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�¥â®¤®¬ £à ­¨ç­ëå ¨­â¥£à «ì­ëå ãà ¢­¥­¨© á ¨á¯®«ì§®¢ ­¨¥¬ â¥®à¨¨ ®¡®¡é¥­­ëå ¯®â¥­-
æ¨ «®¢ ¤®ª § ­  ª« áá¨ç¥áª ï à §à¥è¨¬®áâì § ¤ ç¨ á®¯àï¦¥­¨ï, ¢®§­¨ª îé¥© ¯à¨ ¬®¤¥«¨-
à®¢ ­¨¨ à áá¥ï­¨ï í«¥ªâà®¬ £­¨â­ëå ¢®«­ ­  £à ­¨æ¥ à §¤¥«  áà¥¤ á à §«¨ç­ë¬¨ å à ªâ¥-
à¨áâ¨ª ¬¨. �à ­¨æ  ¯à¥¤¯®« £ ¥âáï ­¥à®¢­®©. �â® ®§­ ç ¥â, çâ® ¯«®áª®áâì à §¤¥«¥­  ­  ¤¢¥
®¡« áâ¨ ªà¨¢®©, á®¢¯ ¤ îé¥© á ¯àï¬®©, §  ¨áª«îç¥­¨¥¬ ª®­¥ç­®£® ãç áâª , § ¤ îé¥£® ­¥-
à®¢­®áâì. �à¥¤«®¦¥­ë  «£®à¨â¬ë ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï § ¤ ç¨ á®¯àï¦¥­¨ï, ®á­®¢ ­­ë¥ ­ 
á¯« ©­®¢ëå ¬¥â®¤ å à¥è¥­¨ï ¨­â¥£à «ì­ëå ãà ¢­¥­¨©. �à®¢¥¤¥­® â¥®à¥â¨ç¥áª®¥ ®¡®á­®¢ ­¨¥
¢ëç¨á«¨â¥«ì­®© áå¥¬ë, ¢ª«îç îé¥¥ ¤®ª § â¥«ìáâ¢® áå®¤¨¬®áâ¨ ¨ ¢ë¢®¤ ®æ¥­®ª áª®à®áâ¨ áå®-
¤¨¬®áâ¨.

1. �®áâ ­®¢ª  § ¤ ç¨

�ãáâì ¯«®áª®áâì R2 à §¤¥«¥­  ªà¨¢®© � ­  ®¡« áâ¨ S1 ¨ S2. �ã¤¥¬ áç¨â âì, çâ® � = f(x; f(x)) :
x 2 Rg, £¤¥ f(x) 2 C1;�(R), 0 < � 6 1 ¨ supp f � [�d; d] ¤«ï ­¥ª®â®à®£® ¯®«®¦¨â¥«ì­®£®
¢¥é¥áâ¢¥­­®£® ç¨á«  d, ªà®¬¥ â®£®, f(�d) = 0. � ª¨¬ ®¡à §®¬, ªà¨¢ ï � á®¢¯ ¤ ¥â á ¯àï¬®©,
§  ¨áª«îç¥­¨¥¬ ª®­¥ç­®£® ­¥à®¢­®£® ãç áâª . � à ¡®â¥ â¥à¬¨­ \­¥à®¢­ ï £à ­¨æ  ®¡« áâ¨"
¨á¯®«ì§ã¥âáï ¨¬¥­­® ¢ íâ®¬ á¬ëá«¥ (á¬. â ª¦¥ [1], [2]). �á«¨ ®¡®§­ ç¨âì ç¥à¥§ �� ­¥à®¢­ë©
ãç áâ®ª ªà¨¢®© �, â®

� = �� [ f(x; 0) : x 62 [�d; d]g; �� = f(x; f(x)) : x 2 [�d; d]g;
S1 = f(x; z) : z > f(x); x 2 Rg; S2 = f(x; z) : z < f(x); x 2 Rg:

�¡®§­ ç¨¬ ç¥à¥§ � = �(M) ¥¤¨­¨ç­ë© ¢¥ªâ®à ­®à¬ «¨ ª ªà¨¢®© � ¢ â®çª¥M , ­ ¯à ¢«¥­­ë©
¢ ®¡« áâì S1,   ç¥à¥§ @� = @�(M) | ¯à ¢¨«ì­ãî ­®à¬ «ì­ãî ¯à®¨§¢®¤­ãî ¢ â®çª¥ M (­ ¯à., [3],
á. 299; [4], á. 140). � ¯®¬®éìî ¨­¤¥ªá®¢ \�" ¨ \+" ¡ã¤¥¬ ®â«¨ç âì ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï äã­ªæ¨©
­  £à ­¨æ¥ �, ¢ëç¨á«¥­­ë¥ ¨§ ®¡« áâ¥© S1 ¨ S2 á®®â¢¥âáâ¢¥­­®.

� áá¬®âà¨¬ á«¥¤ãîéãî ªà ¥¢ãî § ¤ çã. � ©â¨ ¯ àã äã­ªæ¨© u1(x; z), u2(x; z), ®¯à¥¤¥«¥­-
­ëå ¢ ®¡« áâïå S1 ¨ S2 á®®â¢¥âáâ¢¥­­®, â ª¨å, çâ®

4u1(x; z) + k21u1(x; z) = 0; (x; z) 2 S1;
4u2(x; z) + k22u2(x; z) = 0; (x; z) 2 S2;

(1)

­  £à ­¨æ¥ à §¤¥«  ®¡« áâ¥© ¯à¥¤¥«ì­ë¥ §­ ç¥­¨ï äã­ªæ¨© uj(x; z) ¨ @�uj(x; z) (j = 1; 2) ã¤®-
¢«¥â¢®àïîâ ãá«®¢¨ï¬ á®¯àï¦¥­¨ï

u�1 (x; z)� u+2 (x; z) = g(x; z);
p1@�u

�
1 (x; z)� p2@�u

+
2 (x; z) = h(x; z);

(x; z) 2 �; (2)

£¤¥ g(x; z) 2 C1;�(�), h(x; z) 2 C0;�(�) (0 < � 6 1) | § ¤ ­­ë¥ äã­ªæ¨¨;
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¢ ª®­æ¥¢ëå â®çª å M1 = (�d; 0) ¨ M2 = (d; 0) ­¥à®¢­®£® ãç áâª  �� ¢ë¯®«­¥­ë ãá«®¢¨ï ­  à¥¡à¥

lim
�!0

�Z
C1(�)[C2(�)

�
juj(M)j+

����@uj(M)
@�

����
�
dsM

�
= 0; (3)

£¤¥ Cj(�) = fM = (x; z) : jM �Mj j = �g n � ¨ @

@�
­ ¯à ¢«¥­  ¢¤®«ì à ¤¨ãá  ®ªàã¦­®áâ¨ Cj(�),

j = 1; 2;
ªà®¬¥ â®£®, ¢ë¯®«­¥­ë ãá«®¢¨ï ¨§«ãç¥­¨ï

uj
� = eikjrO

�
1p
r

�
;

@uj
�

@r
� ikjuj

� = eikjro

�
1p
r

�
; r !1; (4)

£¤¥ r =
p
x2 + z2, uj

�(x; z) = uj(x; z)� euj(x; z), (x; z) 2 Sj, j = 1; 2.
�¤¥áì ç¥à¥§ eu1(x; z), eu2(x; z) ®¡®§­ ç¥­® à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ á®¯àï¦¥­¨ï ­ 

¯àï¬®©.
�â  ªà ¥¢ ï § ¤ ç  ¢®§­¨ª ¥â ¯à¨ ¨áá«¥¤®¢ ­¨¨ ¢®«­®¢ëå ¯à®æ¥áá®¢ ¢ à¥ «ì­ëå áà¥¤ å (­ -

¯à¨¬¥à, ¢ ¤¨í«¥ªâà¨ç¥áª¨å à¥è¥âª å, ¢¡«¨§¨ ¬®àáª®£® ¤­  ¨«¨ ¯®¢¥àå­®áâ¨ ¢®¤ë). � ç áâ­®áâ¨,
¢ § ¤ ç¥ ¤¨äà ªæ¨¨ ¯«®áª®© í«¥ªâà®¬ £­¨â­®© ¢®«­ë eik1(x sin ��z cos �)e�i!t, ¯ ¤ îé¥© ¨§ S1 ¯®¤
ã£«®¬ � ª ®á¨ 0z ­  £à ­¨æã à §¤¥«  ¤¨í«¥ªâà¨ç¥áª¨å áà¥¤ S1 ¨ S2, ¯ à ¬¥âàë § ¤ ç¨ á®¯àï¦¥-
­¨ï ¡ã¤ãâ á«¥¤ãîé¨¬¨: kj = !

p
"j�j , £¤¥ ! | ç áâ®â  ¨§¬¥­¥­¨ï ¯®«ï, "j | ¤¨í«¥ªâà¨ç¥áª ï

¯à®­¨æ ¥¬®áâì,   �j | ¬ £­¨â­ ï ¯à®­¨æ ¥¬®áâì áà¥¤ë Sj (j = 1; 2) (­ ¯à., [5]{[7]). � à ¡®â å
[8]{[10] ¨áá«¥¤®¢ « áì § ¤ ç  á®¯àï¦¥­¨ï ¤«ï ãà ¢­¥­¨ï �¥«ì¬£®«ìæ  ­  £à ­¨æ¥ ®£à ­¨ç¥­­®©
®¡« áâ¨.

