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1. �¢¥¤¥¨¥

�  áâ®ïé¥¥ ¢à¥¬ï ¤«ï á¨£ã«ïà® ¢®§¬ãé¥ëå ªà ¥¢ëå § ¤ ç ¤®áâ â®ç® å®à®è® à §à ¡®-
â ë á¯¥æ¨ «ìë¥ ç¨á«¥ë¥ ¬¥â®¤ë, ª®â®àë¥ ¢ ®â«¨ç¨¥ ®â ¬¥â®¤®¢, à §¢¨âëå ¤«ï à¥£ã«ïàëå
ªà ¥¢ëå § ¤ ç [1], [2], ¯®§¢®«ïîâ  å®¤¨âì á¥â®çë¥ à¥è¥¨ï, áå®¤ïé¨¥áï à ¢®¬¥à® ®â®á¨-
â¥«ì® ¢®§¬ãé îé¥£® ¯ à ¬¥âà  " (¨«¨ "-à ¢®¬¥à®). �à¨ ¯®áâà®¥¨¨ "-à ¢®¬¥à® áå®¤ï-
é¨åáï à §®áâëå áå¥¬ âà ¤¨æ¨®® ¨á¯®«ì§ãîâáï ¬¥â®¤ë ¯®¤£®ª¨ ¨ ¬¥â®¤ë á£ãé îé¨åáï
á¥â®ª (á¬.,  ¯à., [3]{[10] ¨ ¡¨¡«¨®£à ä¨î ª ¨¬).

�®áâ®¨áâ¢® ¬¥â®¤®¢ ¯®¤£®ª¨ [4], [5] § ª«îç ¥âáï ¢ ¢®§¬®¦®áâ¨ ¨á¯®«ì§®¢ âì ¯à®áâ¥©-
è¨¥ à ¢®¬¥àë¥ á¥âª¨. �¤ ª® â ª¨¥ áå¥¬ë ¨¬¥îâ ®£à ¨ç¥ãî ®¡« áâì ¯à¨¬¥¨¬®áâ¨. � ª
¯®ª § ® ¢ [6], ¤«ï á¨£ã«ïà® ¢®§¬ãé¥ëå § ¤ ç á ¯ à ¡®«¨ç¥áª¨¬ ¯®£à ¨çë¬ á«®¥¬ ¥
áãé¥áâ¢ã¥â áå¥¬ ¯®¤£®ª¨, áå®¤ïé¨åáï   à ¢®¬¥àëå á¥âª å "-à ¢®¬¥à®; á«¥¤®¢ â¥«ì®,
¯à¨¬¥¥¨¥ á¥â®ª, á£ãé îé¨åáï ¢ ¯®£à á«®¥, ï¢«ï¥âáï ¥®¡å®¤¨¬ë¬ ãá«®¢¨¥¬ ¤«ï ¤®áâ¨¦¥-
¨ï "-à ¢®¬¥à®© áå®¤¨¬®áâ¨.

� ¬¥â®¤¥ á£ãé îé¨åáï á¥â®ª   á¥âª å �.�.� å¢ «®¢  [3] è £ á¥âª¨ ¨§¬¥ï¥âáï ¯®áâ¥¯¥®.
� ª®£® â¨¯  á¥âª¨ ¢ á«ãç ¥ § ¤ ç ª®¢¥ªæ¨¨-¤¨ääã§¨¨ ¯®§¢®«ïîâ ¯®«ãç¨âì ¯¥à¢ë© ¯®àï¤®ª
"-à ¢®¬¥à®© áª®à®áâ¨ áå®¤¨¬®áâ¨ [11] | â ª®© ¦¥, ª ª ¨ ¢ à¥£ã«ïàëå ªà ¥¢ëå § ¤ ç å (¯à¨
¨á¯®«ì§®¢ ¨¨ ¬®®â®ëå à §®áâëå  ¯¯à®ªá¨¬ æ¨© á ¯¥à¢ë¬¨  ¯à ¢«¥ë¬¨ à §®áâë¬¨
¯à®¨§¢®¤ë¬¨ [2]). �ãá®ç®-à ¢®¬¥àë¥ ( ¨¡®«¥¥ ¯à®áâë¥) á¥âª¨, á£ãé îé¨¥áï ¢ ¯®£à á«®¥,
¨á¯®«ì§®¢ «¨áì ¢ [6], [7], [10], [12] (á¬. â ª¦¥ ¡¨¡«¨®£à ä¨î ¢ [6]{[10]). � §®áâë¥ áå¥¬ë  
íâ¨å á¥âª å ¢ á«ãç ¥ § ¤ ç ª®¢¥ªæ¨¨{¤¨ääã§¨¨ áå®¤ïâáï "-à ¢®¬¥à® á ¯¥à¢ë¬ ¯®àï¤ª®¬ (á
â®ç®áâìî ¤® «®£ à¨ä¬¨ç¥áª®£® á®¬®¦¨â¥«ï, à áâãé¥£® á à®áâ®¬ ç¨á«  ã§«®¢ á¥âª¨). � ª¨¬
®¡à §®¬, "-à ¢®¬¥à ï áª®à®áâì áå®¤¨¬®áâ¨ ®ª §ë¢ ¥âáï ¨¦¥, ç¥¬ áª®à®áâì áå®¤¨¬®áâ¨ ¢
á«ãç ¥ à¥£ã«ïàëå ªà ¥¢ëå § ¤ ç.

� á¢ï§¨ á íâ¨¬ ®¡áâ®ïâ¥«ìáâ¢®¬ ¢®§¨ª ¥â ¨â¥à¥á ã«ãçè¨âì ªãá®ç®-à ¢®¬¥àë¥ á¥âª¨
¨§ [6], [7], [10], [12] á â¥¬, çâ®¡ë ¯®¢ëá¨âì "-à ¢®¬¥àë© ¯®àï¤®ª áå®¤¨¬®áâ¨. �á®¡ë© ¨â¥-
à¥á ¯®ï¢«ï¥âáï ª ¯®áâà®¥¨î ã«ãçè¥ëå á¥â®ª   ª« áá¥ ªãá®ç®-à ¢®¬¥àëå á¥â®ª. �  -
áâ®ïé¥¬ã ¬®¬¥âã ¯à¥¤«®¦¥ë à §«¨çë¥ ¢ à¨ âë ã«ãçè¥ëå á¥â®ª, ®¤ ª® á ¯®áâ¥¯¥®
¨§¬¥ïîé¨¬áï è £®¬ ¢ á«®¥ (á¬.,  ¯à., [13]{[15],   â ª¦¥ ®¡§®à ¢ [16]); à¥§ã«ìâ âë ¯®«ãç¥ë,
¢ ®á®¢®¬, ¤«ï ®¡ëª®¢¥ëå ¤¨ää¥à¥æ¨ «ìëå ãà ¢¥¨© ¢ "-¢§¢¥è¥ëå í¥à£¥â¨ç¥áª¨å
®à¬ å (¢ â ª¨å ®à¬ å ¯®£à ¨çë© á«®©, ª®¥çë© ¢ l1-®à¬¥, ¢ á«ãç ¥ ãà ¢¥¨© ¢ ç áâëå
¯à®¨§¢®¤ëå áâà¥¬¨âáï ª ã«î ¯à¨ áâà¥¬«¥¨¨ ¯ à ¬¥âà  " ª ã«î). �«ãçè¥¨¥ ¦¥ á¥â®ª ¨§ [6],
[7], [10], [12]   ª« áá å ªãá®ç®-à ¢®¬¥àëå á¥â®ª ¯à ªâ¨ç¥áª¨ ¥ à áá¬ âà¨¢ «®áì; ®â¬¥â¨¬
«¨èì à ¡®âã [17], £¤¥ ¨áá«¥¤®¢ «®áì á¥¬¥©áâ¢® ®¯â¨¬ «ìëå (¯® ¯®àï¤ªã áª®à®áâ¨ áå®¤¨¬®áâ¨)
ªãá®ç®-à ¢®¬¥àëå á¥â®ª ¤«ï § ¤ ç á ¯à¥®¡« ¤ îé¥© ª®¢¥ªæ¨¥©.

