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�.�.�����

����� ���������� ��������� ������������ P 0

n
(H)

�à®©ªã à á¯à¥¤¥«¥­¨©, ®¡à §®¢ ­­ãî á®®â¢¥âáâ¢¥­­® à á¯à¥¤¥«¥­¨ï¬¨ r-¯«®áª®áâ¥© � (�-
à á¯à¥¤¥«¥­¨¥), m-¯«®áª®áâ¥© M (M -à á¯à¥¤¥«¥­¨¥), £¨¯¥à¯«®áª®áâ¥© H (H-à á¯à¥¤¥«¥­¨¥,
r < m < n� 1) ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  Pn á ®â­®è¥­¨¥¬ ¨­æ¨¤¥­â­®áâ¨ � 2 � � M � H ¨å
á®®â¢¥âáâ¢ãîé¨å í«¥¬¥­â®¢ ¢ ª ¦¤®¬ æ¥­âà¥ � ­ §®¢¥¬ âà¥åá®áâ ¢­ë¬ à á¯à¥¤¥«¥­¨¥¬ ¯à®¥ª-
â¨¢­®£® ¯à®áâà ­áâ¢  Pn ¨«¨ H-à á¯à¥¤¥«¥­¨¥¬ [1], ¯à¨ íâ®¬ �-à á¯à¥¤¥«¥­¨¥ ­ §®¢¥¬ ¡ §¨á-
­ë¬ à á¯à¥¤¥«¥­¨¥¬,   M -à á¯à¥¤¥«¥­¨¥ ¨ H-à á¯à¥¤¥«¥­¨¥ | ®á­ é îé¨¬¨ à á¯à¥¤¥«¥­¨-
ï¬¨. H-à á¯à¥¤¥«¥­¨¥ ¯à®¥ªâ¨¢­®£® ¯à®áâà ­áâ¢  Pn ¡ã¤¥¬ âà ªâ®¢ âì ª ª H-¯®¤à áá«®¥­¨¥
¬­®£®®¡à §¨ï P 0

n [1], [2]. M­®£®®¡à §¨¥ P 0

n , ¢ ª®â®à®¬ § ¤ ­® H-¯®¤à áá«®¥­¨¥, ­ §®¢¥¬ à áá«®-
¥­­ë¬ ¬­®£®®¡à §¨¥¬ P 0

n(H)-áâàãªâãàë ¨«¨, ªà âª®, ¬­®£®®¡à §¨¥¬ P 0

n(H).
� ¤ ­­®© áâ âì¥ ¯®ª § ­®, çâ® ªH-¯®¤à áá«®¥­¨î ¢­ãâà¥­­¨¬ ¨­¢ à¨ ­â­ë¬ ®¡à §®¬ ¯à¨á®-

¥¤¨­ïîâáï ¢ ¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ 2-£® ¯®àï¤ª  âà¨ ®¤­®¯ à ¬¥âà¨ç¥áª¨å á¥¬¥©áâ¢ 
¥£® ­®à¬ «¨§ æ¨© ¢ á¬ëá«¥ H®à¤¥­ ,   ¢ ª ¦¤®¬ á«®¥ H(A0) ¯® âà¨ ®¤­®¯ à ¬¥âà¨ç¥áª¨å á¥-
¬¥©áâ¢  (n � 2)-¯«®áª®áâ¥© (A;B), (A;L), (B;L), ¯à®å®¤ïé¨å ç¥à¥§ æ¥­âà A0. �¢¥¤¥­ë ¯®çâ¨

ª®­â ªâ­ë¥ áâàãªâãàë (��C) ®á­®¢­ëå áâàãªâãà­ëå ¯®¤à áá«®¥­¨© ¬­®£®®¡à §¨ï P 0

n(H). �®-
ª § ­®, çâ® �-, M -, H-¯®¤à áá«®¥­¨ï ­¥áãâ ¯® âà¨ ®¤­®¯ à ¬¥âà¨ç¥áª¨å á¥¬¥©áâ¢  ��C ¨,
ªà®¬¥ â®£®, á ª ¦¤®© ¯àï¬®© ¯ãçª®¢ ª ­®­¨ç¥áª¨å ª á â¥«ì­ëå  áá®æ¨¨àãîâáï ¯® âà¨ ®¤­®-
¯ à ¬¥âà¨ç¥áª¨å á¥¬¥©áâ¢  ��C H-¯®¤à áá«®¥­¨ï. �ëïá­¥­ë £¥®¬¥âà¨ç¥áª¨¥ ¨­â¥à¯à¥â æ¨¨
¯®«ãç¥­­ëå ��C.

�® ¢á¥© à ¡®â¥ ¯à¨¤¥à¦¨¢ ¥¬áï á«¥¤ãîé¥© áå¥¬ë ¨á¯®«ì§®¢ ­¨ï ¨­¤¥ªá®¢: p; q; s; t = 1; r;
u; v = r + 1; n� 1; a; b; c = 1;m; �; �; � = 1; n� 1; ep; eq; es; et = 1; r � 1; eu; ev = r + 1; n� 2; ea;eb; ec =
1;m� 1; e�; e�; e� = 1; n� 2; bu; bv = r + 1; n; b�; b� = m+ 1; n; �; � = m+ 1; n� 1; e�; e� = m+ 1; n� 2;
J;K = 1; n; J;K = 0; n; i = r + 1;m.

