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� à ¡®â¥ ¨§ãç ¥âáï à¥£ã«ïà¨§®¢ ­­ ï ¬®¤¥«ì ¤¢¨¦¥­¨ï ­¥á¦¨¬ ¥¬®© ¢ï§ª®ã¯àã£®© áà¥¤ë,
¯®«ãç¥­­ ï ­  ®á­®¢¥ ¬®¤¥«¨ á ãà ¢­¥­¨¥¬ á®áâ®ï­¨ï �¦¥ääà¨á .

�¥£ã«ïà¨§®¢ ­­ ï á¨áâ¥¬  ãà ¢­¥­¨©, ®¯¨áë¢ îé¨å ¤¢¨¦¥­¨¥ ­¥á¦¨¬ ¥¬®© ¢ï§ª®ã¯àã£®©
áà¥¤ë, ¨¬¥¥â ¢¨¤
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�
@v

@t
+ vi

@v

@xi

�
(t; x)� �1Div

Z t

0

e�
t�s
� E(v)(s; z(s; t; x))ds � �0Div E(v)(t; x) =

= � grad p(t; x) + e�
t
� Div �0(z(0; t; x)) + �'(t; x); (t; x) 2 (0; T )� 
; (0.1)

z(� ; t; x) = x+
Z �

t

S�v(s; z(s; t; x))ds; � 2 [0; T ]; (t; x) 2 (0; T )� 
; (0.2)

div v = 0; (t; x) 2 (0; T ) � 
; (0.3)

£¤¥ v = (v1; : : : ; vn) | áª®à®áâì ¤¢¨¦¥­¨ï áà¥¤ë, p | ¤ ¢«¥­¨¥, ' | ¯«®â­®áâì ¢­¥è­¨å á¨«,
� = const | ¯«®â­®áâì áà¥¤ë, �0 | â¥­§®à ®áâ â®ç­ëå ­ ¯àï¦¥­¨© ¯à¨ t = 0 ¨ E = (Eij) | â¥­§®à
áª®à®áâ¥© ¤¥ä®à¬ æ¨©, Eij = Eij(v) = 1
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�
@vi
@xj

+ @vj
@xi

�
. �¢¥¤¥­¨¥ ®¯¥à â®à  S�, à¥£ã«ïà¨§ãîé¥£® ¯®«¥

áª®à®áâ¥©, ®¡êïá­ï¥âáï â¥¬ ä ªâ®¬, çâ® ¯®«¥ áª®à®áâ¥© v, ®¯à¥¤¥«ï¥¬®¥ ª ª á« ¡®¥ ¨«¨ á¨«ì­®¥
®¡®¡é¥­­®¥ à¥è¥­¨¥ § ¤ ç¨, ­¥ ¯®§¢®«ï¥â ¢®ááâ ­®¢¨âì âà ¥ªâ®à¨¨ ¤¢¨¦¥­¨ï ç áâ¨æ z ¨«¨ ¦¥
âà ¥ªâ®à¨¨ ­¥ ®¡« ¤ îâ á¢®©áâ¢ ¬¨ à¥£ã«ïà­®áâ¨, ­¥®¡å®¤¨¬ë¬¨ ¤«ï ª®àà¥ªâ­®áâ¨ ¬®¤¥«¨.
� [1] ¨­â¥£à¨à®¢ ­¨¥ ¢¤®«ì âà ¥ªâ®à¨¨ ¤¢¨¦¥­¨ï ç áâ¨æë ¢ á®®â­®è¥­¨¨ (0.1) ¡ë«® § ¬¥­¥­®
­  ¨­â¥£à¨à®¢ ­¨¥ ¢ â®çª¥ x ¯à®áâà ­áâ¢ , ¢ à¥§ã«ìâ â¥ ç¥£® ®â¯ ¤ ¥â ­¥®¡å®¤¨¬®áâì §­ ­¨ï
âà ¥ªâ®à¨© ¤¢¨¦¥­¨ï ç áâ¨æ, ¨ ¨§ á¨áâ¥¬ë ¨áª«îç ¥âáï ãà ¢­¥­¨¥ (0.2). �¤­ ª® íâ® ã¯à®é¥­¨¥
§­ ç¨â¥«ì­® ®£à ­¨ç¨«® ª« áá áà¥¤, ®¯¨áë¢ ¥¬ëå ¤ ­­®© ¬®¤¥«ìî.

� [2], [3] ¤®ª § ­® áãé¥áâ¢®¢ ­¨¥ á« ¡®£® à¥è¥­¨ï ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ ¤«ï à¥£ã«ïà¨§®-
¢ ­­®© á¨áâ¥¬ë ãà ¢­¥­¨© ¤¢¨¦¥­¨ï (0.1){(0.3). � ¤ ­­®© à ¡®â¥ á ¯®¬®éìî  ¯¯à®ªá¨¬ æ¨®­­®-
â®¯®«®£¨ç¥áª®£® ¬¥â®¤ , ¯à¥¤«®¦¥­­®£® ¢ [4], ãáâ ­ ¢«¨¢ ¥âáï áãé¥áâ¢®¢ ­¨¥ á¨«ì­®£® à¥è¥­¨ï
­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ ¤«ï ¤ ­­®© á¨áâ¥¬ë ¢ á«ãç ¥ à §¬¥à­®áâ¥© n = 2; 3. �à¨ íâ®¬ ¨á-
á«¥¤®¢ ­¨¥ ­ ç «ì­®-ªà ¥¢®© § ¤ ç¨ § ¬¥­ï¥âáï ¨§ãç¥­¨¥¬ íª¢¨¢ «¥­â­®£® ®¯¥à â®à­®£® ãà ¢-
­¥­¨ï. �«ï ®¯¥à â®à­®£® ãà ¢­¥­¨ï ®¯à¥¤¥«ï¥âáï á¥¬¥©áâ¢®  ¯¯à®ªá¨¬ æ¨®­­ëå ãà ¢­¥­¨©.
�ãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï  ¯¯à®ªá¨¬ æ¨®­­®£® ãà ¢­¥­¨ï ãáâ ­ ¢«¨¢ ¥âáï á ¯®¬®éìî â®¯®«®£¨-
ç¥áª®© â¥®à¨¨ áâ¥¯¥­¨ ­  ®á­®¢¥  ¯à¨®à­ëå ®æ¥­®ª à¥è¥­¨©. �¥è¥­¨¥ ®á­®¢­®£® ®¯¥à â®à­®£®
ãà ¢­¥­¨ï ï¢«ï¥âáï á« ¡ë¬ ¯à¥¤¥«®¬ à¥è¥­¨©  ¯¯à®ªá¨¬ æ¨®­­ëå ãà ¢­¥­¨©.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 01-01-00425, ¨ CRDF, £à ­â òVZ-010-0.
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1. �¡®§­ ç¥­¨ï ¨ ®á­®¢­ë¥ à¥§ã«ìâ âë

�ãáâì 
 | ®£à ­¨ç¥­­ ï ®¡« áâì ¢ R
n á £à ­¨æ¥© @
 ª« áá  C2, QT = [0; T ] � 
 |

¯à®áâà ­áâ¢¥­­®-¢à¥¬¥­­®© æ¨«¨­¤à ¤«ï T > 0, (t; x) | â®çª¨ QT .
�«ï ¨­â¥£à¨àã¥¬ëå ¢ 
 ¨«¨ QT áª «ïà­ëå, ¢¥ªâ®à­®§­ ç­ëå ¨ â¥­§®à­®§­ ç­ëå äã­ªæ¨©

¢¢¥¤¥¬ ®¡®§­ ç¥­¨ï á«¥¤ãîé¨å ¤¨ää¥à¥­æ¨ «ì­ëå ®¯¥à â®à®¢:

@tu =
@u

@t
; @ju =

@u

@xj
; rxu = (@jui); grad p = (@1p; : : : ; @np);

divu = @iui; Div � = (@j�ij); 4u = (4ui);

£¤¥ ¨­¤¥ªáë i, j ¨§¬¥­ïîâáï ®â 1 ¤® n. �¤¥áì xi | ¤¥ª àâ®¢ë ª®®à¤¨­ âë â®çª¨ x 2 
. �«ï
u = (ui), v = (vi) 2 R

n ®¡®§­ ç¨¬ u � v = uivi, juj =
p
u � u. �à¨ íâ®¬ §¤¥áì ¨ ¤ «¥¥ ¬ë ¯à¨¬¥­ï¥¬

á®£« è¥­¨¥ ® áã¬¬¨à®¢ ­¨¨ ¯® ¯®¢â®àïîé¨¬áï ¨­¤¥ªá ¬, ¨§¬¥­ïîé¨¬áï ®â 1 ¤® n, £¤¥ n = 2; 3.
�ã¤¥¬ ¨á¯®«ì§®¢ âì áâ ­¤ àâ­ë¥ ®¡®§­ ç¥­¨ï Lp(
), Lp(QT ), W 2

2 (
), W
1;2
2 (QT ) ¤«ï ¯à®-

áâà ­áâ¢ �¥¡¥£  ¨ �®¡®«¥¢  äã­ªæ¨© ­  
 ¨ QT á® §­ ç¥­¨ï¬¨ ¢ R. �¡®§­ ç¥­¨ï Lp(
)n,
Lp(QT )n, W 2

2 (
)
n, W 1;2

2 (QT )n ¨á¯®«ì§ãîâáï ¤«ï äã­ªæ¨© á® §­ ç¥­¨ï¬¨ ¢ R
n . �¡®§­ ç¨¬ ç¥-

à¥§ (u; v)L2(
)n áª «ïà­®¥ ¯à®¨§¢¥¤¥­¨¥ ¢ L2(
)n ¤«ï äã­ªæ¨© u; v 2 L2(
)n, ­®à¬ã äã­ªæ¨¨
u ¢ ª ¦¤®¬ ¨§ ¯à®áâà ­áâ¢ | á¨¬¢®«®¬ kukY , £¤¥ Y | à áá¬ âà¨¢ ¥¬®¥ ¯à®áâà ­áâ¢®. � ª
kukLp(
)n | ­®à¬  ¢ ¯à®áâà ­áâ¢¥ Lp(
)n.