� ¡®â  ¢ë¯®«¥  ¯à¨ ä¨ á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨©
(ª®¤ ¯à®¥ªâ  ò 98-01-00362).
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� ¤ ®© à ¡®â¥ à áá¬ âà¨¢ ¥âáï § ¤ ç  �¨à¨å«¥   ¯àï¬®ã£®«ì¨ª¥ ¤«ï á¨£ã«ïà® ¢®§-
¬ãé¥®£® í««¨¯â¨ç¥áª®£® ãà ¢¥¨ï â¨¯  ª®¢¥ªæ¨¨{¤¨ääã§¨¨. �«ï ªà ¥¢®© § ¤ ç¨ áâà®¨âáï
"-à ¢®¬¥à® áå®¤ïé ïáï à §®áâ ï áå¥¬ ; ¯à¨ ¯®áâà®¥¨¨ áå¥¬ë ¨á¯®«ì§ã¥âáï ª« áá¨ç¥áª ï
(¬®®â® ï) à §®áâ ï  ¯¯à®ªá¨¬ æ¨ï ªà ¥¢®© § ¤ ç¨   ªãá®ç®-à ¢®¬¥àëå á¥âª å. �
®â«¨ç¨¥ ®â   «®£¨çëå á¥â®ª ¨§ [6], [7], [10], [12] ¨ [17], ¨¬¥îé¨å ®¤ã â®çªã á¬¥ë è £  ¢
®ªà¥áâ®áâ¨ ¯®£à ¨ç®£® á«®ï (¨«¨ ®¤ã â®çªã ¯¥à¥å®¤ ), ¢ íâ®© à ¡®â¥ ¯à¨¬¥ïîâáï á¥âª¨
á k � 1 â®çª ¬¨ ¯¥à¥å®¤ , ¯à¨ç¥¬ ç¨á«® ã§«®¢   ª ¦¤®¬ ãç áâª¥ á¥âª¨ á ¯®áâ®ïë¬ è £®¬
(¯® ª ¦¤®© ¯¥à¥¬¥®©) ®¤¨ ª®¢®. �®áâà®¥  á¥âª ,   ª®â®à®© áå¥¬  áå®¤¨âáï "-à ¢®¬¥à®
á® áª®à®áâìî O(N�1 ln : : : ln| {z }

k

N), çâ® «ãçè¥ áª®à®áâ¨ áå®¤¨¬®áâ¨ áå¥¬   á¥âª å á ®¤®© â®çª®©

¯¥à¥å®¤ ; §¤¥áì N = min[N1; N2], Ns + 1 | ç¨á«® ã§«®¢ á¥âª¨ ¯® ¯à®áâà áâ¢¥®© ¯¥à¥¬¥®©
xs. �  ª« áá¥ â ª¨å á¥â®ª á k â®çª ¬¨ ¯¥à¥å®¤  ãª § ë© "-à ¢®¬¥àë© ¯®àï¤®ª áª®à®áâ¨
áå®¤¨¬®áâ¨ ¥ã«ãçè ¥¬.

� ª¨¬ ®¡à §®¬, ®ª §ë¢ ¥âáï, çâ® á â®ç®áâìî ¤® á®¬®¦¨â¥«ï | ¯®¢â®à®£® «®£ à¨ä¬ 
ªà â®áâ¨ k ®â ¢¥«¨ç¨ë N | áª®à®áâì "-à ¢®¬¥à®© áå®¤¨¬®áâ¨   ªãá®ç®-à ¢®¬¥àëå
á¥âª å á k â®çª ¬¨ ¯¥à¥å®¤  â ª ï ¦¥, ª ª ¨ ¤«ï à¥£ã«ïà®© § ¤ ç¨   à ¢®¬¥àëå á¥âª å.
�®¤®¡ë© à¥§ã«ìâ â ¯®«ãç¥ ¨ ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï â¨¯  ª®¢¥ªæ¨¨{¤¨ääã§¨¨  
¯àï¬®ã£®«ì¨ª¥. � ¬¥â¨¬, çâ® ¢ á«ãç ¥ á¯¥æ¨ «ìëå áå¥¬   ªãá®ç®-à ¢®¬¥àëå á¥âª å ã¢¥-
«¨ç¥¨¥ ç¨á«  â®ç¥ª ¯¥à¥å®¤  ¯®§¢®«ï¥â ã«ãçè¨âì "-à ¢®¬¥àãî áª®à®áâì áå®¤¨¬®áâ¨ áå¥¬ ¨
¤«ï á¨£ã«ïà® ¢®§¬ãé¥ëå § ¤ ç à¥ ªæ¨¨{¤¨ääã§¨¨.

2. �®áâ ®¢ª  § ¤ ç¨

�  ¯àï¬®ã£®«ì¨ª¥ D, £¤¥

D = fx : 0 < xs < ds; s = 1; 2g; (2.1)

à áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã ¤«ï ãà ¢¥¨ï í««¨¯â¨ç¥áª®£® â¨¯  1

L(2:2)u(x) = f(x); x 2 D; u(x) = '(x); x 2 �: (2.2)

�¤¥áì � = D nD, L(2:2)u(x) � fL2 + L1gu(x),

L2 � "
X
s=1;2

as(x)
@2

@x2s
; L1 �

X
s=1;2

bs(x)
@

@xs
� c(x);

äãªæ¨¨ as(x), bs(x), c(x), f(x), s = 1; 2,   â ª¦¥ '(x) ¤®áâ â®ç® £« ¤ª¨¥   ¬®¦¥áâ¢ å D ¨
�j á®®â¢¥âáâ¢¥®, j = 1; : : : ; 4, ' 2 C(� ). �¤¥áì �j | áâ®à®ë ¬®¦¥áâ¢  D. �®íää¨æ¨¥âë
ãà ¢¥¨ï ã¤®¢«¥â¢®àïîâ ãá«®¢¨î

a0 � as(x) � a0; b0 � bs(x) � b0; 0 � c(x) � c0; x 2 D; s = 1; 2; (2.3)

a0, b0 > 0; ¯ à ¬¥âà " ¯à¨¨¬ ¥â ¯à®¨§¢®«ìë¥ § ç¥¨ï ¨§ ¯®«ã¨â¥à¢ «  (0; 1].
�à¨ "! 0 ¢ ®ªà¥áâ®áâ¨ £« ¤ª¨å ç áâ¥© �1 ¨ �2 £à ¨æë � ¨ ¬®¦¥áâ¢  �1

T
�2 ¯®ï¢«ïîâ-

áï á®®â¢¥âáâ¢¥® ®¤®¬¥àë¥ (à¥£ã«ïàë¥) ¨ ¤¢ã¬¥àë¥ (í««¨¯â¨ç¥áª¨¥) ¯®£à ¨çë¥ á«®¨.

�¤¥áì � =
4S

j=1
�j , áâ®à®ë �s, �s+2 ®àâ®£® «ìë ®á¨ xs, s = 1; 2, áâ®à®ë �1, �2 á®¤¥à¦ â â®çªã

(0; 0), �j § ¬ªãâë.
�«ï ¯à®áâ®âë ¯à¥¤¯®« £ ¥¬, çâ®   ¬®¦¥áâ¢¥ ��|¬®¦¥áâ¢¥ ã£«®¢ëå â®ç¥ª | ¢ë¯®«¥ë

ãá«®¢¨ï á®£« á®¢ ¨ï, ®¡¥á¯¥ç¨¢ îé¨¥ ¤®áâ â®çãî £« ¤ª®áâì à¥è¥¨© ªà ¥¢®© § ¤ ç¨ ¯à¨
ä¨ªá¨à®¢ ëå § ç¥¨ïå ¯ à ¬¥âà  ".

�à¨ ¨áá«¥¤®¢ ¨¨ à¥è¥¨© ªà ¥¢ëå § ¤ ç ¨ à §®áâëå áå¥¬ ¯à¨¬¥ï¥âáï â¥å¨ª  ¬ ¦®-
à âëå äãªæ¨© (á¬.,  ¯à., [2], [18]).

1� ¯¨áì L(j:k) (¨«¨ M(j:k)) ®§ ç ¥â, çâ® íâ®â ®¯¥à â®à (¯®áâ®ï ï) ¢¢¥¤¥ ¢ ä®à¬ã«¥ (j:k).
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3. � §®áâ ï áå¥¬    á¥âª¥ á ®¤®© â®çª®© ¯¥à¥å®¤ 

� áá¬®âà¨¬ à §®áâãî áå¥¬ã   ªãá®ç®-à ¢®¬¥à®© á¥âª¥ ¢ â®¬ á«ãç ¥, ª®£¤  á¥âª  ¯®
ª ¦¤®© ¯¥à¥¬¥®© ¢ ®ªà¥áâ®áâ¨ ¯®£à ¨ç®£® á«®ï ¨¬¥¥â ®¤ã â®çªã á¬¥ë è £  á¥âª¨ |
®¤ã â®çªã ¯¥à¥å®¤ .

1. �à¥¤¢ à¨â¥«ì® ¯à¨¢¥¤¥¬ ¥ª®â®àë¥ à¥§ã«ìâ âë ¢ á«ãç ¥ à ¢®¬¥àëå á¥â®ª ¨ á¥â®ª á
¯à®¨§¢®«ìë¬ à á¯à¥¤¥«¥¨¥¬ ã§«®¢.

