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�  áâ®ïé¥¥ ¢à¥¬ï ¨¬¥¥âáï § ç¨â¥«ì®¥ ç¨á«® ¯ã¡«¨ª æ¨©, ¢ ª®â®àëå ¯®«ãç¥ë à §«¨çë¥
®æ¥ª¨ à¥è¥¨© äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (á¬. [1]{[7],   â ª¦¥ ãª § ãî
â ¬ ¡¨¡«¨®£à ä¨î).

�¥á¬®âàï   íâ®, ¯®«ãç¥¨¥  ¨¡®«¥¥ â®çëå (¥ã«ãçè ¥¬ëå) ®æ¥®ª à¥è¥¨© ã¯®¬ïãâëå
ãà ¢¥¨© ®áâ ¥âáï  ªâã «ì®© § ¤ ç¥©.

� ¤ ®© à ¡®â¥ ãáâ ®¢«¥ë ¥ã«ãçè ¥¬ë¥ ®æ¥ª¨ à¥è¥¨© á¨áâ¥¬ ¤¨ää¥à¥æ¨ «ì®-à §-
®áâëå ãà ¢¥¨© ¥©âà «ì®£® â¨¯  ¯à®¨§¢®«ì®£® ¤¨ää¥à¥æ¨ «ì®£® ¯®àï¤ª . �®«ãç¥-
ë© à¥§ã«ìâ â áãé¥áâ¢¥® ®¯¨à ¥âáï   ¯à¥¤è¥áâ¢ãîé¨¥ à¥§ã«ìâ âë  ¢â®à , ¯®á¢ïé¥ë¥ ¨§-
ãç¥¨î âà ¤¨æ¨®®©  ç «ì®© § ¤ ç¨ ¤«ï á¨áâ¥¬ ®¤®à®¤ëå ãà ¢¥¨© (á¬. [8]{[11]). � á¢®î
®ç¥à¥¤ì, ¯®«ãç¥¨¥ ®æ¥®ª à¥è¥¨© á¨áâ¥¬ ®¤®à®¤ëå ãà ¢¥¨© ®¯¨à ¥âáï   á¯¥ªâà «ìë©
  «¨§ ®¯¥à â®à , ï¢«ïîé¥£®áï £¥¥à â®à®¬ ¯®«ã£àã¯¯ë á¤¢¨£®¢ ¢¤®«ì âà ¥ªâ®à¨© à¥è¥¨©
ãª § ëå á¨áâ¥¬ ãà ¢¥¨© (¯®¤à®¡¥¥ á¬. [8]{[11]).

�¥§ã«ìâ âë ¤ ®© áâ âì¨ ®¡®¡é îâ à¥§ã«ìâ âë ¯à¥¤è¥áâ¢ãîé¨å à ¡®â [12]{[15]   á«ãç ©
á¨áâ¥¬ ¯à®¨§¢®«ì®£® ¤¨ää¥à¥æ¨ «ì®£® ¯®àï¤ª .

1. �¯à¥¤¥«¥¨ï, ®¡®§ ç¥¨ï, ä®à¬ã«¨à®¢ª¨ à¥§ã«ìâ â®¢

� áá¬®âà¨¬ âà ¤¨æ¨®ãî  ç «ìãî § ¤ çã ¤«ï ¤¨ää¥à¥æ¨ «ì®-à §®áâ®£® ãà ¢¥¨ï
¢¨¤ 

nX
k=0

mX
j=0

Akju
(j)(t� hk) +

mX
j=0

Z h

0
Bj(s)u

(j)(t� s)ds = f(t); t > 0; (1)

u(t) = y(t); t 2 [�h; 0]: (2)

�¤¥áìAkj |¬ âà¨æë à §¬¥à  r�r á ¯®áâ®ïë¬¨ ª®¬¯«¥ªáë¬¨ í«¥¬¥â ¬¨, í«¥¬¥âë ¬ âà¨æ-
äãªæ¨© Bj(s) ¯à¨ ¤«¥¦ â ¯à®áâà áâ¢ã L2(0; h), ç¨á«  hk â ª®¢ë, çâ® 0 = h0 < h1 < � � � <
hn = h.

�¡®§ ç¨¬ ç¥à¥§ L(�) å à ªâ¥à¨áâ¨ç¥áªãî ¬ âà¨æã-äãªæ¨î ãà ¢¥¨ï (1)

L(�) =
nX

k=0

mX
j=0

Akj�
je��hk +

mX
j=0

�j
Z h

0

e��sBj(s)ds;

ç¥à¥§ l(�) = detL(�) | å à ªâ¥à¨áâ¨ç¥áª¨© ª¢ §¨¬®£®ç«¥ (á¬. [1]) ãà ¢¥¨ï (1), ç¥à¥§ �q
| ã«¨ äãªæ¨¨ l(�), ã¯®àï¤®ç¥ë¥ ¢ ¯®àï¤ª¥ ¢®§à áâ ¨ï ¬®¤ã«¥© á ãç¥â®¬ ªà â®áâ¨ �q,
ç¥à¥§ � | ¬®¦¥áâ¢® ¢á¥å ã«¥© äãªæ¨¨ l(�).