1. �ãç®ª ¯«®áª®áâ¥© (p; q) H®à¤¥­ -�¨¬®ä¥¥¢ 

1. �ãáâì â®çª¨ fApg à¥¯¥à  ­ã«¥¢®£® ¯®àï¤ª  R0 = fAIg à á¯®«®¦¥­ë ¢ ¯«®áª®áâ¨ �(A0),
â®çª¨ fAp; Aig | ¢ ¯«®áª®áâ¨ M(A0),   â®çª¨ fAvg | ¢ ¯«®áª®áâ¨ H(A0), £¤¥ � � A0. �ë¡à ­-
­ë© â ª¨¬ ®¡à §®¬ à¥¯¥à ­ §®¢¥¬ à¥¯¥à®¬ R(H), ®â­®á¨â¥«ì­® ª®â®à®£® ¤¨ää¥à¥­æ¨ «ì­ë¥
ãà ¢­¥­¨ï H-à á¯à¥¤¥«¥­¨ï ¯à¨­¨¬ îâ ¢¨¤ (¡¥§ á®®â¢¥âáâ¢ãîé¨å § ¬ëª ­¨©)

!û
p = �û

pK!
K
0
; !�̂

i =M �̂
iK!

K
0
; !n

� = Hn
�K!

K
0
:

2. �§¢¥áâ­® [3], çâ® ¯®«¥ ª¢ §¨â¥­§®à  2-£® ¯®àï¤ª  f�pu; kug ®¯à¥¤¥«ï¥â ¯®«¥ H�-¢¨àâã-
 «ì­ëå ®á­ é îé¨å ¢ á¬ëá«¥ � àâ ­  ¯«®áª®áâ¥© kn�r�2 (k-¯«®áª®áâ¥©) �-¯®¤à áá«®¥­¨ï. C
¤àã£®© áâ®à®­ë, ¯®«¥ ª¢ §¨â¥­§®à  ffpg, £¤¥

fp
def= �

1
n� r � 1

[�v
pv +Bv

pq�
q
v � (�n

pv +Bn
pq�

q
v)�

v
n];

®¯à¥¤¥«ï¥â ¯®«¥ ­®à¬ «¥© fr�1 2-£® à®¤  �-¯®¤à áá«®¥­¨ï, á®®â¢¥âáâ¢ãîé¨å ¢ ®¡®¡é¥­­®¬ ¯à®-
¥ªâ¨¢¨â¥â¥ �®¬¯ìï­¨{� ­â §¨ [4]H�-¢¨àâã «ì­ë¬ ­®à¬ «ï¬ 1-£® à®¤ . �«®áª®áâ¨ k(A0), f(A0)
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¢ â¥ªãé¥¬ á«®¥ H(A0) H-¯®¤à áá«®¥­¨ï ­ âï£¨¢ îâ (n� 2)-¯«®áª®áâì p(A0) = [k; f ], ­¥ ¯à®å®-
¤ïéãî ç¥à¥§ æ¥­âà A0. �«®áª®áâì p(A0) ¢ à¥¯¥à¥ R(H) § ¤ ¥âáï á¨áâ¥¬®© ãà ¢­¥­¨©

y0 = p�y
�; yn = 0; (1.1)

£¤¥
pp = fp; pu = ku � fp�

p
u; 5p� + !0

� = p�K!
K
0
:

C®£« á­® à ¡®â¥ [5] ¯«®áª®áâì (1.1),  áá®æ¨¨à®¢ ­­ãî á ­®à¬ «ìî �f��ng 1-£® à®¤  H-¯«®áª®áâ¨,
­ §®¢¥¬ H�-¢¨àâã «ì­®© ¯«®áª®áâìî H®à¤¥­ {�¨¬®ä¥¥¢  [6].

3. �®ª § ­® [3], çâ® ª¢ §¨â¥­§®à f'�; '
a
�g § ¤ ¥â ¯®«¥ HM -¢¨àâã «ì­ëå ¯«®áª®áâ¥© �¥­¨£á 

'n�m�2(A0) ('-¯«®áª®áâ¥©) ¯ àë à á¯à¥¤¥«¥­¨© (M;�),   ¯®«¥ ª¢ §¨â¥­§®à  fhag [3], £¤¥

ha = �
1

n�m� 1
[ eF �

a� � ��n
eF n
a� + (F �

aq � ��nF
n
aq)'

q
� ]; 5ha + !0

a = haK!
K
0
;

§ ¤ ¥â ¯®«¥ ­®à¬ «¥© hm�1(A0) 2-£® à®¤  M -¯®¤à áá«®¥­¨ï ¬­®£®®¡à §¨ï P 0

n(H) (¯®«¥ h-
¯«®áª®áâ¥©). � â¥ªãé¥¬ á«®¥ H(A0) H-¯®¤à áá«®¥­¨ï ¯«®áª®áâ¨ '(A0) ¨ h(A0) ­ âï£¨¢ îâ
(n� 2)-¯«®áª®áâì q(A0) = ['; h]:

y0 = q�y
�; yn = 0; (1.2)

£¤¥
qa = ha; q� = '� � ha'

a
�; 5q� + !0

� = q�K!
K
0
:

�«®áª®áâì (1.2),  áá®æ¨¨à®¢ ­­ãî á ®¤­®¬¥à­®© ­®à¬ «ìî �(A0), ­ §®¢¥¬ HM -¢¨àâã «ì­®©
¯«®áª®áâìî H®à¤¥­ {�¨¬®ä¥¥¢  [6].

� ®¡é¥¬ á«ãç ¥ ®¡ê¥ªâë fp�g ¨ fq�g äã­ªæ¨®­ «ì­® ­¥§ ¢¨á¨¬ë, çâ® ¯®§¢®«ï¥â ¢ â¥ªãé¥¬
á«®¥ H-¯®¤à áá«®¥­¨ï ¢¢¥áâ¨ ¢ à áá¬®âà¥­¨¥ ®¤­®¯ à ¬¥âà¨ç¥áª¨© ¯ãç®ª ¯«®áª®áâ¥© H®à¤¥­ {
�¨¬®ä¥¥¢ 

u�(") = q� + "(q� � p�); (1.3)

£¤¥ " |  ¡á®«îâ­ë© ¨­¢ à¨ ­â.