2. �á¯®¬®£ â¥«ì­ ï § ¤ ç 

� ¯®áâ ­®¢ªã § ¤ ç¨ á®¯àï¦¥­¨ï (1){(4) ¢å®¤ïâ äã­ªæ¨¨ eu1 ¨ eu2, á ¯®¬®éìî ª®â®àëå áä®à-
¬ã«¨à®¢ ­ë ãá«®¢¨ï ¨§«ãç¥­¨ï. �â¨ äã­ªæ¨¨ ¨á¯®«ì§ãîâáï â ª¦¥ ¯à¨ ¯®«ãç¥­¨¨ ¨­â¥£à «ì-
­®£® ¯à¥¤áâ ¢«¥­¨ï à¥è¥­¨ï § ¤ ç¨ á®¯àï¦¥­¨ï.

�ã­ªæ¨¨ eu1, eu2 ï¢«ïîâáï à¥è¥­¨¥¬ § ¤ ç¨ (1){(4), ¢ ª®â®à®©

S1 = f(x; z) : z > 0; x 2 Rg; S2 = f(x; z) : z < 0; x 2 Rg;

£à ­¨æ  à §¤¥«  � = f(x; 0) : x 2 Rg,   ¯à®¨§¢®¤­ ï ¯® ­®à¬ «¨ @� á®¢¯ ¤ ¥â á @=@z.
�«ãç ©, ª®£¤ 

g(x; z) � �u0(x; z)jz=0 = �eik1 sin �;

h(x; z) � �p1 @
@z
u0(x; z)

���
z=0

= ip1k1 cos �e
ik1 sin �;

­ ¨¡®«¥¥ ¢ ¦¥­, â. ª. á®®â¢¥âáâ¢ã¥â § ¤ ç¥ ®¯à¥¤¥«¥­¨ï í«¥ªâà®¬ £­¨â­ëå ¯®«¥©, ¢®§­¨ª îé¨å
¯à¨ ¯ ¤¥­¨¨ ¯®¤ ã£«®¬ � ¯«®áª®© í«¥ªâà®¬ £­¨â­®© ¢®«­ë

u0(x; z)e�i!t = eik1(x sin ��z cos �)e�i!t

­  £à ­¨æã à §¤¥«  ¤¢ãå áà¥¤.
�¥è¥­¨¥ íâ®© § ¤ ç¨ å®à®è® ¨§¢¥áâ­® (­ ¯à., [6], á. 102) ¨ ¨¬¥¥â ¢¨¤

eu1(x; z) = Beik1(x sin �+z cos �); z > 0; x 2 R;

eu2(x; z) = Ceik2(x sin �2�z cos �2); z < 0; x 2 R:
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�ëà ¦¥­¨ï ¤«ï ¢ëç¨á«¥­¨ï §­ ç¥­¨© �2 (ã£®« ¯à¥«®¬«¥­¨ï), B (ª®íää¨æ¨¥­â ®âà ¦¥­¨ï) ¨ C
(ª®íää¨æ¨¥­â ¯à®§à ç­®áâ¨) ­ å®¤ïâáï ¨§ ãá«®¢¨© á®¯àï¦¥­¨ï

B =
m cos � �

p
n2 � sin2 �

m cos � +
p
n2 � sin2 �

; (5)

C =
2m cos �

m cos � +
p
n2 � sin2 �

; (6)

k2 sin �2 = k1 sin �; (7)

£¤¥ m = p1=p2, n = k2=k1
p
"2="1. �®à¬ã«ë (5), (6) ®¡ëç­® ­ §ë¢ îâ ä®à¬ã« ¬¨ �à¥­¥«ï,  

ä®à¬ã«  (7) ¨§¢¥áâ­  ª ª § ª®­ �­¥««¨ãá  (­ ¯à., [6], á. 99).
� ­ ¨¡®«¥¥ ®¡é¥© ¯®áâ ­®¢ª¥ § ¤ ç  á®¯àï¦¥­¨ï ¯®«¥© ­  £à ­¨æ¥ à §¤¥«  ¯®«ã¯«®áª®áâ¥©

à¥è¥­  ¢ à ¡®â¥ [11].
� ª ç¥áâ¢¥ § ¬¥ç ­¨ï ®â¬¥â¨¬, çâ® ¨§ ä®à¬ã«ë (7) á«¥¤ã¥â, çâ® ¢ § ¤ ç å à á¯à®áâà ­¥­¨ï

¢®«­ ¬®¦¥¬ ®£à ­¨ç¨âìáï á«ãç ¥¬, ª®£¤  ¢®«­®¢ë¥ ç¨á«  ã¤®¢«¥â¢®àïîâ ãá«®¢¨î

sign(Re k1) = sign(Re k2): (8)

�¥©áâ¢¨â¥«ì­®, á®£« á­® (7) ¨¬¥¥¬ k1 sin �1 = k2 sin �2. �«¥¤®¢ â¥«ì­®,

(Re k1) sin �1 = (Re k2) sin �2:

�®á«¥¤­¥¥ à ¢¥­áâ¢® ¯à¨¢®¤¨â ª á®®â­®è¥­¨î

Re k1
Re k2

=
sin �2
sin �1

: (9)

�®áª®«ìªã 0 6 �1 <
�

2
, â® sin �1 > 0. �§ á®®â­®è¥­¨ï (9) ¬®¦¥¬ á¤¥« âì ¥áâ¥áâ¢¥­­®¥ á ä¨§¨ç¥-

áª®© â®çª¨ §à¥­¨ï ¯à¥¤¯®«®¦¥­¨¥, çâ® ã£®« ¯à¥«®¬«¥­¨ï â ª¦¥ «¥¦¨â ¢ ¨­â¥à¢ «¥ 0 6 �2 <
�

2
,

çâ® ¢«¥ç¥â §  á®¡®© ­¥à ¢¥­áâ¢® sin �2 > 0. � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® Re k1
Re k2

> 0 ¨,
á«¥¤®¢ â¥«ì­®, ¢®«­®¢ë¥ ç¨á«  k1 ¨ k2 ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (8).

�â¬¥â¨¬, çâ® ãá«®¢¨¥ (8) ï¢«ï¥âáï ®¤­¨¬ ¨§ ãá«®¢¨© à §à¥è¨¬®áâ¨ § ¤ ç¨ á®¯àï¦¥­¨ï (1){
(4), áä®à¬ã«¨à®¢ ­­ëå ¢ á«¥¤ãîé¥¬ à §¤¥«¥.

3. �¤¨­áâ¢¥­­®áâì à¥è¥­¨ï

�¯à¥¤¥«¥­¨¥ 1. �« áá¨ç¥áª¨¬ à¥è¥­¨¥¬ § ¤ ç¨ á®¯àï¦¥­¨ï (1){(4) ­ §®¢¥¬ ¯ àã äã­ª-
æ¨© fu1; u2g, uj 2 C2(Sj) \C(Sj n 
�) (j = 1; 2), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ (1){(4). �¤¥áì ç¥à¥§

� ®¡®§­ ç¥­® ®¡ê¥¤¨­¥­¨¥ ¯à®¨§¢®«ì­® ¬ «ëå �-®ªà¥áâ­®áâ¥© ª®­æ¥¢ëå â®ç¥ª (�d; 0) ¨ (d; 0)
­¥à®¢­®£® ãç áâª .