�®¡áâ¢¥ë¥ ¢¥ªâ®àë, ¢å®¤ïé¨¥ ¢ ª ®¨ç¥áªãî á¨áâ¥¬ã á®¡áâ¢¥ëå ¨ ¯à¨á®¥¤¨¥ëå
(ª®à¥¢ëå) ¢¥ªâ®à®¢ ¬ âà¨æë-äãªæ¨¨ L(�), ®â¢¥ç îé¨å ç¨á«ã �q, ®¡®§ ç¨¬ ç¥à¥§ xq;j;0, ¨å

� ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©, £à âë òò05-

01-00989, ò04-01-00618,   â ª¦¥ £à â  ò��-1927-2003.1.
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¯à¨á®¥¤¨¥ë¥ ¯®àï¤ª  s | ç¥à¥§ xq;j;s (¨¤¥ªá j ¯®ª §ë¢ ¥â, ª ª¨¬ ¯® áç¥âã ï¢«ï¥âáï ¢¥ªâ®à
xq;j;0 ¢ á¯¥æ¨ «ì® ¢ë¡à ®¬ ¡ §¨á¥ ¯®¤¯à®áâà áâ¢  à¥è¥¨© ãà ¢¥¨ï L(�q)x = 0).

�¢¥¤¥¬ á¨áâ¥¬ã íªá¯®¥æ¨ «ìëå à¥è¥¨© ®¤®à®¤®£® (f(t) � 0) ãà ¢¥¨ï (1):

yq;j;s(t) = e�qt
�
ts

s!
xq;j;0 +

ts�1

(s� 1)!
xq;j;1 + � � � + xq;j;s

�
:

�¡®§ ç¨¬ ç¥à¥§ W p
q;((a; b); C

r ) (�1 < a < b � +1), p = 0; 1; 2; : : : , ¢¥á®¢ë¥ ¯à®áâà áâ¢ 
�®¡®«¥¢  ¢¥ªâ®à-äãªæ¨© á® § ç¥¨ï¬¨ ¢ C

r , á ¡¦¥ë¥ ®à¬ ¬¨

kvkWp
q; (a;b) �

�Z b

a
e�2t

� pX
j=0

kv(j)(t)kq
Cr

�
dt

� 1
q

;  � 0:

�¤¥áì ¨ ¢ ¤ «ì¥©è¥¬ W
p
2;0 � W

p
2 , v

(j)(t) = dj

dtj
v(t), W 0

2;(a; b) � L2;(a; b), p; j = 1; 2; : : : ; 1 � q <

+1.
�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® y(t) 2Wm

2 ((�h; 0); C r ),   f(t) 2 L2((0; T ); C r ) ¯à¨ «î¡®¬ T > 0.

�¯à¥¤¥«¥¨¥. �¥ªâ®à-äãªæ¨î u(t), ¯à¨ ¤«¥¦ éãî ¯à®áâà áâ¢ã Wm
2 ((�h; T ); C r ) ¯à¨

«î¡®¬ T > 0,  §®¢¥¬ á¨«ìë¬ à¥è¥¨¥¬ § ¤ ç¨ (1), (2), ¥á«¨ u(t) ã¤®¢«¥â¢®àï¥â ¯®çâ¨ ¢áî¤ã
  ¯®«ã®á¨ R+ ãà ¢¥¨î (1) ¨ ãá«®¢¨î (2).

�à¨¢¥¤¥¬ à¥§ã«ìâ â ® à §à¥è¨¬®áâ¨ § ¤ ç¨ (1), (2) ¢ ¯à®áâà áâ¢¥ Wm
2;((�h;+1); C r ).

�¥¬¬  1. �ãáâì detA0m 6=0,  ç «ì ï äãªæ¨ï y(t) ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã

Wm
2 ((�h; 0); C r ), äãªæ¨ï f(t) ¯à¨ ¤«¥¦¨â ¯à®áâà áâ¢ã L2;0(R+ ; C

r ) ¯à¨ ¥ª®â®à®¬ 0 2 R.

�®£¤   ©¤¥âáï â ª®¥ 1 � 0, çâ® ¤«ï «î¡®£®  > 1 § ¤ ç  (1), (2) ®¤®§ ç® à §à¥è¨¬ 
¢ ¯à®áâà áâ¢¥ Wm

2;((�h;+1); C r ), ¯à¨ íâ®¬ ¤«ï ¥¥ à¥è¥¨ï u(t) á¯à ¢¥¤«¨¢® ¥à ¢¥áâ¢®

kukWm
2; (�h;+1) � d(kyk2Wm

2
(�h;0) + kfk2L2;(R+))

1
2

á ¯®áâ®ï®© d, ¥ § ¢¨áïé¥© ®â äãªæ¨© y(t) ¨ f(t).

�â¢¥à¦¤¥¨¥ «¥¬¬ë 1 ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ áãé¥áâ¢¥® ¡®«¥¥ ®¡é¨å ãâ¢¥à¦¤¥¨© ® à §à¥-
è¨¬®áâ¨ äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ £¨«ì¡¥àâ®¢®¬ ¯à®áâà áâ¢¥ (á¬. [16]).

