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1. �¢¥¤¥¨¥

�ëç¨á«¨â¥«ì ï ¬®¤¥«ì,  §ë¢ ¥¬ ï ¡¨ à®© ¯à®£à ¬¬®©, å®à®è® ¨§¢¥áâ  [1]. � ¯®¬¨¬
®á®¢ë¥ ®¯à¥¤¥«¥¨ï.

�¥â¥à¬¨¨à®¢ ®© ¡¨ à®© ¯à®£à ¬¬®© (BP ) P   ¬®¦¥áâ¢¥ ¯¥à¥¬¥ëåX=fx0; :::; xn�1g
 §ë¢ ¥âáï ®à¨¥â¨à®¢ ë©  æ¨ª«¨ç¥áª¨© £à ä á ®¤®©  ç «ì®© ¢¥àè¨®© ¨ ¤¢ã¬ï ä¨-
 «ìë¬¨ ¢¥àè¨ ¬¨. �¤  ¨§ ä¨ «ìëå ¢¥àè¨ ¯®¬¥ç¥  0 ( §®¢¥¬ ¥¥ ®â¢¥à£ îé¥©, ¨«¨
0-¢¥àè¨®©), ¤àã£ ï | 1 ( §®¢¥¬ ¥¥ ¯à¨¨¬ îé¥©, ¨«¨ 1-¢¥àè¨®©). � ¦¤ ï ¥ä¨ «ì ï
¢¥àè¨  íâ®£® £à ä  ¯®¬¥ç¥  ¯¥à¥¬¥®© ¨§ X, ¨ ¨§ ¥¥ ¢ëå®¤ïâ à®¢® ¤¢¥ ¤ã£¨, ¯®¬¥ç¥ë¥
0 ¨ 1. �à®æ¥áá ¢ëç¨á«¥¨ï ¤¥â¥à¬¨¨à®¢ ®© BP ¯à¨ ä¨ªá¨à®¢ ¨¨ § ç¥¨© ¯¥à¥¬¥ëå
¨§ X á¢®¤¨âáï ª á«¥¤ãîé¥¬ã. �ëç¨á«¥¨¥  ç¨ ¥âáï ¢ ª®à¥ s ¯à®£à ¬¬ë. �á«¨ ¯¥à¥¬¥ ï,
ª®â®à®© ¯®¬¥ç¥ s, ¨¬¥¥â § ç¥¨¥ a 2 f0; 1g, â® ®áãé¥áâ¢«ï¥âáï ¯¥à¥å®¤ ¢ áë  s ¯® ¤ã£¥, ¯®-
¬¥ç¥®© a. �§ íâ®© ¢¥àè¨ë ¯¥à¥å®¤ ®áãé¥áâ¢«ï¥âáï ¢ § ¢¨á¨¬®áâ¨ ®â § ç¥¨ï ¯®¬¥ç îé¥©
¥¥ ¯¥à¥¬¥®©. � ª ª ª ¯ãâì, á®®â¢¥âáâ¢ãîé¨© § ç¥¨ï¬ ¯¥à¥¬¥ëå, ¢ë¡¨à ¥âáï ®¤®§ ç®,
ª ¦¤®¬ã  ¡®àã § ç¥¨© ¯¥à¥¬¥ëå ¬®¦® á®¯®áâ ¢¨âì ¯®¬¥âªã â®© ä¨ «ì®© ¢¥àè¨ë, ¢
ª®â®àãî ¯à¨¢®¤¨â ¢ëç¨á«¥¨¥. �â  ¯®¬¥âª  ï¢«ï¥âáï § ç¥¨¥¬ ¢ëç¨á«ï¥¬®© äãªæ¨¨.

�á«¨ ¢ ®¯à¥¤¥«¥¨¨ ¡¨ à®© ¯à®£à ¬¬ë ¤®¡ ¢¨âì ¢®§¬®¦®áâì  «¨ç¨ï ¥¤¥â¥à¬¨¨à®-
¢ ëå ¢¥àè¨, â. ¥. ¥ ¯®¬¥ç¥ëå ¨ª ª®© ¯¥à¥¬¥®©, ¨«¨ ¢¥à®ïâ®áâëå ¢¥àè¨, â. ¥. ¯®¬¥-
ç¥ëå á«ãç ©ë¬¨ ¯¥à¥¬¥ë¬¨, ¯à¨¨¬ îé¨¬¨ § ç¥¨ï 0 ¨ 1 á ¢¥à®ïâ®áâìî 1=2, ¯®«ãç¨¬
á®®â¢¥âáâ¢¥® ®¯à¥¤¥«¥¨ï ¥¤¥â¥à¬¨¨à®¢ ®© ¨ ¢¥à®ïâ®áâ®© ¯à®£à ¬¬ë. �¥à®ïâ®áâ ï
¯à®£à ¬¬  P ®¯à¥¤¥«ï¥â äãªæ¨î cP : f0; 1gn ! [0; 1], cP (x) | ¢¥à®ïâ®áâì â®£®, çâ® P , ¨¬¥ï  
¢å®¤¥ x, ¤®áâ¨£ ¥â ¯à¨¨¬ îéãî ¢¥àè¨ã. � §®¢¥¬ íâã äãªæ¨î å à ªâ¥à¨áâ¨ç¥áª®© äãª-
æ¨¥© P . �à®£à ¬¬  P ¢ëç¨á«ï¥â äãªæ¨î h, ¥á«¨ cP (x) > 1=2 ¤«ï h(x) = 1, ¨ cP (x) < 1=2
¤«ï h(x) = 0, â. ¥. ¢¥à®ïâ®áâì, çâ® P ¢ë¤ ¥â h(x), ¡®«ìè¥ 1=2 ¤«ï «î¡®£®  ¡®à  § ç¥¨©
¯¥à¥¬¥ëå x. �á«¨ íâ  ¢¥à®ïâ®áâì ¡®«ìè¥ 1� " ¤«ï ¥ª®â®à®£® ", 0 � " < 1=2, â® ¢ëç¨á«¥¨¥
 §ë¢ ¥âáï ¢ëç¨á«¥¨¥¬ á ®£à ¨ç¥¨¥¬   ®è¨¡ªã (" | ®è¨¡ª  ¢ëç¨á«¥¨ï).

�¯à¥¤¥«¨¬ á«®¦®áâì ¯à®£à ¬¬ë P ª ª ç¨á«® ¥¥ ¢¥àè¨. � æ¥«ïå ¯®«ãç¥¨ï á®®â®è¥-
¨© ¬¥¦¤ã à §«¨çë¬¨ ª« áá ¬¨ á«®¦®áâ¨ à áá¬ âà¨¢ îâáï ®£à ¨ç¥ë¥ ª« ááë ¡¨ àëå
¯à®£à ¬¬ [1]. k à § ç¨â îé ï ¡¨ à ï ¯à®£à ¬¬  (BPk) | ¡¨ à ï ¯à®£à ¬¬ , ª®â®à ï  
«î¡®¬ ¯ãâ¨ ¢ëç¨á«¥¨ï ª ¦¤ãî ¯¥à¥¬¥ãî ç¨â ¥â ¥ ¡®«¥¥ k à §. �¤¨ à § ç¨â îé ï BP
(BP1)  §ë¢ ¥âáï ã¯®àï¤®ç¥®© (®¡®§ ç ¥âáï OBDD), ¥á«¨ ¯¥à¥¬¥ë¥ ç¨â îâáï ¢ ®¯à¥¤¥-
«¥®¬ ¯®àï¤ª¥. OBDD ¨â¥à¥áë ¢ á¢ï§¨ á ¢®§¬®¦®áâìî ¨å ¯à ªâ¨ç¥áª®£® ¨á¯®«ì§®¢ ¨ï
[2]. �à®£à ¬¬  BPk  §ë¢ ¥âáï kOBDD, ¥á«¨ ¥¥ ¬®¦® à §¡¨âì   k á«®¥¢ â ª, çâ® ¯¥à¥¬¥ë¥
¢ ª ¦¤®¬ á«®¥ ç¨â îâáï ¥ ¡®«¥¥ ®¤®£® à §  ¢ á®®â¢¥âáâ¢¨¨ á ®¤¨¬ ¨ â¥¬ ¦¥ ¯®àï¤ª®¬.