�  ¬®¦¥áâ¢¥ D ¢¢¥¤¥¬ á¥âªã

Dh = !1 � !2; (3.1)

§¤¥áì !s | ¢®®¡é¥ £®¢®àï, ¥à ¢®¬¥à ï á¥âª    ®âà¥§ª¥ [0; ds]. �ãáâì Ns + 1 | ç¨á«® ¥¥
ã§«®¢, s = 1; 2. �®« £ ¥¬ his = xi+1s � xis, x

i
s; x

i+1
s 2 !s, hs = max

i
his, h = max

s
hs, s = 1; 2. �ç¨â ¥¬

¢ë¯®«¥ë¬ ãá«®¢¨¥ 1 h �MN�1, £¤¥ N = min[N1; N2]. �  á¥âª¥ Dh ªà ¥¢®© § ¤ ç¥ (2.2), (2.1)
á®¯®áâ ¢¨¬ à §®áâãî áå¥¬ã [2]

�z(x) �
�
"
X
s=1;2

as(x)�xs bxs + X
s=1;2

bs(x)�xs � c(x)
�
z(x) = f(x); x 2 Dh; (3.2)

z(x) = '(x); x 2 �h:

�¤¥áì Dh = D
T
Dh, �h = �

T
Dh, �xs z(x) ¨ �xs bxsz(x) | ¯¥à¢ ï ( ¯à ¢«¥ ï) ¨ ¢â®à ï à §®áâ-

ë¥ ¯à®¨§¢®¤ë¥   ¥à ¢®¬¥à®© á¥âª¥;  ¯à¨¬¥à, �
x1 bx1z(x) = 2(hi1+hi�11 )�1[�x1z(x)��x1 z(x)],

x 2 Dh, x = (xi1; x2).
� §®áâ ï áå¥¬  (3.2), (3.1) ï¢«ï¥âáï ¬®®â®®© [2] "-à ¢®¬¥à®   á¥âª¥ á ¯à®¨§¢®«ìë¬

à á¯à¥¤¥«¥¨¥¬ ã§«®¢.
�«ï à¥è¥¨© à §®áâ®© áå¥¬ë (3.2), (3.1) á¯à ¢¥¤«¨¢  ®æ¥ª 

ju(x)� z(x)j �MN�1("+N�1)�2; x 2 Dh: (3.3)

� á«ãç ¥ á¥âª¨

D
p

h ; (3.4)

à ¢®¬¥à®© ¯® ®¡¥¨¬ ¯¥à¥¬¥ë¬, ¨¬¥¥¬ ®æ¥ªã

ju(x)� z(x)j �MN�1("+N�1)�1; x 2 D
p

h : (3.5)

�¯à¥¤¥«¥¨¥ 3.1. �ãáâì ¤«ï äãªæ¨¨ z(x), x 2 Dh, | à¥è¥¨ï ¥ª®â®à®© à §®áâ®©
áå¥¬ë | ¢ë¯®«ï¥âáï ®æ¥ª 

ju(x)� z(x)j � �1�1; x 2 Dh; (3.6)

£¤¥ �1 = �1(N�1), �1 = �1(N�1; "), ¯à¨ç¥¬ �1(N�1) ! 0 ¯à¨ N ! 1,   �1(N�1; ") ! 1 ¯à¨
N ! 1 ¨ " ! 0; �1�1 � M . �ã¤¥¬ £®¢®à¨âì, çâ® ®æ¥ª  (3.6) ¥ã«ãçè ¥¬  ¯® ¢å®¦¤¥¨î
¢¥«¨ç¨ N ¨ ", ¥á«¨ ®æ¥ª 

ju(x)� z(x)j � �2�2; x 2 Dh;

¢®®¡é¥ £®¢®àï, ¥¢¥à  ¯à¨ ãá«®¢¨¨ �2�2 = o(�1�1).

�æ¥ª  (3.5) ¥ã«ãçè ¥¬  ¯® ¢å®¦¤¥¨î ¢¥«¨ç¨ N ¨ ".
2. � áá¬®âà¨¬ à §®áâãî áå¥¬ã   ªãá®ç®-à ¢®¬¥àëå á¥âª å. �  ¬®¦¥áâ¢¥ D ¢¢¥¤¥¬

á¥âªã

D
�

h = ! �1 � ! �2 : (3.7a)

1�¤¥áì ¨ ¨¦¥ ç¥à¥§ M (m) ®¡®§ ç ¥¬ ¤®áâ â®ç® ¡®«ìè¨¥ (¬ «ë¥) ¯®«®¦¨â¥«ìë¥ ¯®áâ®ïë¥, ¥
§ ¢¨áïé¨¥ ®â ¢¥«¨ç¨ë ¯ à ¬¥âà  " ¨ ®â ¯ à ¬¥âà®¢ è ¡«®®¢ ¨á¯®«ì§ã¥¬ëå áå¥¬.
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�¤¥áì ! �s | á¥âª  á ªãá®ç®-¯®áâ®ïë¬ è £®¬; á¥âª  ! �s ¨¬¥¥â ®¤ã â®çªã á¬¥ë è £    ¨-
â¥à¢ «¥ (0; ds), s = 1; 2. �®áâà®¨¬ á¥âªã ! �s , s = 1; 2. �âà¥§®ª [0; ds] à §®¡ì¥¬   ¤¢¥ ç áâ¨ [0; �s],
[�s; ds], �s | ¯ à ¬¥âà ¨§ ¨â¥à¢ «  (0; ds). �  ª ¦¤®¬ ¨â¥à¢ «¥ à §¡¨¥¨ï è £ á¥âª¨ ¯®áâ®ï-
¥ ¨ à ¢¥ h(1)s = 2�sN�1

s ¨ h(2)s = 2(ds � �s)N�1
s   ¨â¥à¢ « å [0; �s] ¨ [�s; ds] á®®â¢¥âáâ¢¥®.

�¥âª¨ ! �s = ! �s (�s),   â¥¬ á ¬ë¬ ¨ D
�

h = D
�

h(�1; �2) ¯®áâà®¥ë. � à ¬¥âà �s ®¯à¥¤¥«ï¥â â®çªã
á¬¥ë è £  á¥âª¨ ! �s = ! �s (�s) | â®çªã ¯¥à¥å®¤ .

�¥âª¨ D
�

h(�1; �2), £¤¥ ¯ à ¬¥âàë �s ¯à¨¨¬ îâ ¯à®¨§¢®«ìë¥ § ç¥¨ï ¨§ ¨â¥à¢ «®¢ (0; ds),
s = 1; 2, ®¡à §ãîâ ª« áá á¥â®ª á ®¤®© â®çª®© ¯¥à¥å®¤  (  ¯®à®¦¤ îé¨å á¥âª å ! �s , s = 1; 2)
| ª« áá

fD
�

hg(3:7): (3.7¡)

�¢¥¤¥¬ á¥âªã [6]

D
0

h = ! 0
1 � ! 0

2 ; (3.8a)

§¤¥áì ! 0
s = ! �(3:7)(�s) ¯à¨ ãá«®¢¨¨, çâ® ¯ à ¬¥âà �s, ®¯à¥¤¥«ïîé¨© â®çªã ¯¥à¥å®¤  (¢ ®ªà¥áâ®áâ¨

¯®£à ¨ç®£® á«®ï), § ¤ ¥âáï á®®â®è¥¨¥¬

�s = �s(";Ns; ds) = min[2�1ds;m
�1" lnNs]; s = 1; 2; (3.8¡)

£¤¥ m = m(5:6); D
0

h = D
0

h(m); á¥âª  D
0

h ¨§ ª« áá  fD
�

hg(3:7).
�«ï à¥è¥¨© à §®áâ®© áå¥¬ë (3.2), (3.8) á¯à ¢¥¤«¨¢  ®æ¥ª  ( ¯à., [6])

ju(x)� z(x)j �MN�1 ln�1N; x 2 D
0

h : (3.9)

�â  "-à ¢®¬¥à ï ®æ¥ª  ¥ã«ãçè ¥¬  ¯® ¢å®¦¤¥¨î N .

�¯à¥¤¥«¥¨¥ 3.2. �ãáâì   á¥âª¥ D
1

h ¨§ ¥ª®â®à®£® ª« áá  á¥â®ª fDhg ¤«ï à¥è¥¨© à §-
®áâ®© áå¥¬ë ¢ë¯®«ï¥âáï ®æ¥ª  ju(x) � z(x)j � �1, x 2 D

1

h, £¤¥ �1 = �1(N�1) ! 0
à ¢®¬¥à® ¯® " ¯à¨ N ! 1. �ª ¦¥¬, çâ® á¥âª  D

1

h ï¢«ï¥âáï ®¯â¨¬ «ì®© ¯® ¯®àï¤ªã "-
à ¢®¬¥à®© áå®¤¨¬®áâ¨, ¥á«¨ ¥ áãé¥áâ¢ã¥â á¥â®ª ¨§ ª« áá  fDhg,   ª®â®àëå ¢ë¯®«ï¥âáï
®æ¥ª  ju(x)� z(x)j � �2, x 2 Dh, ¯à¨ �2 = o(�1).