�¥¬¬ë 2 ¨ 3 ®áïâ â¥å¨ç¥áª¨© å à ªâ¥à. �å ¤®ª § â¥«ìáâ¢    «®£¨çë ¤®ª § â¥«ìáâ¢ã
«¥¬¬ë 4 ¨ ¯à¥¤«®¦¥¨ï 3 ¨§ [8], ¢ ª®â®àëå à áá¬ âà¨¢ ¥âáï á«ãç © ãà ¢¥¨ï ¯¥à¢®£® ¯®àï¤ª 
m = 1.

�¥¬¬  2. �ãáâì detA0m 6= 0, detAnm 6= 0. �®£¤ 

(i) ª®¥çë ¢¥«¨ç¨ë k+ = sup
�q2�

Re�q, k� = inf
�q2�

Re�q, N = max
�q2�

�q;

(ii) á¨áâ¥¬  íªá¯®¥æ¨ «ìëå à¥è¥¨© yq;j;s(t) ®¤®à®¤®£® (f(t) � 0) ãà ¢¥¨ï (1) ¯®« 
¢ ¯à®áâà áâ¢¥ Wm

q ((�h; 0); C r ), 1 < q < +1.

�¡®§ ç¨¬ ç¥à¥§ B(�q; �) ªàã£ à ¤¨ãá  � á æ¥âà®¬ ¢ â®çª¥ �q,   ç¥à¥§ G(�; �) | ®¡« áâì

G(�; �) � C n
�
[

�q2�
B(�q; �)

�
:

�¥¬¬  3. �á«¨ detA0m 6= 0 ¨ detAnm 6= 0, â®  ©¤¥âáï á¨áâ¥¬  § ¬ªãâëå ª®âãà®¢

�n = f� 2 C : Re � = �; n � Im� � n+1g [ f� 2 C : � � Re � � �; Im� = n+1g [
[ f� 2 C : Re � = �; n � Im� � n+1g [ f� 2 C : � � Re � � �; Im� = ng

æ¥«¨ª®¬ ¯à¨ ¤«¥¦ é ï ®¡« áâ¨ G(�; �) ¯à¨ ¥ª®â®à®¬ ¤®áâ â®ç® ¬ «®¬ � > 0.
�à¨ íâ®¬ ¢ë¯®«ïîâáï ãá«®¢¨ï

(i) ¯®á«¥¤®¢ â¥«ì®áâì ¢¥é¥áâ¢¥ëå ç¨á¥« fngn2Zâ ª®¢ , çâ® 0 < � � n+1 � n � � <

+1, £¤¥ � ¨ � | ¥ª®â®àë¥ ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥;
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(ii) ª®«¨ç¥áâ¢® N(�n) ã«¥© äãªæ¨¨ l(�) (á ãç¥â®¬ ªà â®áâ¨), «¥¦ é¨å ¢ ®¡« áâïå,

£à ¨æ ¬¨ ª®â®àëå ï¢«ïîâáï ª®âãàë �n, à ¢®¬¥à® ®£à ¨ç¥® ¯® n, â. ¥.

max
n

N(�n) �M:

�¡®§ ç¨¬ ç¥à¥§ Wn ¯®¤¯à®áâà áâ¢  ¯à®áâà áâ¢  Wm
2 ((�h; 0); C r ), ï¢«ïîé¨¥áï «¨¥©ë-

¬¨ ®¡®«®çª ¬¨ íªá¯®¥æ¨ «ìëå à¥è¥¨© yq;j;s(t) ¢¨¤  (3), ®â¢¥ç îé¨å ç¨á« ¬ �q, «¥¦ é¨¬
¢ ®¡« áâïå, £à ¨æ ¬¨ ª®â®àëå ï¢«ïîâáï ª®âãàë �n,   ç¥à¥§ V�q | ¯®¤¯à®áâà áâ¢  ¯à®-
áâà áâ¢  Wm

2 ((�h; 0); C r ), ï¢«ïîé¨¥áï «¨¥©ë¬¨ ®¡®«®çª ¬¨ ¢á¥å íªá¯®¥æ¨ «ìëå à¥è¥-
¨© yq;j;s(t), ®â¢¥ç îé¨å ç¨á« ¬ �q.

�¥®à¥¬  1. �ãáâì detA0m 6= 0, detAnm 6= 0, y(t) 2 Wm
2 ((�h; 0); C r ),   f(t) 2 L2((0; T ); C r )

¯à¨ «î¡®¬ T > 0. �®£¤  ¤«ï «î¡®£® á¨«ì®£® à¥è¥¨ï u(t) § ¤ ç¨ (1), (2) ¢ë¯®«¥® ¥à ¢¥áâ¢®

kukWm
2
(t�h;t) � d0(t+ 1)M�1ek+tkykWm

2
(�h;0) +

+ d1
p
t

�Z t

0

(t� s+ 1)2(M�1)e2k+(t�s)kf(s)k2
Cr
ds

�1=2

; t � h; (3)

á ç¨á«®¬�, ä¨£ãà¨àãîé¨¬ ¢ ãâ¢¥à¦¤¥¨¨ (ii) «¥¬¬ë 3 ¨ ¯®áâ®ïë¬¨ d0 ¨ d1, ¥ § ¢¨áïé¨¬¨
®â äãªæ¨© y(t) ¨ f(t).