� §®¢¥¬ ¡¨ àãî ¯à®£à ¬¬ã ãà®¢¥¢®©, ¥á«¨ ¤«ï «î¡®© ¥¥ ¥ä¨ «ì®© ¢¥àè¨ë v ¢á¥
¯ãâ¨ ®â ª®àï ¤® v ¨¬¥îâ ®¤¨ ª®¢ãî ¤«¨ã. � ª ï ¯à®£à ¬¬  ¬®¦¥â ¡ëâì à §¡¨â    ãà®¢¨:
ª ¦¤ë© ãà®¢¥ì á®¤¥à¦¨â ¥ä¨ «ìë¥ ¢¥àè¨ë, ®¤¨ ª®¢® ã¤ «¥ë¥ ®â ª®àï. �¨à¨®©

ãà®¢¥¢®© ¯à®£à ¬¬ë  §ë¢ ¥âáï ¬ ªá¨¬ «ì®¥ ç¨á«® ¢¥àè¨   ®¤®¬ ãà®¢¥. �à®¢¥¢ ï
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¯à®£à ¬¬   §ë¢ ¥âáï § ¡ë¢ îé¥©, ¥á«¨ ¢á¥ ¢¥àè¨ë ®¤®£® ãà®¢ï ¯®¬¥ç¥ë ®¤®© ¨ â®© ¦¥
¯¥à¥¬¥®©. �¨ àë¥ ¯à®£à ¬¬ë ®£à ¨ç¥®© è¨à¨ë à áá¬ âà¨¢ «¨áì ¢ à §«¨çëå ¨áá«¥-
¤®¢ ¨ïå. �§¢¥áâ®,  ¯à¨¬¥à, çâ® ª« áá ¡ã«¥¢ëå äãªæ¨©, ¢ëç¨á«¨¬ëå BP ª®áâ â®© è¨-
à¨ë á®¢¯ ¤ ¥â á ª« áá®¬ á«®¦®áâ¨ NC1 [3]. �ãªæ¨ï, ¢ëç¨á«¨¬ ï ¤¥â¥à¬¨¨à®¢ ®© OBDD
ª®áâ â®© è¨à¨ë, ¬®¦¥â ¡ëâì ¢ëç¨á«¥  ¢¥à®ïâ®áâ® á ®£à ¨ç¥¨¥¬   ®è¨¡ªã ¯à¨ ¯®¬®-
é¨ ª®¥ç®£® ª®«¨ç¥áâ¢  ¢®¯à®á®¢ [4]. �®ª § ® [5], çâ® ¯à®¡«¥¬  \�ë¯®«¨¬®áâì" NP -á«®¦ 
¤«ï ¢¥à®ïâ®áâ®© á ®£à ¨ç¥¨¥¬   ®è¨¡ªã OBDD ¨ «¥¦¨â ¢ ª« áá¥ P ¤«ï ¢¥à®ïâ®áâ®© á
®£à ¨ç¥¨¥¬   ®è¨¡ªã OBDD ª®áâ â®© è¨à¨ë.

� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ îâáï ¢¥à®ïâ®áâë¥ OBDD, è¨à¨  ª®â®àëå ®£à ¨ç¥  ¥-
ª®â®à®© äãªæ¨¥© !(n) (®¡®§ ç¨¬ ¨å OBDD!(n)), ¢ æ¥«ïå áà ¢¥¨ï ¨å ¢®§¬®¦®áâ¥© á ¢®§-
¬®¦®áâï¬¨ ¡¨ àëå ¯à®£à ¬¬ ¨§ ¤àã£¨å ª« áá®¢.

�¡®§ ç¨¬ ª« ááë äãªæ¨©, ¢ëç¨á«¨¬ëå ¤¥â¥à¬¨¨à®¢ ë¬¨, ¥¤¥â¥à¬¨¨à®¢ ë¬¨, ¢¥-
à®ïâ®áâë¬¨ á ®£à ¨ç¥¨¥¬   ®è¨¡ªã ¨ ¢¥à®ïâ®áâë¬¨ ®¡é¥£® ¢¨¤  ¡¨ àë¬¨ ¯à®£à ¬-
¬ ¬¨ ¯®«¨®¬¨ «ì®© á«®¦®áâ¨ P�BP , NP�BP , BPP�BP ¨ PP�BP á®®â¢¥âáâ¢¥®. �«ï
®£à ¨ç¥ëå ª« áá®¢ ¡¨ àëå ¯à®£à ¬¬ ¢ ®¡®§ ç¥¨ïå ª« áá®¢ á«®¦®áâ¨ áãää¨ªá \�BP"
§ ¬¥¨¬ á®®â¢¥âáâ¢ãîé¨¬ á®ªà é¥¨¥¬. �« áá

PP�OBDDconst =
[
k�0

PP�OBDDk

á®®â¢¥âáâ¢ã¥â OBDD ª®áâ â®© è¨à¨ë. �§¢¥áâë á®®â®è¥¨ï ¬¥¦¤ã ª« áá ¬¨ á«®¦®áâ¨
¤«ï OBDD [6]{[9].

�« ááë ¡¨ àëå ¯à®£à ¬¬ ¯®«¨®¬¨ «ì®© á«®¦®áâ¨ ¡ã¤¥¬ ®¡®§ ç âì â ª ¦¥, ª ª ¨
á®®â¢¥âáâ¢ãîé¨¥ ª« ááë á«®¦®áâ¨. � ¯à¨¬¥à, ¢¥à®ïâ®áâë¥ (¡¥§ ®£à ¨ç¥¨ï   ®è¨¡ªã)
OBDD ¯®«¨®¬¨ «ì®£® à §¬¥à  ®¡®§ ç¨¬ ª ª PP�OBDD. �§ ª®â¥ªáâ  ¡ã¤¥â ïá®, ¤«ï
ç¥£® ¨á¯®«ì§ãîâáï ®¡®§ ç¥¨ï: ¤«ï ¡¨ àëå ¯à®£à ¬¬ ¨«¨ ¤«ï ª« áá  á«®¦®áâ¨.

�à¨ ®¡®¡é¥¨ïå P�OBDD ¢ ¦®, çâ®¡ë ¯®«ãç¥ë¥ ¡¨ àë¥ ¯à®£à ¬¬ë á®åà ï«¨ á¢®©-
áâ¢ , ¯®§¢®«ïîé¨¥ íää¥ªâ¨¢® à ¡®â âì á ¨¬¨. � ¯à¨¬¥à, ¤«ï NP�BP1 â¥áâ   ¢ë¯®«¨-
¬®áâì ¯®«¨®¬¨ «¥. �§¢¥áâ®, çâ® ª« ááë BPP�OBDD ¨ NP�BP1 ¥ áà ¢¨¬ë ¢ á¬ëá«¥
®â®è¥¨ï ¢ª«îç¥¨ï [10]. �â¨¬ ®¡êïáï¥âáï  è ¨â¥à¥á ª á«¥¤ãîé¥¬ã ª« ááã: ¢¥à®ïâ®áâ-
ë¬ ¡¥§ ®£à ¨ç¥¨ï   ®è¨¡ªã kOBDD. �®¦® ¡ë ¡ë«® ¯à¥¤¯®« £ âì, çâ® ®¤¨ ¨§ ª« áá®¢
PP�kOBDD (¢®§¬®¦® á ®£à ¨ç¥¨¥¬   ®è¨¡ªã) ¨ NP�BP1 (¨«¨ ¯® ªà ©¥© ¬¥à¥ ª« áá ¬¥-
¦¤ã P�OBDD ¨ NP�BP1) ¢ª«îç ¥âáï ¢ ¤àã£®©. � à ¡®â¥ ¯®ª §ë¢ ¥âáï, çâ® ¤  ï £¨¯®â¥§ 
«®¦ .

� ¡®â  ¨¬¥¥â á«¥¤ãîéãî áâàãªâãàã. �® ¢â®à®¬ ¯ à £à ä¥ ®¯à¥¤¥«ïîâáï à §«¨çë¥ äãª-
æ¨¨, ¤«ï ª®â®àëå ã¤ ¥âáï ¯®«ãç¨âì ¢ëá®ª¨¥ ¨¦¨¥ ®æ¥ª¨ á«®¦®áâ¨ ¤«ï à §«¨çëå â¨¯®¢
¡¨ àëå ¯à®£à ¬¬. � â¥¬ ¯à¨¢®¤ïâáï ¥ª®â®àë¥ ¨§¢¥áâë¥ à¥§ã«ìâ âë, ª á îé¨¥áï ®æ¥®ª
ª®¬¬ã¨ª æ¨®®© á«®¦®áâ¨.

� âà¥âì¥¬ ¯ à £à ä¥ à áá¬ âà¨¢ ¥âáï OBDD ª®áâ â®© è¨à¨ë. �®ª § ®, ª ª¨¥ äãª-
æ¨¨ ¬®£ãâ ¡ëâì å à ªâ¥à¨áâ¨ç¥áª¨¬¨ ¤«ï PP�OBDD ¨ ¤®ª §ë¢ ¥âáï, çâ®

PP�OBDDconst nNP�BP1 6= ;:

� ç¥â¢¥àâ®¬ ¯ à £à ä¥ á ç «  ¯®ª §ë¢ ¥âáï, çâ® PP�kOBDD = PP�OBDD ¨ çâ® ¤«ï
«î¡ëå  âãà «ìëå t ¨ k ¢ë¯®«ï¥âáï

P�OBDD n PP�kOBDDconst � P�OBDDnt n PP�kOBDD(t log(n)=4)
1
2k 6= ;:

� «¥¥ ®¯à¥¤¥«ï¥âáï äãªæ¨ï, á«®¦ ï ¤«ï PP�kOBDD. �â  äãªæ¨ï ¢ëç¨á«¨¬  ¤ ¦¥
®£à ¨ç¥ë¬ â¨¯®¬ ¤¥â¥à¬¨¨à®¢ ëå BP1 (T�BP1). �«ï â ª¨å BP1 ¯®àï¤®ª çâ¥¨ï ¯¥à¥-
¬¥ëå § ¢¨á¨â ®â ¨å § ç¥¨ï ¨ ®¯à¥¤¥«ï¥âáï ¤¥à¥¢®¬ ¯®«¨®¬¨ «ì®£® à §¬¥à  ([11] ¨ [12])

P�T�BP1 n PP�kOBDD 6= 0:
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2. �ãªæ¨¨ ¨ ¥ª®â®àë¥ ¨§¢¥áâë¥ à¥§ã«ìâ âë

�«ï á«®¢  v 2 f0; 1g� æ¥«®¥, ¯à¥¤áâ ¢«¥¨¥ ª®â®à®£® ¢ ¤¢®¨ç®© á¨áâ¥¬¥ áç¨á«¥¨ï ¥áâì v,
®¡®§ ç¨¬ ç¥à¥§ dec(v). �«ï ¨¤¥ªá®¢ (®â 0 ¤® r� 1) áã¬¬  j+dec(v) ¢ëç¨á«ï¥âáï ¯® ¬®¤ã«î r.