�ãáâì D (
)n | ¯à®áâà ­áâ¢® äã­ªæ¨© ª« áá  C1 á ª®¬¯ ªâ­ë¬ ­®á¨â¥«¥¬ ¢ 
 ¨ D s (
)n =
fu 2 D (
)n : div u = 0g. �¡®§­ ç¨¬ ç¥à¥§ H § ¬ëª ­¨¥ D s(
)n ¢ ­®à¬¥ ¯à®áâà ­áâ¢  L2(
)n

¨ ç¥à¥§ V | § ¬ëª ­¨¥ D s(
)n ¢ ­®à¬¥ ¯à®áâà ­áâ¢  W 1
2 (
)

n. �à¨ íâ®¬ ­®à¬  kukV äã­ª-

æ¨¨ ¢ ¯à®áâà ­áâ¢¥ V ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ kukV =
� nP
i;j=1

kEij(v)k2L2(
)
�1=2

. �ãáâì
�

W 1
2(
)

n |

§ ¬ëª ­¨¥ D (
)n ¢ ­®à¬¥ ¯à®áâà ­áâ¢  W 1
2 (
)

n ¨
�

W 2
2(
)

n =W 2
2 (
)

n \
�

W 1
2(
)

n.
�¢¥¤¥¬ ¯à®áâà ­áâ¢  äã­ªæ¨© v : [a; b]! X á® §­ ç¥­¨ï¬¨ ¢ ¡ ­ å®¢®¬ ¯à®áâà ­áâ¢¥ X:

Lp(a; b;X) | ¯à®áâà ­áâ¢® ¨§¬¥à¨¬ëå äã­ªæ¨©, ¨­â¥£à¨àã¥¬ëå ¢ áâ¥¯¥­¨ p � 1, á ­®à-

¬®© kvkLp(a;b;X) =
� bR
a
kv(t)kpXdt

�1=p
;

L1(a; b;X) | ¯à®áâà ­áâ¢® ¨§¬¥à¨¬ëå áãé¥áâ¢¥­­®-®£à ­¨ç¥­­ëå äã­ªæ¨© á ­®à¬®©
kvkL1(a;b;X) = vrai max

(a;b)
kv(t)kX ;

C([a; b];X) | ¯à®áâà ­áâ¢® äã­ªæ¨©, ­¥¯à¥àë¢­ëå ­  [a; b], á ­®à¬®© kvkC([a;b];X) =
max
[a;b]

kv(t)kX .
�¢¥¤¥­­ë¥ ¯à®áâà ­áâ¢  ¡ ­ å®¢ë.

�¢¥¤¥¬ íª¢¨¢ «¥­â­ë¥ ­®à¬ë ¢ ¯à®áâà ­áâ¢ å Lp(a; b;X). �ãáâì u(t) = exp (�kt)u(t) ¤«ï k>0
¨ u 2 Lp(a; b;X). �®£¤  ¯®« £ ¥¬ kukk;Lp(a;b;X) = kukLp(a;b;X). �¤®¡­® áç¨â âì, çâ® íª¢¨¢ «¥­â­ ï
­®à¬  ¢ V ®¯à¥¤¥«ï¥âáï à ¢¥­áâ¢®¬ khkk;V = (kkhk2L2(
)n + khk2V )1=2.

� áá¬®âà¨¬ ¤¢¨¦¥­¨¥ áà¥¤ë, § ¯®«­ïîé¥© ®¡« áâì 
 ¢ Rn , n = 2; 3, ­  ¯à®¬¥¦ãâª¥ ¢à¥¬¥­¨
(0; T ), T > 0. �¢¨¦¥­¨¥ áà¥¤ë ®¯¨áë¢ ¥â á¨áâ¥¬  ãà ¢­¥­¨© (0.1){(0.3). �ãáâì �0 2 W 1

2 (
)
n2 ,

' 2 L2(0; T ;L2(
)n) | § ¤ ­­ë¥ äã­ªæ¨¨ ¨ n = 2; 3. �¨«ì­ë¬ à¥è¥­¨¥¬ ¤ ­­®© á¨áâ¥¬ë ­ §ë-
¢ îâ äã­ªæ¨¨ (v; p), v 2 W 1;2

2 (QT )n \ L2(0; T ;V ), p 2 W 0;1
2 (QT ), ã¤®¢«¥â¢®àïîé¨¥ ãà ¢­¥­¨ï¬

(0.1), (0.3) ¯®çâ¨ ¢áî¤ã ¢ QT , ¯à¨ ãá«®¢¨¨, çâ® âà ¥ªâ®à¨¨ z ¤¢¨¦¥­¨ï ç áâ¨æ ®¯à¥¤¥«¥­ë
à¥£ã«ïà¨§®¢ ­­ë¬ ¯®«¥¬ áª®à®áâ¥© S�v ¨§ ãà ¢­¥­¨ï (0.2).

�à ¥ªâ®à¨¨ ¤¢¨¦¥­¨ï ç áâ¨æ áà¥¤ë ®¯à¥¤¥«ïîâáï § ¤ ­­ë¬ ¯®«¥¬ áª®à®áâ¥© v ª ª à¥è¥­¨¥
ãà ¢­¥­¨ï

z(� ; t; x) = x+
Z �

t
v(s; z(s; t; x))ds; � 2 [0; T ]; (t; x) 2 [0; T ] � 
: (1.1)
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�§¢¥áâ­®, çâ® ãà ¢­¥­¨¥ (1.1) ¨¬¥¥â à¥è¥­¨¥ ¢ á«ãç ¥, ª®£¤  ¯®«¥ áª®à®áâ¥© v ¯à¨­ ¤«¥¦¨â
¯à®áâà ­áâ¢ã L1(0; T ;C(
)n \ V ), ¨ íâ® à¥è¥­¨¥ ¥¤¨­áâ¢¥­­® ¤«ï v 2 L1(0; T ;C1(
)n \ V ) (á¬.,
­ ¯à., [5], á. 107, «¥¬¬ë 1, 2). �à®¬¥ â®£®, ¢ ãà ¢­¥­¨¥ (0.1) ¢å®¤¨â

Div E(v)(s; z(s; t; x)) =
�
@Eij(v)
@zl

(s; z(s; t; x)) � @zl
@xj

(s; t; x)
�
:

� ª ª ª @Eij(v)

@zl
(s; �) 2 L2(
), â® ­¥®¡å®¤¨¬®, çâ®¡ë @zl

@xj
(s; t; �) 2 L1(
) ¤«ï ¯. ¢. s; t 2 (0; T ).

�â® ¢ë¯®«­¥­® ([5], á. 107, «¥¬¬a 2) «¨èì ¢ á«ãç ¥, ª®£¤  v 2 L1(0; T ;C1(
)n \ V ). �¤­ ª®, íâ®
¢«®¦¥­¨¥ ®âáãâáâ¢ã¥â ¤ ¦¥ ¢ á«ãç ¥, ª®£¤  v | ª®¬¯®­¥­â  á¨«ì­®£® à¥è¥­¨ï (v; p) á¨áâ¥¬ë.

� ª ®â¬¥ç «®áì ¢ ([6], á. 30), ®¤¨­ ¨§ ¢®§¬®¦­ëå ¢ëå®¤®¢ ¨§ íâ®© á¨âã æ¨¨ | íâ® à¥£ã-
«ïà¨§ æ¨ï ¯®«ï áª®à®áâ¥© v ¢ ª ¦¤ë© ¬®¬¥­â ¢à¥¬¥­¨ t c ¯®¬®éìî ®¯¥à æ¨¨ ãáà¥¤­¥­¨ï ¯®
¯¥à¥¬¥­­®© x ¨ ®¯à¥¤¥«¥­¨¥ âà ¥ªâ®à¨© z = Z�(v) ¤«ï à¥£ã«ïà¨§®¢ ­­®£® ¯®«ï áª®à®áâ¥© S�(v).
�ã¤¥¬ ¯à¥¤¯®« £ âì, çâ® ¤«ï ª ¦¤®£® � > 0 § ¤ ­ ­¥¯à¥àë¢­ë© «¨­¥©­ë© ®¯¥à â®à à¥£ã«ï-
à¨§ æ¨¨ S� : H ! C1(
)n \ V â ª®©, çâ® ¯®à®¦¤ ¥¬®¥ ¨¬ ®â®¡à ¦¥­¨¥ S� : L2(0; T ;H) !
L2(0; T ;C1(
)n \ V ) ­¥¯à¥àë¢­®.

�¡®§­ ç¨¬ ç¥à¥§ C1
di�(
) ¬­®¦¥áâ¢® ­¥¯à¥àë¢­ëå ¢§ ¨¬­® ®¤­®§­ ç­ëå ®â®¡à ¦¥­¨© y :


 ! 
, ¨¬¥îé¨å ­¥¯à¥àë¢­ë¥ ç áâ­ë¥ ¯à®¨§¢®¤­ë¥ @jyi, i; j = 1; 2; : : : ; n, ¨ det(rxy) = 1
¢ ª ¦¤®© â®çª¥ ®¡« áâ¨ 
. �â¬¥â¨¬, çâ® ¯à¨ íâ¨å ãá«®¢¨ïå y(@
) = @
. �«®¦¥­¨¥ C1

di�(
) �
C1(
)n ¯®§¢®«ï¥â áç¨â âì C1

di�(
) ¬¥âà¨ç¥áª¨¬ ¯à®áâà ­áâ¢®¬ á ¬¥âà¨ª®©, ¯®à®¦¤ ¥¬®© ­®à¬®©
¯à®áâà ­áâ¢  C1(
)n. �­®¦¥áâ¢® CG1 = C([0; T ] � [0; T ]; C1

di�(
)), ¢«®¦¥­­®¥ ¢ ¯à®áâà ­áâ¢®
C([0; T ]� [0; T ]; C1(
)n), áç¨â ¥¬ ¬¥âà¨ç¥áª¨¬ ¯à®áâà ­áâ¢®¬ á ¬¥âà¨ª®©, ¯®à®¦¤ ¥¬®© ­®à¬®©
¯à®áâà ­áâ¢  C([0; T ]� [0; T ]; C1(
)n).

�¡®§­ ç¨¬ ç¥à¥§ Z ®â®¡à ¦¥­¨¥ Z : L2(0; T ;C1(
)n \ V )! CG1, ãáâ ­ ¢«¨¢ îé¥¥ á®®â¢¥â-
áâ¢¨¥ ¬¥¦¤ã ¯®«¥¬ áª®à®áâ¥© v 2 L2(0; T ;C1(
)n \ V ) ¨ à¥è¥­¨¥¬ z 2 CG1 ãà ¢­¥­¨ï (1.1). �
á¨«ã «¥¬¬ë 2 [5] â ª®¥ à¥è¥­¨¥ áãé¥áâ¢ã¥â ¨ ¥¤¨­áâ¢¥­­®. �ãáâì ¤ «¥¥ Z�(v) = Z � S�(v).