�«¥¤áâ¢¨¥. �ãáâì detA0m 6= 0, detAnm 6= 0, äãªæ¨ï f(t) ¨¬¥¥â ª®¬¯ ªâë© ®á¨â¥«ì.
�®£¤  ¤«ï à¥è¥¨© § ¤ ç¨ (1), (2) á¯à ¢¥¤«¨¢  ®æ¥ª  ¢¨¤  (3), ¯à¨ íâ®¬ ¢® ¢â®à®¬ á« £ ¥¬®¬
¢ ¯à ¢®© ç áâ¨ (3) ¬®¦¨â¥«ì

p
t ®âáãâáâ¢ã¥â.

�à¨¢¥¤¥¬ ãâ®ç¥¨¥ â¥®à¥¬ë 1 ¢ á«ãç ¥ ®â¤¥«¨¬®áâ¨ ¬®¦¥áâ¢  �.

�¥®à¥¬  2. �ãáâì detA0m 6= 0, detAnm 6= 0, ¬®¦¥áâ¢® � ®â¤¥«¨¬®: inf
�p 6=�q

j�p � �qj > 0,

y(t) 2 Wm
2 ((�h; 0); C r ),   f(t) 2 L2((0; T ); C r ) ¯à¨ «î¡®¬ T > 0. �®£¤  ¤«ï «î¡®£® á¨«ì®£®

à¥è¥¨ï u(t) § ¤ ç¨ (1), (2) ¢ë¯®«¥® ¥à ¢¥áâ¢®

kukWm
2
(t�h;t) � d2(t+ 1)N�1ek+tkykWm

2
(�h;0) +

+ d3
p
t

�Z t

0
(t� s+ 1)2(N�1)e2k+(t�s)kf(s)k2

Cr
ds

�1=2

; t � h; (4)

£¤¥ N = max
�q2�

�q,   ¯®áâ®ïë¥ d2 ¨ d3 ¥ § ¢¨áïâ ®â  ç «ì®© äãªæ¨¨ y(t) ¨ äãªæ¨¨ f(t).

�â¬¥â¨¬, çâ® ®æ¥ª¨ à¥è¥¨© á¨áâ¥¬ ®¤®à®¤ëå ãà ¢¥¨© ¯®«ãç¥ë   ®á®¢¥ ¡ §¨á®áâ¨
�¨áá  á¨áâ¥¬ ¯®¤¯à®áâà áâ¢ Wn ¨ V�q .

�«ï ã¤®¡áâ¢  ¯à¨¢¥¤¥¬ ä®à¬ã«¨à®¢ª¨ á®®â¢¥áâ¢ãîé¨å à¥§ã«ìâ â®¢. �å ¤®ª § â¥«ìáâ¢  ¯à¨-
¢¥¤¥ë ¢ [10], [11].

�¥®à¥¬  3. �ãáâì detA0m 6= 0, detAnm 6= 0: �®£¤  á¥¬¥©áâ¢® ¯®¤¯à®áâà áâ¢ fWngn2Z
®¡à §ã¥â ¡ §¨á �¨áá  ¨§ ¯®¤¯à®áâà áâ¢ ¯à®áâà áâ¢  Wm

2 ((�h; 0); C r ).

�¥®à¥¬  4. �ãáâì detA0m 6= 0, detAnm 6= 0, ¬®¦¥áâ¢® � ®â¤¥«¨¬®. �®£¤  á¥¬¥©áâ¢®

¯à®áâà áâ¢ fV�qg�q2� ®¡à §ã¥â ¡ §¨á �¨áá  ¨§ ¯®¤¯à®áâà áâ¢ ¯à®áâà áâ¢ Wm
2 ((�h; 0); C r ).

� á¢®î ®ç¥à¥¤ì, ª ª ®â¬¥ç «®áì ¢® ¢¢¥¤¥¨¨, â¥®à¥¬ë 3, 4 ¯®«ãç¥ë   ®á®¢¥ ¨§ãç¥¨ï
à¥§®«ì¢¥âë ®¯¥à â®à , ï¢«ïîé¥£®áï £¥¥à â®à®¬ C0 | ¯®«ã£àã¯¯ë á¤¢¨£®¢ ¢¤®«ì âà ¥ªâ®à¨©
à¥è¥¨© ®¤®à®¤®£® (f(t) � 0) ãà ¢¥¨ï (1). �®¤à®¡¥¥ á¬. [8]{[11].
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2. �®ª § â¥«ìáâ¢  ®á®¢ëå à¥§ã«ìâ â®¢

�á«®¢¨¬áï ¢ ¤ «ì¥©è¥¬ ®¡®§ ç âì ¯à®áâà áâ¢® �®¡®«¥¢  Wm
2 ((a; b); C

r ) ç¥à¥§ Hm(a; b),
�1 < a < b � +1; ¯à¨ íâ®¬ ¢¬¥áâ® ¯¥à¥¬¥®© t ¢ ¨áª®¬ëå ¥à ¢¥áâ¢ å (3), (4) ¢ íâ®¬ à §¤¥«¥
áâ âì¨ ¡ã¤¥¬ ¨á¯®«ì§®¢ âì ¯¥à¥¬¥ãî T .