�¥«®ç¨á«¥ ï äãªæ¨ï    âãà «ìëå ç¨á« å, ®¡®§ ç ¥¬ ï w(n), ¡ã¤¥â ¢ à ¡®â¥ ®¯à¥-
¤¥«ïâì è¨à¨ã OBDD.

�ãªæ¨ï \¯¥à¥áâ ®¢®ç ï ¬ âà¨æ " ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬: PERMn : f0; 1gm
2

!
f0; 1g, n = m2, PERMn(x) = 1 â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ ª ¦¤®© áâà®ª¥ ¨ ¢ ª ¦¤®¬ áâ®«¡æ¥
¡ã«¥¢®© ¬ âà¨æë X = (x11; x12; : : : ; xmm) à §¬¥à®¬ m�m á®¤¥à¦¨âáï à®¢® ®¤  1.

�ãªæ¨ï ipn : f0; 1g2n ! f0; 1g | áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥, â. ¥.

ipn(x0; : : : ; xn�1; y0; : : : ; yn�1) =
M

i=0; n�1

xiyi;

£¤¥ � | áã¬¬  ¯® ¬®¤ã«î 2.
�ãªæ¨ï SIPn (\áª «ïà®¥ ¯à®¨§¢¥¤¥¨¥ á® á¬¥é¥¨¥¬") ®¯à¥¤¥«¥    n = 2r+ log r ¯¥à¥-

¬¥ëå X [ Y [ V :

SIP (x0; : : : ; xr�1; y0; : : : ; yr�1; v0; : : : ; vlog r�1) =
M

0�j�r�1

(xjyj+dec(v)):

�ãªæ¨ï INDn : f0; 1g2n+1 ! f0; 1g (¨¤¥ªá ï äãªæ¨ï) ®¯à¥¤¥«¥    X [ Y [ fug, jXj =
jY j = n; á«¥¤ãîé¨¬ ®¡à §®¬:

INDn(x0; : : : ; xr�1; y0; : : : ; yr�1; u) =

8>>>><
>>>>:

xi; ¥á«¨ u = 0 ¨
P

j=0; n�1
yj = yi = 1;

yi; ¥á«¨ u = 1 ¨
P

j=0; n�1
xj = xi = 1;

0; ¨ ç¥;

â. ¥.,  ¯à¨¬¥à, ¯à¨ u = 0 äãªæ¨ï INDn à ¢  xi, ¥á«¨ áà¥¤¨ fyjg à®¢® ®¤  ¯¥à¥¬¥ ï
à ¢  1 ¨ ¨¤¥ªá íâ®© ¯¥à¥¬¥®© à ¢¥ i.

�ãáâì ¤«ï æ¥«ëå ç¨á¥« r ¨ n ¢¥à® n = 2r + dlog(r)e + 1. �«ï äãªæ¨¨ w(n) < r äãªæ¨ï
SINDw(n) (\á¬¥é¥ ï ¨¤¥ªá ï äãªæ¨ï") ®¯à¥¤¥«¥    n ¯¥à¥¬¥ëå X [ Y [ V [ fug,
jXj = jY j = r:

SINDw(n)(x0; : : : ; xr�1; y0; : : : ; yr�1; v0; : : : ; vn�2r�1; u) =

=

8>>>><
>>>>:

xi; ¥á«¨ u = 0,
P

j=0; w(n)�1

yj = yi+dec(v) = 1, i < w(n)� 1;

yi; ¥á«¨ u = 1,
P

j=0; w(n)�1

xj = xi+dec(v) = 1, i < w(n)� 1;

0; ¨ ç¥:

� íâ®¬ ®¯à¥¤¥«¥¨¨ i+ dec(v) | áã¬¬  ¯® ¬®¤ã«î w(n). � ª¨¬ ®¡à §®¬, äãªæ¨ï SINDw(n) ¥
§ ¢¨á¨â ®â ¯¥à¥¬¥ëå x ¨ y á ¨¤¥ªá ¬¨ ¡®«ìè¥, ç¥¬ w(n)� 1.

� ª ª ª ¯®«ãç¥¨¥ ¨¦¨å ®æ¥®ª á«®¦®áâ¨ ®¯¨à ¥âáï   â¥®à¨î ª®¬¬ã¨ª æ¨®®©
á«®¦®áâ¨, ¯à¨¢¥¤¥¬ ¥ª®â®àë¥ ¯®ïâ¨ï ¨§ íâ®© ®¡« áâ¨. �ãáâì ¤¢  ¨£à®ª  �«¨á  ¨ �®¡ ¢ë-
ç¨á«ïîâ äãªæ¨î f   ¬®¦¥áâ¢¥ ¯¥à¥¬¥ëå X = fx1; : : : ; xng. �«¨á  ç¨â ¥â ¯¥à¥¬¥ë¥
¨§ ¯®¤¬®¦¥áâ¢  X0 2 X ¨ ¯®áë« ¥â ¥ª®â®à®¥ á®®¡é¥¨¥ �®¡ã, ª®â®àë© ç¨â ¥â ®áâ ¢è¨¥áï
¯¥à¥¬¥ë¥ (¨§ X1 = X � X0) ¨ ¢ëç¨á«ï¥â äãªæ¨î f . � ä¨ªá¨àã¥¬ à §¡¨¥¨¥ ¯¥à¥¬¥ëå
U = (X0; X1), á®®â¢¥âáâ¢ãîé¥¥ ¢å®¤ë¬ ¯¥à¥¬¥ë¬ ¨£à®ª®¢. �ëç¨á«ï¥¬ ï äãªæ¨ï f ®¯à¥¤¥-
«ï¥âáï ª®¬¬ã¨ª æ¨®®© ¬ âà¨æ¥© CM f

U , áâà®ª¨ ª®â®à®© á®®â¢¥âáâ¢ãîâ § ç¥¨ï¬ ¯¥à¥¬¥-
ëå �«¨áë,   áâ®«¡æë | § ç¥¨ï¬ ¯¥à¥¬¥ëå �®¡  á®®â¢¥âáâ¢¥®, â. ¥. í«¥¬¥â CM f

U (a; b)
ª®¬¬ã¨ª æ¨®®© ¬ âà¨æë à ¢¥ f(a; b), £¤¥ a ¨ b| § ç¥¨ï ¯¥à¥¬¥ëå ¨§ X0 ¨ X1 á®®â¢¥â-
áâ¢¥®. �¤®áâ®à®ïï ª®¬¬ã¨ª æ¨® ï á«®¦®áâì, ª®â®à ï ®§ ç ¥â ¬¨¨¬ «ì®¥ ç¨á«®
¡¨â®¢, ª®â®àë¥ �«¨á  ¤®«¦  ¯®á« âì �®¡ã, § ¢¨á¨â ®â ç¨á«  à §«¨çëå áâà®ª ¬ âà¨æë CM f

U .
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�á«¨ ¤«ï ¥ª®â®à®£® æ¥«®£® ç¨á«  k äãªæ¨ï f ¨¬¥¥â ¡®«ìèãî ª®¬¬ã¨ª æ¨®ãî á«®¦®áâì
¥ª®â®à®£® â¨¯  (¤¥â¥à¬¨¨à®¢ ãî, ¥¤¥â¥à¬¨¨à®¢ ãî ¨ â ª ¤ «¥¥) ¤«ï ¢á¥å à §¡¨¥¨©
(X0;X1) c jX0j = k, â® «î¡ ï OBDD, ¢ëç¨á«ïîé ï f , â ª¦¥ ¨¬¥¥â ¡®«ìèãî á«®¦®áâì.

�¢â®àë à ¡®âë [13] ¯¥à¢ë¬¨ ¯à¥¤áâ ¢¨«¨ å à ªâ¥à¨§ æ¨î ¢¥à®ïâ®áâ®© ª®¬¬ã¨ª æ¨®-
®© á«®¦®áâ¨. �¢â®à®¬ ¥§ ¢¨á¨¬® ¡ë« ¯®«ãç¥   «®£¨çë© à¥§ã«ìâ â ¤«ï OBDD [14].