�¥®à¥¬  1. �®«ï ®¡ê¥ªâ®¢ fp�g ¨ fq�g § ¤ îâ ¢­ãâà¥­­¨¬ ¨­¢ à¨ ­â­ë¬ ®¡à §®¬ ¢ ¤¨ä-

ä¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ ¯®àï¤ª  t � 2 (t | ¯®àï¤®ª ¢­ãâà¥­­¥© ¨­¢ à¨ ­â­®© ­®à¬ «¨

�) ¯®«¥ ®¤­®¯ à ¬¥âà¨ç¥áª®£® ¯ãçª  (p; q) ­®à¬ «¥© 2-£® à®¤  H-¯«®áª®áâ¨ | ¯®«¥ ¯ãçª  (1:3)
¯«®áª®áâ¥© H®à¤¥­ {�¨¬®ä¥¥¢ .

4. �á«¨ ¯«®áª®áâ¨ H®à¤¥­ {�¨¬®ä¥¥¢  p(A0) ¨ q(A0) ¯®áâà®¥­ë á áãé¥áâ¢¥­­ë¬ ¨á¯®«ì§®¢ -
­¨¥¬ ­®à¬ «¨ M¨åí©«¥áªãMfM�

ng, â® á®®â¢¥âáâ¢ãîé¨¥ ¨¬ ¢ ¯à®¥ªâ¨¢¨â¥â¥ �®¬¯ìï­¨{� ­â §¨
[3]

�� = �(Sn
�n + Sn

���
�
n) (1.4)

­®à¬ «¨ 1-£® à®¤  H-¯®¤à áá«®¥­¨ï ¡ã¤¥¬ ®¡®§­ ç âì ç¥à¥§ P(A0) ¨ Q(A0). M®¦­® ¯®ª § âì,
çâ® ®¡ê¥ªâë P�

n, Q
�
n, M

�
n äã­ªæ¨®­ «ì­® ­¥§ ¢¨á¨¬ë. � ª¨¬ ®¡à §®¬, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  2. �®«ï ®¡ê¥ªâ®¢ P�
n, Q

�
n, M

�
n ®¯à¥¤¥«ïîâ ¢­ãâà¥­­¨¬ ¨­¢ à¨ ­â­ë¬ ®¡à §®¬

¢® 2-© ¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ ¯®«ï âà¥å ®¤­®¯ à ¬¥âà¨ç¥áª¨å ¯ãçª®¢ (P;M), (P;Q),
(Q;M) ®¤­®¬¥à­ëå ­®à¬ «¥© H-¯®¤à áá«®¥­¨ï,  áá®æ¨¨à®¢ ­­ëå á ¯®«¥¬ ­®à¬ «¥© M¨åí©«¥áªã

M(A0).

5. H®à¬ «¨ M¨åí©«¥áªã fM�
ng 1-£® à®¤  ¯«®áª®áâ¨H(A0) ¡¨¥ªæ¨ï (1.4) áâ ¢¨â ¢ á®®â¢¥âáâ¢¨¥

¯«®áª®áâì m(A0), ª®â®àãî ­ §®¢¥¬ ­®à¬ «ìî M¨åí©«¥áªã 2-£® à®¤  ¯«®áª®áâ¨ H(A0). �¥®¬¥-
âà¨ç¥áª ï ¨­â¥à¯à¥â æ¨ï ­®à¬ «¨ M¨åí©«¥áªã 2-£® à®¤  m(A0) á®áâ®¨â ¢ â®¬, çâ® ®­  ï¢«ï¥âáï
å à ªâ¥à¨áâ¨ª®© £¨¯¥à¯«®áª®áâ¨ H(A0) ¯à¨ á¬¥é¥­¨¨ æ¥­âà  A0 ¯® ªà¨¢ë¬, ¯à¨­ ¤«¥¦ é¨¬
à á¯à¥¤¥«¥­¨î ­®à¬ «¥© M¨åí©«¥áªã 1-£® à®¤  M H-¯®¤à áá«®¥­¨ï [7].
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�¥®à¥¬  3. � H-¯®¤à áá«®¥­¨î ¢ ¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ 2-£® ¯®àï¤ª  ¬®¦­® ¯à¨-

á®¥¤¨­¨âì âà¨ ®¤­®¯ à ¬¥âà¨ç¥áª¨å ¯ãçª  (p; q), (p;m), (q;m) ¢­ãâà¥­­¨å ¨­¢ à¨ ­â­ëå ­®à-
¬ «¥© 2-£® à®¤ , á®®â¢¥âáâ¢ãîé¨å ¢ ¡¨¥ªæ¨¨ (1:4) ¯ãçª ¬ (P;M), (P;Q), (Q;M) ¥£® ¢­ãâà¥­-
­¨å ­®à¬ «¥© 1-£® à®¤ , â. ¥. âà¨ ®¤­®¯ à ¬¥âà¨ç¥áª¨å á¥¬¥©áâ¢  ­®à¬ «¨§ æ¨© ¢ á¬ëá«¥

H®à¤¥­ .