� ¨á¯®«ì§®¢ ¨¥¬ â¥å¨ª¨ à ¡®âë [6] (¯à¨¬¥¥®© ¯à¨   «¨§¥ ¥®¡å®¤¨¬ëå ãá«®¢¨© "-
à ¢®¬¥à®© áå®¤¨¬®áâ¨ áå¥¬) ¯®ª §ë¢ ¥âáï, çâ® ¤«ï à §®áâ®© áå¥¬ë (3.2)   á¥âª å ¨§
ª« áá  (3.7) ¥ áãé¥áâ¢ã¥â á¥â®ª, ¤«ï ª®â®àëå áª®à®áâì "-à ¢®¬¥à®© áå®¤¨¬®áâ¨ ¢ëè¥, ç¥¬
O(N�1 lnN). � ª¨¬ ®¡à §®¬, á¥âª  (3.8) ï¢«ï¥âáï ®¯â¨¬ «ì®©.

�¥®à¥¬  3.1. �ãáâì ¤«ï à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ (2:2), (2:1) ¢ë¯®«ïîâáï  ¯à¨®àë¥ ®æ¥-
ª¨ (5:6), (5:8), (5:9) (¨§ x 5 ¨¦¥). �®£¤  à¥è¥¨¥ à §®áâ®© áå¥¬ë (3:2), (3:8) ¯à¨ N ! 1
áå®¤¨âáï ª à¥è¥¨î ªà ¥¢®© § ¤ ç¨ á® áª®à®áâìî O(N�1 lnN) "-à ¢®¬¥à®. �  ª« áá¥ á¥â®ª
(3:7) á¥âª  (3:8) ï¢«ï¥âáï ®¯â¨¬ «ì®© ¯® ¯®àï¤ªã "-à ¢®¬¥à®© áå®¤¨¬®áâ¨. �«ï á¥â®çëå

à¥è¥¨© á¯à ¢¥¤«¨¢ë ®æ¥ª¨ (3:3), (3:5), (3:9); ®æ¥ª¨ (3:5) ¨ (3:9) ¥ã«ãçè ¥¬ë ¯® ¢å®¦¤¥¨î

¢¥«¨ç¨ N , " ¨ N á®®â¢¥âáâ¢¥®.

4. � §®áâ ï áå¥¬    á¥âª å á ¥áª®«ìª¨¬¨ â®çª ¬¨ ¯¥à¥å®¤ 

� áá¬®âà¨¬ à §®áâãî áå¥¬ã (3.2)   ªãá®ç®-à ¢®¬¥àëå á¥âª å ¢ â®¬ á«ãç ¥, ª®£¤ 
¯®à®¦¤ îé¨¥ á¥âª¨ !s ¨¬¥îâ ¥áª®«ìª® â®ç¥ª á¬¥ë è £  | ¥áª®«ìª® â®ç¥ª ¯¥à¥å®¤ .

1. � ç «  à áá¬®âà¨¬ á¥âª¨ á ¤¢ã¬ï â®çª ¬¨ ¯¥à¥å®¤ .
1.1. �  ¬®¦¥áâ¢¥ D ¢¢¥¤¥¬ á¥âªã

D
�(2)

h = !
�(2)
1 � !

�(2)
2 ; (4.1a)
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£¤¥ ! �(2)s | á¥âª  á â®çª ¬¨ ¯¥à¥å®¤  xs = �(i)s , i = 1; 2, �(1)s , �(2)s | ¯ à ¬¥âàë, ¯à¨¨¬ î-
é¨¥ § ç¥¨ï ¨§ ¨â¥à¢ «  (0; ds), �(1)s < �(2)s . �®áâà®¨¬ á¥âªã ! �(2)s , s = 1; 2. �âà¥§®ª [0; ds]
à §®¡ì¥¬   âà¨ ç áâ¨ [0; �(1)s ], [�(1)s ; �(2)s ], [�(2)s ; ds]. �  ª ¦¤®¬ ¨â¥à¢ «¥ à §¡¨¥¨ï è £ á¥âª¨
¯®áâ®ï¥ ¨ à ¢¥ h(1)s = 3�(1)s N�1

s , h(2)s = 3(�(2)s � �(1)s )N�1
s , h(3)s = 3(ds � �(2)s )N�1

s   ¨â¥à-
¢ « å [0; �(1)s ], [�(1)s ; �(2)s ], [�(2)s ; ds] á®®â¢¥âáâ¢¥®. �¥âª¨ ! �(2)s = ! �(2)s (�(1)s ; �(2)s ), ¨ â¥¬ á ¬ë¬

D
�(2)

h = D
�(2)

h (�(i)s ; s; i = 1; 2) ¯®áâà®¥ë.

�¥âª¨ D
�(2)

h (�(i)s ; s; i = 1; 2), £¤¥ ¯ à ¬¥âàë �(i)s ¯à¨¨¬ îâ ¯à®¨§¢®«ìë¥ § ç¥¨ï ¨§ ¨â¥à-
¢ «®¢ (0; ds) ¨ ¯®¤ç¨¥ë ãá«®¢¨î �(1)s < �(2)s , s; i = 1; 2, ®¡à §ãîâ ª« áá á¥â®ª á ¤¢ã¬ï â®çª ¬¨
¯¥à¥å®¤  (  ¯®à®¦¤ îé¨å á¥âª å ! �(2)s , s = 1; 2)

fD
�(2)

h g(4:1): (4.1¡)

�¢¥¤¥¬ á¥âªã, á£ãé îéãîáï ¢ ®ªà¥áâ®áâ¨ ¯®£à á«®ï

D
0(2)

h = !
0(2)
1 � !

0(2)
2 ; (4.2a)

§¤¥áì ! 0(2)
s = !

�(2)
s(4:1)(�

(1)
s ; �(2)s ), ¯à¨ç¥¬ ¯ à ¬¥âàë �(1)s , �(2)s ®¯à¥¤¥«ïîâáï á®®â®è¥¨ï¬¨

�(i)s = �(i)s (";Ns; ds); i = 1; 2;

�(2)s = min[2=3ds;m�1" lnNs]; �(1)s = min[1=3ds;m�1" ln lnNs]; s = 1; 2;
(4.2¡)

£¤¥ m = m(5:6); D
0(2)

h 2 fD
�(2)

h g(4:1).
� §®áâ ï áå¥¬  (3.2), (4.2) | á¯¥æ¨ «ì ï áå¥¬    á¥âª¥ á ¤¢ã¬ï â®çª ¬¨ ¯¥à¥å®¤ .
1.2. �à¨¢¥¤¥¬ ¥ª®â®àë¥ à áá¬®âà¥¨ï   ¬®¤¥«ì®¬ ¯à¨¬¥à¥ ¤«ï ®¤®¬¥à®© § ¤ ç¨. �ãáâì

u(x), x 2 D, | à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨

L(4:3)u(x) �
�
"
d2

dx2
+ b(x)

d

dx
� c(x)

�
u(x) = f(x); x 2 D; (4.3)

u(x) = '(x); x 2 �:

�¤¥áì

D = (0; d); (4.4)

äãªæ¨¨ b(x), c(x), f(x) ¤®áâ â®ç® £« ¤ª¨¥   D; b(x) � b0 > 0, c(x) � 0, x 2 D.
�«ï ªà ¥¢®© § ¤ ç¨ (4.3), (4.4) áâà®¨¬ à §®áâãî áå¥¬ã

�(4:5)z(x) �
�
"�xx̂ + b(x)�x � c(x)

�
z(x) = f(x); x 2 Dh; (4.5)

z(x) = '(x); x 2 �h:

�¤¥áì

Dh = ! (4.6)

| á¥âª    D á ç¨á«®¬ ã§«®¢ N + 1.
�âà®¨¬ á¥âªã á ¤¢ã¬ï â®çª ¬¨ ¯¥à¥å®¤  ¢ ®ªà¥áâ®áâ¨ ¯®£à ¨ç®£® á«®ï

D
0(2)

h = !0(2); (4.7)

£¤¥ ! 0(2) = ! 0(2)(�(1); �(2)), �(1) = min[1=3d;m�1" ln lnN ], �(2) = min[2=3d;m�1" lnN ], m | ¯à®-
¨§¢®«ì®¥ ç¨á«® ¨§ ¨â¥à¢ «  (0;m0), m0 = min

D
b(x). � £¨ á¥âª¨ ! 0(2)   ¨â¥à¢ « å [0; �(1)],

[�(1); �(2)], [�(2); d] áãâì h(1) = 3�(1)N�1, h(2) = 3(�(2)��(1))N ¨ h(3) = 3(d��(2))N�1 á®®â¢¥âáâ¢¥-
®, ¯à¨ç¥¬ h(1) �M min[" ln lnN; 1]N�1, h(2) �M min[" lnN; 1]N�1, h(3) �MN�1.
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�æ¥¨¬ à¥è¥¨¥ à §®áâ®© áå¥¬ë (4.5), (4.7). �ãáâì

u(x) = U(x) + V (x); x 2 D; (4.8)