�¥¬¬  1. �ãáâì f | äãªæ¨ï   ¯¥à¥¬¥ëå X, ¢ëç¨á«¨¬ ï OBDD P . �ãáâì íâ 

OBDD ®¯à¥¤¥«ï¥â à §¡¨¥¨¥ ¬®¦¥áâ¢  ¯¥à¥¬¥ëå U = (X0; X�X0), â. ¥. ¯¥à¥¬¥ë¥ ¨§ X0

ç¨â îâáï ¯¥à¥¤ ¯¥à¥¬¥ë¬¨ ¨§ X �X0. �ãáâì L | ¬®¦¥áâ¢® ¢¥àè¨ P , ¥¯®áà¥¤áâ¢¥®
¯à¥¤è¥áâ¢ãîé¨å çâ¥¨î ¯¥à¥¬¥ëå ¨§ X � X0, ¨ jLj = d. �®£¤  áãé¥áâ¢ã¥â ¬®¦¥áâ¢®

¢¥ªâ®à-áâà®ª f�(x)g à §¬¥à®áâ¨ d ¨ ¢¥ªâ®à-áâ®«¡æ®¢ f�(y)g â®© ¦¥ à §¬¥à®áâ¨ d â ª¨å,

çâ®

CM f
U (a;b) = 1, �(a)�(b) > 1=2;

CM f
U (a;b) = 0, �(a)�(b) < 1=2:

�®ª § â¥«ìáâ¢®. �«ï ª ¦¤®£® § ç¥¨ï a ¨§ X0 à áá¬®âà¨¬ ¢¥à®ïâ®áâ®¥ à á¯à¥¤¥«¥-
¨¥ �(a) = (�1(a); : : : ; �d(a)), £¤¥ �j(a) | ¢¥à®ïâ®áâì ¯®¯ áâì ¢ j-î ¢¥àè¨ã L ¨§  ç «ì®©
¢¥àè¨ë P , ¥á«¨ ¯¥à¥¬¥ë¥ ¨§ X0 à ¢ë a. �¯à¥¤¥«¨¬ ¤«ï ª ¦¤®£® § ç¥¨ï b ¨§ X � X0

¢¥ªâ®à-áâ®«¡¥æ �(b) = (�1(b); : : : ; �d(b)), £¤¥ �j(b) | ¢¥à®ïâ®áâì ¤®áâ¨£ãâì ¯à¨¨¬ îéãî ¢¥à-
è¨ã ¨§ j-© ¢¥àè¨ë L, ¥á«¨ ¯¥à¥¬¥ë¥ ¨§ X �X0 à ¢ë b. �«¥¬¥â CM f

U (a; b) = 1 â®£¤  ¨
â®«ìª® â®£¤ , ª®£¤  cP (a; b) = �(a)�(b) > 1=2. � í«¥¬¥â CM f

U(a; b) = 0 â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  cP (a; b) = �(a)�(b) < 1=2.

�«ï ª®¬¬ã¨ª æ¨®®© ¬ âà¨æë CM , ¬¨¨¬ «ì®¥ ç¨á«® d, ¯®§¢®«ïîé¥¥ ¯à¥¤áâ ¢¨âì CM
¢ á®®â¢¥âáâ¢¨¨ á «¥¬¬®© 1, ®¡®§ ç¨¬ ç¥à¥§ d(CM). �®£« á® «¥¬¬¥ 1, ¥á«¨ ¤«ï «î¡®£® à §-
¡¨¥¨ï ¬®¦¥áâ¢  ¯¥à¥¬¥ëå äãªæ¨¨ f ç¨á«® d(CM) ¥¥ ª®¬¬ã¨ª æ¨®®© ¬ âà¨æë CM
¢¥«¨ª®, â® f á«®¦  ¤«ï ¢¥à®ïâ®áâ®© OBDD.

3. �ãªæ¨ï PERM ¯à®áâ  ¤«ï PP�OBDD ª®áâ â®© è¨à¨ë

� íâ®¬ ¯ à £à ä¥ ®¯¨áë¢ ¥âáï àï¤ á¢®©áâ¢, ª®â®àë¬¨ ®¡« ¤ îâ å à ªâ¥à¨áâ¨ç¥áª¨¥ äãª-
æ¨¨ OBDD ª®áâ â®© è¨à¨ë [15], [16]. �ã¤¥¬ à áá¬ âà¨¢ âì ¯à¨ íâ®¬ § ¡ë¢ îé¨¥ ¯à®-
£à ¬¬ë, £¤¥ ª ¦¤ë© ãà®¢¥ì ¯à®£à ¬¬ë á®¤¥à¦¨â ¨«¨ â®«ìª® ¤¥â¥à¬¨¨à®¢ ë¥ ã§«ë, ¨«¨
â®«ìª® ¢¥à®ïâ®áâë¥ ã§«ë.

�¥¬¬  2. �«ï «î¡®© ª®áâ âë �, 0 � � � 1, ¥á«¨ ¤¢®¨ç®¥ ¯à¥¤áâ ¢«¥¨¥ � ¨¬¥¥â t
¯®§¨æ¨©, â® áãé¥áâ¢ã¥â OBDD B(�) è¨à¨ë 1, á®áâ®ïé ï â®«ìª® ¨§ t á«ãç ©ëå ¢¥àè¨

â ª ï, çâ® cB(�) = �.

�¥¬¬  3. �ãáâì cB1
¨ cB2

| å à ªâ¥à¨áâ¨ç¥áª¨¥ äãªæ¨¨ OBDD B1 è¨à¨ë w1 ¨ B2

è¨à¨ë w2 á®®â¢¥âáâ¢¥® á ®¤¨ ª®¢ë¬ ¯®àï¤ª®¬ çâ¥¨ï ¯¥à¥¬¥ëå. �®£¤  áãé¥áâ¢ã¥â

OBDD c â¥¬ ¦¥ á ¬ë¬ ¯®àï¤ª®¬ ¯¥à¥¬¥ëå á® á«¥¤ãîé¨¬¨ å à ªâ¥à¨áâ¨ç¥áª¨¬¨ äãªæ¨-

ï¬¨: 1� cB1
(x), 1=2(cB1

(x) + cB2
(x)), cB1

(x)cB2
(x). �â¨ OBDD ®¡®§ ç¨¬ 1�B1, 1=2(B1 +B2),

B1B2, ®¨ ¨¬¥îâ è¨à¨ã w1, w1 + w2, w1w2 á®®â¢¥âáâ¢¥®.

�á«¨ OBDD B1 ¨ B2 ¨¬¥îâ ¥¯¥à¥á¥ª îé¨¥áï ¬®¦¥áâ¢  ¯¥à¥¬¥ëå, â® áãé¥áâ¢ã-

¥â OBDD 1=2(B1 + B2) ¨ B1B2 á å à ªâ¥à¨áâ¨ç¥áª¨¬¨ äãªæ¨ï¬¨ 1=2(cB1
(x) + cB2

(x)) ¨

cB1
(x)cB2

(x) è¨à¨ë max(w1; w2) + 1 ¨ max(w1; w2) á®®â¢¥âáâ¢¥®.

�á¯®«ì§ãï «¥¬¬ã 1, ¬®¦® ¤®ª § âì ãâ¢¥à¦¤¥¨¥.

�¥¬¬  4. �ãáâì ¤«ï OBDD Bn è¨à¨ë w ¨ äãªæ¨¨ fn áãé¥áâ¢ãîâ ç¨á«  pn â ª¨¥, çâ®
cBn

(x) > pn â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  fn(x) = 1. �®£¤  áãé¥áâ¢ã¥â OBDD è¨à¨ë w + 1,
¢ëç¨á«ïîé ï äãªæ¨î fn.

�á¯®«ì§ãï íâ¨ «¥¬¬ë, ¤®ª §ë¢ ¥âáï
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�¥®à¥¬  1. �ãáâì fn | äãªæ¨ï ®â n ¯¥à¥¬¥ëå. �ãáâì pn | ¤¥©áâ¢¨â¥«ì®¥ ç¨á«®

¨ B | ¢¥à®ïâ®áâ ï OBDD è¨à¨ë w â ª ï, çâ® fn(x) = 1, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

cB(x) = pn. �®£¤  fn ¢ëç¨á«¨¬  ¢¥à®ïâ®áâ®© OBDD è¨à¨ë w2 + w + 1.

�®ª § â¥«ìáâ¢®. �ãáâì B ¨¬¥¥â n0 ãà®¢¥©. �®£¤  ¤«ï "n = (1=2)n
0

¥à ¢¥áâ¢® jcB(x) �
pnj � "n ¢ë¯®«ï¥âáï ¤«ï «î¡®£®  ¡®à  x â ª®£®, çâ® fn(x) = 0.

� áá¬®âà¨¬ ¤¢  á«ãç ï: pn > 1=2 ¨ pn � 1=2. �ãáâì pn > 1=2. �§ «¥¬¬ 2 ¨ 3 á«¥¤ã¥â, çâ®
¤«ï p0 = 2pn � 1 áãé¥áâ¢ã¥â OBDD B1 = B( 1

2
(1 � B + B(p0))) è¨à¨ë w(w + 1) c å à ªâ¥-

à¨áâ¨ç¥áª®© äãªæ¨¥© cB1
(x) = cB(x)( 12(1 � cB(x) + p0)) = pncB(x) � 1

2
(cB(x))2. �ãªæ¨ï cB1

¤®áâ¨£ ¥â ¬ ªá¨¬ã¬  p00 = p2n=2, ¥á«¨ cB(x) = pn. �á«¨ pn � 1=2, â® ¤«ï p0 = 1 � 2pn áãé¥-
áâ¢ã¥â OBDD B1 = (1 � B)( 1

2
(B + B(p0))) è¨à¨ë w(w + 1) á å à ªâ¥à¨áâ¨ç¥áª®© äãªæ¨¥©

cB1
(x) = (1 � cB(x))( 12(cB(x) + p0)) = 1

2
(p0 � (cB(x))2 + 2pncB(x)). �ãªæ¨ï cB1

¤®áâ¨£ ¥â ¬ ªá¨-
¬ã¬  p00 = (1 � pn)2=2, ¥á«¨ cB(x) = pn. �«ï ®¡®¨å á«ãç ¥¢, ¥á«¨ cB(x) 6= pn, â. ¥. fn(x) = 0, â®
cB1

(x) � p00 � "2n=2, ¨ ¥á«¨ fn(x) = 1, â® cB1
(x) = p00 > p000 = p00 � "2n=4. �«ï p000 ¢¥à® cB1

(x) < p000,
¥á«¨ fn(x) = 0, ¨ cB1

(x) > p000, ¥á«¨ fn(x) = 1.