�«ï â®£® çâ®¡ë ¨áª«îç¨âì ãà ¢­¥­¨¥ (0.2) ¨§ á¨áâ¥¬ë, ¢ëà §¨¬ z ¨§ ãà ¢­¥­¨ï (0.2) á ¯®¬®-
éìî ®â®¡à ¦¥­¨ï Z�, z = Z�(v), ¨ ¯®¤áâ ¢¨¬ ¥£® ¢ ãà ¢­¥­¨¥ (0.1). �ãáâì v0 2 V , �0 2W 1

2 (
)
n2 ,

' 2 L2(0; T ;L2(
)n) | § ¤ ­­ë¥ äã­ªæ¨¨ ¨ n = 2; 3. � áá¬®âà¨¬ ­ ç «ì­®-ªà ¥¢ãî § ¤ çã ¤«ï
¯®«ãç¥­­®© à¥£ã«ïà¨§®¢ ­­®© á¨áâ¥¬ë ãà ¢­¥­¨©, ®¯¨áë¢ îé¨å ¤¢¨¦¥­¨¥ ¢ï§ª®ã¯àã£®© áà¥¤ë

�(@tv + vj@jv)(t; x) � �1Div
Z t

0

e�
t�s
� E(v)(s; Z�(v)(s; t; x))ds � �0Div E(v)(t; x) =

= � grad p(t; x) + �'(t; x) + e�
t
� Div �0(Z�(v)(0; t; x)); (t; x) 2 (0; T )� 
; (1.2)

div v = 0; (t; x) 2 (0; T )� 
; (1.3)

vj(0;T )�� = 0; (1.4)

v(0; x) = v0(x); x 2 
; (1.5)Z



p(t; x)dx = 0; t 2 (0; T ): (1.6)

�¢¥¤¥¬ ­¥®¡å®¤¨¬ë¥ äã­ªæ¨®­ «ì­ë¥ ¯à®áâà ­áâ¢ . �ãáâì

E2 =
�
u : u 2 L2(0; T ;

�

W 2
2(
)

n); divu(t; x) = 0 ¯. ¢. (t; x) 2 QT

	
; E0 = L2(0; T ;L2(
)

n);

W = E2 \W 1;2
2 (QT )

n; P =
n
p : p 2W 0;1

2 (QT );
Z



p(t; x)dx = 0 ¯.¢. t 2 (0; T )
o
:

�á­®¢­ë¬ à¥§ã«ìâ â®¬ ¤ ­­®© à ¡®âë ï¢«ï¥âáï

�¥®à¥¬  1.1. �ãáâì v0 2 V , �0 2W 1
2 (
)

n2 , ' 2 L2(0; T ;L2(
)n) ¨ n = 2; 3. �®£¤  áãé¥áâ¢ã-
¥â T0 > 0 â ª®¥, çâ® ¤«ï 0 < T < T0 § ¤ ç  (1:2){(1:6) ¨¬¥¥â å®âï ¡ë ®¤­® á¨«ì­®¥ à¥è¥­¨¥

(v; p) 2W � P . �à¨ íâ®¬ T0 =1 ¢ á«ãç ¥ n = 2.
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2. �¥à¥å®¤ ª ®¯¥à â®à­ë¬ ãà ¢­¥­¨ï¬ ¨ ¢á¯®¬®£ â¥«ì­ë¥ à¥§ã«ìâ âë

� ç «ì­®-ªà ¥¢ãî § ¤ çã (1.2){(1.6) § ¬¥­¨¬ íª¢¨¢ «¥­â­ë¬ ®¯¥à â®à­ë¬ ãà ¢­¥­¨¥¬. �«ï
íâ®£® ¤«ï ª ¦¤®£® á« £ ¥¬®£® ãà ¢­¥­¨ï (1.2) ¢¢¥¤¥¬ á®®â¢¥âáâ¢ãîé¨¥ ®â®¡à ¦¥­¨ï á«¥¤ãî-
é¨¬ ®¡à §®¬:

@t :W ! E0, @t : u 7! @tu ¤«ï u 2W ;
A : W 2

2 (
)
n ! L2(
)n, A : h 7! �04h ¤«ï h 2W 2

2 (
)
n;

K :W 2
2 (
)

n ! L2(
)n, K : h 7! �hj@jh ¤«ï h 2W 2
2 (
)

n;
grad : P ! L2(QT )n, grad : p 7! grad p ¤«ï p 2 P ;
B0 : CG1 ! E0, B0 : z 7! e�

t
� Div �0(z(0; t; x)) ¤«ï z 2 CG1;

C : E2 � CG1 ! E0, C : (u; z) 7! �1Div
tR
0

e�
t�s
� E(u)(s; z(s; t; x))ds ¤«ï u 2 E2, z 2 CG1.

�¥âàã¤­® ¢¨¤¥âì, çâ® A ®â®¡à ¦ ¥â E2 ¢ E0, ¯à¨ç¥¬ ­¥¯à¥àë¢­®. �®§¦¥ ¯®ª ¦¥¬, çâ® ¨
K : E2 ! E0 ¨ â ª¦¥ ­¥¯à¥àë¢­®. �®£¤  § ¤ ç  (1.2){(1.6) ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥

�@tv �A(v) + grad p = C(v; Z�(v)) �K(v) +B0(Z�(v)) + f; (2.1)

v(0) = v0; (2.2)

£¤¥ f = �', f 2 E0 ¨ v0 2 V . �à¨ íâ®¬ à ¢¥­áâ¢® (2.1) | íâ® à ¢¥­áâ¢® í«¥¬¥­â®¢ ¢ E0.
�à¨¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­ë¥ ãâ¢¥à¦¤¥­¨ï ® ¯à®áâ¥©è¨å á¢®©áâ¢ å ®¯¥à â®à®¢, ¢å®¤ïé¨å ¢

ãà ¢­¥­¨¥ (2.1).

�¥¬¬  2.1. �ãáâì n = 2; 3. �®£¤ 

1) ®â®¡à ¦¥­¨¥ K :W 2
2 (
)

n ! L2(
)n ¢¯®«­¥ ­¥¯à¥àë¢­® ¨ ®¯à¥¤¥«ï¥â ¢¯®«­¥ ­¥¯à¥àë¢­®¥

®â®¡à ¦¥­¨¥ K :W ! L1(0; T ;L2(
)n);
2) ®â®¡à ¦¥­¨¥ Z� :W ! CG1 ¢¯®«­¥ ­¥¯à¥àë¢­®;
3) ®â®¡à ¦¥­¨¥ C : E2 � CG1 ! E0 ­¥¯à¥àë¢­®;
4) ®â®¡à ¦¥­¨¥ B0 : CG1 ! E0 ­¥¯à¥àë¢­®.

�®ª § â¥«ìáâ¢®. 1) �§¢¥áâ­®, çâ® ¢«®¦¥­¨ï W 2
2 (
)

n � W 1
4 (
)

n ¨ W � L2(0; T ;W 1
4 (
)

n)
¢¯®«­¥ ­¥¯à¥àë¢­ë (á¬. [7], £«. II, â¥®à¥¬  1.1; £«. III, â¥®à¥¬  2.1). �®íâ®¬ã ®â®¡à ¦¥­¨¥ K ¤®-
áâ â®ç­® ¯à¥¤áâ ¢¨âì ª ª ª®¬¯®§¨æ¨î ¢¯®«­¥ ­¥¯à¥àë¢­®£® ®¯¥à â®à  ¢«®¦¥­¨ï W 2

2 (
)
n �

W 1
4 (
)

n ¨«¨ W � L2(0; T ;W 1
4 (
)

n) ¨ ­¥¯à¥àë¢­®£® ®â®¡à ¦¥­¨ï k : u 7! �uj@ju, à áá¬ -
âà¨¢ ¥¬®£® ª ª ®â®¡à ¦¥­¨¥ k : W 1

4 (
)
n ! L2(
)n ¨«¨ ®â®¡à ¦¥­¨¥ k : L2(0; T ;W 1

4 (
)
n) !

L1(0; T ;L2(
)n). �¥¯à¥àë¢­®áâì ®â®¡à ¦¥­¨ï k á«¥¤ã¥â ¨§ â¥®à¥¬ë �.�. �à á­®á¥«ìáª®£® ([8],
á. 39) ® ­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  áã¯¥à¯®§¨æ¨¨.

2) �® ®¯à¥¤¥«¥­¨î Z� = Z�S�. �â®¡à ¦¥­¨¥ S� : W � L2(0; T ;H)! L2(0; T ;C1(
)n\V ) ¢¯®«-
­¥ ­¥¯à¥àë¢­® ª ª ª®¬¯®§¨æ¨ï ¢¯®«­¥ ­¥¯à¥àë¢­®£® ®â®¡à ¦¥­¨ï ¢«®¦¥­¨ï W � L2(0; T ;H)
(á¬. [7], £«. II â¥®à¥¬  1.1; £«. III, â¥®à¥¬  2.1) ¨ ­¥¯à¥àë¢­®£® ®â®¡à ¦¥­¨ï à¥£ã«ïà¨§ æ¨¨
S� : L2(0; T ;H) ! L2(0; T ;C1(
)n \ V ). �®íâ®¬ã ¤®áâ â®ç­® ãáâ ­®¢¨âì ­¥¯à¥àë¢­®áâì ®â®-
¡à ¦¥­¨ï Z : L2(0; T ;C1(
)n \ V )! CG1.

�®á¯®«ì§ã¥¬áï ãâ¢¥à¦¤¥­¨ï¬¨ «¥¬¬ 1 ¨ 2 [5]. � á¨«ã «¥¬¬ë 2 ãà ¢­¥­¨¥ (1.1) ¨¬¥¥â ¥¤¨­-
áâ¢¥­­®¥ à¥è¥­¨¥ z 2 CG1 ¤«ï ª ¦¤®£® v 2 L1(0; T ;C1(
)n \ V ). �ã­ªæ¨ï z ­¥¯à¥àë¢­ , ¨¬¥¥â
­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥ @iz, ¨ á¯à ¢¥¤«¨¢  ®æ¥­ª  (á¬. [5], á. 107, «¥¬¬  2)

jrxz(� ; t; x)j � exp
���� Z �

t



rxv(s; �)



C(
)n2

ds

���� (2.3)

¤«ï «î¡ëå (� ; t; x) 2 [0; T ] � [0; T ] � 
. �à®¬¥ â®£®, ¥á«¨ zl(� ; t; x) | à¥è¥­¨¥ ãà ¢­¥­¨ï (1.1)
¤«ï á®®â¢¥âáâ¢ãîé¥£® ¯®«ï áª®à®áâ¥© vl 2 L1(0; T ;C1(
)n \ V ), l = 1; 2, â® ¢ á¨«ã «¥¬¬ë 3 [5]
¤«ï «î¡ëå (� ; t) 2 [0; T ]� [0; T ] á¯à ¢¥¤«¨¢  ®æ¥­ª 

kz1(� ; t; �) � z2(� ; t; �)kL1(
)n �M

���� Z �

t

kv1(s; �)� v2(s; �)kL1(
)nds

����
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á M = C � exp
�
min
l=1;2