�á«®¢¨ï à §à¥è¨¬®áâ¨. � â¥®à¥¬ å áãé¥áâ¢®¢ ­¨ï ¨ ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï § ¤ ç¨ á®¯àï-
¦¥­¨ï ­ ª« ¤ë¢ îâáï á«¥¤ãîé¨¥ ãá«®¢¨ï ­  ¨áå®¤­ë¥ ¤ ­­ë¥:

k1 6= k2; Im k1 > 0; Im k2 > 0; (10)

sign(Re k1) = sign(Re k2); (11)

p1p2 2 R ¨ p1p2 > 0: (12)

�¥®à¥¬  1. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï (10){(12), â® § ¤ ç  á®¯àï¦¥­¨ï (1){(4) ¨¬¥¥â ­¥

¡®«¥¥ ®¤­®£® ª« áá¨ç¥áª®£® à¥è¥­¨ï.

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬, çâ® áãé¥áâ¢ãîâ ¤¢  ª« áá¨ç¥áª¨å à¥è¥­¨ï u = fu1; u2g,
v = fv1; v2g § ¤ ç¨ á®¯àï¦¥­¨ï (1){(4). � áá¬®âà¨¬ äã­ªæ¨¨ w1 = u1 � v1 ¨ w2 = u2 � v2,
®¯à¥¤¥«¥­­ë¥ ¢ ®¡« áâïå S1 ¨ S2 á®®â¢¥âáâ¢¥­­®.

�ãáâì R > d | ¯à®¨§¢®«ì­®¥ ¢¥é¥áâ¢¥­­®¥ ç¨á«®. � áá¬®âà¨¬ ®¡« áâ¨

Sj;R = f(x; z) 2 Sj : x2 + z2 < R2g; j = 1; 2:
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� ¯¨è¥¬ ¢â®àãî ä®à¬ã«ã �à¨­  ¤«ï äã­ªæ¨© wj ¨ wj ¢ ®¡« áâïå Sj;R (j = 1; 2)ZZ
Sj;R

(wj4wj � wj4wj)d� =
Z
@Sj;R

(wj@�(P )wj � wj@�(P )wj)dsP : (13)

�®áª®«ìªã äã­ªæ¨¨ w1 ¨ w2 ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨î �¥«ì¬£®«ìæ , á¯à ¢¥¤«¨¢ë à ¢¥­áâ¢ 
4wj = �kj2wj , 4wj = �kj2wj (j = 1; 2). � «¥¢®© ç áâ¨ á®®â­®è¥­¨ï (13) ¯®«ãç ¥¬

4i(Re kj)(Im kj)
ZZ

Sj;R

wjwjd�; j = 1; 2:

� áá¬®âà¨¬ ¯à ¢ãî ç áâì á®®â­®è¥­¨ï (13). �à ­¨æë ®¡« áâ¥© ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

@S1;R = 
1R [�1
R; @S2;R = 
2R [ �2

R;

£¤¥


1R � 
2R � 
R = f(x; f(x)) : x 2 [�d; d]g [ f(x; 0) : �R < x < �d; d < x < Rg;
�1
R = f(x; z) : x2 + z2 = R2; z > 0g; �2

R = f(x; z) : x2 + z2 = R2; z < 0g;
¯à¨ íâ®¬ ­  ãç áâª¥ 
2R ¢­¥è­ïï ­®à¬ «ì ¨¬¥¥â ¯à®â¨¢®¯®«®¦­®¥ ­ ¯à ¢«¥­¨¥ ¯® ®â­®è¥­¨î
ª ¢­¥è­¥© ­®à¬ «¨ ª 
1R ¨ á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï

@�(P )j
1
R
= �@�(P )j
2

R
= @�(P )j
R :

� ª¨¬ ®¡à §®¬, ¤«ï j = 1; 2 ¨¬¥¥¬Z
@Sj;R

(wj@�(P )wj � wj@�(P )wj)dsP =

=
Z


j

R

(wj@�(P )wj � wj@�(P )wj)dsP +
Z
�j

R

(wj@�(P )wj � wj@�(P )wj)dsP : (14)

�§ ãá«®¢¨© á®¯àï¦¥­¨ï á«¥¤ãîâ à ¢¥­áâ¢ 

w2j
R = w1j
R ;
p1@�w1j
1

R
= p2@�w2j
2

R
= �p2@�w2j
R ; (15)

p2@�w2j
R = �p1@�w1j
R :
�¬­®¦¨¬ á®®â­®è¥­¨¥ (14), á®®â¢¥âáâ¢ãîé¥¥ §­ ç¥­¨î j = 1, ­  ¢¥é¥áâ¢¥­­®¥ ¯®«®¦¨-

â¥«ì­®¥ ç¨á«® p1p2 ¨ á«®¦¨¬ ¥£® á á®®â­®è¥­¨¥¬ (14), á®®â¢¥âáâ¢ãîé¨¬ §­ ç¥­¨î j = 2, ¨
ã¬­®¦¥­­ë¬ ­  jp2j2. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ­®¢®¥ á®®â­®è¥­¨¥, «¥¢ ï ç áâì ª®â®à®£® à ¢­ 

4i(Re k1)(Im k1)p1p2

ZZ
S1;R

jw1j2d� + 4i(Re k2)(Im k2)jp2j2
ZZ

S2;R

jw2j2d�:

�­â¥£à « ¯® £à ­¨æ¥ 
R ¢ ¯à ¢®© ç áâ¨ á®®â­®è¥­¨ï ®¡®§­ ç¨¬ ç¥à¥§ I1,   áã¬¬ã ¨­â¥£à «®¢
¯® £à ­¨æ ¬ �1

R ¨ �2
R | ç¥à¥§ I2. �ç¨âë¢ ï à ¢¥­áâ¢  (15), ¯®«ãç ¥¬

I1 =
Z

1
R

p1p2(w1@�w1 � w1@�w1)ds+
Z

2
R

p2p2(w2@�w2 � w2@�w2)ds =

=
Z

1
R

p1p2(w1@�w1 � w1@�w1)ds+
Z

2
R

(p2w2p2@�w2 � p2w2p2@�w2)ds =

=
Z

R

p1p2(w1@�w1 � w1@�w1)ds�
Z

R

(p2w1p1@�w1 � p2w1p1@�w1)ds = 0:

�§ ãá«®¢¨© ¨§«ãç¥­¨ï ¯à¨ R!1 ¯®«ãç ¥¬

I2 = �2i(Re k1)
Z
�1

R

jw1j2dsP � 2i(Re k2)
Z
��
R

jw2j2dsP + o

�
1
R

�
R:
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� ª¨¬ ®¡à §®¬, ¯à¨å®¤¨¬ ª à ¢¥­áâ¢ã

4i(Re k1)(Im k1)p1p2

ZZ
S1;R

jw1j2d� + 4i(Re k2)(Im k2)jp2j2
ZZ

S2;R

jw2j2d� =

= �2i(Re k1)p1p2
Z
�1

R

jw1j2dsP � 2i(Re k2)jp2j2
Z
�2

R

jw2j2dsP + o

�
1
R

�
R:

�â¤¥«ïï ¬­¨¬ãî ç áâì, ¯®«ãç¨¬

4(Re k1)(Im k1)p1p2

ZZ
S1;R

jw1j2d� + 4(Re k2)(Im k2)jp2j2
ZZ

S2;R

jw2j2d� +

+ 2(Re k1)p1p2

Z
�1

R

jw1j2dsP + 2(Re k2)jp2j2
Z
�2

R

jw2j2dsP ! 0 ¯à¨ R!1:

� «¥¢®© ç áâ¨ ¯®á«¥¤­¥£® á®®â­®è¥­¨ï ¢á¥ ç«¥­ë ¯®«®¦¨â¥«ì­ë, ¯®íâ®¬ã ®­¨ áâà¥¬ïâáï ª
­ã«î ¢ ¯à¥¤¥«¥ ¯à¨ R!1. �§Z

Sj;R

Z
jwj j2d� ! 0 ¯à¨ R!1

á«¥¤ã¥â Z
Sj

Z
jwj j2d� = 0;

®âªã¤  ¯à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨© à §à¥è¨¬®áâ¨ ¢ ®¡« áâïå S1, S2 á«¥¤ãîâ â®¦¤¥áâ¢  w1 � 0 ¨
w2 � 0. �â® ®§­ ç ¥â, çâ® à¥è¥­¨¥ § ¤ ç¨ á®¯àï¦¥­¨ï (1){(4) ¥¤¨­áâ¢¥­­®.