�«®áª®áâ¨ p(A0) ¨ m(A0) ¯¥à¥á¥ª îâáï ¯® (n � 3)-¯«®áª®áâ¨ An�3(A0)
def= A(A0), ª®â®à ï

¢¬¥áâ¥ á æ¥­âà®¬ A0 ­ âï£¨¢ ¥â (n � 2)-¯«®áª®áâì A(A0) = [A0;A(A0)]. A­ «®£¨ç­® ­ å®¤¨¬

B(A0) = [A0;B(A0)], L(A0) = [A0; C(A0)], £¤¥ B(A0)
def= q(A0) \ m(A0), C(A0)

def= p(A0) \ q(A0).
�«®áª®áâ¨ A(A0), B(A0), L(A0) ®â­®á¨â¥«ì­® à¥¯¥à  R(H) ®¯à¥¤¥«¨¬ á®®â¢¥âáâ¢¥­­® ãà ¢­¥­¨-
ï¬¨

A�y
� = 0; yn = 0(A); B�y

� = 0; yn = 0(B); L�y� = 0; yn = 0(L);

£¤¥ ª ¦¤ ï ¨§ á®¢®ªã¯­®áâ¥© äã­ªæ¨© A� = p��m�, B� = q��m�, L� = q��p� ®¡à §ã¥â â¥­§®à.

�¥®à¥¬  4. � ¤¨ää¥à¥­æ¨ «ì­®© ®ªà¥áâ­®áâ¨ 2-£® ¯®àï¤ª  H-¯®¤à áá«®¥­¨¥ ¢ ª ¦¤®¬ á«®¥

H(A0) ¯®à®¦¤ ¥â ¢­ãâà¥­­¨¬ ¨­¢ à¨ ­â­ë¬ ®¡à §®¬ âà¨ ®¤­®¯ à ¬¥âà¨ç¥áª¨å ¯ãçª 

(A;B); (A;L); (B;L) (1.5)

(n� 2)-¯«®áª®áâ¥©, ¯à®å®¤ïé¨å ç¥à¥§ æ¥­âà A0.

2. ��C ¡ §¨á­®£® �-¯®¤à áá«®¥­¨ï ¬­®£®®¡à §¨ï P 0

n
(H)

1. � ª ¯®ª § ­® ¢ à ¡®â¥ ([3], x 5, c. 83), ¥á«¨ �(A0) � L(A0), â® Lp = 0. �à¥¤¯®«®¦¨¬, çâ®
fLpg | ­¥­ã«¥¢®© â¥­§®à, â. ¥. �(A0) \ L(A0) = �r�1(A0). �«®áª®áâì �r�1(A0), ª®â®àãî ­ §®¢¥¬
�-¯«®áª®áâìî, § ¤ ¤¨¬ ¢ à¥¯¥à¥ R(H) [1] ãà ¢­¥­¨ï¬¨

Lpy
p = 0; yû = 0: (2.1)

� ª ª ª â¥­§®à fLpg ­¥ ­ã«¥¢®©, â®, ­ ¯à¨¬¥à, Lr 6= 0 (¨­¤¥ªá r ä¨ªá¨à®¢ ­), ¢ á¨«ã ç¥£®
ãà ¢­¥­¨ï (2.1) ¯à¨¬ãâ ¢¨¤

yr = ��r
~py

~p; yû = 0;

£¤¥ äã­ªæ¨¨ �r
~p = L~p=Lr ã¤®¢«¥â¢®àïîâ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬

d�r
~p + �r

~p!
r
r � �r

~q!
~q
~p + �r

~p�
r
~q!

~q
r � !r

~p = �r
~pK!

K
0
:

�¢¥¤¥¬ ¢ �-¯®¤à áá«®¥­¨¨ ¯®¤à áá«®¥­¨¥ ¯àï¬ëå l. � «®ª «ì­®¬ à¥¯¥à¥ R(H) ¢ ª ¦¤®¬ æ¥­âà¥
A0 ¯àï¬ãî l(A0), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

l(A0) � �(A0); l(A0) \ �r�1(A0) = fA0g;

§ ¤ ¤¨¬ â®çª ¬¨ (A0; Br), £¤¥ Br = Ar + B ~p
rA~p. l-¯®¤à áá«®¥­¨¥ (¯®«¥ ¯àï¬ëå l) § ¤ ¤¨¬ ¢

à¥¯¥à¥ R(H) á¨áâ¥¬®© ãà ¢­¥­¨©

dB ~p
r +B ~q

r!
~p
~q �B ~p

r!
r
r �B ~p

rB
~q
r!

r
~q + !~p

r = B ~p
rK!

K
0
:

2. � ª ¦¤®¬ á«®¥ H-¯®¤à áá«®¥­¨ï § ¤ ¤¨¬ ¯«®áª®áâì C(A0) = p(A0) \ q(A0) [1], [3] ãà ¢­¥-
­¨ï¬¨

yn = 0; y0 � p�y
� = 0; L�y

� = 0: (2.2)

H ª®­¥æ, à áá¬®âà¨¬ ¯¥à¥á¥ç¥­¨¥ ¯«®áª®áâ¥© C(A0) ¨ �r�1(A0), â. ¥. ¯«®áª®áâì b�r�2(A0) =
C(A0) \ �r�1(A0), ª®â®àãî ¢ «®ª «ì­®¬ à¥¯¥à¥ R(H) § ¤ ¤¨¬ ãà ¢­¥­¨ï¬¨

yr = ��r
~py

~p; yû = 0; y0 = �p̂y
~p; (2.3)

£¤¥ �~p = p~p � pr�
r
~p.
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� â® ¦¥ ¢à¥¬ï à áá¬®âà¨¬ ä®ª «ì­®¥ ¬­®£®®¡à §¨¥ (å à ªâ¥à¨áâ¨ªã) �-¯«®áª®áâ¨ ¯à¨ á¬¥-
é¥­¨¨ ¢¤®«ì ªà¨¢ëå

!û
0
= 0; !~p

0 = B ~p
r!

r
0
; !r

0
= �r#; d# = # ^ #1; (2.4)

¯à¨­ ¤«¥¦ é¨å l-¯®¤à áá«®¥­¨î. �â® ä®ª «ì­®¥ ¬­®£®®¡à §¨¥ ¯à¥¤áâ ¢¨¬ ®â­®á¨â¥«ì­® à¥¯¥-
à  R(H) ãà ¢­¥­¨ï¬¨

yr = ��r
~py

~p; ybu = 0; y0 �
1
B
y~p(�r

~pr + �r
~p~qB

~q
r) = 0;

£¤¥ B = 1 + �r
~pB

~p
r .