��� �R
t
kvl(s; �)kC1(
)nds

���� ¨ ­¥ª®â®à®© ª®­áâ ­â®© C. �®íâ®¬ã ¥á«¨ ¯®á«¥¤®¢ -

â¥«ì­®áâì fvkg, vk 2 L1(0; T ;C1(
)n \ V ), áå®¤¨âáï ª v� 2 L1(0; T ;C1(
)n \ V ), â® á®®â¢¥âáâ¢ã-
îé ï ¯®á«¥¤®¢ â¥«ì­®áâì zk 2 CG1 à¥è¥­¨© ãà ¢­¥­¨© (1.1) áå®¤¨âáï ¢ ­®à¬¥ ¯à®áâà ­áâ¢ 
C([0; T ]� [0; T ]; C(
)n) ª à¥è¥­¨î z� 2 CG1 ãà ¢­¥­¨ï (1.1) á v = v�. �®£¤  ¢ á¨«ã ­¥¯à¥àë¢­®-
áâ¨ ®¯¥à â®à  áã¯¥à¯®§¨æ¨¨ ¯®á«¥¤®¢ â¥«ì­®áâì rxv

k(s; zk(s; t; x)) áå®¤¨âáï ª rxv
�(s; z�(s; t; x))

¢ ­®à¬¥ ¯à®áâà ­áâ¢  L1(0; T ;C(QT )n
2

).
�«ï â®£® çâ®¡ë ãáâ ­®¢¨âì áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®áâ¨ zk 2 CG1 ¢ ¯à®áâà ­áâ¢¥ CG1,

§ ¬¥â¨¬, çâ® ¤«ï ª ¦¤®£® rxz
k á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

rxz(� ; t; x) = I +
Z �

t

rzv
k(s; zk(� ; t; x)) : rxz(s; t; x)ds;

£¤¥ rzv
k : rxz =

�
@vki
@zl

� @zl
@xj

�
. �®£¤ 

krxz
k(� ; t; �) �rxz

�(� ; t; �)kC(
)n2 �

�
���� Z �

t
krzv

�(s; z�(s; t; �))kC(
)n2 � krxz
k(s; t; �) �rxz

�(s; t; �)kC(
)n2ds

����+
+
���� Z �

t

krxz
k(s; t; �)kC(
)n2 � krzv

k(s; zk(s; t; �)) �rzv
�(s; z�(s; t; �))kC(
)n2ds

����:
�ã­ªæ¨¨ rxz

k ®£à ­¨ç¥­ë ¢ á®¢®ªã¯­®áâ¨ ¯® ­®à¬¥ ¯à®áâà ­áâ¢  C([0; T ] � [0; T ]; C(
)n),
¯®íâ®¬ã ¯®á«¥¤­¥¥ á« £ ¥¬®¥ ¢ ¯à ¢®© ç áâ¨ ¯®«ãç¥­­®£® ­¥à ¢¥­áâ¢  áå®¤¨âáï ª ­ã«î ¢ ­®à¬¥
¯à®áâà ­áâ¢  C([0; T ]�[0; T ];R). �¡®§­ ç¨¬ ç¥à¥§  k ¥£® ­®à¬ã ¢ ¯à®áâà ­áâ¢¥ C([0; T ]�[0; T ];R).
�à¨¬¥­ïï ­¥à ¢¥­áâ¢® �à®­ã®«« {�¥««¬ ­  ([9], á. 188, â¥®à¥¬  2) ¯à¨ ä¨ªá¨à®¢ ­­®¬ §­ ç¥-
­¨¨ t ª ­¥à ¢¥­áâ¢ã

krx(zk � z�)(� ; t; �)kC(
)n2 �
���� Z �

t

krzv
�(s; z�(s; t; �))kC(
)n2 � krx(zk � z�)(s; t; �)kC(
)n2ds

����+  k;

¯®«ãç¨¬ ®æ¥­ªã

krx(z
k � z�)(� ; t; �)kC(
)n2 �  k exp

���� Z �

t
krzv

�(s; z�(s; t; �))kC(
)n2ds

����
¨, á«¥¤®¢ â¥«ì­®, ®æ¥­ªã krx(zk � z�)kC([0;T ]�[0;T ];C(
)n2 ) � C �  k á ­¥ª®â®à®© ª®­áâ ­â®© C. � ª
ª ª  k ! 0 ¯à¨ k !1, â® krx(zk � z�)kC([0;T ]�[0;T ];C(
)n2 ) ! 0.

� ª¨¬ ®¡à §®¬, âà¥¡ã¥¬ ï ­¥¯à¥àë¢­®áâì ®â®¡à ¦¥­¨ï Z ãáâ ­®¢«¥­ .

3) �® ®¯à¥¤¥«¥­¨î C(u; z) = �1
tR
0

e�
t�s
� rzE(u)(s; z(s; t; x)) : rxz(s; t; x)ds ¤«ï u 2 E2, z 2 CG1.

�ç¨âë¢ ï ­¥¯à¥àë¢­®áâì ¨­â¥£à «ì­®£® ®¯¥à â®à  ¨ ­¥¯à¥àë¢­®áâì ®â®¡à ¦¥­¨ï z 7! rxz ¨§
CG1 ¢ C([0; T ]� [0; T ]; C(
)n

2

), ¤®áâ â®ç­® ¯®ª § âì ­¥¯à¥àë¢­®áâì ®â®¡à ¦¥­¨ï

	 : E2 � CG1 ! L2(0; T ;L2(QT )n
2

); (u; z) 7! 	(u; z) = rzE(u)(s; z(s; t; x)):

�ç¥¢¨¤­®, çâ® ¯à¨ ä¨ªá¨à®¢ ­­®¬ z 2 CG1 «¨­¥©­®¥ ®â®¡à ¦¥­¨¥ 	(�; z) : E2 ! L2(0; T ;L2(QT )n
2

)
­¥¯à¥àë¢­®, ¯à¨ç¥¬ à ¢­®¬¥à­® ®â­®á¨â¥«ì­® z. �à¨ íâ®¬ z ã¤®¡­® à áá¬ âà¨¢ âì ª ª § ¬¥­ã
ª®®à¤¨­ â ­  ®¡« áâ¨ 
, § ¢¨áïéãî ®â s ¨ t ¨ á®åà ­ïîéãî ¬¥àã «î¡®© ¯®¤®¡« áâ¨ 
0 � 
.

�ç¨â ï u 2 E2 ä¨ªá¨à®¢ ­­ë¬, ã¡¥¤¨¬áï ¢ ­¥¯à¥àë¢­®áâ¨ ®â®¡à ¦¥­¨ï 	(u; �) : CG1 �
CG ! L2(0; T ;L2(QT )n

2

). �ãáâì ç¨á«® " > 0 ¯à®¨§¢®«ì­® ¨ fzlg, zl 2 CG, | ¯à®¨§¢®«ì­ ï
¯®á«¥¤®¢ â¥«ì­®áâì, áå®¤ïé ïáï ª z� 2 CG. � ª ª ª ¬­®¦¥áâ¢® ­¥¯à¥àë¢­ëå äã­ªæ¨© C(QT )n

2
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¯«®â­® ¢ L2(QT )n
2

, â® áãé¥áâ¢ã¥â � | ­¥¯à¥àë¢­ ï "=(3
p
T )- ¯¯à®ªá¨¬ æ¨ï äã­ªæ¨¨ rzE(u),

â. ¥. â ª ï äã­ªæ¨ï, çâ® Z
QT

j(rzE(u)� �)(s; z)j2dz dt <
�

"

3
p
T

�2

:

�®£¤ 

krzE(u)(s; zl(s; t; x)) �rzE(u)(s; z�(s; t; x))kL2(0;T ;L2(QT )n
2 ) �

� krzE(u)(s; zl(s; t; x)) � �(s; zl(s; t; x))kL2(0;T ;L2(QT )n
2 ) +

+ k�(s; zl(s; t; x)) � �(s; z�(s; t; x))kL2(0;T ;L2(QT )n
2 ) +

+ krzE(u)(s; z�(s; t; x))� �(s; z�(s; t; x))kL2(0;T ;L2(QT )n
2 ):

� á¨«ã ¢ë¡®à  � ¯¥à¢®¥ ¨ ¯®á«¥¤­¥¥ á« £ ¥¬®¥ ¬¥­ìè¥ "=3. �ã­ªæ¨ï � à ¢­®¬¥à­® ­¥¯à¥àë¢­ 
­  QT , ¯®íâ®¬ã ®¯¥à â®à áã¯¥à¯®§¨æ¨¨ z 7! �(�; z) ¨§ CG ¢ C([0; T ]� [0; T ]; C(
)n

2

) ­¥¯à¥àë¢¥­,
¨, á«¥¤®¢ â¥«ì­®,

k�(s; zl(s; t; x))� �(s; z�(s; t; x))kC([0;T ]�[0;T ];C(
)n2 ) ! 0 ¯à¨ l!1:

�ë¡¨à ï l ¤®áâ â®ç­® ¡®«ìè¨¬, l > l0, ¯®«ãç¨¬

k�(s; zl(s; t; x))� �(s; z�(s; t; x))kL2(0;T ;L2(QT )n
2 ) < "=3

¨, á«¥¤®¢ â¥«ì­®, krzE(u)(s; zl(s; t; x)) �rzE(u)(s; z�(s; t; x))kL2(0;T ;L2(QT )n
2 ) < ". �â ª, ¯®ª § ­®,

çâ® ®â®¡à ¦¥­¨¥ 	(u; z) ­¥¯à¥àë¢­® ¯® ¯¥à¥¬¥­­®© z ¯à¨ ä¨ªá¨à®¢ ­­®¬ §­ ç¥­¨¨ u, çâ® ¨
§ ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® ¯. 3).

4) �«ï ¤®ª § â¥«ìáâ¢  ­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  áã¯¥à¯®§¨æ¨¨ B0 : CG1 ! E0, z 7!
e�

t
� Div �0(z(0; t; x)), ¤«ï z 2 CG1 ¤®áâ â®ç­® ¯®¢â®à¨âì à ááã¦¤¥­¨ï ¯à¥¤ë¤ãé¥£® ¯ã­ªâ , § -

¬¥­¨¢ rzE(u) ­  e� t
� Div �0.