£¤¥ U(x) ¨ V (x) | à¥£ã«ïà ï ¨ á¨£ã«ïà ï ç áâ¨ à¥è¥¨ï. �«ï ¤®áâ â®ç® £« ¤ª®© äãªæ¨¨
v(x), x 2 D, ç¥à¥§ zv(x), x 2 Dh, £¤¥ Dh = Dh(4:6), ®¡®§ ç¨¬ à¥è¥¨¥ § ¤ ç¨

�(4:5)z(x) = L(4:3)v(x); x 2 Dh; z(x) = v(x); x 2 �h:

�æ¥¨¬ äãªæ¨î !V (x) = V (x)� zV (x), x 2 Dh(4:7).
� ãç¥â®¬  ¯à¨®àëå ®æ¥®ª ¤«ï ª®¬¯®¥â ¨§ ¯à¥¤áâ ¢«¥¨ï (4.8)  å®¤¨¬

j�(4:5)!V (x)j �M

(
"�1N�1 ln lnN exp(�m"�1x) ¯à¨ x < �(2);

N�1("+N�1)�1 ¯à¨ x > �(2);
x 6= �(1); �(2);

j�(4:5)!V (x)j �M"�1N�1 lnN; x = �(1);

j�(4:5)!V (x)j �M

(
1 ¯à¨ " �M1 ln

�1N ;

N�1 ¯à¨ " � m1 ln
�1N;

x = �(2); x 2 Dh:

� ¨á¯®«ì§®¢ ¨¥¬ ¯à¨æ¨¯  ¬ ªá¨¬ã¬   å®¤¨¬

j!V (x)j = jV (x)� zV (x)j �MN�1 ln lnN; x 2 Dh(4:7):

�¯à ¢¥¤«¨¢  â ª¦¥ ®æ¥ª 

jU(x)� zU (x)j �MN�1; x 2 Dh(4:7):

� ª¨¬ ®¡à §®¬, ¤«ï à¥è¥¨© áå¥¬ë (4.5), (4.7) ¯®«ãç ¥âáï ®æ¥ª 

ju(x)� z(x)j �MN�1 ln lnN; x 2 Dh(4:7): (4.9)

1.3. �® áå¥¬¥ ¢ë¢®¤  ®æ¥ª¨ (4.9) ¤«ï à¥è¥¨© à §®áâ®© áå¥¬ë (3.2), (4.2)  å®¤¨¬ ®æ¥ªã

ju(x)� z(x)j �MN�1 ln lnN; x 2 D
0(2)

h : (4.10)

� áá¬®âà¥¨e ¯®£à¥è®áâ¨ à¥è¥¨ï ¢ ®ªà¥áâ®áâ¨ ¯®£à ¨ç®£® á«®ï ¯®ª §ë¢ eâ, çâ® "-
à ¢®¬¥à ï ®æ¥ª  (4.10) ¥ã«ãçè ¥¬  ¯® ¢å®¦¤¥¨î ¢¥«¨ç¨ë N . � àì¨à®¢ ¨¥ ¢¥«¨ç¨

�(i)s ¥ ã«ãçè ¥â ®æ¥ªã (4.10). �«¥¤®¢ â¥«ì®,   ª« áá¥ á¥â®ª fD
�(2)

h g á¥âª  D
0(2)

h ï¢«ï¥âáï
®¯â¨¬ «ì®© ¯® ¯®àï¤ªã "-à ¢®¬¥à®© áå®¤¨¬®áâ¨.

2. �à¨¢¥¤¥¬ áå¥¬ã   á¥âª¥ á k â®çª ¬¨ ¯¥à¥å®¤ . �âà®¨¬ á¥âªã

D
�(k)

h = !
�(k)
1 � !

�(k)
2 ; (4.11a)

£¤¥ ! �(k)s | á¥âª , ®¯à¥¤¥«ï¥¬ ï ¯ à ¬¥âà ¬¨ �(i)s , i = 1; : : : ; k. �âà¥§®ª [0; ds] à §¡¨¢ ¥¬   k+1
ç áâ¥© [0; �(1)s ], [�(1)s ; �(2)s ]; : : : ; [ds � �(k)s ; ds]; è £ á¥âª¨   ª ¦¤®© ç áâ¨ ¯®áâ®ï¥ ¨ à ¢¥ á®®â-
¢¥âáâ¢¥® h(1)s , h(2)s ; : : : ; h(k+1)s , £¤¥ h(1)s = (k+1)�(1)s N�1

s , h(2)s = (k+1)(�(2)s ��(1)s )N�1
s ; : : : ; h(k+1)s =

(k+1)(ds��(k)s )N�1
s . �¥âª¨ D

�(k)

h = D
�(k)

h (�(i)s , s = 1; 2, i = 1; : : : ; k), £¤¥ ¯ à ¬¥âàë �(i)s ¯à¨¨¬ -
îâ ¯à®¨§¢®«ìë¥ § ç¥¨ï ¨§ ¨â¥à¢ «®¢ (0; ds) ¨ ¯®¤ç¨¥ë ãá«®¢¨î �(1)s < �(2)s < � � � < �(k)s ,
s = 1; 2, ®¡à §ãîâ ª« áá á¥â®ª á k â®çª ¬¨ ¯¥à¥å®¤ �

D
�(k)

h

	
(4:11)

: (4.11¡)

�¢¥¤¥¬ á¥âªã, á£ãé îéãîáï ¢ ®ªà¥áâ®áâ¨ ¯®£à ¨ç®£® á«®ï

D
0(k)

h = !
0(k)
1 � !

0(k)
2 ; (4.12a)
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§¤¥áì ! 0(k)
s = !

�(k)
s(4:11)(�

(i)
s ; i = 1; : : : ; k), ¯ à ¬¥âàë �(i)s ®¯à¥¤¥«ïîâáï á®®â®è¥¨ï¬¨

�(i)s = �(i)s (";Ns; ds); i = 1; : : : ; k;

�(k)s = min[k(k + 1)�1ds;m�1" lnNs];

�(k�1)s = min[(k � 1)(k + 1)�1ds;m
�1" ln lnNs]; : : : ;

�(1)s = min[(k + 1)�1ds;m
�1" ln : : : ln| {z }

k

Ns]; s = 1; 2;

(4.12¡)

£¤¥ m = m(5:6); D
0(k)

h 2 fD
�(k)

h g(4:11); D
0(k)

h = D
0(k)

h (m).
� §®áâ ï áå¥¬  (3.2), (4.12) | áå¥¬    á¥âª¥ á k â®çª ¬¨ ¯¥à¥å®¤ . �«ï ee à¥è¥¨©

¯®«ãç ¥âáï ®æ¥ª 

ju(x)� z(x)j �MN�1 ln : : : ln| {z }
k

N; x 2 Dh(4:12); (4.13)

íâ  "-à ¢®¬¥à ï ®æ¥ª  ¥ã«ãçè ¥¬  ¯® ¢å®¦¤¥¨î ¢¥«¨ç¨ë N . �  ª« áá¥ á¥â®ª fD
�(k)

h g

á¥âª  D
0(k)

h ï¢«ï¥âáï ®¯â¨¬ «ì®© ¯® ¯®àï¤ªã "-à ¢®¬¥à®© áå®¤¨¬®áâ¨. �¯à ¢¥¤«¨¢  á«¥¤ã-
îé ï

�¥®à¥¬  4.1. �ãáâì ¢ë¯®«ï¥âáï ãá«®¢¨¥ â¥®à¥¬ë 3:1. �®£¤  à¥è¥¨¥ à §®áâ®© áå¥-

¬ë (3:2), (4:12) ¯à¨ N ! 1 áå®¤¨âáï ª à¥è¥¨î ªà ¥¢®© § ¤ ç¨ (2:2), (2:1) á® áª®à®áâìî

O(N�1 ln : : : ln| {z }
k

N) "-à ¢®¬¥à®. �  ª« áá¥ á¥â®ª (4:11) á¥âª  (4:12) ï¢«ï¥âáï ®¯â¨¬ «ì®© ¯®

¯®àï¤ªã "-à ¢®¬¥à®© áå®¤¨¬®áâ¨. �«ï á¥â®çëå à¥è¥¨© á¯à ¢¥¤«¨¢  ®æ¥ª  (4:13); ®æ¥ª 
(4:13) ¥ã«ãçè ¥¬  ¯® ¢å®¦¤¥¨î ¢¥«¨ç¨ë N .

5. �¯à¨®àë¥ ®æ¥ª¨ à¥è¥¨© ªà ¥¢®© § ¤ ç¨ (2.2), (2.1)

�à¨¢¥¤¥¬  ¯à¨®àë¥ ®æ¥ª¨ à¥è¥¨© ¨ ¯à®¨§¢®¤ëå ¤«ï ªà ¥¢®© § ¤ ç¨ (2.2), (2.1); ¢ë¢®¤
®æ¥®ª ¯®¤®¡¥ ¢ë¢®¤ã   «®£¨çëå ®æ¥®ª ¢ [6].