�«®áª®áâì e�r�2 (2.3) ¡ã¤¥â å à ªâ¥à¨áâ¨ª®© �-¯«®áª®áâ¨ ¯à¨ á¬¥é¥­¨¨ ¯® ªà¨¢ë¬ (2.4),
¯à¨­ ¤«¥¦ é¨¬ l-¯®¤à áá«®¥­¨î, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

B ~q
r = B�~p~q

r �~p � �r
~pr�

~p~q
r = �~p~q

r (B�~p � �r
~pr);

£¤¥ f�~p~q
r g | ®¡à é¥­­ë© äã­¤ ¬¥­â «ì­ë© ®¡ê¥ªâ, ®¯à¥¤¥«ï¥¬ë© à ¢¥­áâ¢ ¬¨ �~p~q

r �
r
~q~t
= �~p

~t
.

3. �¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ®¡ê¥ªâ f'q
pg, ª®¬¯®­¥­âë ª®â®à®£® ®¯à¥¤¥«¥­ë ãá«®¢¨ï¬¨

'q
p = �qp �

1
B
Bq
r�

r
p; £¤¥ Br

r = 1; �rr = 1:

M®¦­® ¯®ª § âì, çâ® ª®¬¯®­¥­âë ®¡ê¥ªâ  f'q
pg, ªà®¬¥ â®£®, ã¤®¢«¥â¢®àïîâ á®®â­®è¥­¨ï¬

'p
s'

s
q = �pq �

1
B
Bp
r�

r
q; 'p

sB
s
r = 0;

'p
s�

r
p = 0; �rqB

q
r = B; rank k'q

pk = r � 1:
(2.5)

�§ (2.5) ¢ëâ¥ª ¥â, çâ® ®¡ê¥ªâ f'q
pg ®¯à¥¤¥«ï¥â ­  �-¯®¤à áá«®¥­¨¨ ¯®çâ¨ ª®­â ªâ­ãî áâàãªâã-

àã £¨¯¥à¡®«¨ç¥áª®£® â¨¯  ¨«¨ (f; �; �; �)-áâàãªâãàã £¨¯¥à¡®«¨ç¥áª®£® á¯¥æ¨ «ì­®£® â¨¯ , ª®£¤ 
� = 0 [8]. �à¥¤ë¤ãé¨¥ ¯®áâà®¥­¨ï ¤ îâ á«¥¤ãîéãî £¥®¬¥âà¨ç¥áªãî ¨­â¥à¯à¥â æ¨î ¯®çâ¨ ª®­-
â ªâ­®© áâàãªâãàë.

�¥®à¥¬  5. �-¯®¤à áá«®¥­¨¥ ­¥á¥â ��C (�; l), ®¯à¥¤¥«¥­­ãî �-¯®¤à áá«®¥­¨¥¬ ¨ l-¯®¤à á-
á«®¥­¨¥¬, ª ¦¤®¬ã á«®î (¯àï¬®© l(A0)) ª®â®à®£® á®®â¢¥âáâ¢ã¥â ¢ ¯à®¥ªâ¨¢¨â¥â¥ �®¬¯ìï-

­¨{� ­â §¨ ¯«®áª®áâì e�r�2(A0) (2:3) | ¯¥à¥á¥ç¥­¨¥ ®á¨ C(A0) ¯ãçª  (p; q) (1:3) ¯«®áª®áâ¥©
H®à¤¥­ {�¨¬®ä¥¥¢  á ®á­ é îé¥© �-¯«®áª®áâìî.

� ¬¥ç ­¨¥. �®áâà®¥­¨ï, ¯à¨¢¥¤¥­­ë¥ ¢ x 2,  áá®æ¨¨à®¢ ­ë á ¯«®áª®áâìî L(A0) [3]. C«¥¤®¢ -
â¥«ì­®, ¬®¦­® áª § âì, çâ® ��C (�; l)  áá®æ¨¨à®¢ ­  á L-¯«®áª®áâìî. A­ «®£¨ç­ë¥ ¯®áâà®¥­¨ï
¬®¦­® ¯à®¢¥áâ¨, ¨á¯®«ì§ãï ¯«®áª®áâ¨ A, B [7], â. ¥. ¯à®¢¥áâ¨ ¯®áâà®¥­¨ï,  áá®æ¨¨à®¢ ­­ë¥ á
«î¡®© ¨§ (n� 2)-¯«®áª®áâ¥© ¯ãçª®¢ (1.5).

� á¨«ã íâ®£® § ¬¥ç ­¨ï ¯à¨å®¤¨¬ ª á«¥¤ãîé¥© â¥®à¥¬¥.

�¥®à¥¬  6. �-¯®¤à áá«®¥­¨¥ ­¥á¥â âà¨ ®¤­®¯ à ¬¥âà¨ç¥áª¨å á¥¬¥©áâ¢  ��C,  áá®æ¨¨à®-

¢ ­­ëå á®®â¢¥âáâ¢¥­­® á ¯«®áª®áâï¬¨ ¯ãçª®¢ (1:5).