4. �à¥¤áâ ¢«¥­¨¥ à¥è¥­¨ï

� áá¬®âà¨¬ äã­ªæ¨î

G(k;M;P ) =
�i

2
fH(1)

0 (kr)�H
(1)
0 (kr�)g;

£¤¥ H(1)
0 (�) | äã­ªæ¨ï � ­ª¥«ï ¯¥à¢®£® à®¤  ­ã«¥¢®£® ¯®àï¤ª  (­ ¯à., [5], á. 14), M = (x; z),

P = (�; �),

r =
q
(x� �)2 + (z � �)2; r� =

q
(x� �)2 + (z + �)2:

�ã­ªæ¨ï G(k;M;P ) ¨¬¥¥â «®£ à¨ä¬¨ç¥áªãî ®á®¡¥­­®áâì ¯à¨ á®¢¯ ¤¥­¨¨  à£ã¬¥­â®¢. �á«¨
M 2 � n ��, â. ¥. M = (x; 0), x =2 [�d; d], â® ¤«ï P 2 � ¨¬¥¥¬

G(k;M;P ) = 0; @�(P )G(k;M;P ) = 0: (16)

�¢¥¤¥¬ ®¡®¡é¥­­ë¥ ¯®â¥­æ¨ «ë ¯à®áâ®£® ¨ ¤¢®©­®£® á«®ï

(V(k) )(M) =
Z
��
G(k;M;P ) (�)dsP ; M =2 �; (17)

(W(k)')(M) =
Z
��
@�(P )G(k;M;P )'(�)dsP ; M =2 �; (18)

á ¯«®â­®áâï¬¨ '; 2 _C(1)[�d; d].
�á¯®«ì§®¢ ­¨¥ â¥à¬¨­  \®¡®¡é¥­­ë¥ ¯®â¥­æ¨ «ë" ®¡ãá«®¢«¥­® â¥¬, çâ®, ¢ ®â«¨ç¨¥ ®â ª« á-

á¨ç¥áª¨å ¯®â¥­æ¨ «®¢, ¨­â¥£à¨à®¢ ­¨¥ ¢ (17) ¨ (18) ¯à®¨§¢®¤¨âáï ¯® ãç áâªã £à ­¨æë (­ ¯à.,
[12]{[14]).
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�¢¥¤¥¬ â ª¦¥ ¨­â¥£à «ì­ë¥ ®¯¥à â®àë ­  �

(V (k) )(M) =
Z
��
G(k;M;P ) (�)dsP ; M 2 �;

(W (k)')(M) =
Z
��
@�(P )G(k;M;P )'(�)dsP ; M 2 �;

£¤¥ ¨­â¥£à «ë ¯®­¨¬ îâáï ¢ á¬ëá«¥ £« ¢­®£® §­ ç¥­¨ï.
�«ï ®¡®¡é¥­­ëå ¯®â¥­æ¨ «®¢ ¢ë¯®«­¥­ë â¥ ¦¥ ¯à¥¤¥«ì­ë¥ á®®â­®è¥­¨ï, çâ® ¨ ¤«ï ª« á-

á¨ç¥áª¨å ¯®â¥­æ¨ «®¢ ¯à®áâ®£® ¨ ¤¢®©­®£® á«®ï (­ ¯à., [4], á. 141; [15], á. 57),   ¨¬¥­­®,

(V(k) )� = V (k) ; (19)

(@�V(k) )� = �� +W T (k) ; (20)

(W(k)')� = ��'+W (k)'; (21)

(@�W(k)')+ = (@�W(k)')�; (22)

£¤¥ ç¥à¥§ W T (k) ®¡®§­ ç¥­ ¨­â¥£à «ì­ë© ®¯¥à â®à á ï¤à®¬ @�(M)G(k;M;P ).
�¢¥¤¥­¨¥ § ¤ ç¨ á®¯àï¦¥­¨ï (1){(4) ª á¨áâ¥¬¥ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ®á­®¢ ­® ­  ¯à¥¤-

¯®«®¦¥­¨¨, çâ® à¥è¥­¨¥ § ¤ ç¨ ¯à¥¤áâ ¢¨¬® ¢ ¢¨¤¥

uj(M) = euj(M) +
1
pj
f(W(kj)')(M) + (V(kj) )(M)g; j = 1; 2; (23)

£¤¥ (eu1; eu2) | à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨ (á¬. à §¤¥« 2), M 2 Sj , j = 1; 2. � á«¥¤ãîé¥¬
à §¤¥«¥ ¡ã¤¥â ¤®ª § ­  â¥®à¥¬  ®¡ íª¢¨¢ «¥­â­®áâ¨ § ¤ ç¨ á®¯àï¦¥­¨ï ¨ á¨áâ¥¬ë ¨­â¥£à «ì-
­ëå ãà ¢­¥­¨©, á ¯®¬®éìî ª®â®à®© ®¡®á­®¢ë¢ ¥âáï á¯à ¢¥¤«¨¢®áâì ¯à¥¤áâ ¢«¥­¨ï (23).

�§ ãá«®¢¨© á®¯àï¦¥­¨ï (2) á ãç¥â®¬ ä®à¬ã« (19){(22) ¯®«ãç ¥¬ á¨áâ¥¬ã ¨­â¥£à «ì­ëå ãà ¢-
­¥­¨©

K	 � (E � T )	 = F; (24)

£¤¥

	 = ('; )t; F � (F1; F2)t = (g � eu1 + eu2; h� p1@� eu1 + p2@� eu2)t:
�¤¥áì ç¥à¥§ (�)t ®¡®§­ ç¥­  ®¯¥à æ¨ï âà ­á¯®­¨à®¢ ­¨ï,

E =
���(1=p1 + 1=p2)I 0

0 2�I

�
; T =

�
T11 T12
T21 T22

�
; (25)

ç¥à¥§ I ®¡®§­ ç¥­ ¥¤¨­¨ç­ë© ®¯¥à â®à ¨

T11' =
1
p2
W (k2)'� 1

p1
W (k1)';

T12 =
1
p2
V (k2) � 1

p1
V (k1) ;

T21' = @�(x;f(x))(W (k2)�W (k1))';

T22 = @�(x;f(x))V (k2) � @�(x;f(x))V (k1) :

�¤à  ¨­â¥£à «ì­ëå ®¯¥à â®à®¢ Tij ®¡®§­ ç¨¬ ç¥à¥§ tij , i; j = 1; 2.
�§ ä®à¬ã« (16) á«¥¤ã¥â, çâ® ¨­â¥£à «ì­ë¥ ãà ¢­¥­¨ï (24) ¬®¦­® à áá¬ âà¨¢ âì â®«ìª® ¤«ï

x 2 [�d; d].
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5. �ãé¥áâ¢®¢ ­¨¥ ª« áá¨ç¥áª®£® à¥è¥­¨ï

�¥¬¬  1. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (10){(12). �®£¤  ®¤­®à®¤­ ï á¨áâ¥¬  ¨­â¥£à «ì­ëå

ãà ¢­¥­¨©

(E � T )	 = 0; (26)

£¤¥ E ¨ T ®¯à¥¤¥«¥­ë á®®â­®è¥­¨¥¬ (25), ¨¬¥¥â â®«ìª® âà¨¢¨ «ì­®¥ à¥è¥­¨¥.

�®ª § â¥«ìáâ¢®. �ãáâì 	 = ('; )t | ­¥­ã«¥¢®¥ ª« áá¨ç¥áª®¥ à¥è¥­¨¥ ¨§ãç ¥¬®© ®¤­®-
à®¤­®© á¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨©.

�á¯®«ì§ãï äã­ªæ¨¨ ' ¨  ª ª ¯«®â­®áâ¨ ¯®â¥­æ¨ «®¢, ¯®áâà®¨¬ äã­ªæ¨¨

vj(M) =
1
pj
f(W(kj)')(M) + (V(kj) )(M)g; j = 1; 2:

�­ ç¥­¨ï íâ¨å äã­ªæ¨© ¢ â®çª å £à ­¨æë ¢ëç¨á«ïîâáï á ¯®¬®éìî á®®â­®è¥­¨© (16) ¨ (19){
(22).