� «¥¥, ª ª ¨ ¢ [1], [4], § ¬¥­¨¬ ª¢ ¤à â¨ç­ë© ç«¥­ K(v) ¢ ãà ¢­¥­¨¨ (2.1) ­ 

K"(v) = @j

�
vjv

1 + "jvj2
�
; £¤¥ jvj2 =

nX
j=1

(vj)
2; " 2 [0; 1]:

�®®â¢¥âáâ¢ãîé ï § ¤ ç  ¬®¦¥â ¡ëâì § ¯¨á ­  ¢ ¢¨¤¥

�@tv �A(v) + grad p = C(v; Z�(v))�K"(v) +B0(Z�(v)) + f; (2.4)

v(0) = v0: (2.5)

�¢¥¤¥¬ ®â®¡à ¦¥­¨ï

L1 : W � P ! E0; L1(u; p) = �@tu�A(u) + grad p; u 2W; p 2 P ;
L2 : W ! V; L2(u) = u(0); u 2W ;

L :W � P ! E0 � V; L(u; p) = (L1(u; p); L2(u)); u 2W; p 2 P ;
N : E2 ! E0; N(u) = C(u;Z�(u)); u 2 E2;

N0 : E2 ! E0; N0(u) = B0(Z�(u)); u 2 E2:

�§¢¥áâ­® (á¬., ­ ¯à., [10], c. 23, â¥®à¥¬  2.3), çâ® ¢«®¦¥­¨¥ W � C([0; T ];V ) ­¥¯à¥àë¢­®,
¯®íâ®¬ã ¤«ï ª ¦¤®© äã­ªæ¨¨ u 2 W á¯à ¢¥¤«¨¢® u(0) 2 V ¨ ®â®¡à ¦¥­¨¥ L2 ª®àà¥ªâ­® ®¯à¥-
¤¥«¥­® ¨ ­¥¯à¥àë¢­®. �à®¬¥ â®£®, ¢ á¨«ã «¥¬¬ë 2.1 ª ¦¤®¥ ¨§ ®â®¡à ¦¥­¨© N : E2 ! E0,
N0 : E2 ! E0 ­¥¯à¥àë¢­® ª ª áã¯¥à¯®§¨æ¨ï ­¥¯à¥àë¢­ëå ®â®¡à ¦¥­¨©. �¥âàã¤­® ¢¨¤¥âì, çâ®
®â®¡à ¦¥­¨ï N , N0 ¨ K" ¬®¦­® áç¨â âì § ¤ ­­ë¬¨ ­  E2 � P ¨ ¯à¨­¨¬ îé¨¬¨ §­ ç¥­¨ï ¢
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E0 � f0g � E0 � V . �®£¤  § ¤ ç  (2.4){(2.5) ¢ ¯à®áâà ­áâ¢¥ W � P íª¢¨¢ «¥­â­  ®¯¥à â®à­®¬ã
ãà ¢­¥­¨î

L(v; p) = N(v)�K"(v) +N0(v) + (f; v0): (2.6)

�¥¬¬  2.2. �«ï n = 2; 3 ¨ " 2 (0; 1] ®â®¡à ¦¥­¨¥

K" : W
2
2 (
)

n \ V ! L2(
)
n; u 7! K"(u) = @j

�
uju

1 + "juj2
�
;

¨ ¯®à®¦¤ ¥¬®¥ ¨¬ ®â®¡à ¦¥­¨¥ K" : W ! E0 ¢¯®«­¥ ­¥¯à¥àë¢­ë. �à®¬¥ â®£®, á¯à ¢¥¤«¨¢ 

®æ¥­ª 

kK"(u)kE0
� 3
"
kukL2(0;T ;W 1

2
(
)n) ¤«ï u 2 L2(0; T ;W

1
2 (
)

n): (2.7)

�®ª § â¥«ìáâ¢® ¯®¢â®àï¥â  à£ã¬¥­âë ¯. 1) ¤®ª § â¥«ìáâ¢  «¥¬¬ë 2.1.

3. �¢®©áâ¢  ®â®¡à ¦¥­¨©

� x 2 ¨§ãç¥­ë á¢®©áâ¢  ®â®¡à ¦¥­¨©, ®¡¥á¯¥ç¨¢ îé¨¥ ª®àà¥ªâ­®áâì ¯®áâ ­®¢ª¨ § ¤ ç¨ (2.4){
(2.5) ¨ ª®àà¥ªâ­®áâì § ¤ ­¨ï ®¯¥à â®à­®£® ãà ¢­¥­¨ï (2.6). � ¤ ­­®¬ ¯ à £à ä¥ ¨§ãç îâáï
á¢®©áâ¢  ®â®¡à ¦¥­¨©, ¨á¯®«ì§ã¥¬ë¥ ¯à¨ ¤®ª § â¥«ìáâ¢¥ à §à¥è¨¬®áâ¨ ®¯¥à â®à­®£® ãà ¢­¥-
­¨ï (2.6).

�§¢¥áâ­® (á¬. [7], £«. III, â¥®à¥¬  1.1, ¯à¥¤«®¦¥­¨¥ 1.2), çâ® ¤«ï F 2 E0, v0 2 V ­ ç «ì­ ï
§ ¤ ç 

�@tv �A(v) + grad p = F; (3.1)

v(0) = v0

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ ¢ W � P ¨, á«¥¤®¢ â¥«ì­®, ®¯¥à â®à L ®¡à â¨¬ ­  ¯à®áâà ­áâ¢¥
E0 � V .

�®«ãç¨¬ ­¥®¡å®¤¨¬ë¥ ®æ¥­ª¨ ¤«ï ®¯¥à â®à  L. �ë¯®«­¨¬ § ¬¥­ã v(t) = exp (kt)v(t), p(t) =
exp (kt)p(t), f(t) = exp (kt)f(t) ¢ ãà ¢­¥­¨¨ (3.1) ¨ ã¬­®¦¨¬ ¯®«ãç¥­­®¥ à ¢¥­áâ¢® ­  exp (�kt).
� à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª á«¥¤ãîé¥© § ¤ ç¥:

�@tv + kv �A(v) + grad p = F ; (3.2)

v(0) = v0: (3.3)

�¥¬¬  3.1 (í­¥à£¥â¨ç¥áª ï ®æ¥­ª ). �ãáâì F 2 E0, v
0 2 V . �®£¤  ¤«ï «î¡®£® à¥è¥­¨ï

(v; p) § ¤ ç¨ (3:2), (3:3) á¯à ¢¥¤«¨¢  ®æ¥­ª 

kv(t)k2L2(
)n + kkvk2L2(0;t;L2(
)n) + kvk2L2(0;t;V ) �

� c1

�
kv0kL2(
)n +

Z t

0

kF (s; �)kL2(
)nds
�2
; t 2 (0; T ); (3.4)

á ª®­áâ ­â®© c1 = c1(T ), ­¥ § ¢¨áïé¥© ®â k.

�æ¥­ª  (3.4) ¬®¦¥â ¡ëâì ¯®«ãç¥­  áª «ïà­ë¬ ã¬­®¦¥­¨¥¬ à ¢¥­áâ¢  (3.2) ­  v(t; �) ¢ L2(
)n

¨ ¨­â¥£à¨à®¢ ­¨¥¬ ¯®«ãç¥­­®£® à ¢¥­áâ¢  ¯® ¯¥à¥¬¥­­®© t ­  ®âà¥§ª¥ [0; t] (á¬., ­ ¯à., [3]).

�¥¬¬  3.2 (¢á¯®¬®£ â¥«ì­ ï ®æ¥­ª ). �ãáâì F 2 E0, v
0 2 V . �®£¤  ¤«ï «î¡®£® à¥è¥­¨ï

(v; p) § ¤ ç¨ (3:2), (3:3) á¯à ¢¥¤«¨¢  ®æ¥­ª 

kkv(t)k2L2(
)n + �0kv(t)k2V + k@tvk2L2(0;t;L2(
)n) �
� kkv0k2L2(
)n + �0kv0k2V + kF k2L2(0;t;L2(
)n); t 2 (0; T ): (3.5)
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�æ¥­ª  (3.5) ¬®¦¥â ¡ëâì ¯®«ãç¥­  áª «ïà­ë¬ ã¬­®¦¥­¨¥¬ à ¢¥­áâ¢  (3.2) ­  @tv(t; �) ¢
L2(
)n, ¨­â¥£à¨à®¢ ­¨¥¬ ¯®«ãç¥­­®£® à ¢¥­áâ¢  ¯® ¯¥à¥¬¥­­®© t ­  ®âà¥§ª¥ [0; t] ¨ ¤ «¥¥ á
¯®¬®éìî áâ ­¤ àâ­ëå à ááã¦¤¥­¨©.

�¥¬¬  3.3 (ª®íàæ¨â¨¢­ ï ®æ¥­ª ). �ãáâì F 2 E0, v
0 2 V . �®£¤  ¤«ï «î¡®£® à¥è¥­¨ï (v; p)

§ ¤ ç¨ (3:2), (3:3) c k > 1 á¯à ¢¥¤«¨¢  ®æ¥­ª 

�0

Z t

0

kv(s; �)k2W 2
2
(
)nds+

Z t

0

kp(s; �)k2W 1
2
(
)ds �

� c2 �
�
kkv0k2L2(
)n + kv0k2V +

Z t

0

kF (s; �)k2L2(
)nds
�
; t 2 (0; T ); (3.6)

á ª®­áâ ­â®© c2, ­¥ § ¢¨áïé¥© ®â k.

�«ï ¤®ª § â¥«ìáâ¢  ¯¥à¥­¥á¥¬ á« £ ¥¬ë¥ @tv + kv ¢ ¯à ¢ãî ç áâì à ¢¥­áâ¢  (3.2). �à¥¡ã-
¥¬ ï ®æ¥­ª  (3.6) ãáâ ­ ¢«¨¢ ¥âáï á ¯®¬®éìî ª®íàæ¨â¨¢­ëå ®æ¥­®ª ([11], á. 989) ¯à¨ ª ¦¤®¬
ä¨ªá¨à®¢ ­­®¬ t 2 [0; T ], ¨­â¥£à¨à®¢ ­¨ï ¯® t ¨ ¯à¨¬¥­¥­¨ï ®æ¥­®ª (3.4), (3.5).

�«¥¤áâ¢¨¥ 3.1. �ãáâì F 2 E0, v0 2 V . �®£¤  ¤«ï «î¡®£® à¥è¥­¨ï (v; p) § ¤ ç¨ (3.2), (3.3) c
k > 1 á¯à ¢¥¤«¨¢ë ®æ¥­ª¨

max
s2[0;t]

kv(s)k2L2(
)n + kkvk2L2(0;t;L2(
)n) + kvk2L2(0;t;V ) �

� c1(t)(kv0kL2(
)n + kFkL1(0;t;L2(
)n))2; t 2 (0; T ); (3.7)

k max
s2[0;t]

kv(s)k2L2(
)n + �0 max
s2[0;t]

kv(s)k2V + k@svk2L2(0;t;L2(
)n) �

� kkv0k2L2(
)n + �0kv0k2V + kFk2L2(0;t;L2(
)n); t 2 (0; T ); (3.8)

�0kvk2L2(0;t;W 2
2
(
)n) + kpk2L2(0;t;W 1

2
(
)) �

� c2 � (kkv0k2L2(
)n + kv0k2V + kF k2L2(0;t;L2(
)n)); t 2 (0; T ): (3.9)

�æ¥­ª¨ (3.7){(3.9) ¯®«ãç¥­ë ¢ à¥§ã«ìâ â¥ ¢ëç¨á«¥­¨ï ¬ ªá¨¬ã¬  ®â ª ¦¤®© ç áâ¨ ®æ¥­®ª
(3.4), (3.5) ¯® s 2 [0; t].

�®¤¢®¤ï ¨â®£ ¨áá«¥¤®¢ ­¨ï¬ ®¯¥à â®à  L ¨ ®¡ê¥¤¨­ïï ¯®«ãç¥­­ë¥ ®æ¥­ª¨ (3.7){(3.9), ¯à¨-
å®¤¨¬ ª á«¥¤ãîé¥¬ã ãâ¢¥à¦¤¥­¨î.