�§¢¥áâ®, çâ® äãªæ¨ï PERMn ¢ëç¨á«¨¬  BPP�OBDD [10]. � ¤àã£®© áâ®à®ë, PERMn

¥ ¯à¨ ¤«¥¦¨â NP�BP1,   á«¥¤®¢ â¥«ì®, PERMn =2 P�OBDDconst � P�OBDD. � ª ª ª
BPP�OBDDconst = P�OBDDconst [8], â® PERMn ¥ ¯à¨ ¤«¥¦¨âBPP�OBDDconst. �®ª ¦¥¬,
çâ® íâ  äãªæ¨ï ¯à¨ ¤«¥¦¨â PP�OBDDw ¤«ï ¥ª®â®à®© ª®áâ âë w.

�¥®à¥¬  2. �ãªæ¨ï PERMn ¢ëç¨á«¨¬  ¢¥à®ïâ®áâ®© (¡¥§ ®£à ¨ç¥¨ï   ®è¨¡ªã)
OBDD B(PERMn) ª®áâ â®© è¨à¨ë.

�®ª § â¥«ìáâ¢®. �¯¨è¥¬ OBDD B(PERMn), ¢ëç¨á«ïîéãî äãªæ¨î PERMn   ¯¥à¥-
¬¥ëå x11; x12; : : : ; xmm. �«ï «î¡®£® i, 1 � i � m, ¤¥â¥à¬¨¨à®¢  ï OBDD P (i)

1 ç¨â ¥â i-î
áâà®ªã ¬ âà¨æë ¨ ¯à®¢¥àï¥â, á®¤¥à¦¨â «¨ íâ  áâà®ª  à®¢® ®¤ã 1. �«ï «î¡®£® i, 1 � i � m,
¢¥à®ïâ®áâ ï OBDD P

(i)
2 ¤¥« ¥â â® ¦¥ á ¬®¥, ® ¯¥à¥¤ çâ¥¨¥¬ ª ¦¤®© ¯¥à¥¬¥®© ¯®¯ ¤ ¥â

¢ ®â¢¥à£ îéãî ¢¥àè¨ã á ¢¥à®ïâ®áâìî 1=2. �®á«¥ â®£®, ª ª P (i)
2 ç¨â ¥â ¯¥à¥¬¥ãî xij , à ¢-

ãî 1, ¯à®£à ¬¬  ¯à®¢¥àï¥â ¤¥â¥à¬¨¨à®¢ ®, á®¤¥à¦¨â «¨ áâà®ª  â®«ìª® ®¤ã 1. �á«¨ íâ®
â ª, â® P

(i)
2 ¯à¨¨¬ ¥â. �á«¨ OBDD  å®¤¨â ¢ áâà®ª¥ ¢â®àãî ¯¥à¥¬¥ãî, à ¢ãî 1, â® ®áã-

é¥áâ¢«ï¥âáï ¯¥à¥å®¤ ¢ ®â¢¥à£ îéãî ¢¥àè¨ã. � ª¨¬ ®¡à §®¬, P (i)
2 ¯®¯ ¤ ¥â ¢ 1-¢¥àè¨ã ¯®á«¥

çâ¥¨ï i-© áâà®ª¨ á ®¤®© ¯¥à¥¬¥®© xij , à ¢®© 1, á ¢¥à®ïâ®áâìî ( 1
2
)j . �®¦® ¯®áâà®¨âì â ª¨¥

OBDD P (i)
1 ¨ P (i)

2 , ¯à¨ç¥¬ ®¨ ¡ã¤ãâ ¨¬¥âì   ª ¦¤®¬ ãà®¢¥ 2 ¢¥àè¨ë.
�®áâà®¨¬ ¢¥à®ïâ®áâãî OBDD P â ªãî, çâ® ¤«ï pm = ( 1

2
)m � ( 1

2
)2m ¨ "m = ( 1

2
)2m ¢¥à®

á«¥¤ãîé¥¥: cP (x) = pm, ¥á«¨ PERMn(x) = 1, ¨ jpm � cP (x)j � "m ¨ ç¥.
�®à¥ì P | ¢¥à®ïâ®áâ ï ¢¥àè¨ , ¢ë¡¨à îé ï P

(1)
1 ¨«¨ P

(1)
2 . �à¨¨¬ îéãî ¢¥àè¨ã

P
(i)
1 , 1 � i � m � 1, ®â®¦¤¥áâ¢¨¬ á® á«ãç ©ë¬ ã§«®¬, ¢ë¡¨à îé¨¬ P

(i+1)
1 ¨«¨ P

(i+1)
2 . �â®

¬®¦¥â ¡ëâì § ¯¨á ® ª ª P
(i)
1 ( 1

2
(P (i+1)

1 + P
(i+1)
2 )). �à¨¨¬ îéãî ¢¥àè¨ã P

(m�1)
1 ®â®¦¤¥áâ¢¨¬

á® á«ãç ©ë¬ ã§«®¬, ¢ë¡¨à îé¨¬ P
(m)
2 ¨«¨ 0-¢¥àè¨ã. �â® ¬®¦® § ¯¨á âì ª ª P

(m�1)
1

1
2
P

(m)
2 .

�à¨¨¬ îéãî ¢¥àè¨ã P
(i)
2 , 1 � i < m, ®â®¦¤¥áâ¢¨¬ á® á«ãç ©ë¬ ã§«®¬, ¤ã£¨ ¨§ ª®â®à®£®

¢¥¤ãâ ¢ P (i+1)
3 ¨ 0-¢¥àè¨ã (â. ¥. P (i)

2
1
2
P

(i+1)
3 ). OBDD P

(i)
3 , 2 � i � m, | ª®¯¨ï P (i)

1 ¨ ®â«¨ç ¥âáï

«¨èì ¥¥ á¢ï§ï¬¨ á ¤àã£¨¬¨ ¯à®£à ¬¬ ¬¨. �«ï i < m 1-¢¥àè¨ã P (i)
3 ®â®¦¤¥áâ¢¨¬ á® á«ãç ©ë¬

ã§«®¬, ¢¥¤ãé¨¬ ¢ 0-¢¥àè¨ã ¨ ª®à¥ì P (i+1)
3 (â. ¥. P (i)

3 = 1
2
P (i+1)
3 ).

�«ï i, j, 1 � j � 3, 1 � i � m, 0-¢¥àè¨ã P (i)
j , ª®â®à ï ¤®áâ¨£ ¥âáï,  ¯à¨¬¥à, ¥á«¨ i-

ï áâà®ª  á®¤¥à¦¨â ¥ ®¤ã ¯¥à¥¬¥ãî à ¢ãî 1, ®â®¦¤¥áâ¢¨¬ á 0-¢¥àè¨®© P . �à®£à ¬¬  P
¯à¨¨¬ ¥â â®«ìª®, ¥á«¨ ¤«ï «î¡®£® i, 1 � i � m, i-ï áâà®ª  x á®¤¥à¦¨â â®«ìª® ®¤¨ í«¥¬¥â xiji ,
à ¢ë© 1. � ¦¤®¥ ¢ëç¨á«¥¨¥   P , ¢¥¤ãé¥¥ ¢ 1-¢¥àè¨ã, ¯à®å®¤¨â P (1)

1 ; : : : ; P
(i�1)
1 ¨ ¤®áâ¨£ ¥â

ª®àï ¢¥à®ïâ®áâ®© OBDD P
(i)
2 ¤«ï ¥ª®â®à®£® i, 1 � i � m. �ëç¨á«¥¨¥ ¤®áâ¨£ ¥â 1-¢¥àè¨ë

P
(i)
2 á ¢¥à®ïâ®áâìî ( 1

2
)ji . �®á«¥ íâ®£® ¢ëç¨á«¥¨¥ ¯à®å®¤¨â P (i+1)

3 ; : : : ; P
(m)
3 . �®áª®«ìªã ª ¦¤ ï

¯®¤¯à®£à ¬¬  ¯à¨ ¢ëç¨á«¥¨¨ ¢ë¡¨à ¥âáï á«ãç ©® á ¢¥à®ïâ®áâìî 1/2, ¢¥à®ïâ®áâì ¢ë¡®à 
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â ª®£® ¯ãâ¨ ¢ëç¨á«¥¨ï à ¢  ( 1
2
)m( 1

2
)j , £¤¥ P ç¨â ¥â ¥¤¨áâ¢¥ë© í«¥¬¥â xiji i-© áâà®ª¨,

à ¢ë© 1, ¢ ¢¥à®ïâ®áâ®© ç áâ¨ P
(i)
2 .

� ª¨¬ ®¡à §®¬, cP (x) = ( 1
2
)m

mP
i=1
( 1
2
)ji , ¥á«¨ x | ¬ âà¨æ  á ®¤®© ¥¤¨¨æ¥© ¢ ª ¦¤®© áâà®ª¥.

�á«¨ x á®®â¢¥âáâ¢ã¥â ¬ âà¨æ¥ ¯¥à¥áâ ®¢ª¨ ¨ fji j xiji = 1, 1 � i � mg = fi j 1 � i � mg, â®

cP (x) = ( 1
2
)m

mX
i=1

( 1
2
)i = ( 1

2
)m(1� ( 1

2
)m) = pm:

�á«¨ x á®¤¥à¦¨â ¢ àï¤¥ ¥ ®¤ã 1, â® cP (x) = 0 = pm � "m.
�á«¨ x á®¤¥à¦¨â ¢ ª ¦¤®© áâà®ª¥ à®¢® ®¤ã 1, ® fji j xiji = 1, 1 � i � mg 6= fi j 1 � i � mg,

â® jpm � cP (x)j � ( 1
2
)2m. �§ â¥®à¥¬ë 1, á«¥¤ã¥â, çâ® ¬®¦® ¯®áâà®¨âì ¨áª®¬ãî ¢¥à®ïâ®áâãî

OBDD B(PERMn) ª®áâ â®© è¨à¨ë.