� áá¬®âà¨¬ à §­®áâ¨

v1j� � v2j�; p1@�v1j� � p2@�v2j�: (27)

� á¨«ã ä®à¬ã« (16) ­  ãç áâª¥ £à ­¨æë � n �� íâ¨ à §­®áâ¨ à ¢­ë ­ã«î. �  ­¥à®¢­®¬ ãç áâª¥
�� á ¯®¬®éìî ä®à¬ã« (19){(22) ¯à¨å®¤¨¬ ª ¨­â¥£à «ì­®¬ã ¢ëà ¦¥­¨î

(E � T )	; (28)

£¤¥ E ¨ T ¢ëç¨á«ïîâáï ¯® ä®à¬ã« ¬ (25). �®áª®«ìªã 	 = ('; )t ¯® ¯à¥¤¯®«®¦¥­¨î ï¢«ï¥âáï
à¥è¥­¨¥¬ ®¤­®à®¤­®© á¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (26), ¯®«ãç ¥¬, çâ® ¢ â®çª å £à ­¨æë
�� ¢ëà ¦¥­¨¥ (28) à ¢­® ­ã«î. �«¥¤®¢ â¥«ì­®, à §­®áâ¨ (27) ¨¬¥îâ ­ã«¥¢ë¥ §­ ç¥­¨ï ¢ â®çª å
£à ­¨æë �.

� ª¨¬ ®¡à §®¬, fv1; v2g ï¢«ï¥âáï à¥è¥­¨¥¬ § ¤ ç¨ á®¯àï¦¥­¨ï (1){(4) á ®¤­®à®¤­ë¬¨ ãá«®-
¢¨ï¬¨ ­  £à ­¨æ¥. � á¨«ã â¥®à¥¬ë ® ¥¤¨­áâ¢¥­­®áâ¨ ª« áá¨ç¥áª®£® à¥è¥­¨ï § ¤ ç¨ á®¯àï¦¥­¨ï
¯®«ãç ¥¬

v1(M) = 0 ¤«ï M 2 S1; v2(M) = 0 ¤«ï M 2 S2: (29)

�¯à¥¤¥«¨¬ äã­ªæ¨¨

w1(M) =
Z
��

�
@�(P )G(k2;M;P )'(�) +

1
p2
G(k2;M;P ) (�)

�
dsP ;

w2(M) = �
Z
��

�
@�(P )G(k1;M;P )'(�) +

1
p2
G(k1;M;P ) (�)

�
dsP

¯à¨ M 2 S1 ¨ M 2 S2 á®®â¢¥âáâ¢¥­­®.
� ¯®¬®éìî ä®à¬ã« (19){(22) ¯®«ãç ¥¬

w1j� � p2v2j� = �2';
p1v1j� + w2j� = �2'; (30)

w1j� � w2j� = p1v1j� + p2v2j�:
�§ (29) á«¥¤ã¥â, çâ® ¯à ¢ ï ç áâì ¯®á«¥¤­¥£® ¢ëà ¦¥­¨ï à ¢­  ­ã«î, ¯®íâ®¬ã ­  £à ­¨æ¥ ¢ë-
¯®«­¥­® ãá«®¢¨¥

[w1 � w2]j� = 0: (31)
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� á¢®î ®ç¥à¥¤ì, ä®à¬ã«  (20) ® áª çª¥ §­ ç¥­¨© ¯à ¢¨«ì­®© ­®à¬ «ì­®© ¯à®¨§¢®¤­®© ¯®-
â¥­æ¨ «  ¯à®áâ®£® á«®ï ¯à¨¢®¤¨â ª á®®â­®è¥­¨ï¬

@�w1j� � @�v2j� = 2�
p2
 ; (32)

@�v1j� + @�w2j� = 2�
p1
 :

�§ ¯®á«¥¤­¨å à ¢¥­áâ¢ ¨ (29) § ª«îç ¥¬, çâ® ­  £à ­¨æ¥ ¢ë¯®«­¥­® ãá«®¢¨¥

[p2@�(M)w1 � p1@�(M)w2]j� = 0: (33)

�ã­ªæ¨¨ w1, w2 â ª ¦¥, ª ª ¨ äã­ªæ¨¨ v1, v2, ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨î �¥«ì¬£®«ìæ , ¨ ¤«ï
­¨å á¯à ¢¥¤«¨¢ë ãá«®¢¨ï ¨§«ãç¥­¨ï ­  ¡¥áª®­¥ç­®áâ¨. �«¥¤®¢ â¥«ì­®, ãç¨âë¢ ï (31) ¨ (33),
¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® äã­ªæ¨¨ fw1; w2g ï¢«ïîâáï à¥è¥­¨¥¬ ®¤­®à®¤­®© § ¤ ç¨ á®¯àï¦¥­¨ï

4w1(M) + k2
2 v1(M) = 0; M 2 S1;

4w2(M) + k1
2 v2(M) = 0; M 2 S2;

[w1 � w2]j� = 0; [p2@�(M)w1 � p1@�(M)w2]j� = 0:

� á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 1 ¯®«ãç ¥¬

w1(M) = 0; M 2 S1; w2(M) = 0; M 2 S2: (34)

�ç¨âë¢ ï á®®â­®è¥­¨ï (29) ¨ (34), ¨§ (30), (32) ¯®«ãç ¥¬, çâ® ­  £à ­¨æ¥ � ¢ë¯®«­¥­ë
â®¦¤¥áâ¢  ' � 0,  � 0. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® «¥¬¬ë.

�¥¬¬  2. � ãá«®¢¨ïå â¥®à¥¬ë 1 áãé¥áâ¢ã¥â ­¥âà¨¢¨ «ì­®¥ à¥è¥­¨¥ á¨áâ¥¬ë ¨­â¥£à «ì-

­ëå ãà ¢­¥­¨©

K	 � (E � T )	 = F;

£¤¥ E, T ¨ F ®¯à¥¤¥«¥­ë á®®â­®è¥­¨ï¬¨ (25).

�®ª § â¥«ìáâ¢®. �®ª ¦¥¬, çâ® ¨§ãç ¥¬ ï á¨áâ¥¬  ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ï¢«ï¥âáï
äà¥¤£®«ì¬®¢®©.

�®áª®«ìªã ï¤à  t11 ¨ t22 ï¢«ïîâáï ª®¬¡¨­ æ¨ï¬¨ äã­ªæ¨© G(k;M;P ) ¨ ¨å ­®à¬ «ì­ëå
¯à®¨§¢®¤­ëå, ª ª ¨ ¢á«ãç ¥ «®£ à¨ä¬¨ç¥áª®£® ¯®â¥­æ¨ « , ¬®¦¥¬ ¤®®¯à¥¤¥«¨âì t11 ¨ t22 ¤®
­¥¯à¥àë¢­ëå äã­ªæ¨© (­ ¯à., [5], á. 15).

�á®¡¥­­®áâì ï¤à  t12 ¯à¨ M = P ¨ M =M� ®¯à¥¤¥«ï¥âáï ¯®¢¥¤¥­¨¥¬ äã­ªæ¨¨ H(1)
0 ¨ à ¢­ �

1
p1
� 1
p2

�
ln

1
rMP

¯à¨ M = P;

�
1
p1
� 1
p2

�
ln

1
r�MP

¯à¨ M =M�:

�á®¡¥­­®áâì ï¤à  t21 ¯à¨ M = P ®¯à¥¤¥«ï¥âáï à §­®áâï¬¨

k21H
(1)
0 (k1rMP )� k22H

(1)
0 (k2rMP ); k1H

(1)
1 (k1rMP )� k2H

(1)
1 (k2rMP );

k21H
(1)
2 (k1rMP )� k22H

(1)
2 (k2rMP ):

� ¬¥â¨¬, çâ®

H(1)
� (�) = J�(�) + iY�(�); � = 0; 1; : : : ;
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¨ ¯à¨ ¬ «ëå §­ ç¥­¨ïå  à£ã¬¥­â  ¨¬¥îâ ¬¥áâ® á®®â­®è¥­¨ï

J�(�) �
�
�

2

��
=�(� + 1); � = 1; 2;

Y0(�) � 2
�
ln �; Y�(�) � � 1

�
�(�)

�
�

2

���
; � = 1; 2:

�«¥¤®¢ â¥«ì­®, ¢ ¯à¥¤¥«¥ ¯à¨ M ! P ¨¬¥¥¬

k1H
(1)
1 (k1rMP )� k2H

(1)
1 (k2rMP ) � �k1

�
k1rMP

2

��1
+ k2

�
k2rMP

2

��1
= � 2

rMP

+
2

rMP

= 0;

k21H
(1)
2 (k1rMP )� k22H

(1)
2 (k2rMP ) � �k21

�
2

k1rMP

�2

+ k22

�
2

k2rMP

�2

= 0:

� ª¨¬ ®¡à §®¬, ®á®¡¥­­®áâì ï¤à  t21 ®¯à¥¤¥«ï¥âáï â®«ìª® á« £ ¥¬ë¬ k21H
(1)
0 (k1rMP )�k22H(1)

0 (k2rMP )
¨ à ¢­  (k21 � k22) ln rMP .