� «¥¥ ¢¬¥áâ® ¥à ¢¥áâ¢

cg(x) � f(x) � Cg(x); x 2 X;

á ¯®«®¦¨â¥«ìë¬¨ ¯®áâ®ïë¬¨ c; C, ¥ § ¢¨áïé¨¬¨ ®â x, ¡ã¤¥¬ ¯¨á âì

f(x) � g(x); x 2 X:

�¤®áâ®à®¨¥ ®æ¥ª¨ â ª®£® à®¤  ¡ã¤¥¬ ®¡®§ ç âì § ª ¬¨ � ¨ �.
�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �à¨¨¬ ï ¢® ¢¨¬ ¨¥ â®, çâ® ®æ¥ª  à¥è¥¨ï § ¤ ç¨ (1),

(2) ¤«ï ®¤®à®¤®£® ãà ¢¥¨ï f(t) � 0 ãáâ ®¢«¥  ¢ [9]{[10], ¯®«ãç¨¬ ®æ¥ªã ¤«ï à¥è¥¨ï
¥®¤®à®¤®£® ãà ¢¥¨ï á ã«¥¢®©  ç «ì®© äãªæ¨¥© g(t) � 0.

� áá¬®âà¨¬ § ¤ çã (1), (2) ¯à¨ f(t) â ª®©, çâ® suppf 2 [0; h]. �¥è¥¨¥ íâ®© § ¤ ç¨ ®¡®§ ç¨¬
ç¥à¥§ uh(t). � íâ®¬ á«ãç ¥ ¨§ «¥¬¬ë 1 ¢ëâ¥ª ¥â ®æ¥ª 

Z +1

0

e�2t(ku(m)
h (t)k2

Cr
+ kuh(t)k2Cr )dt � ckfk2L2[0;h] (5)

¯à¨ ¥ª®â®à®¬  á ç¨á«®¬ c , ¥ § ¢¨áïé¨¬ ®â äãªæ¨¨ f .
� á¢®î ®ç¥à¥¤ì ¨§ ®æ¥ª¨ (5) á«¥¤ã¥â ¥à ¢¥áâ¢®

kuhkHm [0;h] � c1kfkL2[0;h] (6)

á ç¨á«®¬ c1, ¥ § ¢¨áïé¨¬ ®â äãªæ¨¨ f .
� àï¤ã á § ¤ ç¥© à áá¬®âà¨¬ á«¥¤ãîéãî § ¤ çã:

Dv = 0; t > h; (7)

vj[0;h] = uh: (8)

� á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© áãé¥áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ à¥è¥¨ï § ¤ ç¨ (1), (2) ®ç¥¢¨¤®,
¯à¨ t � h à¥è¥¨¥ uh(t) ¨áå®¤®© § ¤ ç¨ (1), (2) á®¢¯ ¤ ¥â á v(t).

�æ¥ª¨ à¥è¥¨ï § ¤ ç¨ ¤«ï ®¤®à®¤®£® ãà ¢¥¨ï (7) á ãá«®¢¨¥¬ (8) ¯®«ãç¥ë ¢ [9], [10] ¨
¨¬¥îâ ¢¨¤

kvkHm [T�h;T ] � (1 + T )M�1ek+TkuhkHm[0;h]; T > h: (9)

�§ ®æ¥®ª (6), (9) ¥¬¥¤«¥® ¢ëâ¥ª ¥â, çâ®

kuhkHm[T�h;T ] � (1 + T )M�1ek+T kfkL2[0;h]; T > h: (10)

�®«ãç¨¬ â¥¯¥àì ®æ¥ªã à¥è¥¨ï § ¤ ç¨ (1),(2) á äãªæ¨¥© f â ª®©, çâ® suppf 2 [jh�h; jh],
j 2 N , j > 1.

�¥¬¬  4. �ãáâì A0m 6= 0, Anm 6= 0, supp f 2 [jh � h; jh], g(t) � 0. �®£¤  ¤«ï à¥è¥¨ï u(t)
§ ¤ ç¨ (1), (2) á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

(i) u(t) = 0 ¯à¨ t < jh� h;
(ii) kukHm [Rh�h;Rh] � ((R � j + 1)h)M�1ek+(R�j+1)hkfkL2[jR�h;jh], £¤¥ R 2 N ¨ R > j.
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�®ª § â¥«ìáâ¢®. �â¢¥à¦¤¥¨¥ (i) á¯à ¢¥¤«¨¢® ¢ á¨«ã ®¤®§ ç®© à §à¥è¨¬®áâ¨ § ¤ ç¨
(1), (2) ¢ ¯à®áâà áâ¢¥ Hm[�h; T ],   ¨¬¥®, ¢ á«ãç ¥ u(t) = 0 ¯à¨ t 2 [�h; 0] ¨ ¯à ¢®© ç áâ¨,
®¡à é îé¥©áï ¢ ã«ì ¯à¨ 0 < t < T , à¥è¥¨¥ u(t) ®¡à é ¥âáï ¢ ã«ì ¯à¨ 0 < t < T .

