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� ¤ ®© à ¡®â¥   ®á®¢¥ â¥®à¨¨ ¯®«ãã¯®àï¤®ç¥ëå ¯à®áâà áâ¢ ¯®«ãç¥ë ãá«®¢¨ï áãé¥-
áâ¢®¢ ¨ï ¨ ¥¤¨áâ¢¥®áâ¨ ¯®«®¦¨â¥«ì®£® à¥è¥¨ï ¤«ï ®¤®£® ¥«¨¥©®£® äãªæ¨® «ì®-
¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï ¢â®à®£® ¯®àï¤ª .

�¡®§ ç¨¬ ç¥à¥§ C ¯à®áâà áâ¢® C[0; 1], ç¥à¥§ Lp (1 < p < 1) | ¯à®áâà áâ¢® Lp(0; 1) ¨
ç¥à¥§W 2 | ¯à®áâà áâ¢® äãªæ¨©, ®¯à¥¤¥«¥ëå   [0; 1], á  ¡á®«îâ® ¥¯à¥àë¢®© ¯à®¨§¢®¤-
®©.

� áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã

x00(t) + g(t)(T1x)(t) + a(t)(T2x)
p
q (t) = 0; 0 < t < 1; p; q 2 (1;1); (1)

�11x(0) + �12x(1) + �11x
0(0) + �12x

0(1) = 0;

�21x(0) + �22x(1) + �21x
0(0) + �22x

0(1) = 0;
(2)

£¤¥ �ij , �ij (i; j = 1; 2) | ¤¥©áâ¢¨â¥«ìë¥ ç¨á« , g(t) ¨ a(t) | á®®â¢¥âáâ¢¥® ¥®âà¨æ â¥«ì ï
¨ ¯®«®¦¨â¥«ì ï áã¬¬¨àã¥¬ë¥ äãªæ¨¨, Ti : C ! Lp (i = 1; 2) | «¨¥©ë¥ ¯®«®¦¨â¥«ìë¥
¥¯à¥àë¢ë¥ ®¯¥à â®àë.

�®¤ ¯®«®¦¨â¥«ìë¬ à¥è¥¨¥¬ § ¤ ç¨ (1){(2) ¡ã¤¥¬ ¯®¨¬ âì äãªæ¨î x 2 W 2, ¯®«®¦¨-
â¥«ìãî ¢ ¨â¥à¢ «¥ (0; 1), ã¤®¢«¥â¢®àïîéãî ¯®çâ¨ ¢áî¤ã ãà ¢¥¨î (1) ¨ ªà ¥¢ë¬ ãá«®¢¨ï¬
(2).

� áá¬®âà¨¬ íª¢¨¢ «¥â®¥ § ¤ ç¥ (1)-(2) ¨â¥£à «ì®¥ ãà ¢¥¨¥

x(t) =
Z 1

0

G(t; s)g(s)(T1x)(s)ds+
Z 1

0

G(t; s)a(s)(T2x)
p
q (s)ds; 0 � t � 1; (3)

£¤¥ G(t; s) | äãªæ¨ï �à¨  ®¯¥à â®à  � d2

dt2
á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ (2).

�¢¥¤¥¬ ®¡®§ ç¥¨ï

� �
�12 + �11 + �12

�11 + �12

; � �
�22 + �21 + �22

�21 + �22

:

�à¨ ¢ë¯®«¥¨¨ ãá«®¢¨©
A) � 6= �, �11 + �12 6= 0, �21 + �22 6= 0,

B)
1

� � �

�
�21

�21 + �22

(1� �)�
�11

�11 + �12

(1� �)
�
� 0,

C)
1

� � �

�
�21 � �21

�21 + �22

(1� �)�
�11 � �11

�11 + �12

(1� �)
�
> 0,

D)
1

� � �

�
�21

�21 + �22

��
�11

�11 + �12

�

�
> 0,

E)
1

� � �

�
�21

�21 + �22

��
�11

�11 + �12

� + 1
�
< 0,
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ª ª ¯®ª § ® ¢ [1], äãªæ¨ï �à¨  áãé¥áâ¢ã¥â, ¯®«®¦¨â¥«ì  ¨ ¨¬¥¥â ¢¨¤