3. �KC ®á­ é îé¥£® M-¯®¤à áá«®¥­¨ï ¬­®£®®¡à §¨ï P 0

n
(H)

1. �ãáâì ¯«®áª®áâì M(A0) ­¥ ¯à¨­ ¤«¥¦¨â ¯«®áª®áâ¨ L(A0). �®£¤  â¥­§®à fLag ­¥­ã«¥¢®©
([3], x 5). � íâ®¬ á«ãç ¥ M(A0)\L(A0) = �m�1(A0). �«®áª®áâì �m�1(A0) ¢ à¥¯¥à¥ R(H) § ¤ ¥âáï
á¨áâ¥¬®© ãà ¢­¥­¨©

y�̂ = 0; Lay
a = 0: (3.1)

� á¨«ã ­¥¢ëà®¦¤¥­­®áâ¨ â¥­§®à  fLag ®¤­  ¨§ ¥£® ª®¬¯®­¥­â ®â«¨ç­  ®â ­ã«ï, ¨¬¥¥¬, ­ ¯à¨¬¥à,
Lm 6= 0. �®£¤  ãà ¢­¥­¨ï (3.1) ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

y�̂ = 0; ym + �m
~a y

~a = 0; �m
~a = L~a=Lm;
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£¤¥ äã­ªæ¨¨ �m
~a ã¤®¢«¥â¢®àïîâ ¤¨ää¥à¥­æ¨ «ì­ë¬ ãà ¢­¥­¨ï¬

d�m
~a + �m

~a !
m
m � �m~b !

~b
~a + �m

~a �
m
~b
!
~b
m � !m

~a = �n
~aK!

K
0
:

� ¤ ¤¨¬ ¢ M -¯®¤à áá«®¥­¨¨ ¯®¤à áá«®¥­¨¥ ¯àï¬ëå el, ª®â®à®¥ ­ §®¢¥¬ el-¯®¤à áá«®¥­¨¥¬
¬­®£®®¡à §¨ï P 0

n(H). C«®© el-¯®¤à áá«®¥­¨ï, â. ¥. ¯àï¬ãî el(A0), ã¤®¢«¥â¢®àïîéãî ãá«®¢¨ï¬

el(A0) �M(A0); el(A0) \ �(A0) = fA0g;

§ ¤ ¤¨¬ â®çª ¬¨ fA0; Bmg, £¤¥ Bm = Am + BeamAea. el-¯®¤à áá«®¥­¨¥ ®â­®á¨â¥«ì­® à¥¯¥à  R(H)
®¯à¥¤¥«¥­® á¨áâ¥¬®© ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

dB~a
m +B

~b
m!

~a
~b
�B~a

m!
m
m �B~a

mB
~b
m!

m
~b
+ !~a

m = B~a
mK!

K
0
:

2. �«®áª®áâì �m�1(A0) � M(A0) ­ §®¢¥¬ �-¯«®áª®áâìî. �¥à¥á¥ç¥­¨¥ �-¯«®áª®áâ¨ á ®áìî
C(A0) ¯ãçª  (p; q) ¯«®áª®áâ¥© H®à¤¥­ {�¨¬®ä¥¥¢  ¥áâì ¯«®áª®áâì fMm�2(A0), ª®â®à ï ®â­®á¨-
â¥«ì­® à¥¯¥à  R(H) ®¯à¥¤¥«¥­  ãà ¢­¥­¨ï¬¨

y�̂ = 0; y0 � �~ay
~a = 0; (3.2)

£¤¥ �~a = p~a � pm�
m
~a .

H ©¤¥¬ ä®ª «ì­®¥ ¬­®£®®¡à §¨¥ (å à ªâ¥à¨áâ¨ªã) �-¯«®áª®áâ¨ ¯à¨ á¬¥é¥­¨¨ ¢¤®«ì ªà¨¢ëå

!û
0
= 0; !

~b
0
= B

~b
m!

m
0
; !m

0
= �m e#; D e# = e# ^ e#1; (3.3)

¯à¨­ ¤«¥¦ é¨å el-¯®¤à áá«®¥­¨î. �â­®á¨â¥«ì­® à¥¯¥à  R(H) ¨áª®¬®¥ ä®ª «ì­®¥ ¬­®£®®¡à §¨¥
®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨ï¬¨

y�̂ = 0; y0 � (1=B)(�m
~am + �m

~a~b
B

~b
m)y

~a = 0: (3.4)

�§ (3.2) ¨ (3.4) á«¥¤ã¥â, çâ® ¯«®áª®áâì fMm�2(A0) (3.2) ¡ã¤¥â å à ªâ¥à¨áâ¨ª®© �-¯«®áª®áâ¨ ¯à¨
á¬¥é¥­¨¨ ¯® ªà¨¢ë¬ (3.3) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

B
~b
m = �~a~b

m(B�~a � �m
~am);

£¤¥ B = 1 + �m
~a B

~a
m, �

~a~b
m�

m
~b~c
= �~a

~c .
3. �¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ £¥®¬¥âà¨ç¥áª¨© ®¡ê¥ªâ f�bag, ª®¬¯®­¥­âë ª®â®à®£® ¨¬¥îâ ¢¨¤

�ba = �ba � (1=B)Bb
m�

m
a ; £¤¥ Bm

m = 1; �mm = 1;

¨ ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ á®®â­®è¥­¨ï¬:

�bc�
c
a = �ba � (1=B)Bb

m�
m
a ; �bcB

c
m = 0;

�bc�
m
b = 0; �mb B

b
m = B; rank k�bak = m� 1:

(3.5)

�§ á®®â­®è¥­¨© (3.5) ¢ëâ¥ª ¥â, çâ® ®¡ê¥ªâ f�bag § ¤ ¥â ­  M -¯®¤à áá«®¥­¨¨ ��C £¨¯¥à¡®«¨-
ç¥áª®£® â¨¯  [8]. � ª¨¬ ®¡à §®¬, ¯®«ãç ¥¬ á«¥¤ãîéãî £¥®¬¥âà¨ç¥áªãî å à ªâ¥à¨áâ¨ªã ��C
(�; el).