�¥®à¥¬  3.1. �â®¡à ¦¥­¨¥ L : W �P ! E0�V ®¡à â¨¬®, ¨ ¤«ï k � 1 á¯à ¢¥¤«¨¢  ®æ¥­ª 

kvkk;E2
+ kpkk;P � c3 � (kL1(v; p)kk;E0

+ kL2(v)kk;V ) (3.10)

¤«ï «î¡ëå äã­ªæ¨© (v; p), v 2W , p 2 P , £¤¥ c3 | ª®­áâ ­â , ­¥ § ¢¨áïé ï ®â k.

�áá«¥¤ã¥¬ á¢®©áâ¢  ®â®¡à ¦¥­¨ï C.

�¥¬¬  3.4. �«ï «î¡®© ä¨ªá¨à®¢ ­­®© äã­ªæ¨¨ z 2 CG1, kzkC([0;T ]�[0;T ];C1(
)n) � r1, ¨ ¯à®-

¨§¢®«ì­®£® v 2 E2 á¯à ¢¥¤«¨¢  ®æ¥­ª 

kC(v; z)kk;E0
� c4r1

s
�

2(1 + �k)
� kvkk;E2

(3.11)

á ª®­áâ ­â®© c4, ­¥ § ¢¨áïé¥© ®â ¢ë¡®à  z, v, r1 ¨ k.
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�®ª § â¥«ìáâ¢®. �á¯®«ì§ãï § ¬¥­ã v(t) = exp (�kt)v(t) ¤«ï k � 0 ¨ ­¥à ¢¥­áâ¢® ��¥«ì¤¥à ,
¯®«ãç¨¬

kC(v; z)kk;E0
= �1





Div Z t

0

e�
t�s
� e�k(t�s)E(v)(s; z(s; t; x))ds






E0

=

= �1

�Z T

0

Z



�Z t

0

e�(t�s)( 1�+k)rzE(v)(s; z(s; t; x)) : rxz(s; t; x)ds
�2

dx dt

�1=2

�

� c�1

�Z T

0

Z



Z t

0

e�2( 1+�k� )(t�s)(rzE(v)(s; z(s; t; x)) : rxz(s; t; x))2ds dx dt
�1=2

�

� c�1krxzkC([0;T ]�[0;T ];C(
)n2 ) �
�Z T

0

Z t

0

e�2( 1+�k� )(t�s)

Z



(rzE(v)(s; z(s; t; x)))2dx ds dt
�1=2

:

�® ¢­ãâà¥­­¥¬ ¨­â¥£à «¥ ¢ë¯®«­¨¬ § ¬¥­ã ¯¥à¥¬¥­­®© ¨­â¥£à¨à®¢ ­¨ï x ­  ¯¥à¥¬¥­­ãî z, ¢®
¢­¥è­¨å ¨­â¥£à « å § ¬¥­ã ¯¥à¥¬¥­­ëå (t; s) ­  ¯¥à¥¬¥­­ë¥ s = s, t = t � s. � à¥§ã«ìâ â¥
¯®«ãç¨¬

kC(v; z)kk;E0
� c�1r1

�Z T

0
e�2( 1+�k� )t

Z T�t

0

Z


(rzE(v)(s; z))2dz ds dt

�1=2

�

� c�1r1krxE(v)kE0

�Z T

0
e�2( 1+�k� )tdt

�1=2

=

= c�1r1kvkE2

�
�

2(1 + �k)
(1� e�2( 1+�k� )T )

�1=2

� c4r1

s
�

2(1 + �k)
kvkk;E2

: �

�«¥¤áâ¢¨¥ 3.2. �«ï «î¡®© ä¨ªá¨à®¢ ­­®© äã­ªæ¨¨ z 2 CG1, kzkC([0;T ]�[0;T ];C1(
)n) � r1, ¨
¯à®¨§¢®«ì­ëå u; v 2 E2 á¯à ¢¥¤«¨¢  ®æ¥­ª 

kC(v; z) � C(u; z)kk;E0
� c4r1

s
�

2(1 + �k)
ku� vkk;E2

(3.12)

á ª®­áâ ­â®© c4, ­¥ § ¢¨áïé¥© ®â ¢ë¡®à  z, u; v, r1 ¨ k � 0.

�¥¯¥àì ¬®¦­® áä®à¬ã«¨à®¢ âì ãâ¢¥à¦¤¥­¨¥ ® á¢®©áâ¢ å ®â®¡à ¦¥­¨ï N .
�ãáâì 
k | ¬¥à  ­¥ª®¬¯ ªâ­®áâ¨ �ãà â®¢áª®£® (á¬. [12], á. 14, ®¯à¥¤¥«¥­¨¥ 1.15) ¢ ¯à®áâà ­-

áâ¢¥ E0 � V á ­®à¬®© (kfk2k;E0
+ kv0k2k;V )1=2 ¤«ï f 2 E0, v0 2 V .

�¥®à¥¬  3.2. �«ï «î¡®£® è à  BR � W � P ®â®¡à ¦¥­¨¥ N : BR � W � P ! E0 � f0g,
(v; p) 7! (C(v; Z�(v)); 0) ï¢«ï¥âáï L-ã¯«®â­ïîé¨¬ ¯® ¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨ �ãà â®¢áª®£® 
k
¤«ï k ¤®áâ â®ç­® ¡®«ìè¨å, § ¢¨áïé¨å ®â R.

�®ª § â¥«ìáâ¢®. �® ®¯à¥¤¥«¥­¨î ®â®¡à ¦¥­¨¥ N ï¢«ï¥âáï L-ã¯«®â­ïîé¨¬ ­  BR ¯® ¬¥à¥
­¥ª®¬¯ ªâ­®áâ¨ 
k, ¥á«¨ 
k(N(M)) < 
k(L(M)) ¤«ï «î¡®£® ¯®¤¬­®¦¥áâ¢  M � BR â ª®£®, çâ®

k(N(M)) 6= 0.

�ãáâì M � BR | ¯à®¨§¢®«ì­®¥ ®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢®. � á¨«ã «¥¬¬ë 2.1 ®â®¡à ¦¥­¨¥
Z� : BR � W � f0g ! CG1 ¢¯®«­¥ ­¥¯à¥àë¢­® ¨, á«¥¤®¢ â¥«ì­®, ®£à ­¨ç¥­®. �®£¤  ¤«ï ­¥ª®â®-
à®© ª®­áâ ­âë r1 á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® kZ�(v)kC([0;T ]�[0;T ];C1(
)n) � r1 ¤«ï «î¡ëå (v; p) 2 BR.
�à®¬¥ â®£®, ¬­®¦¥áâ¢® Z�(M) ®â­®á¨â¥«ì­® ª®¬¯ ªâ­® ¢ C([0; T ]� [0; T ]; C1(
)n). � á¨«ã ®æ¥­ª¨
(3.12) ¤«ï «î¡ëå z 2 Z�(M) ®â®¡à ¦¥­¨¥ C(�; z) : BR \ (E2 � f0g) ! E0 ã¤®¢«¥â¢®àï¥â ãá«®-
¢¨î �¨¯è¨æ  á ª®­áâ ­â®© c4r1

q
�

2(1+�k)
®â­®á¨â¥«ì­® ­®à¬ k � kk;E2

¨ k � kk;E0
á®®â¢¥âáâ¢¥­­®.
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�®£¤  ¨§ â¥®à¥¬ë 1.5.7 [12] á«¥¤ã¥â, çâ® ®â®¡à ¦¥­¨¥ N(v) = C(v; Z�(v)) ï¢«ï¥âáï c4r1
q

�
2(1+�k)

-
®£à ­¨ç¥­­ë¬ ®â­®á¨â¥«ì­® ¬¥àë ­¥ª®¬¯ ªâ­®áâ¨ � ãá¤®àä  �k, â. ¥.

�k(N(M)) � c4r1

s
�

2(1 + �k)
�k(M);

£¤¥ ¢ «¥¢®© ç áâ¨ �k | ¬¥à  ­¥ª®¬¯ ªâ­®áâ¨ � ãá¤®àä  ¢ ¯à®áâà ­áâ¢¥ E0 á ­®à¬®© k � kk;E0
,

  ¢ ¯à ¢®© �k | ¬¥à  ­¥ª®¬¯ ªâ­®áâ¨ � ãá¤®àä  ¢ ¯à®áâà ­áâ¢¥ E2 á ­®à¬®© k � kk;E2
. �§-

¢¥áâ­® ([12], â¥®à¥¬  1.1.7), çâ® ¬¥àë ­¥ª®¬¯ ªâ­®áâ¨ � ãá¤®ä  ¨ �ãà â®¢áª®£® ã¤®¢«¥â¢®àïîâ
­¥à ¢¥­áâ¢ ¬ �k(fM) � 
k(fM ) � 2�k(fM ) ¤«ï «î¡®£® ¯®¤¬­®¦¥áâ¢  fM ¡ ­ å®¢  ¯à®áâà ­áâ¢ .
�®íâ®¬ã


k(N(M)) � 2�k(N(M)) � 2c4r1

s
�

2(1 + �k)

k(M):

�§ ®æ¥­ª¨ (3.10) ¯®«ãç ¥¬ 
k(M) � c3
k(L(M)). �âáî¤ 


k(N(M)) � 2c4r1

s
�

2(1 + �k)

k(M) � c3c4r1

s
2�

1 + �k

k(L(M)):

�ë¡¨à ï k â ª, çâ®¡ë c3c4r1
q

2�
1+�k

< 1, ¯®«ãç ¥¬ ­¥à ¢¥­áâ¢® 
k(N(M)) < 
k(L(M)). � ª ª ª
¢ë¡®à k ­¥ § ¢¨á¨â ®â M , íâ® § ¢¥àè ¥â ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë.

4. �¯à¨®à­ ï ®æ¥­ª  ¨ áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨©  ¯¯à®ªá¨¬aæ¨®­­ëå § ¤ ç

� íâ®¬ à §¤¥«¥ ¯®ª ¦¥¬, çâ®  ¯¯à®ªá¨¬ æ¨®­­ë¥ § ¤ ç¨ (2.4){(2.5) ¨ ®¯¥à â®à­ë¥ ãà ¢-
­¥­¨ï (2.6) ¨¬¥îâ à¥è¥­¨¥ ¤«ï ¢á¥å " 2 (0; 1]. �®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï á ¯®¬®éìî ¬¥â®¤ 
¯à®¤®«¦¥­¨ï ¯® ¯ à ¬¥âàã ­  ®á­®¢¥ â®¯®«®£¨ç¥áª®© â¥®à¨¨ áâ¥¯¥­¨ L-ã¯«®â­ïîé¨å ¢®§¬ãé¥-
­¨© ä¨ªá¨à®¢ ­­®£® ®â®¡à ¦¥­¨ï L (á¬. [13]).