1. � ¨á¯®«ì§®¢ ¨¥¬ â¥å¨ª¨ ¬ ¦®à âëå äãªæ¨© ( ¯à., [18]) ãáâ  ¢«¨¢ ¥âáï "-à ¢®-
¬¥à ï ®£à ¨ç¥®áâì à¥è¥¨©

ju(x)j �M; x 2 D: (5.1)

�¥è¥¨¥ ªà ¥¢®© § ¤ ç¨ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë äãªæ¨©

u(x) = U(x) + V (x); x 2 D; (5.2a)

£¤¥ U(x), V (x) | à¥£ã«ïà ï ¨ á¨£ã«ïà ï ç áâ¨ à¥è¥¨ï. �ãªæ¨ï U(x), x 2 D, ¥áâì áã¦¥¨¥
  D äãªæ¨¨ U 0(x), x 2 D

0
, U(x) = U 0(x), x 2 D; äãªæ¨ï U 0(x) | à¥è¥¨¥ ªà ¥¢®© § ¤ ç¨

L0U 0(x) = f 0(x); x 2 D0; U 0(x) = '0(x); x 2 � 0: (5.3)

�¤¥áì D
0
| ¯àï¬®ã£®«ì¨ª, ï¢«ïîé¨©áï ¯à®¤®«¦¥¨¥¬ D §  áâ®à®ë �1, �2; ¤ ë¥ § ¤ ç¨

(5.3) ï¢«ïîâáï £« ¤ª¨¬¨ ¯à®¤®«¦¥¨ï¬¨ ¤ ëå § ¤ ç¨ (2.2), (2.1), á®åà ïîé¨¬¨   D
0
á¢®©-

áâ¢  (2.3); L0 = L02+L01. �ãªæ¨¨ f 0(x) ¨ '0(x) ã¤®¡® ¢¥ m1-®ªà¥áâ®áâ¨ D áç¨â âì à ¢ë¬¨
ã«î. �ãªæ¨ï V (x) | à¥è¥¨¥ § ¤ ç¨

L(2:2)V (x) = 0; x 2 D; V (x) = '(x) � U(x); x 2 �: (5.4)

�ãªæ¨î U(x) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë äãªæ¨©

U(x) = U0(x) + "U1(x) + vU (x); x 2 D; (5.2¡)
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á®®â¢¥âáâ¢ãîé¥© ¯à¥¤áâ ¢«¥¨î

U 0(x) = U 0
0 (x) + "U 0

1 (x) + v0U (x); x 2 D
0
;

| à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ (5.3), £¤¥ U 0
0 (x), U

0
1 (x) | à¥è¥¨ï § ¤ ç

L01
(5:3)U

0
0 (x) = f 0(x); x 2 D0 n f� 0

3

[
� 0
4 g;

U 0
0 (x) = '0(x); x 2 � 0

3

[
� 0
4 ;

L01
(5:3)U

0
1 (x) = �"�1L02

(5:3)U
0
0 (x); x 2 D

0
n f� 0

3

[
� 0
4 g;

U 0
1 (x) = 0; x 2 � 0

3

[
� 0
4 :

�ç¨â ¥¬, çâ® ¤ ë¥ § ¤ ç¨ (2.2), (2.1) ¯®¬¨¬® ãá«®¢¨©   ¬®¦¥áâ¢¥ ��, ®¡¥á¯¥ç¨¢ îé¨å
£« ¤ª®áâì u(x) | à¥è¥¨ï § ¤ ç¨ (2.2), (2.1), ã¤®¢«¥â¢®àïîâ ¤®¯®«¨â¥«ìë¬ ãá«®¢¨ï¬  
¬®¦¥áâ¢¥ ��� = �3

T
�4, ª®â®àë¥ ®¡¥á¯¥ç¨¢ îâ ¤®áâ â®çãî £« ¤ª®áâì äãªæ¨© U 0

0 (x) ¨ U
0
1 (x).

� ª¨¥ ãá«®¢¨ï ¥âàã¤® ¢ë¯¨á âì,  ¯à¨¬¥à, ¢ â®¬ á«ãç ¥, ª®£¤  £à ¨ç ï äãªæ¨ï '(x)
¢¬¥áâ¥ á ¯à®¨§¢®¤ë¬¨ ®¡à é ¥âáï ¢ ã«ì   ¬®¦¥áâ¢¥ ��.

�«ï ¯à®áâ®âë ¡ã¤¥¬ ¯à¥¤¯®« £ âì ¢ë¯®«¥ë¬¨ ¢ª«îç¥¨ï

u 2 C3+�(D); U0 2 C5+�(D); U1 2 C3+�(D); � > 0: (5.5)

� íâ®¬ á«ãç ¥ U 2 C3+�(D); ¤«ï U(x) ¯®«ãç îâáï ®æ¥ª¨

���� @k

@xk11 @xk22
U(x)

���� �M [1 + "2�k]; x 2 D; k � K;

jV (x)j �M exp(�m"�1r(x; � )); x 2 D;

(5.6)

£¤¥ r(x; � ) | à ááâ®ï¨¥ ®â â®çª¨ x ¤® ¬®¦¥áâ¢  � , m | ¯à®¨§¢®«ì®¥ ç¨á«® ¨§ ¨â¥à¢ « 
(0;m0), m0 = min

s;D
[a�1s (x)bs(x)]; K = 3 ¯à¨ ¤®áâ â®ç®© £« ¤ª®áâ¨ ¤ ëå § ¤ ç¨ (2.2), (2.1).

2. �à¨¢¥¤¥¬ ®æ¥ªã ¯à®¨§¢®¤ëå äãªæ¨¨ V (x). �à¥¤¢ à¨â¥«ì® ¢¢¥¤¥¬ ®¡®§ ç¥¨ï. �¥à¥§
D(j), j = 1; 2, ®¡®§ ç¨¬ ¯®«ã¯®«®áã, áâ®à®ë ª®â®à®© á®¤¥à¦ â ¬®¦¥áâ¢  �j , �3, �4. �ãªæ¨î
V (x) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë

V (x) =
X
j=1;2

V(j)(x) + V(1;2)(x); x 2 D; (5.2¢)

§¤¥áì V(j)(x) ¨ V(1;2)(x) | ®¤®¬¥àë¥ ¨ ¤¢ã¬¥àë© (ã£«®¢®©) ¯®£à á«®¨. �ãªæ¨¨ V(j)(x) |
áã¦¥¨ï äãªæ¨© V 0

(j)(x), x 2 D(j),   ¬®¦¥áâ¢® D. �ãªæ¨¨ V 0
(j)(x) | à¥è¥¨ï § ¤ ç

L0
(5:7)V

0
(j)(x) = 0; x 2 D(j); (5.7)

V 0
(j)(x) = '0

(j)(x); x 2 �(j); j = 1; 2:

�¤¥áì ®¯¥à â®à L0
(5:7) |¯à®¤®«¦¥¨¥ ®¯¥à â®à  L(2:2)   ¬®¦¥áâ¢®D(j); äãªæ¨ï '0

(j)(x) ã¤®¢«¥-
â¢®àï¥â ãá«®¢¨î '0

(j)(x) = '(x) � U(x), x 2 �j ,   ¢¥ m-®ªà¥áâ®áâ¥© ¬®¦¥áâ¢  �j ®¡à é eâáï
¢ ã«ì.

�à¨ ãá«®¢¨¨

u;U 2 C3+�(D); � > 0;
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¤«ï ª®¬¯®¥â ¨§ ¯à¥¤áâ ¢«¥¨ï (5.2¡) ¯®«ãç îâáï ®æ¥ª¨���� @k

@xk11 @xk22
V(j)(x)

���� �M ["�s + "1�k] exp(�m"�1r(x; �j)); (5.8)���� @k

@xk11 @xk22
V(1;2)(x)

���� �M"�k exp(�m"�1r(x; �1
[

�2));

x 2 D; j = 1; 2; k � K; K = K(5:6);

£¤¥ s = s(k1; k2; j), s = k1 ¯à¨ j = 1, s = k2 ¯à¨ j = 2, m = m(5:6).
� ¬¥â¨¬, çâ® ¤«ï äãªæ¨¨ u(x) á¯à ¢¥¤«¨¢  ®æ¥ª ���� @k

@xk11 @xk22
u(x)

���� �M"�k; x 2 D; k � K: (5.9)

�¥®à¥¬  5.1. �ãáâì ¤«ï ¤ ëå ªà ¥¢®© § ¤ ç¨ (2:2), (2:1) ¢ë¯®«ï¥âáï ãá«®¢¨¥ as, bs, c,
f 2 C5+�(D), ' 2 C5+�(D), s = 1; 2, � > 0,   ¤«ï ¥¥ à¥è¥¨ï ¨ ª®¬¯®¥â U0(x), U1(x) ¨§
¯à¥¤áâ ¢«¥¨ï (5.2¡) | ãá«®¢¨¥ (5:5). �®£¤  ¤«ï à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ ¨ ¥£® ª®¬¯®¥â ¨§

¯à¥¤áâ ¢«¥¨ï (5:2) á¯à ¢¥¤«¨¢ë ®æ¥ª¨ (5:1), (5:6), (5:8), (5:9), £¤¥ K = 3.

