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�ã¤¥¬ à áá¬ âà¨¢ âì ª®¬¯«¥ªá­®§­ ç­ë¥ äã­ªæ¨¨ �(z) (z = x+iy), ã¤®¢«¥â¢®àïîé¨¥ ãà ¢-
­¥­¨î

2
@

@z
�(z)�

2m+ 1
z � z

�
�(z)� �(z)

�
= 0; (1)

£¤¥ 2@=@z = @=@x + i@=@y; m | æ¥«®¥ ç¨á«®. � ª¨¥ äã­ªæ¨¨ ï¢«ïîâáï ç áâ­ë¬ á«ãç ¥¬ ®¡-
®¡é¥­­ëå  ­ «¨â¨ç¥áª¨å äã­ªæ¨©, ¢¢¥¤¥­­ëå �.�.�¥ªã  [1]; ¨­â¥£à «ì­ë¥ ¯à¥¤áâ ¢«¥­¨ï ¤«ï
­¨å ¯®«ãç¥­ë ¢ [2], [3]; á«ãç © m = 0 à áá¬ âà¨¢ «áï ¢ [4], [5].

� ª ç¥áâ¢¥ ®¡®¡é¥­­®£® ï¤à  �®è¨ ¢®§ì¬¥¬ äã­ªæ¨î

W (z; �) = !(x; �)=(� � z); (2)

£¤¥

!(z; �) =
2m+ 1
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Z �

0
(cosm� � cos(m+ 1)�)

d�

�
; (3)

� = � + i�; � = [(x� �)2 + y2 + �2 � 2y� cos �]1=2:

�®á¯®«ì§®¢ ¢è¨áì à §«®¦¥­¨¥¬ ¨­â¥£à «  (3) ¢ £¨¯¥à£¥®¬¥âà¨ç¥áª¨© àï¤, ¬®¦­® ã¡¥¤¨âìáï,
çâ® ! ¨ ¥¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ ¯® x; y, �; � ­¥¯à¥àë¢­ë ¢ «î¡®© ª®­¥ç­®© ®¡« áâ¨ ¯à¨ z 6= �
ªà®¬¥, ¬®¦¥â ¡ëâì, â®ç¥ª ®á¨ Ox, ¨ ­¥¯à¥àë¢­® ¯à®¤®«¦¨¬ë ­  íâã ®áì á«¥¢  ¨ á¯à ¢ . �à¨
íâ®¬

!(�; �) = 1 (� 6= 0);

lim
y!0

!(z; �) =
�

2
(2m+ 1)!!
(2m)!!

�2mj�j

j� � xj2m+1
(m � 0);

lim
�!0

!(z; �) = 0 (m � 0); lim
y!0

!(z; �) = 0 (m < 0);

lim
�!0

!(z; �) = �jmj
j2m+ 1j!!
j2mj!!

�
y

j� � zj

�j2m+1j

lim
�!0

�

j�j
(m < 0):

(4)

�à¨ z ! � (� 6= 0) äã­ªæ¨ï ! ¨¬¥¥â «®£ à¨ä¬¨ç¥áªãî ®á®¡¥­­®áâì; ¯à®¨§¢¥¤¥­¨¥ ¥¥ ç áâ­ëå
¯à®¨§¢®¤­ëå ¯¥à¢®£® ¯®àï¤ª  ­  j� � zj ®£à ­¨ç¥­® ¢ «î¡®© ª®­¥ç­®© ®¡« áâ¨. � ¬  äã­ªæ¨ï
! ®£à ­¨ç¥­  ¯à¨ z !1 ¨«¨ � !1. �¤à® W (z; �) ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨ï¬

2@W=@z � (2m+ 1)(W �W �)=(z � z) = 0; (5)

2@W=@� + (2m+ 1)(W +W�)=(� � �) = 0 (6)

(W =W (z; �); W� =W (z; � )):
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�¢¥¤¥¬ ¯à¨ y > 0, � > 0, m � 0 äã­ªæ¨î �(z; �) à ¢¥­áâ¢ ¬¨
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y2 + �2 � 2y� cos �

d�

�
+
�

2
E

�
1
�
Arcsin

y � �

jz � � j

�
;