�®¦¥¬ § ª«îç¨âì, çâ® ï¤à  ¨§ãç ¥¬®© á¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨© «¨¡® ­¥¯à¥àë¢­ë,
«¨¡® ¨¬¥îâ «®£ à¨ä¬¨ç¥áªãî ®á®¡¥­­®áâì. � à ªâ¥à íâ®© ®á®¡¥­­®áâ¨ â ª®¢, çâ® ¤«ï «î¡®©
§ ¬ª­ãâ®© ®¡« áâ¨ D ¨¬¥¥â ¬¥áâ® ­¥à ¢¥­áâ¢® (­ ¯à., [5], á. 14)ZZ

D�D

jG(kj ;M;P )j2dsM dsP <1: (35)

�®áª®«ìªã ¯«®â­®áâ¨ ®¡®¡é¥­­ëå ¯®â¥­æ¨ «®¢ ¬®¦­® ­¥¯à¥àë¢­® ¯à®¤®«¦¨âì ­ã«¥¬ ­ 
§ ¬ª­ãâë© ª®­âãà, á®¤¥à¦ é¨© ��, â® íâ¨ ¯®â¥­æ¨ «ë ¬®¦­® à áá¬ âà¨¢ âì ª ª ®¯à¥¤¥«¥­­ë¥
­  § ¬ª­ãâ®¬ ª®­âãà¥ ¨, á«¥¤®¢ â¥«ì­®, ¤«ï ­¨å ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥ (35). �®áª®«ìªã ï¤à 
t12(x; �), t21(x; �) ï¢«ïîâáï ª®¬¡¨­ æ¨ï¬¨ äã­ªæ¨© G(kj ;M;P ) ¨ ¨å ­®à¬ «ì­ëå ¯à®¨§¢®¤­ëå,
â® ¨­â¥£à «ì­ë¥ ®¯¥à â®àë á ï¤à ¬¨ t12(x; �) ¨ t21(x; �) ¨¬¥îâ ¨­â¥£à¨àã¥¬ãî ®á®¡¥­­®áâì.

� ª¨¬ ®¡à §®¬, ¨§ãç ¥¬ ï ¢ «¥¬¬¥ á¨áâ¥¬  ¨­â¥£à «ì­ëå ãà ¢­¥­¨© ï¢«ï¥âáï äà¥¤£®«ì¬®-
¢®© ¨ áãé¥áâ¢®¢ ­¨¥ ­¥âà¨¢¨ «ì­®£® à¥è¥­¨ï ¢ëâ¥ª ¥â ª ª á«¥¤áâ¢¨¥ â¥®à¨¨ �à¥¤£®«ì¬ .

�¥®à¥¬  2. �ãáâì ¢ë¯®«­¥­ë ãá«®¢¨ï (10){(12), â®£¤  áãé¥áâ¢ã¥â ª« áá¨ç¥áª®¥ à¥è¥­¨¥

§ ¤ ç¨ á®¯àï¦¥­¨ï (1){(4).

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ á¨áâ¥¬ã ¨­â¥£à «ì­ëå ãà ¢­¥­¨©

K	 = F; (36)

£¤¥ K, F ®¯à¥¤¥«¥­ë á®®â­®è¥­¨ï¬¨ (25).
� ª á«¥¤ã¥â ¨§ «¥¬¬ë 2, áãé¥áâ¢ã¥â ­¥âà¨¢¨ «ì­®¥ ª« áá¨ç¥áª®¥ à¥è¥­¨¥ f'; g íâ®© á¨-

áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨©.
� áá¬®âà¨¬ äã­ªæ¨¨ u1, u2, ¯®áâà®¥­­ë¥ ¯® ä®à¬ã« ¬ (23), ¯à¨ç¥¬ äã­ªæ¨¨ ' ¨  ¨á¯®«ì-

§ãîâáï ª ª ¯«®â­®áâ¨ ®¡®¡é¥­­ëå ¯®â¥­æ¨ «®¢.
�®áª®«ìªã äã­ªæ¨¨ uj(M) (j = 1; 2) ï¢«ïîâáï ª®¬¡¨­ æ¨ï¬¨ äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å

ãà ¢­¥­¨î �¥«ì¬£®«ìæ  ¨ ãá«®¢¨ï¬ ¨§«ãç¥­¨ï ­  ¡¥áª®­¥ç­®áâ¨, ¯®«ãç ¥¬, çâ® uj(M) â ª¦¥
ã¤®¢«¥â¢®àïîâ ãà ¢­¥­¨î �¥«ì¬£®«ìæ  ¨ ãá«®¢¨ï¬ ¨§«ãç¥­¨ï.

�à®¢®¤ï â¥ ¦¥ ¢ëª« ¤ª¨, çâ® ¨ à ­¥¥, ¯à¨å®¤¨¬ ª á¨áâ¥¬¥ ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (36).
�®áª®«ìªã f'; g | à¥è¥­¨¥ íâ®© á¨áâ¥¬ë, ¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® ¤«ï äã­ªæ¨© u1 ¨ u2 ¢ë-
¯®«­¥­ë ãá«®¢¨ï á®¯àï¦¥­¨ï ­  £à ­¨æ¥.

�«¥¤®¢ â¥«ì­®, äã­ªæ¨¨ u1, u2 ï¢«ïîâáï à¥è¥­¨¥¬ § ¤ ç¨ á®¯àï¦¥­¨ï (1){(4).

�¥®à¥¬  3. �á«¨ ¢ë¯®«­¥­ë ãá«®¢¨ï à §à¥è¨¬®áâ¨ (10){(12), â® á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥

ãâ¢¥à¦¤¥­¨ï.
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�áïª®¥ à¥è¥­¨¥ fu1; u2g § ¤ ç¨ á®¯àï¦¥­¨ï (1){(4) ¤®¯ãáª ¥â ¨­â¥£à «ì­®¥ ¯à¥¤áâ ¢«¥­¨¥

uj(M) = euj(M) +
1
pj
f(W(kj)')(M) + (V(kj) )(M)g; M 2 Sj ; j = 1; 2; (37)

£¤¥ feu1; eu2g| à¥è¥­¨¥ ¢á¯®¬®£ â¥«ì­®© § ¤ ç¨,   V(kj) ¨W(kj)' ®¯à¥¤¥«¥­ë ä®à¬ã« ¬¨ (17),
(18) á ¯«®â­®áâï¬¨ ' ¨  , ¯®«ãç¥­­ë¬¨ ª ª à¥è¥­¨¥ á¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨©

(E � T )	 = F; (38)

£¤¥ E, T ¨ F = ('; )t ®¯à¥¤¥«¥­ë á®®â­®è¥­¨ï¬¨ (25).
� ¤àã£®© áâ®à®­ë, ¥á«¨ f'(x);  (x)g | à¥è¥­¨¥ á¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (38),

â® äã­ªæ¨¨ u1 ¨ u2, ¯®áâà®¥­­ë¥ á ¯®¬®éìî á®®â­®è¥­¨ï (37) á ¯«®â­®áâï¬¨ '(x) ¨  (x),
ï¢«ïîâáï à¥è¥­¨¥¬ § ¤ ç¨ á®¯àï¦¥­¨ï (1){(4).