�¥®à¥¬  7. M -¯®¤à áá«®¥­¨¥ ¬­®£®®¡à §¨ï P 0

n(H) ­¥á¥â ��C (�; el), ®¯à¥¤¥«¥­­ãî �-¯®¤-

à áá«®¥­¨¥¬ ¨ el-¯®¤à áá«®¥­¨¥¬, â ªãî, çâ® ª ¦¤®© ¯àï¬®© el(A0) ¢ ¯à®¥ªâ¨¢¨â¥â¥ �®¬¯ìï-
­¨{� ­â §¨ á®®â¢¥âáâ¢ã¥â ¯«®áª®áâì fMm�2(A0) | ¯¥à¥á¥ç¥­¨¥ ®á¨ C(A0) (2:2) ¯ãçª  (p; q)
¯«®áª®áâ¥© H®à¤¥­ {�¨¬®ä¥¥¢  á ®á­ é îé¥© �-¯«®áª®áâìî.

� á¨«ã § ¬¥ç ­¨ï (x 2, ¯. 3) á¯à ¢¥¤«¨¢ 

�¥®à¥¬  8. M -¯®¤à áá«®¥­¨¥ ¬­®£®®¡à §¨ï P 0

n(H) ­¥á¥â âà¨ ®¤­®¯ à ¬¥âà¨ç¥áª¨å á¥¬¥©-

áâ¢  ��C, ª ¦¤ ï ¨§ ª®â®àëå  áá®æ¨¨à®¢ ­  á á®®â¢¥âáâ¢ãîé¥© ¯«®áª®áâìî, ¢§ïâ®© ¨§

¯ãçª®¢ (1:5).
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4. �KC,  áá®æ¨¨à®¢ ­­ë¥ á H-¯®¤à áá«®¥­¨¥¬ ¬­®£®®¡à §¨ï P 0

n
(H)

1. �ãáâì ¢ ª ¦¤®¬ æ¥­âà¥ A0 ¯«®áª®áâì L(A0) ¯à®å®¤¨â ç¥à¥§ ¯«®áª®áâì M(A0) | á«®©
M -¯®¤à áá«®¥­¨ï. �à ¢­¥­¨ï ¯«®áª®áâ¨ L(A0) ®â­®á¨â¥«ì­® «®ª «ì­®£® à¥¯¥à  R(H) ¨¬¥îâ
¢¨¤

yn = 0; L�y
� = 0: (4.1)

� ª ª ª â¥­§®à L� ­¥ ®¡à é ¥âáï â®¦¤¥áâ¢¥­­® ¢ ­ã«ì, â® ¯® ªà ©­¥© ¬¥à¥ ®¤­  ¨§ ¥£® ª®¬¯®­¥­â
®â«¨ç­  ®â ­ã«ï. �«ï ®¯à¥¤¥«¥­­®áâ¨ ¯®«®¦¨¬, çâ® Ln�1 6= 0. �à ¢­¥­¨ï (4.1) ¢ íâ®¬ á«ãç ¥
¬®¦­® § ¯¨á âì ¢ ¢¨¤¥

yn = 0; yn�1 + Cn�1

~� y ~� = 0;

£¤¥ Cn�1

~� = L~�=Ln�1.
C¨áâ¥¬  ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

dC ~�
n�1

+ C ~�
n�1!

~�
~� � C ~�

n�1
!n�1

n�1
+ C ~�

n�1
C ~�
n�1!

n�1

~� + !~�
n�1

= C ~�
n�1;K!

K
0

§ ¤ ¥â ¯®«¥ ¨­¢ à¨ ­â­ëå ¯àï¬ëå # = [A0; Cn�1] = [A0; An�1 + C ~�
n�1

A~�], ®¯à¥¤¥«ïîé¨å #-
¯®¤à áá«®¥­¨¥ ¢ H-¯®¤à áá«®¥­¨¨ ¬­®£®®¡à §¨ï P 0

n(H).
2. �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¯«®áª®áâì C(A0) (2.2) ¢ à áá¬ âà¨¢ ¥¬®¬ á«ãç ¥ ¬®¦­® § ¤ âì

á¨áâ¥¬®© ãà ¢­¥­¨©

yn = 0; L�y� = 0; y0 � �~�y
~� = 0; (4.2)

£¤¥ �~� = p~� � pn�1C
n�1

~� .
H ©¤¥¬ ä®ª «ì­®¥ ¬­®£®®¡à §¨¥ (å à ªâ¥à¨áâ¨ªã) ¯«®áª®áâ¨ L(A0) ¯à¨ á¬¥é¥­¨¨ ¢¤®«ì

ªà¨¢ëå

!n
0
= 0; !~�

0
= C ~�

n�1
!n�1

0
; !n�1

0
= �n�1�; D� = � ^ �1; (4.3)

¯à¨­ ¤«¥¦ é¨å #-¯®¤à áá«®¥­¨î. �â­®á¨â¥«ì­® à¥¯¥à R(H) ¨áª®¬®¥ ä®ª «ì­®¥ ¬­®£®®¡à §¨¥
®¯à¥¤¥«ï¥âáï ãà ¢­¥­¨ï¬¨

yn = 0; L�y� = 0; y0 �
1
C
(�n�1

~�~� C ~�
n�1 + �n�1

~�;n�1
)y~� = 0; (4.4)

£¤¥ C = �n�1

� C�
n�1.