Im� =
�
�

y

�m
�

2

Z �

0

cos(m+ 1)�
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(E(u) | æ¥« ï ç áâì ç¨á«  u).
�®£¤  z 6= � , äã­ªæ¨ï �(z; �) ­¥¯à¥àë¢­  ¨ ¤¨ää¥à¥­æ¨àã¥¬  ¢ ¯®«ã¯«®áª®áâ¨, à §à¥§ ­­®©

¢¤®«ì ­¥ª®â®à®© ¤ã£¨ a� , £¤¥ a | ¯à®¨§¢®«ì­ ï â®çª  ®á¨ Ox, ¨ ­¥¯à¥àë¢­® ¯à®¤®«¦¨¬  ­ 
íâã ¤ã£ã á«¥¢  ¨ á¯à ¢ , ¯à¨ç¥¬

�+(�0; �)� ��(�0; �) = � (�0 2 a�); (7)

lim
�!0
(y 6=0)

�(z; �) = 0; �(x; �) = lim
y!0
(� 6=0)

�(z; �) =
�

2
('(v) +E1): (8)

�¤¥áì

E1 = (a� x)=ja� xj; v = (x� �)=jx� � j;

'(v) =
mX
k=0

(2k + 1)!!
(2k + 1)(2k)!!

v(1 � v2)k:

�®¦­® ã¡¥¤¨âìáï, çâ®

2i
@

@�
�(z; �) =W (z; �); 2i

@

@�
�(z; �) = �W (z; �): (9)

�ãáâì D0 | ª®­¥ç­ ï ®¡« áâì ¢ ¢¥àå­¥© ¯®«ã¯«®áª®áâ¨ (y � 0), ®£à ­¨ç¥­­ ï ¯à®áâë¬
ªãá®ç­®-£« ¤ª¨¬ § ¬ª­ãâë¬ ª®­âãà®¬ L0. �ã­ªæ¨î �(z), ¤¨ää¥à¥­æ¨àã¥¬ãî ¯® x; y ¢ D0 ¨
ã¤®¢«¥â¢®àïîéãî ãà ¢­¥­¨î (1), ¡ã¤¥¬ ­ §ë¢ âì ®¡®¡é¥­­®©  ­ «¨â¨ç¥áª®© ¢ D0.

�¥¬¬ . �á«¨ ®¡®¡é¥­­ ï  ­ «¨â¨ç¥áª ï ¢ D0 äã­ªæ¨ï �(z) ­¥¯à¥àë¢­  ¢ D0, â® ¨­â¥£à «

J(z) =
1
2�i

Z
L0

�
�(�)W d� � �(�)W� d�

�
(10)

à ¢¥­ �(z) ¯à¨ z 2 D0, �(z) ¯à¨ z 2 D0 ¨ ­ã«î, ¥á«¨ z; z =2 D0.

�®ª § â¥«ìáâ¢®. �ãáâì z 2 D0. �à®¢¥¤¥¬ ¤®áâ â®ç­® ¬ «ë¬ à ¤¨ãá®¬ � ®ªàã¦­®áâì 
 á
æ¥­âà®¬ ¢ â®çª¥ z. �¡®§­ ç¨¬ ç¥à¥§ D� ®¡« áâì, § ª«îç¥­­ãî ¬¥¦¤ã L0 ¨ 
. �à¨¬¥­ïï ª D�

ä®à¬ã«ã �à¨­ , ¯®«ãç¨¬

J(z) = �
1
�

ZZ
D�

�
@

@�
(�W ) +

@

@�
(�W�)

�
d� d� + J1 + J2:

�®¤ë­â¥£à «ì­ ï äã­ªæ¨ï ¤¢®©­®£® ¨­â¥£à «  à ¢­  ­ã«î ¢á«¥¤áâ¢¨¥ (1) ¨ (6). �­â¥£à «ë

J1 =
1
2�i

Z



�(�)
!(z; �)
� � z

d�; J2 =
1
2�i

Z



�(�)
!(z; �)
� � z

d�

¯à¨ � ! 0 áâà¥¬ïâáï á®®â¢¥âáâ¢¥­­® ª �(z) ¨ ­ã«î. �á«¨ z 2 D0, â® æ¥­âà 
 á®¢¬¥é ¥¬ á z;
â®£¤  J1 ! 0, J2 ! �(z). �á«¨ z; z =2 D0, â® J1 ¨ J2 ®âáãâáâ¢ãîâ.