�«ï ¤®ª § â¥«ìáâ¢  ãâ¢¥à¦¤¥¨ï (ii) á¤¥« ¥¬ § ¬¥ã ¯¥à¥¬¥®© t = (jh�h)+� , ¨ ¯®«®¦¨¬
eu(�) = u(jh� h+ �);

ef(�) = f(jh� h+ �):
(11)

�¥âàã¤® ¢¨¤¥âì, çâ® eu(�) ï¢«ï¥âáï à¥è¥¨¥¬ á«¥¤ãîé¥© § ¤ ç¨:

(Deu)(�) = ef(�); � > 0;

eu(�) = 0; �h � � � 0:

� ¬¥â¨¬, çâ® supp ef � [0; h]. �«¥¤®¢ â¥«ì®, ¢ á¨«ã ¥à ¢¥áâ¢  (10) ¨¬¥¥¬

keukHm[T�h;T ] � (1 + T )M�1ek+Tk efkL2[0;h]:
�§ (11) § ª«îç ¥¬, çâ®

kukHm(jh�2h+T;jh�h+T ) � (1 + T )M�1ek+TkfkL2(jh�h;jh): (12)

�®« £ ï T1 = jh� h+ T , ¨§ (12) ¯®«ãç ¥¬ ¥à ¢¥áâ¢®

kukHm [T1�h;T1] � (1 + T1 � (jh � h))M�1ek+(T1�(jh�h))kfkL2(jh�h;jh):
�à¨ T1 = Rh ¯®«ãç ¥¬ ãâ¢¥à¦¤¥¨¥ (ii) «¥¬¬ë.

�â¬¥â¨¬, çâ® ¨§ ¥à ¢¥áâ¢  (ii) ¨ â®£®, çâ® Rh�jh+h � Rh� t ¯à¨ t 2 [jh�h; jh], ¢ëâ¥ª ¥â
®æ¥ª 

kukHm(Rh�h;Rh) � k(Rh� t+ 1)M�1ek+(Rh�t)f(t)kL2(jh�h;jh): (13)

� ¢¥àè¨¬ ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �à¥¤áâ ¢¨¬ äãªæ¨î f(t) ¢ ¢¨¤¥

f =
1X
j=1

fj(t);

£¤¥ fj(t) = �jf(t), �j | å à ªâ¥à¨áâ¨ç¥áª ï äãªæ¨ï ¨â¥à¢ «  (jh� h; jh). �®«®¦¨¬ ¢ ç «¥
T = Rh, R 2 N . �á®, çâ® á« £ ¥¬ë¥ fj ¯à¨ j > R ¥ ¤ îâ ¢ª« ¤  ¢ à¥è¥¨¥   ¯à®¬¥¦ãâª¥
[0; Rh].

�¡®§ ç¨¬ ç¥à¥§ uj à¥è¥¨¥ § ¤ ç¨ (1), (2) á ¯à ¢®© ç áâìî f = fj. �®£¤  ¯à¨ t � Rh

u(t) =
RX
j=1

uj(t): (14)

�§ ¨§¢¥áâ®£® ¥à ¢¥áâ¢ 

(a1 + a2 + � � �+ aR)
2 � R(a21 + � � �+ a2R); aj 2 R;

¯®«ãç ¥¬ ®æ¥ªã

kuk2Hm(Rh�h;Rh) �
� RX
j=1

kujkHm(Rh�h;Rh)

�2

� R
RX
j=1

kujk2Hm(Rh�h;Rh): (15)
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� á¢®î ®ç¥à¥¤ì ¨§ ¥à ¢¥áâ¢ (13), (15) ¯à¨ T = Rh ¢ëâ¥ª ¥â ®æ¥ª 

kuk2Hm(Rh�h;Rh) � R
RX
j=1

k(Rh� t+ 1)M�1ek+(Rh�t)fj(t)k2L2[Rh�h;Rh] =

= Rk(Rh� t+ 1)M�1ek+(Rh�t)f(t)k2L2[0;Rh] =
T

h
k(T � t+ 1)M�1ek+(T�t)f(t)k2L2[0;T ]: (16)

� áá¬®âà¨¬ â¥¯¥àì á«ãç © ¯à®¨§¢®«ì®£® T � h. �ë¡¥à¥¬ ¬¨¨¬ «ì®¥  âãà «ì®¥ R,
â ª®¥, çâ® Rh � T . � ¬¥â¨¬, çâ®

kuk2Hm [T�h;T ] � kuk2Hm(Rh�2h;Rh�h) + kuk2Hm(Rh�h;Rh):

�§ ¥à ¢¥áâ¢  (16) ¯®«ãç ¥¬ á«¥¤ãîéãî æ¥¯®çªã ¥à ¢¥áâ¢:

kuk2Hm [T�h;T ] � (R� 1)k(Rh � h� t+ 1)M�1ek+(Rh�h�t)f(t)k2L2[0;Rh�h] +
+Rk(Rh� t+ 1)M�1ek+(Rh�t)f(t)k2L2[0;Rh] � 2ejk+jhRk(Rh� t+ 1)M�1ek+(Rh�t)f(t)k2L2[0;Rh]: (17)

�¥è¥¨¥ u(t)   ®âà¥§ª¥ [0; T ] ¥ § ¢¨á¨â ®â § ç¥¨© f(t) ¯à¨ t > T , çâ® ¯®§¢®«ï¥â § ¬¥¨âì ¢
¯à ¢®© ç áâ¨ ¥à ¢¥áâ¢  (17) ®à¬ã ¢ L2[0; Rh]   ®à¬ã L2[0; T ].