G(t; s) =

(
a1(s)(t� �) + a2(s)(t� �); 0 � t � s;

b1(s)(t� �) + b2(s)(t� �); s � t � 1;

£¤¥

a1(s) =
1

� � �

�
� �

�22s+ �21

�21 + �22

�
; a2(s) =

1
� � �

�
�12s+ �11

�11 + �12

� �

�
; s 2 [0; 1];

b1(s) =
�21s� �21

(� � �)(�21 + �22)
; b2(s) =

�11s� �11

(�� �)(�11 + �12)
; s 2 [0; 1]:

�¯¥à â®à A, ®¯à¥¤¥«ï¥¬ë© à ¢¥áâ¢®¬

(Ax)(t) =
Z 1

0

G(t; s)g(s)(T1x)(s)ds+
Z 1

0

G(t; s)a(s)(T2x)
p
q (s)ds; 0 < t < 1; (4)

¤¥©áâ¢ã¥â ¢ ¯à®áâà áâ¢¥ C, ¢¯®«¥ ¥¯à¥àë¢¥ ([2], á. 161) ¨ ®áâ ¢«ï¥â ¨¢ à¨ âë¬ ([3],
á. 260) ª®ãá fK ¥®âà¨æ â¥«ìëå äãªæ¨© x(t) ¯à®áâà áâ¢  C, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨î
min
t2[0;1]

x(t) � m
M
max
t2[0;1]

x(t) = m
M
kxkC , £¤¥ m ¨ M ¯à¥¤áâ ¢«ïîâ á®¡®© á®®â¢¥âáâ¢¥® ¨¦îî ¨

¢¥àåîî ®æ¥ª¨ äãªæ¨¨ �à¨ .

�¥®à¥¬  1. �ãáâì Ti : C ! Lp (i = 1; 2)| ¬®®â®ë¥   ª®ãá¥ fK ®¯¥à â®àë, ¢ë¯®«¥ë

ãá«®¢¨ï A){E),   â ª¦¥

1) p 6= q,

2)
1R
0

g(s)(T11)(s)ds < M
m2 ,

3) kgkL p
p�1

< m
M21

, £¤¥ 1 | ®à¬  ®¯¥à â®à  T1 : C ! Lp.

�®£¤  ªà ¥¢ ï § ¤ ç  (1){(2) ¨¬¥¥â ¯® ªà ©¥© ¬¥à¥ ®¤® ¯®«®¦¨â¥«ì®¥ à¥è¥¨¥.

�®ª § â¥«ìáâ¢®. � ¤ «ì¥©è¥¬ ¯®¤ ¯®«ãã¯®àï¤®ç¨¢ ¨¥¬ u � v ¨ u�v ¢ ª®ãá¥ fK ¯à®-
áâà áâ¢  C á®®â¢¥âáâ¢¥® ¡ã¤¥¬ ¯®¨¬ âì u(t) � v(t) ¨ u(t) > v(t), t 2 [0; 1].

� áá¬®âà¨¬ á«ãç © p
q
> 1. �®ª ¦¥¬, çâ®  ©¤¥âáï â ª®¥ ç¨á«® R > 0, çâ® ¯à¨ x 2 fK ¨

kxkC � R

Ax�x: (5)

�¥©áâ¢¨â¥«ì®, ¢ á¨«ã ¬®®â®®áâ¨ ®¯¥à â®à  T2 : C ! Lp ¨¬¥¥¬

(Ax)(t) � m

Z 1

0

g(s)(T1x)(s)ds+m

Z 1

0

a(s)(T2x)p=q(s)ds �

�
m2

M
kxkC

Z 1

0
g(s)(T11)(s)ds+

m
p
q+1

Mp=q
kxk

p=q
C

Z 1

0
a(s)(T21)

p=q(s)ds �

�

�
m2

M

Z 1

0
g(s)(T11)(s)ds+

m
p
q+1

Mp=q
R

p
q�1

Z 1

0
a(s)(T21)

p=q(s)ds
�
x(t):

�âáî¤  ¯à¨ R >

��
1� m2

M

1R
0

g(s)(T11)(s)ds
�.

m
p
q
+1

Mp=q

1R
0

a(s)(T21)p=q(s)ds
� p

p�q

á«¥¤ã¥â (5).