6. �à ¥¢ ï § ¤ ç  ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï

�«ï á¨£ã«ïà® ¢®§¬ãé¥®£® ¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï ¯à¨¢¥¤¥¬ á¯¥æ¨ «ìãî à §®áâ-
ãî áå¥¬ã   ã«ãçè¥ëå ªãá®ç®-à ¢®¬¥àëå á¥âª å, ¢¢¥¤¥ëå ¢ x 4.

1. �  ¬®¦¥áâ¢¥ G, £¤¥

G = D � (0; T ]; D = D(2:1); (6.1)

à áá¬®âà¨¬ ªà ¥¢ãî § ¤ çã ¤«ï ¯ à ¡®«¨ç¥áª®£® ãà ¢¥¨ï á ª®¢¥ªâ¨¢ë¬¨ ç«¥ ¬¨

L(6:2)u(x; t) = f(x; t); (x; t) 2 G;

u(x; t) = '(x; t); (x; t) 2 S:
(6.2)

�¤¥áì S = G nG,

L(6:2)u(x; t) = fL2 + L1gu(x; t); (6.3)

L2 � "
X
s=1;2

as(x; t)
@2

@x2s
; L1 �

X
s=1;2

bs(x; t)
@

@xs
� c(x; t) � p(x; t)

@

@t
;

äãªæ¨¨ as(x; t), bs(x; t), c(x; t), p(x; t), f(x; t), s = 1; 2,   â ª¦¥ '(x; t) ¤®áâ â®ç® £« ¤ª¨¥  
¬®¦¥áâ¢ å G ¨ Sj á®®â¢¥âáâ¢¥®, j = 0; 1; : : : ; 4, ' 2 C(S), Sj | áâ®à®ë ¬®¦¥áâ¢  G, ®¡à -

§ãîé¨¥ £à ¨æã S; Sj = �j � (0; T ], j = 1; : : : ; 4, S0 | ¨¦¥¥ ®á®¢ ¨¥, S0 = S0; SL =
4S

j=1
Sj |

¡®ª®¢ ï £à ¨æ ; �j = �j(2:1). �®íää¨æ¨¥âë ãà ¢¥¨ï ã¤®¢«¥â¢®àïîâ ãá«®¢¨î

a0 � as(x; t) � a0; b0 � bs(x; t) � b0; 0 � c(x; t) � c0; p0 � p(x; t) � p0;

(x; t) 2 G; s = 1; 2; a0; b0; p0 > 0:

�à¨ áâà¥¬«¥¨¨ ¯ à ¬¥âà  ª ã«î ¢ ®ªà¥áâ®áâ¨ £« ¤ª¨å ç áâ¥© S1 ¨ S2 £à ¨æë S ¨ ¬®¦¥-
áâ¢  S1

T
S2 ¯®ï¢«ïîâáï á®®â¢¥âáâ¢¥® ®¤®¬¥àë¥ ¨ ¤¢ã¬¥àë¥ (í««¨¯â¨ç¥áª¨¥) ¯®£à ¨çë¥

á«®¨.
�à¥¤¯®« £ ¥¬, çâ®   ¬®¦¥áâ¢¥ S�|¬®¦¥áâ¢¥ à¥¡¥à, ®¡à §®¢ ëå ¯¥à¥á¥ç¥¨ï¬¨ áâ®à®

Sj , j = 0; 1; : : : ; 4, | ¢ë¯®«¥ë ãá«®¢¨ï á®£« á®¢ ¨ï, ®¡¥á¯¥ç¨¢ îé¨¥ ¤®áâ â®çãî £« ¤ª®áâì
à¥è¥¨© ªà ¥¢®© § ¤ ç¨ ¯à¨ ä¨ªá¨à®¢ ëå § ç¥¨ïå ¯ à ¬¥âà .
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2. �à¨¢¥¤¥¬ à §®áâãî áå¥¬ã   ªãá®ç®-à ¢®¬¥à®© (¯® ¯à®áâà áâ¢¥ë¬ ¯¥à¥¬¥ë¬)
á¥âª¥ ¢ â®¬ á«ãç ¥, ª®£¤  á¥âª  ¯® ª ¦¤®© ¯¥à¥¬¥®© xs ¢ ®ªà¥áâ®áâ¨ ¯®£à ¨ç®£® á«®ï
¨¬¥¥â ®¤ã â®çªã á¬¥ë è £  á¥âª¨ | ®¤ã â®çªã ¯¥à¥å®¤ .

�  ¬®¦¥áâ¢¥ G ¢¢¥¤¥¬ á¥âªã

Gh = Dh � !0; Dh = Dh(3:1); (6.4)

£¤¥ !0 | à ¢®¬¥à ï á¥âª    [0; T ], N0+1 | ç¨á«® ¥¥ ã§«®¢. � ¤ ç¥ (6.2), (6.1)   á¥âª¥ (6.4)
á®¯®áâ ¢¨¬ à §®áâãî áå¥¬ã [2]

�z(x; t) = f(x; t); (x; t) 2 Gh;

z(x; t) = '(x; t); (x; t) 2 Sh;
(6.5)

£¤¥

�z(x; t) �
n
"
X
s=1;2

as(x; t)�xs bxs + X
s=1;2

bs(x; t)�xs � c(x; t) � p(x; t)�t
o
z(x; t):

� á«ãç ¥ à ¢®¬¥à®© á¥âª¨

Gh = D
p

h(3:4) � !0 (6.6)

¯®«ãç ¥âáï ®æ¥ª 

ju(x; t)� z(x; t)j �M [N�1("+N�1)�1 +N�1
0 ]; (x; t) 2 Gh(6:6): (6.7)

�â  ®æ¥ª  ¥ã«ãçè ¥¬  ¯® ¢å®¦¤¥¨î ¢¥«¨ç¨ N , N0 ¨ ".
�  á¥âª¥

G
0

h = D
0

h(3:8) � !0; (6.8)

£¤¥ D
0

h = D
0

h(3:8)(m) ¯à¨ m = m(6:17), ¯®«ãç ¥âáï ®æ¥ª 

ju(x; t)� z(x; t)j �M [N�1 lnN +N�1
0 ]; (x; t) 2 G

0

h; (6.9)

"-à ¢®¬¥à ï ®æ¥ª  ¥ã«ãçè ¥¬  ¯® ¢å®¦¤¥¨î ¢¥«¨ç¨ N , N0. �¥âª  (6.8) ï¢«ï¥âáï ®¯â¨-
¬ «ì®©   ª« áá¥ á¥â®ª �

G
�

h

	
; G

�

h = D
�

h(3:7) � !0 (6.10)

¯® ¯®àï¤ªã "-à ¢®¬¥à®© áå®¤¨¬®áâ¨.
3. � áá¬®âà¨¬ áå¥¬ã (3.2)   ªãá®ç®-à ¢®¬¥àëå á¥âª å ¢ â®¬ á«ãç ¥, ª®£¤  á¥âª¨ !s,

s = 1; 2, ¨¬¥îâ k â®ç¥ª ¯¥à¥å®¤ . �ãáâì

G
0(k)

h = D
0(k)

h(4:12)(m)� !0; m = m(6:17); k � 1; (6.11)

| á¥âª  á k â®çª ¬¨ ¯¥à¥å®¤ , á£ãé îé ïáï ¢ ¯®£à á«®¥. �®¤®¡® ®æ¥ª¥ (4.13) ãáâ  ¢«¨¢ -
¥âáï ®æ¥ª 

ju(x; t)� z(x; t)j �M [N�1 ln : : : ln| {z }
k

N +N�1
0 ]; (x; t) 2 Gh(6:11); (6.12)

íâ  "-à ¢®¬¥à ï ®æ¥ª  ¥ã«ãçè ¥¬  ¯® ¢å®¦¤¥¨î ¢¥«¨ç¨ N , N0.
�  ª« áá¥ á¥â®ª

fG
�(k)

h g; G
�(k)

h = D
�(k)

h(4:11) � !0; (6.13)

á¥âª  (6.11) ï¢«ï¥âáï ®¯â¨¬ «ì®© ¯® ¯®àï¤ªã "-à ¢®¬¥à®© áå®¤¨¬®áâ¨.
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�¥®à¥¬  6.1. �ãáâì ¤«ï à¥è¥¨© ªà ¥¢®© § ¤ ç¨ (6:2), (6:1) ¢ë¯®«ïîâáï  ¯à¨®àë¥ ®æ¥-
ª¨ (6:17). �®£¤  à¥è¥¨¥ à §®áâ®© áå¥¬ë (6:2), (6:11) ¯à¨ N , N0 ! 1 áå®¤¨âáï ª à¥è¥¨î

ªà ¥¢®© § ¤ ç¨ á® áª®à®áâìî O(N�1 ln : : : ln| {z }
k

N+N�1
0 ) "-à ¢®¬¥à®. �  ª« áá¥ á¥â®ª (6:13) á¥â-

ª  (6:11) ï¢«ï¥âáï ®¯â¨¬ «ì®© ¯® ¯®àï¤ªã "-à ¢®¬¥à®© áå®¤¨¬®áâ¨. �«ï á¥â®çëå à¥è¥¨©
á¯à ¢¥¤«¨¢ë ®æ¥ª¨ (6:7), (6:9), (6:12); ®æ¥ª¨ (6:7) ¨ (6:9), (6:12) ¥ã«ãçè ¥¬ë ¯® ¢å®¦¤¥¨î

¢¥«¨ç¨ N , N0, " ¨ N , N0 á®®â¢¥âáâ¢¥®.