� ¬¥ç ï, çâ® ¯à¨ T � Rh á¯à ¢¥¤«¨¢ë á®®â®è¥¨ï

ek+(Rh�t) � ek+(T�t); (Rh� t+ 1)M�1 � (T � t+ 1)M�1;

¨§ ¥à ¢¥áâ¢  (17) ¯®«ãç ¥¬ ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë.

�®ª § â¥«ìáâ¢® á«¥¤áâ¢¨ï. �à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1 ¢ ¯à¥¤áâ ¢«¥¨¨ (14) ç¨á«®
á« £ ¥¬ëå Q ®£à ¨ç¥® ç¨á«®¬, ¥ § ¢¨áïé¨¬ ®â R. �¥¬ á ¬ë¬ ¢ ¯à ¢®© ç áâ¨ ¥à ¢¥áâ¢ 
(14) ¬®¦¨â¥«ì R ¯¥à¥¤ áã¬¬®© ¬®¦¥â ¡ëâì § ¬¥¥   ¯®áâ®ïë© ¬®¦¨â¥«ì Q. � ª¨¬
®¡à §®¬, ¬®¦¨â¥«ì

p
t ¢ ¥à ¢¥áâ¢ å (3), (4) ¬®¦¥â ¡ëâì ®¯ãé¥.

�®ª § â¥«ìáâ¢® ¯®«®âë á¨áâ¥¬ë íªá¯®¥æ¨ «ìëå à¥è¥¨© yq;j;s(t) ¯à®¢®¤¨âáï   «®£¨ç-
® ¤®ª § â¥«ìá¢ã «¥¬¬ë 3 ¨§ [16].

3. � ¬¥ç ¨ï ¨ ª®¬¬¥â à¨¨

� ¬¥ç ¨¥ 1. �æ¥ª¨ (3), (4) ï¢«ïîâáï ¥ã«ãçè ¥¬ë¬¨ ¢ â®¬ á¬ëá«¥, çâ® ¢¥«¨ç¨ã k+
¥«ì§ï § ¬¥¨âì   k+ � ", " > 0. �à¨¬¥àë, ¯®ª §ë¢ îé¨¥ íâ®, ¯à¨¢¥¤¥ë ¢ [12].

�  áâ®ïé¥¥ ¢à¥¬ï ¨¬¥¥âáï § ç¨â¥«ì®¥ ç¨á«® à ¡®â, ¢ ª®â®àëå ãáâ ®¢«¥ë à §«¨çë¥
®æ¥ª¨ à¥è¥¨© äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© (á¬. [1]{[7],   â ª¦¥ ãª § ãî
â ¬ ¡¨¡«¨®£à ä¨î). � à áá¬ âà¨¢ ¥¬®© á¨âã æ¨¨, ¯®áª®«ìªã ãà ¢¥¨¥ (1) á®¤¥à¦¨â á« £ ¥¬ë¥
â¨¯  á¢¥àâª¨, ¡ë«® ¡ë ¥áâ¥áâ¢¥® ¨á¯®«ì§®¢ âì ¯à¥®¡à §®¢ ¨¥ � ¯« á  ¨ ¥£® ®¡à é¥¨¥ ¤«ï
¯®«ãç¥¨ï ®æ¥®ª à¥è¥¨ï ãà ¢¥¨ï (1) (á¬. [1]{[7]).

�¤ ª®   íâ®¬ ¯ãâ¨ ¥ ã¤ «®áì ¡ë ¯®«ãç¨âì ®æ¥ª¨ ¢¨¤  (3), (4). �â® ¢¯®«¥ ®¡êïá¨¬®,
¨¡® ¯à¨ ®¡à é¥¨¨ ¯à¥®¡à §®¢ ¨ï � ¯« á  ¯àï¬ ï, ¯® ª®â®à®© ¯à®¢®¤¨âáï ¨â¥£à¨à®¢ ¨¥,
¤®«¦  ¡ëâì ã¤ «¥    ¯®«®¦¨â¥«ì®¥ à ááâ®ï¨¥ " ®â ¬®¦¥áâ¢  � (¯®«îá®¢ äãªæ¨¨ l�1(�)).
�â¨¬ ®¡áâ®ïâ¥«ìáâ¢®¬ ®¡êïáï¥âáï â®, çâ® ¢ ¨§¢¥áâëå à ¥¥ ®æ¥ª å ¢¥«¨ç¨  k+ § ¬¥ï« áì
  k+ + " (" > 0). �®¤à®¡¥¥ á¬. [1]{[3], [5]{[7].

� è ¯®¤å®¤ ®â«¨ç ¥âáï ®â ãª § ®£® ¨ ®á¨â ¢ æ¥«®¬ á¯¥ªâà «ìë© å à ªâ¥à. � ¥£® ®á®¢¥
«¥¦¨â ¡ §¨á®áâì �¨áá  á¨áâ¥¬ë íªá¯®¥æ¨ «ìëå à¥è¥¨© ¨ ®æ¥ª¨ à¥è¥¨© ®¤®à®¤®£®
ãà ¢¥¨ï (1) (f(t) � 0).