�®ª § â¥«ìáâ¢®. �¡®§­ ç¨¬ ¬­®¦¥áâ¢® ª« áá¨ç¥áª¨å à¥è¥­¨© § ¤ ç¨ á®¯àï¦¥­¨ï (1){(4)
ç¥à¥§D. � áá¬®âà¨¬ â ª¦¥ ¬­®¦¥áâ¢® E, á®áâ®ïé¥¥ ¨§ ¯ à (v1; v2), £¤¥ äã­ªæ¨¨ v1 ¨ v2 ¯®áâà®¥­ë
¯® ä®à¬ã« ¬ (37), ¯à¨ç¥¬ ¢ ª ç¥áâ¢¥ ¯«®â­®áâ¥© ¯®â¥­æ¨ «®¢ ¡¥àãâáï à¥è¥­¨ï ',  á¨áâ¥¬ë
ãà ¢­¥­¨© (38). �§ â¥®à¥¬ë áãé¥áâ¢®¢ ­¨ï á«¥¤ã¥â E 6= f(0; 0)g.

� ª ¡ë«® ¯®ª § ­®, äã­ªæ¨¨ u1 ¨ u2, ¯®áâà®¥­­ë¥ ¯® ä®à¬ã« ¬ (37) á ¯«®â­®áâï¬¨ '(x)
¨  (x), ¯®«ãç¥­­ë¬¨ ª ª à¥è¥­¨¥ á¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (38), ï¢«ïîâáï à¥è¥­¨-
¥¬ § ¤ ç¨ á®¯àï¦¥­¨ï (1){(4). �§ á¢®©áâ¢ ®¡®¡é¥­­ëå ¯®â¥­æ¨ «®¢ á«¥¤ã¥â, çâ® íâ¨ äã­ªæ¨¨
ï¢«ïîâáï ª« áá¨ç¥áª¨¬¨ à¥è¥­¨ï¬¨. � ª¨¬ ®¡à §®¬, ¨¬¥¥â ¬¥áâ® ¢ª«îç¥­¨¥ E � D. � «¥¥,
¨§ â¥®à¥¬ë ® ¥¤¨­áâ¢¥­­®áâ¨ à¥è¥­¨ï § ¤ ç¨ á®¯àï¦¥­¨ï ¯®«ãç ¥¬ jDj � 1. �«¥¤®¢ â¥«ì­®,
f(0; 0)g 6= E = D ¨ jDj = 1. �®á«¥¤­¨¥ à ¢¥­áâ¢  ®§­ ç îâ íª¢¨¢ «¥­â­®áâì § ¤ ç¨ á®¯àï¦¥­¨ï
(1){(4) ¨ á¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (38).

6. �«£®à¨â¬ ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï

�  ®á­®¢ ­¨¨ â¥®à¥¬ë íª¢¨¢ «¥­â­®áâ¨ § ª«îç ¥¬, çâ® ¤«ï ¢ëç¨á«¥­¨ï ¯à¨¡«¨¦¥­­®£®
à¥è¥­¨ï § ¤ ç¨ á®¯àï¦¥­¨ï ¬®¦­® ¨á¯®«ì§®¢ âì ¬¥â®¤ë ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï ¨­â¥£à «ì-
­ëå ãà ¢­¥­¨©,   ¤«ï ®¡®á­®¢ ­¨ï  «£®à¨â¬®¢ | ¯à¨¬¥­¨âì à §à ¡®â ­­ãî ¤«ï ¨­â¥£à «ì­ëå
ãà ¢­¥­¨© ¬¥â®¤¨ªã ®¡®á­®¢ ­¨ï ¢ëç¨á«¨â¥«ì­ëå áå¥¬ (­ ¯à., [16], £«. I).

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ § ¤ ç¨ á®¯àï¦¥­¨ï áâà®¨âáï ¯® ä®à¬ã«¥ (23), ¯«®â­®áâ¨ ' ¨  ¯à¨
íâ®¬ § ¬¥­ïîâáï ­  äã­ªæ¨¨ '� ¨  �, ¯®«ãç¥­­ë¥ ¢ à¥§ã«ìâ â¥ à¥è¥­¨ï á¨áâ¥¬ë ¨­â¥£à «ì­ëå
ãà ¢­¥­¨© (24) ®¤­¨¬ ¨§ ¯à¨¡«¨¦¥­­ëå ¬¥â®¤®¢.

�«ï à¥è¥­¨ï á¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (38) ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¬¥â®¤ á¯« ©­{ª®«-
«®ª æ¨¨.

�à¨¡«¨¦¥­­®¥ à¥è¥­¨¥ á¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢­¥­¨© (38) ¨é¥¬ ¢ ¢¨¤¥ á¯« ©­®¢

'ln(x) =
nX

j=0l

cljs
l
j(x);  ln(x) =

nX
j=0l

dljs
l
j(x); l = 0; 1; 00 = 1; (39)

ª®â®àë¥ ï¢«ïîâáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï

Un	l
n � P

l

nU	
l
n = P

l

nF; (40)

£¤¥

	l
n =

�
'ln
 ln

�
; F =

�
F1

F2

�
; P

l

n =
�
P l
n

P l
n

�

¨ ç¥à¥§ P l
n ®¡®§­ ç¥­ ®¯¥à â®à á¯« ©­-¨­â¥à¯®«ïæ¨¨. �¥à¥§ s

l
j(x) ®¡®§­ ç¥­ë äã­¤ ¬¥­â «ì­ë¥

á¯« ©­ë ¯®àï¤ª  l ­  á¥âª¥

� d = x0 < x1 < � � � < xn�1 < xn = d (41)
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á ãá«®¢¨¥¬
�n = max

1�j�n
(xj � xj�1)! 0; n!1:

�¥¨§¢¥áâ­ë¥ ª®íää¨æ¨¥­âë clj , d
l
j (j = 0l; : : : ; n; l = 0; 1) ®¯à¥¤¥«ï¥¬ ¨§ á¨áâ¥¬ë «¨­¥©­ëå

 «£¥¡à ¨ç¥áª¨å ãà ¢­¥­¨©

clj +
nP

k=0l
(clk�

l
jk + dlk�

l
jk) = F1(xj);

dlj +
nP

k=0l
(clk�

l
jk + dlk�

l
jk) = F2(xj);

j = 0l; n; (42)

£¤¥

�ljk = (T11s
l
k)(xj); �ljk = (T12s

l
k)(xj);

�ljk = (T21s
l
k)(xj); � ljk = (T22s

l
k)(xj):

7. �¡®á­®¢ ­¨¥ ¢ëç¨á«¨â¥«ì­®© áå¥¬ë

�à¨ ®¡®á­®¢ ­¨¨ ¢ëç¨á«¨â¥«ì­®© áå¥¬ë ¡ã¤¥¬ ®¯¨à âìáï ­  ¬¥â®¤¨ªã ¨ à¥§ã«ìâ âë ¨§ ([16],
£«. I).

�ãáâì X ¨ Y | ¯à®¨§¢®«ì­ë¥ ­®à¬¨à®¢ ­­ë¥ ¯à®áâà ­áâ¢ ,   Xn ¨ Yn | ¨å ¯à®¨§¢®«ì­ë¥
ª®­¥ç­®¬¥à­ë¥ ¯®¤¯à®áâà ­áâ¢  ®¤¨­ ª®¢®© à §¬¥à­®áâ¨, £¤¥ n 2 N. � áá¬®âà¨¬ «¨­¥©­ë¥
®¯¥à â®à­ë¥ ãà ¢­¥­¨ï: â®ç­®¥

K	 = F (	 2 X; F 2 Y ) (43)

¨ á®®â¢¥âáâ¢ãîé¥¥ ¥¬ã ¯à¨¡«¨¦¥­­®¥

Kn	n = Fn (	n 2 Xn; Fn 2 Yn); (44)

£¤¥ K ¨ Kn |  ¤¤¨â¨¢­ë¥ ¨ ®¤­®à®¤­ë¥ ®¯¥à â®àë, ¤¥©áâ¢ãîé¨¥ ¨§ X ¢ Y ¨ ¨§ Xn ¢ Yn
á®®â¢¥âáâ¢¥­­®.

�®£« á­® â¥®à¥¬¥ 7 ([16], á. 19) ¥á«¨ ¤«ï ãà ¢­¥­¨© (43) ¨ (44) ¢ë¯®«­¥­ë ãá«®¢¨ï
i) ®¯¥à â®à K ®£à ­¨ç¥­­® ®¡à â¨¬;
ii) "n � kK �Knk ! 0 ¨ �n � kF � Fnk ! 0, n!1,

â® ¤«ï ¢á¥å n 2 N, â ª¨å, çâ® qn � kK�1k"n < 1, ãà ¢­¥­¨ï Kn	n = Fn ®¤­®§­ ç­® à §à¥è¨¬ë
¨ kK�1

n k 6 kK�1k=(1 � qn), k	�	nj = O("n + �n)! 0 ¯à¨ n!1.