� ¬¥ç ­¨¥. �á«¨ D0 ¯à¨«¥£ ¥â ª ®á¨ Ox ­  ®âà¥§ª¥ l ¨ Re�(x) = 0 ¯à¨ m < 0, â® ¨­â¥£à «
¯® l ¢á«¥¤áâ¢¨¥ (4) ®¡à é ¥âáï ¢ ­ã«ì, ¨ ¯®¤ L0 ¢ (10) ¬®¦­® ¯®­¨¬ âì ¤ã£ã, ®¯¨à îéãîáï ­ 
ª®­æë ®âà¥§ª  l. � íâ®¬ á«ãç ¥ «¥¬¬  ®áâ ¥âáï á¯à ¢¥¤«¨¢®© ¨ ¯à¨ z ! z0 2 l.
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�¥¬¬  «¥£ª® ®¡®¡é ¥âáï ­  á«ãç © ¬­®£®á¢ï§­®© ®¡« áâ¨ D0, ª â®¬ã ¦¥ ¯à¨«¥£ îé¥© ª
®á¨ Ox ­  ­¥áª®«ìª¨å ãç áâª å. �®£¤  L0 ¡ã¤¥â á®áâ®ïâì ¨§ ª®­¥ç­®£® ç¨á«  ¯à®áâëå ªãá®ç­®-
£« ¤ª¨å § ¬ª­ãâëå ª®­âãà®¢ ¨ ¤ã£, ®¯¨à îé¨åáï ­  ®áì Ox. �á¥ íâ¨ ª®­âãàë ¨ ¤ã£¨ ­¥ ¯¥à¥-
á¥ª îâáï ¬¥¦¤ã á®¡®©.

� áá¬®âà¨¬ ­ àï¤ã á D0 á¨¬¬¥âà¨ç­ãî ¥© ®â­®á¨â¥«ì­® ®á¨ Ox ®¡« áâì D00. �ãáâì D =
D0+D00+l, ª®£¤ D0 ¯à¨«¥£ ¥â ª ®á¨ Ox, ¨D = D0+D00 ¢ ¯à®â¨¢­®¬ á«ãç ¥. �®¤ L ¡ã¤¥¬ ¯®­¨¬ âì
£à ­¨æã ®¡« áâ¨ D | ªãá®ç­®-£« ¤ª¨© ª®­âãà ¡¥§ â®ç¥ª ¢®§¢à â , ¯®¤ D� | ¡¥áª®­¥ç­ãî
®¡« áâì, ¢­¥è­®áâì ª®­âãà  L.

�ã­ªæ¨î �(z) ¡ã¤¥¬ ­ §ë¢ âì ®¡®¡é¥­­®©  ­ «¨â¨ç¥áª®© ¢ D, ¥á«¨ ®­  ï¢«ï¥âáï ®¡®¡é¥­-
­®©  ­ «¨â¨ç¥áª®© ¢ D0 ¨ ã¤®¢«¥â¢®àï¥â ãá«®¢¨î �(z) = �(z). �á«¨ D ¯¥à¥á¥ª ¥â ®áì Ox, â®,
ªà®¬¥ â®£®, �(z) ¤®«¦­  ¡ëâì ­¥¯à¥àë¢­®© ¢ D, ¯à¨ç¥¬ �(x) = 0 ¯à¨ m < 0.

�¥®à¥¬  1. �ãáâì ®¡®¡é¥­­ ï  ­ «¨â¨ç¥áª ï ¢ D äã­ªæ¨ï �(z) ­¥¯à¥àë¢­  ¢ D. �®£¤ 
¨­â¥£à «

I(z) =
1
2�i

Z
L

�(�)W (z; �)d� (11)

à ¢¥­ �(z) ¯à¨ z 2 D ¨ ­ã«î ¯à¨ z 2 D�.

�á«¨ �(z) ®¡®¡é¥­­®  ­ «¨â¨ç­  ¢ D�, ­¥¯à¥àë¢­  ¢ D
�
¨ ¨áç¥§ ¥â ­  ¡¥áª®­¥ç­®áâ¨, â®

I(z) = ��(z) ¯à¨ z 2 D�, ¨ I(z) = 0 ¯à¨ z 2 D.