� ©¤¥¬ r > 0 â ª®¥, çâ® ¤«ï ¢á¥å " > 0 ¯à¨ x 2 fK, kxkC � r, x 6= 0

Ax�(1 + ")x: (6)
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�¬¥¥¬

(Ax)(t) �M

Z 1

0

g(s)(T1x)(s)ds+M

Z 1

0

a(s)(T2x)p=q(s)ds �

�MkgkL p
p�1

kT1xkLp +MkakL q
q�1

kT2xk
p=q
Lp
�MkgkL p

p�1

1kxkC +MkakL q
q�1


p=q
2 kxk

p=q
C �

�M(kgkL p
p�1

1 + kakL q
q�1


p=q
2 r

p
q�1)kxkC �

M 2

m
(kgkL p

p�1

1 + kakL q
q�1


p=q
2 r

p
q�1)x(t);

£¤¥ 2 | ®à¬  ®¯¥à â®à  T2 : C ! Lp. �âáî¤  ¯à¨ r <
��

m
M2 � kgkL p

p�1

1
���
kakL q

q�1


p=q
2

�� q
p�q

á«¥¤ã¥â (6).
�¥£ª® ¯à®¢¥à¨âì, çâ® r � R. �§ (5) ¨ (6) á«¥¤ã¥â, çâ® ¯®«®¦¨â¥«ìë© ®¯¥à â®à (4) ï¢«ï¥âáï

à áâï¦¥¨¥¬ ª®ãá  fK. �®£¤  á®£« á® â¥®à¥¬¥ ([3], á. 145) ® à áâï¦¥¨¨ ª®ãá  ®¯¥à â®à (4)
¨¬¥¥â ¢ ª®ãá¥ fK ¯à®áâà áâ¢  C ¯® ªà ©¥© ¬¥à¥ ®¤ã ¥ã«¥¢ãî ¥¯®¤¢¨¦ãî â®çªã, çâ®
à ¢®á¨«ì® áãé¥áâ¢®¢ ¨î ¯® ªà ©¥© ¬¥à¥ ®¤®£® ¯®«®¦¨â¥«ì®£® à¥è¥¨ï ªà ¥¢®© § ¤ ç¨
(1){(2).

� á«ãç ¥ p
q
> 1 ã¤ ¥âáï ¢®á¯®«ì§®¢ âìáï ¯à¨æ¨¯®¬ ¥¤¨áâ¢¥®áâ¨ ([3], á. 220) ¤«ï ãà ¢¥-

¨© á ¢ë¯ãª«ë¬¨ ®¯¥à â®à ¬¨.
� á«ãç ¥ p

q
< 1, ¯à¨¬¥ïï â¥®à¥¬ã ([3], á. 145) ® á¦ â¨¨ ª®ãá ,   «®£¨ç® ¬®¦® ãáâ ®¢¨âì

áãé¥áâ¢®¢ ¨¥ ¯® ªà ©¥© ¬¥à¥ ®¤®£® ¯®«®¦¨â¥«ì®£® à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ (1){(2).

�ãáâì x(t) | ¯®«®¦¨â¥«ì®¥ à¥è¥¨¥ ãà ¢¥¨ï (3). �§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1 á«¥¤ãîâ
®æ¥ª¨

�
1

kakL q
q�1


p=q
2

�
1
M
� kgkL p

p�1

1

�� q
p�q

� kxkC �

26664
1� m2

M

1R
0

g(s)(T11)(s)ds

m
p
q
+1

Mp=q

1R
0

a(s)(T21)p=q(s)ds

37775
q

p�q

;

¨, ¤ «¥¥

m

M

� 1
M
� kgkL p

p�1

1

kakL q
q�1


p=q
2

� q
p�q

� x(t) �

26664
1� m2

M

1R
0

g(s)(T11)(s)ds

m
p
q
+1

Mp=q

1R
0

a(s)(T21)p=q(s)ds

37775
q

p�q

(0 � t � 1): (7)