�«¥¤áâ¢¨¥ 1. �ãé¥áâ¢ãîâ äãªæ¨¨, ¢ëç¨á«¨¬ë¥ ¢¥à®ïâ®áâë¬¨ (¡¥§ ®£à ¨ç¥¨ï  
®è¨¡ªã) OBDD ª®áâ â®© è¨à¨ë ¨ ¥¢ëç¨á«¨¬ë¥ ¥¤¥â¥à¬¨¨à®¢ ë¬¨ BP1 ¯®«¨®-
¬¨ «ì®© á«®¦®áâ¨.

4. �¨¦¨¥ £à ¨æë á«®¦®áâ¨ ¢¥à®ïâ®áâëå OBDD

� ç «  ¯®ª ¦¥¬, çâ® PP�kOBDD = PP�OBDD. � áá¬®âà¨¬ ¤¢ãáâ®à®¨¥ ¢ëç¨á«¥¨ï:
¢ íâ®© ¬®¤¥«¨ �®¡ â®¦¥ ¯®áë« ¥â �«¨á¥ á®®¡é¥¨ï. �§¢¥áâ®, çâ® ¨¦¨¥ ®æ¥ª¨ á«®¦®áâ¨
®¤®áâ®à®¨å ¨ ¤¢ãáâ®à®¨å ¢¥à®ïâ®áâëå ¯à®â®ª®«®¢ ¯®çâ¨ à ¢ë [13]. �â®â à¥§ã«ìâ â ¥
¬®¦¥â ¡ëâì ¥¯®áà¥¤áâ¢¥® ¯à¨¬¥¥ ª PP�kOBDD. �¥¬ ¥ ¬¥¥¥, ¢¥à® á«¥¤ãîé¥¥ ãâ¢¥à-
¦¤¥¨¥.

�¥®à¥¬  3. �«ï «î¡®£® æ¥«®£® k ¨ ¤«ï «î¡®© æ¥«®ç¨á«¥®© äãªæ¨¨ !(n) á¯à ¢¥¤«¨¢®

á«¥¤ãîé¥¥ PP�kOBDD!(n) � PP�OBDD!(n)2k .

�®ª § â¥«ìáâ¢®. �ãáâì PP�kOBDD P ¢ëç¨á«ï¥â äãªæ¨î f   ¯¥à¥¬¥ëåX. �®£¤  P
¨¬¥¥â k á«®¥¢ â ª¨å, çâ® ¢ ª ¦¤®¬ á«®¥ ¯¥à¥¬¥ë¥ ç¨â îâáï ¯® ®¤®¬ã à §ã ¢ ®¤¨ ª®¢®¬
¯®àï¤ª¥. �ãáâì Vi, i = 1; : : : ; k; | ¬®¦¥áâ¢® ã§«®¢ ¯¥à¢®£® ãà®¢ï á«®ï i. �ãáâì N = jV1j� � � ��
jVkj.

PP�OBDD P 0 ¬®¤¥«¨àã¥â ¯ à ««¥«ìãî à ¡®âã ¢á¥å k á«®¥¢ P . � ¡®â   ç¨ ¥âáï á ¢ë-
¡®à  á à ¢®© ¢¥à®ïâ®áâìî 1=N ¢¥ªâ®à  ¨§ ¬®¦¥áâ¢  D = ft; d1; : : : ; dNg = f(v1; : : : ; vk) j 1 �
t � N , vi � Vi, 1 � i � kg. �à®£à ¬¬  P 0 ¨¬¥¥â ã§«ë à §ëå â¨¯®¢. �§«ë ¯¥à¢®£® â¨¯  ¨¬¥îâ
¢¨¤ f(t; v1; : : : ; vk) j 1 � t � N , vi � V 0

i , i = 1; : : : ; kg, £¤¥ V 0
i | ãà®¢¨ P ,  å®¤ïé¨¥áï   ®¤¨ -

ª®¢®¬ à ááâ®ï¨¨ ®â  ç « á«®¥¢, ¨ t { ¨¤¥ªá ¢¥ªâ®à  D. �á«¨ ¤ã£¨, ¯®¬¥ç¥ë¥ a, á®¥¤¨ïîâ
¤¥â¥à¬¨¨à®¢ ë¥ ã§«ë vj á ã§« ¬¨ v0j ¢ P ¤«ï ¢á¥å j, 1 � j � k, â® ã§«ë (t; v1; : : : ; vk) ¨
(t; v01; : : : ; v

0
k) á¢ï§ ë ¤ã£®© á â®© ¦¥ ¯®¬¥âª®© ¢ P 0. �á«¨ ®¤¨ ¨§ v0j ï¢«ï¥âáï 0-¢¥àè¨®©, â®

¤ã£  ¢ P 0 ¢¥¤¥â ª 0-¢¥àè¨¥. �á«¨ v0j | ¯à¨¨¬ îé ï ¢¥àè¨ , â® v0l = 1 ¤«ï l � j. � ª¨¬
®¡à §®¬, ã§«ë ¢â®à®£® â¨¯  ¨¬¥îâ ¢¨¤ (t; v1; : : : ; vj ; 1; : : : ; 1) ¤«ï ¥ª®â®à®£® 1 � j < k. �à¨
®¯à¥¤¥«¥¨¨ ¯®¢¥¤¥¨ï ¯à®£à ¬¬ë P 0 ¯®á«¥ ¯à®å®¦¤¥¨ï ã§«  â ª®£® â¨¯  à áá¬ âà¨¢ îâáï
â®«ìª® ã§«ë v1; : : : ; vj ¯à®£à ¬¬ë P .

�§«ë ¤àã£®£® â¨¯  | á«ãç ©ë¥ ã§«ë. �®áª®«ìªã ¢¥à®ïâ®áâ¨ ¢ë¡®à  ¢¥àè¨ P ¯®á«¥
á«ãç ©ëå ã§«®¢ ¥§ ¢¨á¨¬ë, ¯à®£à ¬¬  P 0 ¤®«¦  ¨¬¥âì ¡®«ìè¥ á«ãç ©ëå ãà®¢¥©, ç¥¬ P .
�ãáâì V 0

i { á«ãç ©ë¥ ãà®¢¨ P ,  å®¤ïé¨¥áï   ®¤®¬ à ááâ®ï¨¨ ®â  ç « á«®¥¢, 1 � i � k.
�ãáâì V 00

i { ãà®¢¨, á«¥¤ãîé¨¥ §  V 0
i , 1 � i � k. �®£¤  ãà®¢¨ V 0

i , 1 � i � k, ä®à¬¨àãîâ k
á«ãç ©ëå ãà®¢¥© P 0. �§«ë j-£® ãà®¢ï â ª®£® â¨¯  ®¡®§ ç¨¬ ç¥à¥§ (t; v01; : : : ; v

0
j�1; vj ; : : : ; vk),

1 � t � N , v0l � V 00
i , 1 � l � j � 1, vl � V 0

i , j � l � k. �®£¤  ¤ã£  á®¥¤¨ï¥â (t; : : : ; v0j�1; vj ; : : : ) ¨
(t; : : : ; v0j�1; v

0
j ; vj+1 : : : ), ¥á«¨ P ¨¬¥¥â ¤ã£ã (vj ; v0j).

�§«ë P 0 ¯®á«¥¤¥£® â¨¯  ¨¬¥îâ ¢¨¤ f(t; v1; : : : ; vk) j 1 � t � d, vi � Vi+1, 1 � i � k � 1g.
� ¯®¬¨¬, çâ® Vi+1 | ¯¥à¢ë© ãà®¢¥ì (i+ 1)-£® á«®ï. �§¥« (t; v1; : : : ; vk) ®â®¦¤¥áâ¢¨¬ á ¯à¨¨-
¬ îé¥© ¢¥àè¨®© P 0, ¥á«¨ ¢¥à® á«¥¤ãîé¥¥: ¤«ï dt = (t; v01; : : : ; v

0
k) � D áãé¥áâ¢ã¥â ¨¤¥ªá j,
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1 � j � k, â ª®©, çâ® vi = v0i+1 ¤«ï 1 � i � j� 1, ¨ vj ï¢«ï¥âáï ¯à¨¨¬ îé¥© ¢¥àè¨®© P . �§«ë,
¤«ï ª®â®àëå ¥ ¢ë¯®«ï¥âáï íâ® á¢®©áâ¢®, ®â®¦¤¥áâ¢¨¬ á ®â¢¥à£ îé¥© ¢¥àè¨®© P 0.

�¯à¥¤¥«¨¬ ¢¥à®ïâ®áâì p(di; x) â®£®, çâ® ¢ëç¨á«¥¨¥ P   x ¯à®å®¤¨â ç¥à¥§ ¢¥àè¨ë di ¨

§ ª ç¨¢ ¥â ¢ëç¨á«¥¨¥ ¢ ¯à¨¨¬ îé¥© ¢¥àè¨¥. �®£¤ 
NP
i=1

p(di; x) = cP (x). �ç¥¢¨¤®, cP 0(x) =

NP
i=1

1
N
p(di; x) = 1

N
cP (x). �«¥¤®¢ â¥«ì®, ¤«ï «î¡®£® x, ¥á«¨ f(x) = 1, â® cP 0>1=(2N). �á«¨ f(x)=0,

â® cP 0 < 1=(2N). �ãáâì !(n) | è¨à¨  P , â®£¤  P 0 ¨¬¥¥â è¨à¨ã ¥ ¡®«¥¥, ç¥¬ N(!(n)k +
!(n)k�1 + � � � + !(n)) � !(n)k�1!(n)!(n)

k�1

!(n)�1
. �§ «¥¬¬ë 4 á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â PP�OBDD,

¢ëç¨á«ïîé ï f , è¨à¨ë ¥ ¡®«¥¥, ç¥¬ 1 + !(n)k !(n)
k�1

!(n)�1
� !(n)2k:

�«¥¤áâ¢¨¥ 2. PP�kOBDD = PP�OBDD ¤«ï «î¡®£® æ¥«®£® ç¨á«  k.