Cà ¢­¨¢ ï (4.4) ¨ (4.2), ¯à¨å®¤¨¬ ª ¢ë¢®¤ã, çâ® ¯à¨ á¬¥é¥­¨¨ ¯® ªà¨¢ë¬ (4.3) æ¥­âà  A0

H-¯®¤à áá«®¥­¨ï ®áì C(A0) ¯ãçª  ¯«®áª®áâ¥© H®à¤¥­ {�¨¬®ä¥¥¢  ï¢«ï¥âáï å à ªâ¥à¨áâ¨ª®©
¯«®áª®áâ¨ L(A0) (4.1) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

C ~�
n�1 = �~�~�

n�1(C�~� � �n�1

~�;n�1
);

£¤¥ �~�~�
n�1�

n�1

~�~� = �~�
~� . �¥®¬¥âà¨ç¥áª¨© ®¡ê¥ªâ f#��g =

�
��� �

1

C
C�
n�1

�n�1

�

	
, £¤¥ Cn�1

n�1 = 1, �n�1

n�1 = 1,
ª®¬¯®­¥­âë ª®â®à®£® ¯®¤ç¨­¥­ë ãá«®¢¨ï¬

#��#
�
� = ��� �

1
C
C�
n�1

�n�1

� ; #��C
�
n�1 = 0;

#���
n�1

� = 0; �n�1

� C�
n�1 = C; rank k#��k = n� 2;

§ ¤ ¥â ­  H-¯®¤à áá«®¥­¨¨ ��C £¨¯¥à¡®«¨ç¥áª®£® â¨¯  [8]. �âáî¤  á«¥¤ã¥â £¥®¬¥âà¨ç¥áª ï
¨­â¥à¯à¥â æ¨ï, ¯®áâà®¥­­®© ��C (L; #).

�¥®à¥¬  9. H-¯®¤à áá«®¥­¨¥ ¬­®£®®¡à §¨ï P 0

n(H) ­¥á¥â ��C (L; #), ®¯à¥¤¥«¥­­ãî L-¯®¤-
à áá«®¥­¨¥¬ ¨ #-¯®¤à áá«®¥­¨¥¬, â ªãî, çâ® ª ¦¤®© ¯àï¬®© #-¯®¤à áá«®¥­¨ï ¢ ¯à®¥ªâ¨¢¨-

â¥â¥ �®¬¯ìï­¨{� ­â §¨ á®®â¢¥âáâ¢ã¥â ®áì C(A0) (2:2) ¯ãçª  (1:3) ¯«®áª®áâ¥© H®à¤¥­ {

�¨¬®ä¥¥¢ .

� á¨«ã § ¬¥ç ­¨ï (x 2, ¯. 3) ¯à¨å®¤¨¬ ª ¢ë¢®¤ã.
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�¥®à¥¬  10. C ª ¦¤®© ¯«®áª®áâìî ¯ãçª®¢ (1:5)  áá®æ¨¨àã¥âáï ­  H-¯®¤à áá«®¥­¨¨ ¬­®-

£®®¡à §¨ï P 0

n(H) ¯®çâ¨ ª®­â ªâ­ ï áâàãªâãà  ¢¨¤  (L; #).

3. �à¨ ¯®áâà®¥­¨¨ ��C ­  H-¯®¤à áá«®¥­¨¨ ¬®¦­® ¨á¯®«ì§®¢ âì ¯àï¬ë¥ ¯ãçª®¢ (X;Y ),
(X;Z), (Y;Z), ®¡à §®¢ ­­ëå ª ­®­¨ç¥áª¨¬¨ ª á â¥«ì­ë¬¨ X, Y , Z [7]. � à¥§ã«ìâ â¥  ­ «®-
£¨ç­ëå (ª ª ¨ ¢ x 2, x 3) ¯®áâà®¥­¨© ¯®«ãç ¥¬ á«¥¤ãîéãî £¥®¬¥âà¨ç¥áªãî áâàãªâãàã ��C,
 áá®æ¨¨à®¢ ­­ëå á ª ­®­¨ç¥áª¨¬¨ ª á â¥«ì­ë¬¨.

�¥®à¥¬  11. � ®ªà¥áâ­®áâ¨ ¯®àï¤ª  t � 2 ­  H-¯®¤à áá«®¥­¨¨ ¨­¤ãæ¨àã¥âáï ��C (L; Z),
®¯à¥¤¥«¥­­ ï L-¯®¤à áá«®¥­¨¥¬ ¨ Z-¯®¤à áá«®¥­¨¥¬, ª®¬¯®­¥­âë £¥®¬¥âà¨ç¥áª®£® ®¡ê¥ªâ  ª®-

â®à®£® fZ�
� g ã¤®¢«¥â¢®àïîâ ãá«®¢¨ï¬ [1] :

Z�
�Z

�
� = ��� �

1
Z�

�

Z�
n�1

�

�n�1

� ; Z�
�

�

Z�
n�1 = 0;

Z�
�

�

�n�1

� = 0;
�

Z =
�

�n�1

�

�

Z�
n�1; rank kZ�

� k = n� 2:
(4.5)

�¥®à¥¬  12. C ª ¦¤®© ¯«®áª®áâìî ¯ãçª®¢ (1:5)  áá®æ¨¨àãîâáï âà¨ ®¤­®¯ à ¬¥âà¨ç¥áª¨å
á¥¬¥©áâ¢  ��C ¢¨¤  (4:5), ®¯à¥¤¥«¥­­ëå ¢ ®ªà¥áâ­®áâ¨ ¯®àï¤ª  t � 2, £¤¥ t | ¯®àï¤®ª ¢­ã-

âà¥­­¥© ¨­¢ à¨ ­â­®© ­®à¬ «¨ � 1-£® à®¤  H-¯®¤à áá«®¥­¨ï.

�¨â¥à âãà 
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