�®¯ãáâ¨¬, çâ® ãà ¢¥¨¥ (3) ¨¬¥¥â ¤¢  ¯®«®¦¨â¥«ìëå à¥è¥¨ï x1(t) ¨ x2(t). �§ ¯à¨æ¨¯ 
¥¤¨áâ¢¥®áâ¨ ¤«ï ¢ë¯ãª«ëå ®¯¥à â®à®¢ á«¥¤ã¥â, çâ® ®¡¥ à §®áâ¨ x1(t)� x2(t) ¨ x2(t)� x1(t)
¥ ï¢«ïîâáï áâà®£® ¯®«®¦¨â¥«ìë¬¨ äãªæ¨ï¬¨. �¥§ ®£à ¨ç¥¨ï ®¡é®áâ¨ ¬®¦® áç¨â âì,
çâ® à §®áâì y(t) = x1(t) � x2(t) ®¡« ¤ ¥â á«¥¤ãîé¨¬ á¢®©áâ¢®¬:  ©¤ãâáï â ª¨¥ ç¨á«  t0 ¨ t1,
çâ® y(t0) = max

t2[0;1]
y(t) = ky(t)kC , y(t1) < 0. �âáî¤  ¢ëâ¥ª ¥â, çâ® ky(t)�bkC � 1

2
ky(t)kC ¯à¨ «î¡®¬

ç¨á«¥ b.
�§ à ¢¥áâ¢

xi(t) =
Z 1

0
G(t; s)g(s)(T1xi)(s)ds+

Z 1

0
G(t; s)a(s)(T2xi)

p
q (s)ds (i = 1; 2); 0 � t � 1;

¯à¨¬¥ïï â¥®à¥¬ã ® áà¥¤¥¬, ¯®«ãç¨¬

y(t) =
Z 1

0
G(t; s)g(s)(T1y)(s)ds+

p

q

Z 1

0
G(t; s)a(s)(T2ex) pq�1(s)(T2y)(s)ds; 0 � t � 1;

£¤¥ äãªæ¨ï (T2ex)(t) ¯à¨¨¬ ¥â § ç¥¨ï, ¯à®¬¥¦ãâ®çë¥ ¬¥¦¤ã § ç¥¨ï¬¨ (T2x1)(t) ¨
(T2x2)(t).
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� á¨«ã ¥à ¢¥áâ¢ (7) á®®â¢¥âáâ¢¥® ¨¬¥¥¬

y(t) �M

Z 1

0
g(s)(T1y)(s)ds+

p

q

�
M

m

� p
q+1 1� m2

M

1R
0

g(s)(T11)(s)ds

1R
0

a(s)(T21)p=q(s)ds

Z 1

0
a(s)(T21)

p
q�1(s)(T2y)(s)ds;

(8)

y(t) � m

Z 1

0

g(s)(T1y)(s)ds+
p

q

�
m

M

� p
q 1�MkgkL p

p�1

1

kakL q
q�1


p=q
2

Z 1

0

a(s)(T21)
p
q�1(s)(T2y)(s)ds: (9)

�¡®§ ç¨¬ ¯à ¢ë¥ ç áâ¨ à ¢¥áâ¢ (8) ¨ (9) á®®â¢¥âáâ¢¥® ç¥à¥§ b2 ¨ b1. �§ï¢ ¢ ª ç¥áâ¢¥ b
¢ëà ¦¥¨¥ b1+b2

2
, ¨¬¥¥¬

����y(t)� b1 + b2

2

���� � b2 � b1

2
=
(M �m)

1R
0

g(s)(T1y)(s)ds+ (� � �)
1R
0

a(s)(T21)
p
q�1(s)(T2y)(s)ds

2
�

�
(M �m)kgkL p

p�1

1 + (� � �)kakL q
q�1


p=q
2

2
kykC ;

£¤¥ � �
p

q

�
m

M

�p=q 1�MkgkL p
p�1

1

kakL q
q�1


p=q
2

, � �
p

q

�
M

m

� p
q+1 1� m2

M

1R
0

g(s)(T11)(s)ds

1R
0

a(s)(T21)p=q(s)ds
.

� ª¨¬ ®¡à §®¬,

1
2
kykC �

(M �m)kgkL p
p�1

1 + (� � �)kakL q
q�1


p=q
2

2
kykC ;

â. ¥. (M �m)kgkL p
p�1

1 + (� � �)kakL q
q�1


p=q
2 � 1.