�®ª § â¥«ìáâ¢®. �¥à¢ ï ç áâì â¥®à¥¬ë ¢ëâ¥ª ¥â ¨§ «¥¬¬ë, ¥á«¨ ¨­â¥£à « (11) ¯à¨¢¥áâ¨ ª
¢¨¤ã (10). �«ï ¤®ª § â¥«ìáâ¢  ¢â®à®© ç áâ¨ ¯à¨¬¥­¨¬ â¥®à¥¬ã ª ®¡« áâ¨, § ª«îç¥­­®© ¬¥¦¤ã
L ¨ ®ªàã¦­®áâìî � ¤®áâ â®ç­® ¡®«ìè®£® à ¤¨ãá  R. � ¬¥ç ï, çâ® ¯à¨ R ! 1 ¨­â¥£à « ¯®
� áâà¥¬¨âáï ª ­ã«î,   ­ ¯à ¢«¥­¨¥ ®¡å®¤  L ®áâ «®áì ¯à¥¦­¨¬, ã¡¥¤¨¬áï ¢ á¯à ¢¥¤«¨¢®áâ¨
¯à¥¤«®¦¥­¨ï.

�¥®à¥¬  2. �ãáâì ­  L § ¤ ­  äã­ªæ¨ï f(�), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î ��¥«ì¤¥à  H(�)
(0 < � < 1) ¨ à ¢¥­áâ¢ ¬

f(�) = f(�) (�1 < m < +1); f(�) = 0 (m < 0):

�®£¤  á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ¯à¥¤«®¦¥­¨ï.

1. �ã­ªæ¨ï

�(z) =
1
2�i

Z
L
f(�)W (z; �)d� (12)

ï¢«ï¥âáï ®¡®¡é¥­­®©  ­ «¨â¨ç¥áª®© ¢ D ¨ D� ¨ ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨ï¬

�(z) = �(z); �(1) = 0 (�1 < m < +1);

�(x) = 0 (m < 0):

2. �â  äã­ªæ¨ï ­¥¯à¥àë¢­® ¯à®¤®«¦¨¬  ­  L á«¥¢  ¨ á¯à ¢ ; ¥¥ £à ­¨ç­ë¥ §­ ç¥­¨ï ��(�0)
(�0 2 L) ¯à¨­ ¤«¥¦ â ª« ááã H(�), ¯à¨ç¥¬

�+(�0)� ��(�0) = f(�0); (13)

��(�0) =
1
2

�
1�

�

�
� 1

�
f(�0) + �(�0) (Im �0 6= 0); (14)

��(�0) =
1
2

�
'
�
cos

�

2

�
� 1

�
f(�0) + �(�0) (Im �0 = 0); (15)

£¤¥ �| ã£®« ¯®¢®à®â  ª á â¥«ì­®© ¢ â®çª¥ �0, �(�0)| ¨­â¥£à « (12) ¢ á¬ëá«¥ £« ¢­®£®
§­ ç¥­¨ï ¯® �®è¨.
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�«ï ¤®ª § â¥«ìáâ¢  ¯à¥¤«®¦¥­¨ï 1 ¤®áâ â®ç­® ¯®¤áâ ¢¨âì (12) ¢ (1) ¨ ãç¥áâì (5).
�®ª ¦¥¬ ¯à¥¤«®¦¥­¨¥ 2. �ãáâì a| ª ª ï-«¨¡® ¨§ â®ç¥ª ¯¥à¥á¥ç¥­¨ï L á ®áìî Ox. �ë¤¥«¨¬

¨§ L á¨¬¬¥âà¨ç­ãî ¤ã£ã � = bb (Im b > 0), á®¤¥à¦ éãî â®çªã a. �­â¥£à « (12) ¯® Ln� ï¢«ï¥âáï
äã­ªæ¨¥©, ­¥¯à¥àë¢­®© ¨ ¤¨ää¥à¥­æ¨àã¥¬®© ¢ ®ªà¥áâ­®áâ¨ � ¨ ­  á ¬®© íâ®© ¤ã£¥, ¨áª«îç ï
®ªà¥áâ­®áâì ¥¥ ª®­æ®¢ b ¨ b. �­â¥£à « ¯® � ¯à¥¤áâ ¢¨¬ ¢ ä®à¬¥

I�(z) =
1
2�i

Z
�

f(�)W (z; �)d� = 	1(z) + 	2(z) + 	3(z):