�¥®à¥¬  4. � ãá«®¢¨ïå â¥®à¥¬ë 1 ¯à¨ ¢á¥å n 2 N, ­ ç¨­ ï á ­¥ª®â®à®£®, á¯« ©­-äã­ªæ¨¨

'ln(x),  
l
n(x), ®¯à¥¤¥«ï¥¬ë¥ ¬¥â®¤®¬ á¯« ©­-ª®««®ª æ¨¨ (39){(42), áãé¥áâ¢ãîâ ¨ ¥¤¨­áâ¢¥­-

­ë. �ã­ªæ¨¨ ('ln(x);  
l
n(x)) áå®¤ïâáï ª â®ç­®¬ã à¥è¥­¨î ('�(x);  �(x)) á¨áâ¥¬ë ¨­â¥£à «ì­ëå

ãà ¢­¥­¨© (24).

�®ª § â¥«ìáâ¢®. �á­®¢­®¥ ¯à®áâà ­áâ¢® X, ¢ ª®â®à®¬ à áá¬ âà¨¢ ¥âáï á¨áâ¥¬  ¨­â¥-
£à «ì­ëå ãà ¢­¥­¨©, ¡ã¤¥¬ ¢ë¡¨à âì ¢ § ¢¨á¨¬®áâ¨ ®â áâ¥¯¥­¨ l á¯« ©­®¢, ¨á¯®«ì§ã¥¬ëå ¯à¨
¯®áâà®¥­¨¨ ¢ëç¨á«¨â¥«ì­®© áå¥¬ë. � á«ãç ¥ l = 0 à áá¬®âà¨¬ ¯à®áâà ­áâ¢® X = M [�d; d] �
M [�d; d] á ­®à¬®© 





�
'
 

�




X

= max(k'kM ; k kM );

£¤¥ M [�d; d] | ¯à®áâà ­áâ¢® ®£à ­¨ç¥­­ëå ­  [�d; d] äã­ªæ¨© á ­®à¬®© k'kM = sup
x2[�d;d]

j'(x)j.
� á«ãç ¥ l = 1 à áá¬®âà¨¬ ¯à®áâà ­áâ¢® X = C[�d; d]� C[�d; d] á ­®à¬®©





�
'
 

�




X

= max(k'kC ; k kC):
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�ãáâìX l
n | ¯à®áâà ­áâ¢® äã­ªæ¨© ¢¨¤  	l

n(x) =
�
'ln(x)

 ln(x)

�
(l = 0; 1), £¤¥ 'ln(x),  

l
n(x) ®¯à¥¤¥«¥-

­ë á®®â­®è¥­¨¥¬ (39). �ëç¨á«¨â¥«ì­ ï áå¥¬  (39){(42) íª¢¨¢ «¥­â­  § ¤ ­­®¬ã ¢ ¯à®áâà ­áâ¢¥
X l
n ®¯¥à â®à­®¬ã ãà ¢­¥­¨î

K l
n	

l
n � 	l

n + P
l

n(T	
l
n) = P

l

ng (	l
n 2 X l

n); (45)

£¤¥

P
l

n

�
'ln(x)
 ln(x)

�
=
�
P l
n'

l
n(x)

P l
n 

l
n(x)

�
;

  ç¥à¥§ P l
n ®¡®§­ ç¥­ ®¯¥à â®à á¯« ©­-¨­â¥à¯®«¨à®¢ ­¨ï áâ¥¯¥­¨ l = 0; 1 ¯® ã§« ¬ (41). �ª¢¨-

¢ «¥­â­®áâì §¤¥áì ¯®­¨¬ ¥âáï ¢ á«¥¤ãîé¥¬ á¬ëá«¥: ¥á«¨ á¨áâ¥¬  (42) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥-

è¥­¨¥ fc�j ; d�jg, â® ¢¥ªâ®à 	�n =
� nP
j=0l

c�js
l
j(x);

nP
j=0l

d�js
l
j(x)

�t
ï¢«ï¥âáï à¥è¥­¨¥¬ (45), ¨, ­ ®¡®à®â,

¥á«¨ (45) ¨¬¥¥â à¥è¥­¨¥ 	�n (l = 0; 1), â® á¨áâ¥¬  (42) â ª¦¥ ¨¬¥¥â à¥è¥­¨¥ fc�j ; d�jg, ¯à¨ç¥¬
	�n =

� nP
j=0l

c�js
l
j(x);

nP
j=0l

d�js
l
j(x)

�t
.

� ¯à¥¤ë¤ãé¨å à §¤¥« å ¤®ª § ­  ®¤­®§­ ç­ ï à §à¥è¨¬®áâì á¨áâ¥¬ë ¨­â¥£à «ì­ëå ãà ¢-
­¥­¨© (24). � ª¨¬ ®¡à §®¬, ¤«ï ¤®ª § â¥«ìáâ¢  ®¤­®§­ ç­®© à §à¥è¨¬®áâ¨ ãà ¢­¥­¨ï (45) ¤®-
áâ â®ç­® ¯®ª § âì ¡«¨§®áâì ®¯¥à â®à®¢ K ¨ K l

n ­  ¯®¤¯à®áâà ­áâ¢¥ X
l
n.

�ãáâì 	l
n 2 X l

n, â®£¤ 

kK	l
n �K l

n	
l
nk = kT	l

n � P
l

nT	
l
nk 6

6 maxfkT11'ln � P l
nT11'

l
nk+ kT12 ln � P l

nT12 
l
nk; kT21'ln � P l

nT21'
l
nk+ kT22 ln � P l

nT22 
l
nkg:

�á¯®«ì§ãï «¥¬¬ã 2, ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

kK	l
n �K l

n	
l
nk 6 maxf!(T11'ln; �n) + !(T12 ln; �n);!(T21'

l
n; �n) + !(T22 ln; �n)g:

�à ¢ãî ç áâì íâ®£® ­¥à ¢¥­áâ¢  ¬®¦­® ®æ¥­¨âì á«¥¤ãîé¨¬ ®¡à §®¬:

kK	l
n �K l

n	
l
nk 6 A1maxf!x(t11; �n)k'lnk+ (!x(bt12; �n) + �nj ln �nj)k lnk;
!x(t22; �n)k'lnk+ (!x(bt21; �n) + �nj ln �nj)k lnkg:

(46)

�®áª®«ìªã äã­ªæ¨¨ bt12, bt21 £« ¤ª¨¥, ¬®¦­® ¯à®¤®«¦¨âì ­¥à ¢¥­áâ¢  (46):
kK	l

n �K l
n	

l
nk 6 A2max(!x(t11; �n)k'lnk+ f�n + �nj ln �njgk lnk;

!x(t22; �n)k'lnk+ f�n + �nj ln �njgk lnk) 6 A3(maxf!x(t11; �n); !x(t22; �n)gk'lnk+ �nj ln �njk lnk):

�¡®§­ ç¨¢

"n = maxf!x(t11; �n); !x(t22; �n)g+ �nj ln �nj;
¯®«ãç¨¬

kK	l
n �K l

n	
l
nk 6 A"nmaxfk'lnk; k lnkg = A"nk	l

nk: (47)

�à ¢ ï ç áâì ­¥à ¢¥­áâ¢  (47) ¯à¨ n ! 1 áâà¥¬¨âáï ª ­ã«î ¢ á¨«ã ãá«®¢¨ï �n ! 0. �â®
®§­ ç ¥â, çâ® ¢ë¯®«­¥­ë ãá«®¢¨ï â¥®à¥¬ë 7 ([16], á. 19). �«¥¤®¢ â¥«ì­®, ®¯¥à â®à­®¥ ãà ¢­¥-
­¨¥ (45) ®¤­®§­ ç­® à §à¥è¨¬® å®âï ¡ë ¯à¨ n > n0, £¤¥ æ¥«®¥ ç¨á«® n0 ¢ë¡à ­® ¨§ ãá«®¢¨ï
"n0kK�1k < 1. �å®¤¨¬®áâì ¯à¨¡«¨¦¥­­®£® à¥è¥­¨ï ª â®ç­®¬ã á«¥¤ãîâ ¨§ ãª § ­­®© â¥®à¥¬ë ¨
­¥à ¢¥­áâ¢  (46).
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