� ¥¥ íâ®â ¯®¤å®¤ ¯à¨¬¥ï«áï ¤«ï ãáâ ®¢«¥¨ï ¥ã«ãçè ¥¬ëå ®æ¥®ª à¥è¥¨© ®¤®à®¤ëå
ãà ¢¥¨© (¯®¤à®¡¥¥ á¬. [8]{[11]).
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� ¬¥ç ¨¥ 2. �á«®¢¨¥ detAnm 6= 0, ï¢«ï¥âáï áãé¥áâ¢¥ë¬ ¤«ï à ¢®¬¥à®© ¬¨¨¬ «ì-
®áâ¨ ¨ â¥¬ á ¬ë¬ ¤«ï ¡ §¨á®áâ¨ �¨áá  á¨áâ¥¬ë íªá¯®¥æ¨ «ìëå à¥è¥¨© yq;j;s ãà ¢¥¨ï
(1) ¢ ¯à®áâà áâ¢¥ Wm

2 ((�h; 0); C r ).
� ¬¥â¨¬, çâ® â¥®à¥¬ë 1 ¨ 2 ¯®«ãç¥ë   ®á®¢¥ ¡ §¨á®áâ¨ �¨áá  á¨áâ¥¬ë ¯®¤¯à®áâà áâ¢

Wn ¨ V�q . � ¥¥ à¥§ã«ìâ âë ® ¡ §¨á®áâ¨ íªá¯®¥æ¨ «ìëå à¥è¥¨© ¢ èª «¥ ¯à®áâà áâ¢ �®-
¡®«¥¢  á æ¥«ë¬ ¨¤¥ªá®¬ ¡ë«¨ ãáâ ®¢«¥ë ¢ á«ãç ¥ m = 1 ¢ [8]; ¢ á«ãç ¥ ¯à®¨§¢®«ì®£®
¤¨ää¥à¥æ¨ «ì®£® ¯®àï¤ª  m ¢ [10], [11]; ¢ áª «ïà®¬ á«ãç ¥ (r = 1) ¤«ï ¯à®¨§¢®«ì®£® ¨-
¤¥ªá  ¢ [13], [14]. � [14] â ª¦¥ ãáâ ®¢«¥ à¥§ã«ìâ â ® ¡ §¨á®áâ¨ �¨áá  á¨áâ¥¬ë à §¤¥«¥ëå
à §®áâ¥©, ¯®áâà®¥ëå ¯® á¨áâ¥¬¥ íªá¯®¥æ¨ «ìëå à¥è¥¨©.

� á«ãç ¥ ¥®¤®à®¤ëå áª «ïàëå ãà ¢¥¨© (r=1) ¥©âà «ì®£® â¨¯  ¯à®¨§¢®«ì®£® ¤¨ä-
ä¥à¥æ¨ «ì®£® ¯®àï¤ª  m ®æ¥ª¨,   «®£¨çë¥ (3), (4) ãáâ ®¢«¥ë ¢ [12], [15].

�à¨ ¨®¬ ¯®¨¬ ¨¨ à¥è¥¨© ¡ §¨á®áâì �¨áá  á¨áâ¥¬ë íªá¯®¥æ¨ «ìëå à¥è¥¨© ãà ¢¥-
¨©, ¡«¨§ª¨å (1) ¢ ¯à®áâà áâ¢¥ L2((�h; 0); C r )

L
C
r ; ¯à¨ m = 1 ¨ ¯à¨ ¤®¯®«¨â¥«ì®¬ ãá«®¢¨¨

®â¤¥«¨¬®áâ¨ ¬®¦¥áâ¢  � à áá¬ âà¨¢ « áì ¢ [17].
� á¢®î ®ç¥à¥¤ì, ¤«ï ç áâ®£® á«ãç ï ãà ¢¥¨ï (1) ¯à¨ m = 1 ¨ ®¤®£® § ¯ §¤ë¢ ¨ï (¢

¨á¯®«ì§®¢ ëå §¤¥áì ®¡®§ ç¥¨ïå A01 = I, detA11 6= 0, Ak1 � 0, k = 2; : : : ; n; B0(s) � 0; Bj(s) �
0; j = 2; : : : ;m) ¡ §¨á®áâì �¨áá  íªá¯®¥æ¨ «ìëå à¥è¥¨© ¢ ¯à®áâà áâ¢¥ L2((�h; 0); C r )

L
C
r

à áá¬ âà¨¢ « áì ¢ [18].
�â¬¥â¨¬, çâ® ¨§ãç¥¨¥ ¡ §¨á®áâ¨ á¨áâ¥¬ë íªá¯®¥æ¨ «ìëå à¥è¥¨© â¥á® á¢ï§ ® á ¨á-

á«¥¤®¢ ¨ï¬¨ ¤¨ää¥à¥æ¨ «ìëå ®¯¥à â®à®¢ á® á¯¥ªâà «ìë¬ ¯ à ¬¥âà®¬ ¢ £à ¨çëå ãá«®-
¢¨ïå (¯®¤à®¡¥¥ á¬. [19],   â ª¦¥ ãª § ãî â ¬ ¡¨¡«¨®£à ä¨î).
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