�¤¥áì ¯à¨ y > 0, m � 0 ¯à¨­ïâ®

	k(z) =
1
2�i

Z
�0

 k(z; �)
� � z

d� (�0 = ab; k = 1; 2);

	3(z) = f(a)
1
2�i

Z
�0
[W (z; �)d� �W (z; � )d� ];

 1(z; �) = [f(�)� f(a)]!(z; �);  2(z; �) = [f(�)� f(a)]!(z; � )(� � z)=(� � z):

�á¯®«ì§ãï à ááã¦¤¥­¨ï ([6], x x 5, 6), «¥£ª® ã¡¥¤¨âìáï, çâ®  k(z; �) 2 H(�) ¯® ®¡¥¨¬ ¯¥à¥¬¥­-
­ë¬, ¯à¨ç¥¬  k(a; �) = 0. �«¥¤®¢ â¥«ì­®, 	�

1;2(�0) 2 H(�) ­  �
0, ¢ª«îç ï â®çªã a, ­® ¨áª«îç ï

b. �«ï ­¨å á¯à ¢¥¤«¨¢ë ä®à¬ã«ë (13){(15), £¤¥ á«¥¤ã¥â § ¬¥­¨âì f(�) á®®â¢¥âáâ¢¥­­® ç¥à¥§
 1(�0; �0) = f(�0)� f(a) ¨  2(�0; �0) = 0.

�ãáâì z =2 �0. �ç¨âë¢ ï (9), ¡ã¤¥¬ ¨¬¥âì

	3(z) =
1
�
f(a)[�(z; b) � lim

�!a
�(z; �)] =

1
�
f(a)�(z; b):

�âáî¤  ¢¨¤­®, çâ® 	�
3 (�0) ­¥¯à¥àë¢­ë ¨ ¤¨ää¥à¥­æ¨àã¥¬ë ­  �0 ¯à¨ �0 6= b,   ¨§ (7) ¢ëâ¥ª ¥â

	+
3 (�0)�	�

3 (�0) = f(a):

�®£¤  z = a, â® á ãç¥â®¬ (8)

	3(a) =
1
�
f(a)[�(z; b)� lim

�!a
�(a; �)]� =

= 	+
3 (a)�

1
2

�
'
�
cos

�

2

�
+ 1

�
f(a) = 	�

3 (a)�
1
2

�
'
�
cos

�

2

�
� 1

�
f(a);

®âªã¤  á«¥¤ã¥â (15).
�á«¨ m < 0, â® 	3(z) = f(a) = 0. �«ãç © y < 0 ¯à¨¢®¤¨âáï ª ¯à¥¤ë¤ãé¥¬ã §  áç¥â á¢®©áâ¢ 

�(z) = �(z); â® ¦¥ á ¬®¥ ®â­®á¨âáï ª á«ãç î Im b < 0.
�â ª, ¯à¥¤«®¦¥­¨¥ 2 á ä®à¬ã« ¬¨ (13) ¨ (15) ¤®ª § ­® ¤«ï ®ªà¥áâ­®áâ¨ â®çª¨ a.
�á«¨ �0 ­¥ «¥¦¨â ­  ®á¨ Ox, â® ¢ ¯à¥¤ë¤ãé¨å à ááã¦¤¥­¨ïå ®¯ãáª ¥¬ f(a) ¨ 	3(z) ¨ ®â®-

¦¤¥áâ¢«ï¥¬ � á L. �«ï äã­ªæ¨© 	�
1;2(�0) ¯à¨ Im �0 6= 0 ¨¬¥¥â ¬¥áâ® ä®à¬ã«  (14).

�á«¨ â®çª  �0 «¥¦¨â ­  £« ¤ª®© ¤ã£¥, â® � = �, ¨ ä®à¬ã«ë (14) ¨ (15) ¯¥à¥å®¤ïâ ¢ ®¡ëç­ãî
ä®à¬ã«ã �®å®æª®£®-�«¥¬¥«ï

��(�0) = �
1
2
f(a) + �(�0):

� ª¨¬ ®¡à §®¬, ¤«ï äã­ªæ¨© (1) ¯à¨ ï¤à¥ (2) á¯à ¢¥¤«¨¢ë ä®à¬ã«  �®è¨ ¨ ®á­®¢­ë¥ á¢®©-
áâ¢  ¨­â¥£à «  â¨¯  �®è¨.
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