�¢¥¤¥¬ ¢á¯®¬®£ â¥«ì­®¥ á¥¬¥©áâ¢® ®¯¥à â®à­ëå ãà ¢­¥­¨©

�v0 �A(v) + grad p+ �K"(v)� �C(v; Z�(v))� �B0(Z�(v)) = f; � 2 [0; 1]: (4:1�)

�à¨ � = 1 ãà ¢­¥­¨¥ á¥¬¥©áâ¢  á®¢¯ ¤ ¥â á (2.4).
�¯¥à â®à­®¥ ãà ¢­¥­¨¥, íª¢¨¢ «¥­â­®¥ § ¤ ç¥ (4:1�), (2.5), ¨¬¥¥â ¢¨¤

L(v; p) = �(N(v) �K"(v) +N0(v)) + (f; v0); � 2 [0; 1]: (4.2)

�à¨¢¥¤¥¬ ¡ §®¢ë¥  ¯à¨®à­ë¥ ®æ¥­ª¨ à¥è¥­¨© ãà ¢­¥­¨© (4.2). �ç¨âë¢ ï, çâ® ª ¦¤®¥ á¨«ì-
­®¥ à¥è¥­¨¥ (v; p) § ¤ ç¨ (4:1�), (2.5) ®¯à¥¤¥«ï¥â á« ¡®¥ à¥è¥­¨¥ v íâ®© § ¤ ç¨, ¯®¢â®àïï ¤®ª -
§ â¥«ìáâ¢® â¥®à¥¬ë 4.1 [3], ¯®«ãç¨¬ á«¥¤ãîé¥¥ ãâ¢¥à¦¤¥­¨¥.

�¥¬¬  4.1. �á«¨ (v; p) 2 W � P | à¥è¥­¨¥ ãà ¢­¥­¨ï (4:2) ¤«ï ­¥ª®â®à®£® � 2 [0; 1], â®
á¯à ¢¥¤«¨¢  ®æ¥­ª 

max
t2[0;T ]

kv(t; �)kL2(
)n + kvkL2(0;T ;W 1
2
(
)n) � c5(kv0kL2(
)n + k�0kL2(
)n2 + kfkL1(0;T ;L2(
)n)) (4.3)

á ª®­áâ ­â®© c5, ­¥ § ¢¨áïé¥© ®â � 2 [0; 1] ¨ ®â " 2 [0; 1].

�á¯®«ì§ãï á¢®©áâ¢  ®¯¥à â®à®¢ L, C ¨ K", ¯®«ãç¨¬ ®æ¥­ªã ­®à¬ à¥è¥­¨© ¢ ¯à®áâà ­áâ¢¥
W � P .

�¥®à¥¬  4.1. �«ï «î¡®£® à¥è¥­¨ï (v; p) 2 W � P ãà ¢­¥­¨ï (4:2) á � 2 [0; 1] á¯à ¢¥¤«¨¢ 
®æ¥­ª 

kvkW + kpkP � c6 (kv0kW 1
2
(
)n + k�0kW 1

2
(
)n2 + kfkE0

) (4.4)

á ª®­áâ ­â®© c6, ­¥ § ¢¨áïé¥© ®â � 2 [0; 1], ­® § ¢¨áïé¥© ®â " 2 (0; 1].
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�®ª § â¥«ìáâ¢®. �ãáâì (v; p) 2W�P | ¯à®¨§¢®«ì­®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (4.2) á � 2 [0; 1].
�¡®§­ ç¨¬ ç¥à¥§ F äã­ªæ¨î F = f � �K"(v) + �N0(v). �®£¤  ¨¬¥¥¬ à ¢¥­áâ¢®

L(v; p) = �N(v) + (F; v0):

� ª ¨ à ­¥¥, ¢ë¯®«­¨¬ § ¬¥­ë v(t) = exp (kt)v(t), p(t) = exp (kt)p(t), F (t) = exp (kt)F (t). � ª
ª ª @tv(t) = e�kt@tv(t)� ke�ktv(t), â®

k@tvkL2(0;t;L2(
)n) � k@tvkk;L2(0;t;L2(
)n) � kkvkk;L2(0;t;L2(
)n):
�®£¤  ª®¬¡¨­ æ¨ï ®æ¥­®ª (3.4){(3.6) c k � 1 ¯à¨¢®¤¨â ª ­¥à ¢¥­áâ¢ã

(1 + k)kv(t)k2L2(
)n + �0kv(t)k2V + kpk2L2(0;t;W 1
2
(
)) + �0kvk2L2(0;t;W 2

2
(
)n) + k@tvk2k;L2(0;t;L2(
)n) �

� c � �kkv0k2L2(
)n + (1 + �0)kv0k2V + kF k2L2(0;t;L2(
)n) + kC(v; Z�(v))k2k;L2(0;t;L2(
)n)
�
; t 2 (0; T ):

�¡®§­ ç¨¬ ¯à ¢ãî ç áâì ­¥à ¢¥­áâ¢  (4.3) ç¥à¥§ r0. �®£¤  ¤«ï à¥è¥­¨ï (v; p) á¯à ¢¥¤«¨¢® ­¥à -
¢¥­áâ¢® kvkL2(0;T ;W 1

2
(
)n) � r0. �â®¡à ¦¥­¨¥ S� ®£à ­¨ç¥­® ¯® ¯à¥¤¯®«®¦¥­¨î, ®£à ­¨ç¥­­®áâì

®â®¡à ¦¥­¨ï Z á«¥¤ã¥â ¨§ ­¥à ¢¥­áâ¢  (2.3). �®£¤  ®â®¡à ¦¥­¨¥ Z� = Z � S� ®£à ­¨ç¥­®, ¨
á¯à ¢¥¤«¨¢  ®æ¥­ª  kZ�(v)kC([0;T ]�[0;T ];C1(
)n) � r1 ¤«ï ­¥ª®â®à®£® r1. �á¯®«ì§ãï ®æ¥­ªã (3.11) ­ 
®âà¥§ª¥ [0; t], 0 < t � T , ¨ ¢ë¡¨à ï k ¤®áâ â®ç­® ¡®«ìè¨¬, 2cc24r

2
1

�
2(1+�k)

� �0, ¯à¨å®¤¨¬ ª ®æ¥­ª¥

(1 + k)kv(t)k2L2(
)n + �0kv(t)k2V + �0
2
kvk2L2(0;t;W 2

2
(
)n) + k@tvk2k;L2(0;t;L2(
)n) +

+ kpk2L2(0;t;W 1
2
(
)) � c � �kkv0k2L2(
)n + (1 + �0)kv0k2V + kF k2L2(0;t;L2(
)n)

�
¤«ï ¢á¥å t 2 (0; T ). �âáî¤ 

(1 + k)e�2ktkv(t)k2L2(
)n + �0e
�2ktkv(t)k2V + �0

2
kvk2k;L2(0;t;W 2

2
(
)n) + k@tvk2k;L2(0;t;L2(
)n) +

+ kpk2k;L2(0;t;W 1
2
(
)) � c � �kkv0k2L2(
)n + (1 + �0)kv0k2V + kFk2k;L2(0;t;L2(
)n)

�
:

�á¯®«ì§ãï ®æ¥­ª¨

kvkL2(0;t;W 2
2
(
)n) � ektkvkk;L2(0;t;W 2

2
(
)n); kpkL2(0;t;W 1

2
(
)) � ektkpkk;L2(0;t;W 1

2
(
));

k@tvkL2(0;t;L2(
)n) � ektk@tvkk;L2(0;t;L2(
)n); kFkk;L2(0;t;L2(
)n) � kFkL2(0;t;L2(
)n);
á«¥¤ãîé¨¥ ¨§ ®¯à¥¤¥«¥­¨ï íª¢¨¢ «¥­â­ëå ­®à¬, ¯à¨å®¤¨¬ ª ®æ¥­ª¥

(1 + k)kv(t)k2L2(
)n + �0kv(t)k2V + �0
2
kvk2L2(0;t;W 2

2
(
)n) + k@tvk2L2(0;t;L2(
)n) +

+ kpk2L2(0;t;W 1
2
(
)) � ce2kt � �kkv0k2L2(
)n + (1 + �0)kv0k2V + kFk2L2(0;t;L2(
)n)

�
(4.5)

á ª®­áâ ­â®© c, ­¥ § ¢¨áïé¥© ®â ¢ë¡®à  k.
�âáî¤ 

kvkW + kpkP � c(kv0kW 1
2
(
)n + kFkE0

) (4.6)

á ­¥ª®â®à®© ª®­áâ ­â®© c.
�§ ®æ¥­®ª (2.7), (4.3) ¨ ®æ¥­ª¨

kN0(v)kE0
� c3 � r1k�0kW 1

2
(
)n2 (4.7)

¯®«ãç¨¬

kFkE0
� kfkE0

+ kK"(v)kE0
+ kN0(v)kE0

� kfkE0
+ ckvkL2(0;T ;W 1

2
(
)n) + c3 � r1k�0kW 1

2
(
)n2 �

� kfkE0
+ c3 � r1k�0kW 1

2
(
)n2 + c c1(kv0kL2(
)n + k�0kW 1

2
(
)n2 + kfkL1(0;T ;L2(
)n)) �

� c(kv0kL2(
)n + k�0kW 1
2
(
)n2 + kfkE0

):

�®¤áâ ¢«ïï íâã ®æ¥­ªã ¢ (4.6), ¯à¨å®¤¨¬ ª (4.4).
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�¥®à¥¬  4.2. �ãáâì f 2 E0, v
0 2 V , �0 2W 1

2 (
)
n2 ¨ n = 2; 3. �«ï «î¡®£® " > 0 ®¯¥à â®à­®¥

ãà ¢­¥­¨¥ (2:6),   á«¥¤®¢ â¥«ì­®, ¨ § ¤ ç  (2:4), (2:5) ¨¬¥îâ ¯® ªà ©­¥© ¬¥à¥ ®¤­® à¥è¥­¨¥

(v; p) 2W � P .