�«¥¤áâ¢¨¥ 3. �«ï «î¡ëå æ¥«ëå ç¨á¥« k ¨ c1 ¢¥à® á«¥¤ãîé¥¥ PP�kOBDDc1 � PP�OBDDc2

¤«ï ¥ª®â®à®© ª®áâ âë c2. �®íâ®¬ã PP�kOBDDconst = PP�OBDDconst.

�¥¬¬  5. � §®¡ê¥¬ ¬®¦¥áâ¢® 2r ¯¥à¥¬¥ëå Z   ¤¢  ¯®¤¬®¦¥áâ¢  X ¨ Y : Z = X[Y ,
jXj = jY j = r. �«ï «î¡ëå à §¡¨¥¨© (Z0; Z1) ¬®¦¥áâ¢  Z = Z0[Z1, Z1 = Z�Z0, jZ0j = jZ1j = r,
áãé¥áâ¢ãîâ ç¨á«  m, 0 � m � r � 1, ¨ j 2 f0; 1g ¨ ¯®¤¬®¦¥áâ¢® X 0 = fxi1 ; xi2 ; : : : ; xir=4g �
Zj [X â ª¨¥, çâ® Y 0 = fyi1+m ; : : : ; yi r

4
+m
g � Z1�j \ Y , £¤¥ áã¬¬ë l+m ¤«ï ¨¤¥ªá®¢ ¡¥àãâáï ¯®

¬®¤ã«î r.

�®ª § â¥«ìáâ¢®. �ãé¥áâ¢ã¥â ¯®¤¬®¦¥áâ¢® Z 0
0 � Z0 ¬®é®áâ¨ r=2 ¯¥à¥¬¥ëå, ¯à¨ ¤-

«¥¦ é¨å ¨«¨ X, ¨«¨ Y . �¥§ ¯®â¥à¨ ®¡é®áâ¨, ¯ãáâì Z 0
0 � X. �®£¤   ©¤¥âáï ¯®¤¬®¦¥áâ¢®

Z 0
1 � Y [ Z1 ¬®é®áâ¨ r=2. �âáî¤  Z 0

0 � Z 0
1 à §¬¥à  r2=4 á®¤¥à¦¨â ¯® ªà ©¥© ¬¥à¥ r=4 ¯ à

(xi; yi+m) ¤«ï ¥ª®â®à®£® æ¥«®£® m, 0 � m � r � 1. �â¨ ¯ àë ®¯à¥¤¥«ïîâ X 0 ¨ Y 0 á®®â¢¥âáâ¢¥-
®.

�¥®à¥¬  4. �ãáâì ¢¥à®ïâ®áâ ï OBDD P ¢ëç¨á«ï¥â ¨¤¥ªáãî äãªæ¨î INDn(x0; : : : ,
xr�1; y0; : : : ; yr�1; u) ¨ ¯à¨ íâ®¬ ç¨â ¥â «î¡ãî ¯¥à¥¬¥ãî ¨§ X ¯à¥¦¤¥ ¯¥à¥¬¥ëå ¨§ Y .
�®£¤  P ¨¬¥¥â è¨à¨ã ¯® ªà ©¥© ¬¥à¥ n. �® ¦¥ ãâ¢¥à¦¤¥¨¥ ¢¥à®, ¥á«¨ P ç¨â ¥â «î¡ãî

¯¥à¥¬¥ãî ¨§ X ¯®á«¥ ¯¥à¥¬¥ëå ¨§ Y .

�®ª § â¥«ìáâ¢®. �ãáâì ¢¥à®ïâ®áâ ï OBDD P ç¨â ¥â ¢á¥ ¯¥à¥¬¥ë¥ ¨§ X ¯¥à¥¤ «î-
¡®© ¯¥à¥¬¥®© ¨§ Y . �®«®¦¨¬ u = 0. � áá¬®âà¨¬ ¯®¤¬ âà¨æã ª®¬¬ã¨ª æ¨®®© ¬ âà¨æë
CM INDn

U á à §¡¨¥¨¥¬ U = (X;Y ) ¯à¨ u = 0. � ¤¨ ¯à®áâ®âë ®¡®§ ç¨¬ íâã ¯®¤¬ âà¨æã CM .
�ãáâì P á®¤¥à¦¨â n�1 ¢¥àè¨ã, ¢ ª®â®àëå ç¨â ¥âáï ¯¥à¢ ï ¯¥à¥¬¥ ï ¨§ Y . �®£« á® «¥¬¬¥ 1

CM(a; b) = 1, �(a)�(b) > 1=2; CM(a; b) = 0, �(a)�(b) < 1=2 (1)

¤«ï ¥ª®â®àëå (n � 1)-¬¥àëå ¢¥ªâ®à-áâà®ª f�(a)g, á®®â¢¥âáâ¢ãîé¨å § ç¥¨ï¬ X, ¨ (n � 1)-
¬¥àëå ¢¥ªâ®à-áâ®«¡æ®¢ f�(b)g, á®®â¢¥âáâ¢ãîé¨å § ç¥¨ï¬ Y . � áá¬®âà¨¬ ¬®¦¥áâ¢® § ç¥-

¨© B ¯¥à¥¬¥ëå Y â ª®¥, çâ® B =
n
b(i) 2 f0; 1gn

��� P
j=1;n

b
(i)
j = b

(i)
i = 1

o
. �® ®¯à¥¤¥«¥¨î

äãªæ¨¨ INDn ¤«ï «î¡®£®  ¡®à  § ç¥¨© a 2 f0; 1gn ¯¥à¥¬¥ëå ¨§ X ¯¥à¥á¥ç¥¨¥ áâà®ª¨
a ¬ âà¨æë CM á® áâ®«¡æ ¬¨ CM , á®®â¢¥âáâ¢ãîé¨¬¨ B, ä®à¬¨àã¥â â®â ¦¥ á ¬ë© ¢¥ªâ®à a.
�àã£¨¬¨ á«®¢ ¬¨, ¯®¤¬ âà¨æ  CM , ®¯à¥¤¥«ï¥¬ ï B, á®¤¥à¦¨â ¢á¥ ¢¥ªâ®à-áâà®ª¨ ¨§ f0; 1gn.

� ª ª ª (n� 1)-¬¥àë¥ ¢¥ªâ®àë f�(b(i))g ¥ ¬®£ãâ ¡ëâì «¨¥©® ¥§ ¢¨á¨¬ë¬¨, áãé¥áâ¢ãîâ

ª®íää¨æ¨¥âë �i, ¥ ¢á¥ à ¢ë¥ 0, â ª¨¥, çâ®
nP
i=1
(�i�(b(i))) = 0. �à¥¤¯®«®¦¨¬, çâ® �1 6= 0. �®£¤ 

¢®§¬®¦® á«¥¤ãîé¥¥ ¯à¥¤áâ ¢«¥¨¥ �(b(1)) =
nP
i=2
(�i�(b(i))).

� áá¬®âà¨¬ ¤¢  á«ãç ï:
nP
i=2

�i � 1 ¨
nP
i=2

�i > 1.
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�ãáâì
nP
i=2

� � 1. � ©¤¥âáï áâà®ª  a 2 f0; 1gn ¬ âà¨æë CM â ª ï, çâ® CM(a; b(1)) = 1, ¨ ¤«ï

2 � i � n, ¥á«¨ �i < 0, â® CM(a; b(i)) = 1, ¨ ¥á«¨ �i � 0, â® CM(a; b(i)) = 0. �§ (1) á«¥¤ã¥â

1=2 < �(a)�(b(1)) =
nX
i=2

(�i�(a)�(b
(i))) < 1=2

nX
i=2

�i � 1=2:

�®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥.

�ãáâì â¥¯¥àì
nP
i=2

�i > 1. �®£¤  áãé¥áâ¢ã¥â áâà®ª  a 2 f0; 1gn ¬ âà¨æë CM â ª ï, çâ®

CM(a; b(1)) = 0, ¨ ¤«ï 2 � i � n, ¥á«¨ �i < 0, â® CM(a; b(i)) = 0, ¨ ¥á«¨ �i � 0, â® CM(a; b(i)) = 1.
�§ (1) á«¥¤ã¥â

1=2 > �(a)�(b(1)) =
nX
i=2

(�i�(a)�(b(i)) > 1=2:

�à®â¨¢®à¥ç¨ï ¤®ª §ë¢ îâ â¥®à¥¬ã.
�á«¨ P ç¨â ¥â ¢á¥ ¯¥à¥¬¥ë¥ ¨§ X ¯®á«¥ «î¡®© ¯¥à¥¬¥®© ¨§ Y , à áá¬®âà¨¬ ¯®¤¬ âà¨æã

CM INDn

U ¯à¨ u = 1. �ãªæ¨ï INDn ®¯à¥¤¥«¥  â ª, çâ® ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë ¢ íâ®¬ á«ãç ¥
  «®£¨ç® ¯à¨¢¥¤¥®¬ã ¢ëè¥.

