­¨ï¬¨

'i(v) = 0; i 2 [0; 3]; (3.20)

§¤¥áì ®¯ïâì ¨á¯®«ì§®¢ ­® § ¬¥ç â¥«ì­®¥ á¢®©áâ¢® ãáà¥¤­¥­¨© ¯® �â¥ª«®¢ã ¤«ï «¨­¥©­ëå äã­ª-
æ¨© ®â âà¥å ¯¥à¥¬¥­­ëå ¨ â®, çâ® ãá«®¢¨ï (3.20) ¤«ï «¨­¥©­®© äã­ªæ¨¨ ¨¬¥îâ á«¥¤áâ¢¨¥¬
à ¢¥­áâ¢® ¥¥ ­ã«¥¢®© äã­ªæ¨¨. �¥à ¢¥­áâ¢  ¦¥ (3.19) á¢®¤ïâáï ª ª®­¥ç­®¬ã ç¨á«ã ­¥à ¢¥­áâ¢,
á¢ï§ ­­ëå á íª¢¨¢ «¥­â­®áâìî ­®à¬ ¢ ¯à®áâà ­áâ¢ å â¨¯  G(�(T �)) ¤«ï ­¥áâ ­¤ àâ­ëå T �.

� § ª«îç¥­¨¥ ®â¬¥â¨¬, çâ® ¬®¦­® ¯®«ãç¨âì à®¤áâ¢¥­­ë¥ ®æ¥­ª¨ ¯®¯¥à¥ç­¨ª®¢ ¨ ¤«ï ¡®«¥¥
®¡é¨å ª®¬¯ ªâ®¢, ­ ¯à¨¬¥à, ¢¬¥áâ® (3.1) ¨ (3.2) ®¯à¥¤¥«ï¥¬ëå ãá«®¢¨ï¬¨

kukW 1+�2
2 (Pi)

� K2;i; i 2 [1; r0];

kukW 1+�1
2 (Sr)

� K1;r; r 2 [1; r�];

£¤¥ �2 > 0; �1 > 0 ¨ �1 > �2. �® á«ãç © á �1 < �2 ­ ¨¡®«¥¥ âàã¤¥­ ¨ § á«ã¦¨¢ ¥â ®â¤¥«ì­®£®
à áá¬®âà¥­¨ï.
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