4. �à¨¢¥¤¥¬  ¯à¨®àë¥ ®æ¥ª¨ ¤«ï à¥è¥¨© ªà ¥¢®© § ¤ ç¨ (6.2), (6.1). �¥è¥¨¥ ªà ¥¢®©
§ ¤ ç¨ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë äãªæ¨©

u(x; t) = U(x; t) + V (x; t); (x; t) 2 G: (6.14a)

�¤¥áì U(x; t) | à¥£ã«ïà ï ç áâì à¥è¥¨ï, ®¯à¥¤¥«ï¥âáï á®®â®è¥¨¥¬ U(x; t) = U 0(x; t),
(x; t) 2 G; V (x; t) | á¨£ã«ïà ï ç áâì à¥è¥¨ï | à¥è¥¨¥ § ¤ ç¨

L(6:2)V (x; t) = 0; (x; t) 2 G;

V (x; t) = '(x; t) � U(x; t); (x; t) 2 S:

�ãªæ¨ï U 0(x; t), (x; t) 2 G
0
, £¤¥ G

0
= D

0

(5:3) � (0; T ], | à¥è¥¨¥ § ¤ ç¨

L0U 0(x; t) = f 0(x; t); (x; t) 2 G0;

U 0(x; t) = '0(x; t); (x; t) 2 S0;
(6.15)

¤ ë¥ § ¤ ç¨ (6.15)   G
0
ï¢«ïîâáï £« ¤ª¨¬¨ ¯à®¤®«¦¥¨ï¬¨ ¤ ëå § ¤ ç¨ (6.2), (6.1),

ã¤®¢«¥â¢®àïîé¨¬¨ ãá«®¢¨î (6.3); L0 = L02 + L01.
�ãªæ¨î U(x; t) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë

U(x; t) = U0(x; t) + "U1(x; t) + vU(x; t); (x; t) 2 G; (6.14¡)

á®®â¢¥âáâ¢ãîé¥© ¯à¥¤áâ ¢«¥¨î äãªæ¨¨ U 0(x; t)

U 0(x; t) = U 0
0 (x; t) + "U 0

1 (x; t) + v0U(x; t); (x; t) 2 G
0
:

�®¬¯®¥âë U 0
0 (x; t), U

0
1 (x; t)  å®¤ïâáï ¨§ à¥è¥¨ï § ¤ ç

L01
(6:15)U

0
0 (x; t) = f 0(x; t); (x; t) 2 G

0
n fS0

0

[
S0
3

[
S0
4g;

U 0
0 (x; t) = '0(x; t); (x; t) 2 S0

0

[
S0
3

[
S0
4 ;

L01
(6:15)U

0
1 (x; t) = �"�1L02

(6:15)U
0
0 (x; t); (x; t) 2 G

0
n fS0

0

[
S0
3

[
S0
4g;

U 0
1 (x; t) = 0; (x; t) 2 S0

0

[
S0
3

[
S0
4 :

�ãªæ¨î V (x; t) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ áã¬¬ë

V (x; t) =
X
j=1;2

V(j)(x; t) + V(1;2)(x; t); (x; t) 2 G: (6.14¢)

�¤¥áì V(j)(x; t) = V 0
(j)(x; t), (x; t) 2 G, äãªæ¨¨ V 0

(j)(x; t), (x; t) 2 G(j), £¤¥ G(j) = D(j)(5:7) � [0; T ]
| à¥è¥¨ï § ¤ ç

L0
(j)V

0
(j)(x; t) = 0; (x; t) 2 G(j);

V 0
(j)(x; t) = '0

(j)(x; t); (x; t) 2 S(j); j = 1; 2;

®¯¥à â®à L0
(j) | ¯à®¤®«¦¥¨¥ ®¯¥à â®à  L(6:2)   ¬®¦¥áâ¢® G(j); äãªæ¨ï '0

(j)(x; t) ã¤®¢«¥â¢®-
àï¥â ãá«®¢¨î

'0
(j)(x; t) = '(x; t)� U(x; t); (x; t) 2 S0

[
Sj;
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  ¢¥ m-®ªà¥áâ®áâ¨ ¬®¦¥áâ¢  Sj ®¡à é ¥âáï ¢ ã«ì.
�à¥¤¯®« £ ¥¬ ¢ë¯®«¥ë¬ ãá«®¢¨¥

u 2 C4+�;2+�=2(G); U0 2 C6+�;3+�=2(G); U1 2 C4+�;2+�=2(G); � > 0: (6.16)

�®£¤  ¤«ï à¥è¥¨ï § ¤ ç¨ (6.2), (6.1) ¨ ¥£® ª®¬¯®¥â ¨§ ¯à¥¤áâ ¢«¥¨ï (6.14) ¯®«ãç îâáï
®æ¥ª¨ ���� @k+k0

@xk11 @xk22 @tk0
u(x; t)

���� �M"�k; (6.17)���� @k+k0

@xk11 @xk22 @tk0
U(x; t)

���� �M [1 + "2�k];���� @k+k0

@xk11 @xk22 @tk0
V(j)(x; t)

���� �M ["�s + "1�k] exp(�m"�1r(x; �j));���� @k+k0

@xk11 @xk22 @tk0
V(1;2)(x; t)

���� �M"�k exp(�m"�1r(x; �1
[

�2));

(x; t) 2 G; j = 1; 2; k + 2k0 � K;

£¤¥ s = s(5:8)(k1; k2; j), m | ¯à®¨§¢®«ì®¥ ç¨á«® ¨§ ¨â¥à¢ «  (0;m0), m0 = min
s;G

[a�1s (x; t)bs(x; t)].

�¥®à¥¬  6.2. �ãáâì ¤«ï ¤ ëå ªà ¥¢®© § ¤ ç¨ (6:2), (6:1) ¢ë¯®«ï¥âáï ãá«®¢¨¥ as, bs,
c, p, f 2 C6+�;3+�=2(G), ' 2 C6+�;3+�=2(G), s = 1; 2, � > 0,   ¤«ï ¥¥ à¥è¥¨ï ¨ ª®¬¯®¥â

U0(x; t), U1(x; t) ¨§ ¯à¥¤áâ ¢«¥¨ï (6.14¡) { ãá«®¢¨¥ (6:16). �®£¤  ¤«ï à¥è¥¨ï ªà ¥¢®© § ¤ ç¨ ¨

¥£® ª®¬¯®¥â ¨§ ¯à¥¤áâ ¢«¥¨ï (6:14) á¯à ¢¥¤«¨¢ë ®æ¥ª¨ (6:17), £¤¥ K = 4.

� ¨á¯®«ì§®¢ ¨¥¬ ¯à¨¢¥¤¥®© â¥å¨ª¨ áâà®ïâáï ¨ ¨áá«¥¤ãîâáï "-à ¢®¬¥à® áå®¤ïé¨¥áï
áå¥¬ë   ªãá®ç®-à ¢®¬¥àëå á¥âª å á ¥áª®«ìª¨¬¨ â®çª ¬¨ ¯¥à¥å®¤  ¢ á«ãç ¥ á¨£ã«ïà®
¢®§¬ãé¥ëå í««¨¯â¨ç¥áª¨å ¨ ¯ à ¡®«¨ç¥áª¨å ãà ¢¥¨©   n-¬¥àëå ¯ à ««¥«¥¯¨¯¥¤ å.

�®«ì§ãïáì á«ãç ¥¬,  ¢â®à ¢ëà ¦ ¥â ¯à¨§ â¥«ì®áâì ãç áâ¨ª ¬ �â®à®© �¥¦¤ã à®¤®©
ª®ä¥à¥æ¨¨ \�¨á«¥ë©   «¨§ ¨ ¯à¨«®¦¥¨ï" (�®«£ à¨ï, �ãá¥, 11{15 ¨îï 2000 £.) §  ®¡-
áã¦¤¥¨ï ç¨á«¥ëå ¬¥â®¤®¢ à¥è¥¨ï á¨£ã«ïà® ¢®§¬ãé¥ëå § ¤ ç ¨ ®¯â¨¬ «ìëå (¯® ¯®-
àï¤ªã "-à ¢®¬¥à®© áå®¤¨¬®áâ¨) ªãá®ç®-à ¢®¬¥àëå á¥â®ª.
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