�¥®à¥¬  5. �«ï «î¡®© æ¥«®ç¨á«¥®© äãªæ¨¨ !(n), 
(1) � !(n) � O(log(n)), ¢¥à®ïâ®áâ-
 ï (¡¥§ ®£à ¨ç¥¨©   ®è¨¡ªã) kOBDD, ¢ëç¨á«ïîé ï äãªæ¨î SIND!(n), ¨¬¥¥â è¨à¨ã ¯®

ªà ©¥© ¬¥à¥ (!(n)=4)
1
2k . �ãªæ¨ï SIND!(n) ¢ëç¨á«¨¬  ¤¥â¥à¬¨¨à®¢ ®© OBDD, ¨¬¥îé¥©

è¨à¨ã !(n)(2!(n) + 2).

�®ª § â¥«ìáâ¢®. �ãáâì P 0 | ¢¥à®ïâ®áâ ï (¡¥§ ®£à ¨ç¥¨ï   ®è¨¡ªã) kOBDD è¨à¨ë
!1, ¢ëç¨á«ïîé ï äãªæ¨î SIND!(n). �® â¥®à¥¬¥ 3 P 0 ¬®¦® ¯à¥®¡à §®¢ âì ¢ ¢¥à®ïâ®áâãî
OBDD P è¨à¨ë (!1)2k.

�  ¬®¦¥áâ¢¥ ¯¥à¥¬¥ëå Z = fx0; : : : ; x!(n)�1; y0; : : : ; y!(n)�1g ®¯à¥¤¥«¨¬ à §¡¨¥¨¥ (Z0; Z1)
c jZ0j = jZ1j = !(n). �à¨ íâ®¬ P ç¨â ¥â ¯¥à¥¬¥ë¥ ¨§ Z0 ¯¥à¥¤ «î¡®© ¯¥à¥¬¥®© ¨§ Z1. �ãáâì
m, j | æ¥«ë¥ ç¨á«  ¨§ «¥¬¬ë 5. �®£¤  X 0 � Zj , Y 0 � Z1�j , jX 0j = jY 0j = !(n)=4. � áá¬®âà¨¬
á«®¢® v0 â ª®¥, çâ® dec(v0) = m. �áâ ®¢¨¬ § ç¥¨ï ¯¥à¥¬¥ëå X [ Y n (X 0 [ Y 0) à ¢ë¬¨ 0.
�®£¤  äãªæ¨ï SIND!(n)   ¯¥à¥¬¥ëå (X 0 [ Y 0 [ fug) à ¢  ¯à¨ v = v0 äãªæ¨¨ IND!(n)=4.
�à®¬¥ â®£®, ¢á¥ ¯¥à¥¬¥ë¥ ¨§ X 0 ç¨â îâáï P ¤® ¨«¨ ¯®á«¥ ¯¥à¥¬¥ëå ¨§ Y 0. �® â¥®à¥¬¥ 4
P ¨¬¥¥â è¨à¨ã ¯® ªà ©¥© ¬¥à¥ !(n)=4. � ª¨¬ ®¡à §®¬, P 0 ¨¬¥¥â è¨à¨ã ¯® ªà ©¥© ¬¥à¥
(!(n)=4)

1
2k .

�¥â¥à¬¨¨à®¢  ï OBDD B, ¢ëç¨á«ïîé ï äãªæ¨î SIND!(n), á ç «  ç¨â ¥â v ¨ § ¯®-
¬¨ ¥â dec(v) ¯® ¬®¤ã«î !(n). �®á«¥ íâ®£® B ç¨â ¥â u.

�á«¨ u = 0, â® B ç¨â ¥â ¯¥à¥¬¥ë¥ xi, 0 � i � !(n) � 1, ¨ § ¯®¬¨ ¥â ¨å. �à®£à ¬¬¥
B ã¦® !(n)2!(n) ã§«®¢, çâ®¡ë á®åà ¨âì ¨ä®à¬ æ¨î ® dec(v) ¨ x. �®á«¥ íâ®£® B ç¨â ¥â
¯¥à¥¬¥ë¥ yi; 0 � i � !(n) � 1,  å®¤¨â ¯¥à¥¬¥ãî yj = 1, ®¯à¥¤¥«ï¥â xj�dec(v) (j � dec(v)
¢ëç¨á«ï¥âáï ¯® ¬®¤ã«î !(n)) ¨ ¯à®¢¥àï¥â, ¢¥à® «¨, çâ® yi = 0 ¤«ï ¢á¥å j < i < !(n).

�á«¨ u = 1, â® B ¯à®¢¥àï¥â, â®ç® «¨ ®¤  ¯¥à¥¬¥ ï xj ¨§ fxi j 0 � i � !(n) � 1g,
ï¢«ï¥âáï à ¢®© 1 ¨ § ¯®¬¨ ¥â ®¤®¢à¥¬¥® j � dec(v) ¯® ¬®¤ã«î !(n). �«ï ®áãé¥áâ¢«¥¨ï
â ª®£® ¢ëç¨á«¥¨ï âà¥¡ã¥âáï 2!(n) ¢¥àè¨   ª ¦¤®¬ ãà®¢¥ (§ ¯®¬¨ ¥âáï § ç¥¨¥ dec(v) ¨
§ ç¥¨¥ ¯®á«¥¤¥© ¯à®ç¨â ®© ¯¥à¥¬¥®© xj). �®áª®«ìªã B | ãà®¢¥¢ ï OBDD, B ç¨â ¥â
¢á¥ ¯¥à¥¬¥ë¥ yi, i = 0, !(n)� 1 ¨ ¢ë¤ ¥â yj�dec(v). B ¨¬¥¥â è¨à¨ã !(n)(2!(n) + 2).

�«¥¤áâ¢¨¥ 4. �«ï «î¡ëå  âãà «ìëå ç¨á¥« k ¨ t äãªæ¨ï SINDt log(n) ¯à¨ ¤«¥¦¨â
P�OBDDtnt+1 n PP�kOBDD(t log(n)=4)1=2k � P �OBDD n PP � kOBDDconst.

�¥®à¥¬  6 ([17]). �«ï ¬ âà¨æë CM ipn
(X;Y ) ¢¥à®

d(CM ipn
(X;Y )) = 2n=2:
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�á¯®«ì§ãï íâ®â à¥§ã«ìâ â, ¤®ª §ë¢ ¥¬ á«¥¤ãîéãî â¥®à¥¬ã.

�¥®à¥¬  7. �¥à®ïâ®áâ ï (¡¥§ ®£à ¨ç¥¨ï   ®è¨¡ªã) kOBDD, ¢ëç¨á«ïîé ï äãªæ¨î
SIPn; n = 2r+log r, ¨¬¥¥â á«®¦®áâì ¯® ªà ©¥© ¬¥à¥ 2r=(16k). �à®¬¥ â®£®, SIPn 2 P�T�BP1.

�®ª § â¥«ìáâ¢®. �ãáâì ¢¥à®ïâ®áâ ï OBDD P ¢ëç¨á«ï¥â äãªæ¨î SIPn. �® «¥¬¬¥ 5
 ©¤ãâáï ¯®¤¬®¦¥áâ¢  X 0 ¨ Y 0, jX 0j = jY 0j = n=4, â ª¨¥, çâ® ¢á¥ ¯¥à¥¬¥ë¥ ¨§ X 0 ç¨â îâ-
áï ¢ P ¤® ¨«¨ ¯®á«¥ «î¡®© ¯¥à¥¬¥®© ¨§ Y 0. �¡ã«¨¢ § ç¥¨ï ¤àã£¨å ¯¥à¥¬¥ëå, ¯®«ãç¨¬
¯®¤äãªæ¨î SIPn   ¬®¦¥áâ¢¥ X 0 [ Y 0, ª®â®à ï à ¢ï¥âáï ipn=4. �«ï á®®â¢¥âáâ¢ãîé¥© ª®¬-
¬ã¨ª æ¨®®© ¬ âà¨æë CM(X0;Y 0) (¨«¨ CM(Y 0;X0)) d(CM(X0;Y 0)) = 2r=8. �® «¥¬¬¥ 1 P ¨¬¥¥â
è¨à¨ã ¯® ªà ©¥© ¬¥à¥ 2r=8,   íª¢¨¢ «¥â ï ¢¥à®ïâ®áâ ï kOBDD ¨¬¥¥â è¨à¨ã ¯® ªà ©-
¥© ¬¥à¥ 2r=(16k).

�¥â¥à¬¨¨à®¢  ï T�BP1 B, ¢ëç¨á«ïîé ï äãªæ¨î SIPn, ç¨â ¥â á ç «  v, § â¥¬ ¯ àë
(xi; yi+dec(v)), i = 0, r � 1. �«ï ¢ëç¨á«¥¨ï SIPn ¯à®£à ¬¬¥ B ¥®¡å®¤¨¬® § ¯®¬¨âì dec(v),
§ ç¥¨¥ ç áâ¨ áª «ïà®£® ¯à®¨§¢¥¤¥¨ï, á®®â¢¥âáâ¢ãîé¥£® ã¦¥ ¯à®ç¨â ë¬ ¯¥à¥¬¥ë¬, ¨
§ ç¥¨¥ ¯®á«¥¤¥© ¯à®ç¨â ®© ¯¥à¥¬¥®© xi. �®íâ®¬ã � ¨¬¥¥â ¬ ªá¨¬ «ìãî è¨à¨ã 4r.
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