�á«¨ ¯®á«¥¤¥¥ ¥à ¢¥áâ¢® ¥ ¢ë¯®«ï¥âáï, â® ãà ¢¥¨¥ (3),   á«¥¤®¢ â¥«ì®, ¨ ªà ¥¢ ï
§ ¤ ç  (1){(2) ¯à¨ p

q
> 1 ¨¬¥¥â ¥¤¨áâ¢¥®¥ ¯®«®¦¨â¥«ì®¥ à¥è¥¨¥. �®ª §  

�¥®à¥¬  2. �à ¥¢ ï § ¤ ç  (1){(2) ¯à¨ p
q
> 1 ¨¬¥¥â ¥¤¨áâ¢¥®¥ ¯®«®¦¨â¥«ì®¥ à¥è¥-

¨¥, ¥á«¨

(M �m)kgkL p
p�1

1 +
p

q

"�
M

m

� p
q+1 1� m2

M

1R
0

g(s)(T11)(s)ds

1R
0

a(s)(T21)p=q(s)ds
�

�

�
m

M

�p=q 1�MkgkL p
p�1

1

kakL q
q�1


p=q
2

#
kakL q

q�1


p=q
2 < 1:

� ª ç¥áâ¢¥ ¯à¨¬¥à  à áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã

x00(t) + 0;8
Z 1

0
(2t)1=4x(s)ds+

�Z 1

0

1
t+ 1

x(s)ds
�2

= 0; 0 < t < 1; (10)

x(0)� 9x0(0) = 0;

10x(0) � 99x0(0)� x0(1) = 0:
(11)
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�¥£ª® ã¡¥¤¨âìáï, çâ® äãªæ¨ï �à¨  ®¯¥à â®à  � d2

dt2
á ªà ¥¢ë¬¨ ãá«®¢¨ï¬¨ (11) áãé¥áâ¢ã¥â,

¯®«®¦¨â¥«ì  ¨ ¨¬¥¥â ¢¨¤

G(t; s) =

(
0;1(t+ 9); 0 � t � s;

(�9;9� s)(t+ 9) + (s+ 9)(t+ 10); s � t � 1;

¯à¨ç¥¬ 0;9 � G(t; s) � 1 (t; s 2 [0; 1]).
�ãé¥áâ¢®¢ ¨¥ ¯®«®¦¨â¥«ì®£® à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ (10){(11) ®ç¥¢¨¤ë¬ ®¡à §®¬ £ -

à â¨àã¥â â¥®à¥¬  1. �¥á«®¦® ¯à®¢¥à¨âì ¢ë¯®«¥¨¥ ãá«®¢¨© â¥®à¥¬ë 2, ®¡¥á¯¥ç¨¢ îé¨å
¥¤¨áâ¢¥®áâì íâ®£® à¥è¥¨ï.

�¨â¥à âãà 

1. �¡¤ãà £¨¬®¢ �.�. � ¯®«®¦¨â¥«ìëå à¥è¥¨ïå ªà ¥¢®© § ¤ ç¨ ¤«ï ®¤®£® ¥«¨¥©®£®

äãªæ¨® «ì®-¤¨ää¥à¥æ¨ «ì®£® ãà ¢¥¨ï 2-£® ¯®àï¤ª  // �¥áâ. � £¥áâ áª. ã-â . �áâ¥-
áâ¢¥ë¥  ãª¨. { � å çª « , 1997. { �ë¯. IV. { �. 121{123.

2. �à¥© �.�. �ãªæ¨® «ìë©   «¨§. { �: � ãª , 1972. { 544 á.
3. �à á®á¥«ìáª¨© �.�. �®«®¦¨â¥«ìë¥ à¥è¥¨ï ®¯¥à â®àëå ãà ¢¥¨©. �« ¢ë ¥«¨¥©®£®

  «¨§ . { �.: �¨§¬ â£¨§, 1962. { 394 á.

� £¥áâ áª¨© £®áã¤ àáâ¢¥ë© �®áâã¯¨« 

ã¨¢¥àá¨â¥â 25.02.2004

7