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ®¯¥à â®à­®¥ ãà ¢­¥­¨¥ (4.2), íª¢¨¢ «¥­â­®¥ § ¤ ç¥ (4:1�),
(2.5). �ãáâì R0 = c2 (kv0kW 1

2
(
)n + k�0kW 1

2
(
)n2 + kfkE0

) | ¯à ¢ ï ç áâì ­¥à ¢¥­áâ¢  (4.4) ¨
R = R0 + 1. �§ â¥®à¥¬ë 4.1 á«¥¤ã¥â, çâ® ­¨ ®¤­® ¨§ à¥è¥­¨© § ¤ ç¨ (4:1�), (2.5) á � 2 [0; 1]
­¥ ¯à¨­ ¤«¥¦¨â £à ­¨æ¥ è à  BR � W � P . � á¨«ã â¥®à¥¬ë 3.1 ¨ «¥¬¬ë 2.1 ®â®¡à ¦¥-
­¨¥ �(N � K" + N0) ¨§ BR � [0; 1] ¢ E0 ï¢«ï¥âáï L-ã¯«®â­ïîé¨¬ ¯® ¬¥à¥ ­¥ª®¬¯ ªâ­®áâ¨ 
k
¤«ï k ¤®áâ â®ç­® ¡®«ìè¨å. �®íâ®¬ã ¤«ï ª ¦¤®£® � 2 [0; 1] ®¯à¥¤¥«¥­  áâ¥¯¥­ì ®â®¡à ¦¥­¨ï
deg(L� �(N �K" +N0); BR; (f; v0)) (á¬. [13]). �§¢¥áâ­®, çâ® ¢¥«¨ç¨­  áâ¥¯¥­¨ á®åà ­ï¥âáï ¯à¨
¨§¬¥­¥­¨¨ �, ¯®íâ®¬ã

deg(L� (N �K" +N0); BR; (f; v0)) = deg(L;BR; (f; v0)):

�â®¡à ¦¥­¨¥ L ­¥¯à¥àë¢­® ®¡à â¨¬®, ¨ ãà ¢­¥­¨¥ L(v; p) = (f; v0) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥
(v; p) ¢ è à¥ BR. �®íâ®¬ã jdeg(L;BR; (f; v0))j = 1 ¨, á«¥¤®¢ â¥«ì­®,

jdeg(L� (N �K" +N0); BR; (f; v0))j = 1:

�â«¨ç¨¥ ®â ­ã«ï áâ¥¯¥­¨ ®â®¡à ¦¥­¨ï ®¡¥á¯¥ç¨¢ ¥â áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï ®¯¥à â®à­®£® ãà ¢-
­¥­¨ï (2.6),   á«¥¤®¢ â¥«ì­®, áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨ï § ¤ ç¨ (2.4), (2.5).

5. �¯à¨®à­ ï ®æ¥­ª  ¨ áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨© à¥£ã«ïà¨§®¢ ­­®© § ¤ ç¨

� íâ®¬ à §¤¥«¥ ¯®ª ¦¥¬, çâ® à¥è¥­¨ï  ¯¯à®ªá¨¬ æ¨®­­ëå § ¤ ç (2.4), (2.5), ¯®«ãç¥­­ë¥
¯à¨ " > 0, áå®¤ïâáï (¢ ª ª®¬-â®, ¢®§¬®¦­®, ¡®«¥¥ á« ¡®¬ á¬ëá«¥) ª à¥è¥­¨î à¥£ã«ïà¨§®¢ ­­®©
§ ¤ ç¨ ¯à¨ "! 0. �¥®¡å®¤¨¬ë¬ ¨­áâàã¬¥­â®¬ ¯à¨ íâ®¬ ï¢«ïîâáï  ¯à¨®à­ë¥ ®æ¥­ª¨ à¥è¥­¨©
 ¯¯à®ªá¨¬ æ¨®­­ëå § ¤ ç, ­¥ § ¢¨áïé¨¥ ®â " 2 [0; 1]. � á«ãç ¥ n = 2 ­ «¨ç¨¥ â ª¨å ®æ¥­®ª ¯®-
§¢®«ï¥â ãáâ ­®¢¨âì áãé¥áâ¢®¢ ­¨e à¥è¥­¨ï § ¤ ç¨ (2.1), (2.2) ¤«ï «î¡®£® ¯à®¬¥¦ãâª  ¢à¥¬¥­¨
[0; T ]. �à¨ n = 3 ¯®¤®¡­ë© à¥§ã«ìâ â ãáâ ­®¢«¥­ «¨èì ­  ®âà¥§ª¥, ¤«¨­  ª®â®à®£® § ¢¨á¨â ®â
¢ë¡®à  ­ ç «ì­ëå ¤ ­­ëå v0 ¨ ¯à ¢ëå ç áâ¥© f .

�¥®à¥¬  5.1. �ãáâì f 2 E0, v
0 2 V , �0 2 W 1

2 (
)
n2 ¨ n = 2. �®£¤  ¤«ï ª ¦¤®£® à¥è¥­¨ï

(v; p) 2W � P § ¤ ç¨ (2:4), (2:5) á " � 0 á¯à ¢¥¤«¨¢  ®æ¥­ª 

kvkW + kpkP � c7 (5.1)

á ª®­áâ ­â®© c7, § ¢¨áïé¥© ®â kv0kW 1
2
(
)n + k�0kW 1

2
(
)n2 + kfkE0

, ­® ­¥ § ¢¨áïé¥© ®â ".

�®ª § â¥«ìáâ¢®. �® ®¯à¥¤¥«¥­¨î ¤«ï u 2 V á¯à ¢¥¤«¨¢  ®æ¥­ª 

jK"(u)j =
���� 1
1 + "juj2 � uj � @ju�

"uuk
1 + "juj2 � 2uj@juk �

1
1 + "juj2

���� � 3 juj@juj ;

â. ª.
1

1 + "juj2 � 1,
"uuk

1 + "juj2 � 1. �®£¤  ¢ á¨«ã ¨§¢¥áâ­®£® ­¥à ¢¥­áâ¢  �.�.� ¤ë¦¥­áª®© ([14],

á. 19)

kukL4(
)n � 21=4kuk1=2L2(
)n
� k grad uk1=2L2(
)n

8u 2 V;
¤«ï v 2W ¨¬¥¥¬ ®æ¥­ªãZ



jK"(v(t))j2dx � eckv(t)kL2(
)n � kv(t)k2W 1

2
(
)n � kv(t)kW 2

2
(
)n :
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�ãáâì v 2 W , p 2 P | à¥è¥­¨¥ § ¤ ç¨ (2.4), (2.5). �« £®¤ àï í­¥à£¥â¨ç¥áª®© ®æ¥­ª¥ (4.3) ¯¥à-
¢ë© á®¬­®¦¨â¥«ì kv(t)kL2(
)n ¢ ¯®«ãç¥­­®¬ ­¥à ¢¥­áâ¢¥ ®£à ­¨ç¥­ ¤«ï ¢á¥å t 2 [0; T ]. �®íâ®¬ã
¯à¨¬¥­ïï ­¥à ¢¥­áâ¢® �®è¨, ¯®«ãç¨¬ ¤«ï «î¡ëå � > 0 ¨ 0 < t � T

kK"(v)k2L2(0;t;L2(
)n) � ec max
t2[0;T ]

kv(t)kL2(
)n
Z t

0

kv(s)k2W 1
2
(
)n � kv(s)kW 2

2
(
)nds �

� ec max
t2[0;T ]

kv(t)kL2(
)n
�Z t

0

kv(s)k4W 1
2
(
)n ds

�1=2

�
�Z t

0

kv(s)kW 2
2
(
)nds

�1=2

�

� ec max
t2[0;T ]

kv(t)kL2(
)n
�
1
2�

Z t

0
kv(s)k4W 1

2
(
)nds+

�

2

Z t

0
kv(s)kW 2

2
(
)nds

�
:

� ®æ¥­ª¥ (4.5) § ¬¥­¨¬ F ­  f �K"(v) +N0(v) ¨ ¨á¯®«ì§ã¥¬ ¯®«ãç¥­­ãî ®æ¥­ªã
kK"(v)k2L2(0;t;L2(
)n). � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

kv(t)k2W 1
2
(
)n + kvk2L2(0;t;W 2

2
(
)n) + k@tvk2L2(0;t;L2(
)n) + kpk2L2(0;t;W 1

2
(
)) �

� c
�kv0k2W 1

2
(
)n + k�0kW 1

2
(
)n2 + kfk2L2(0;t;L2(
)n) + kK"(v)k2L2(0;t;L2(
)n)

� �
� c

�
kv0k2W 1

2
(
)n + k�0kW 1

2
(
)n2 + kfk2L2(0;t;L2(
)n) + ec max

t2[0;T ]
kv(t)kL2(
)n �

�
�
1
2�

Z t

0
kv(s)k4W 1

2
(
)nds+

�

2

Z t

0
kv(s)kW 2

2
(
)nds

��
¤«ï � > 0. � á¨«ã ®æ¥­ª¨ (4.3) ¢¥«¨ç¨­  max

t2[0;T ]
kv(t)kL2(
)n ®£à ­¨ç¥­ . �®íâ®¬ã ¢ë¡¨à ï � â ª¨¬,

çâ® c � ec � � max
t2[0;T ]

kv(t)kL2(
)n < 1, ¯à¨å®¤¨¬ ª ®æ¥­ª¥

kv(t)k2W 1
2
(
)n + kvk2L2(0;t;W 2

2
(
)n) + k@tvk2L2(0;t;L2(
)n) + kpk2L2(0;t;W 1

2
(
)) �

� 2c
�kv0k2W 1

2
(
)n + k�0kW 1

2
(
)n2 + kfk2L2(0;t;L2(
)n)

�
+

1
�2
�
Z t

0
kv(s)k4W 1

2
(
)nds: (5.2)

�ãáâì K = 2c
�kv0k2W 1

2
(
)n + k�0kW 1

2
(
)n2 + kfk2L2(0;T ;L2(
)n)

�
. �§ ­¥à ¢¥­áâ¢  kv(t)k2W 1

2
(
)n � K +

1
�2
�

tR
0

kv(s)k4W 1
2
(
)nds á ¯®¬®éìî ®æ¥­ª¨ �à®­ã®«« {�¥««¬ ­  ([9], á. 188, â¥®à¥¬  2) ¯®«ãç¨¬

®æ¥­ªã

kv(t)k2W 1
2
(
)n � K exp

�
1
�2
�
Z t

0
kv(s)k2W 1

2
(
)nds

�
:

� á¨«ã ®æ¥­ª¨ (4.3) §­ ç¥­¨ï
tR
0

kv(s)k2W 1
2
(
)nds ®£à ­¨ç¥­ë ¤«ï ¢á¥å t 2 [0; T ], ¯®íâ®¬ã

kv(t)k2W 1
2
(
)n � c 8t 2 [0; T ], ¤«ï ­¥ª®â®à®© ª®­áâ ­âë c. �®¤áâ ¢«ïï ¤ ­­ãî ®æ¥­ªã ¢ ¯à ¢ãî

ç áâì ­¥à ¢¥­áâ¢  (5.2), ¯à¨å®¤¨¬ ª âà¥¡ã¥¬®© ®æ¥­ª¥ (5.1).

�¥®à¥¬  5.2. �ãáâì f 2 E0, v
0 2 V , �0 2 W 1

2 (
)
n2 ¨ n = 3. �®£¤  áãé¥áâ¢ã¥â â ª®¥

§­ ç¥­¨¥ T0 > 0, çâ® ¯à¨ T < T0 ¤«ï ª ¦¤®£® à¥è¥­¨ï (v; p) 2W � P § ¤ ç¨ (2:4), (2:5) á " � 0
á¯à ¢¥¤«¨¢  ®æ¥­ª 

kvkW + kpkP � c8 (5.3)

á ª®­áâ ­â®© c8, ­¥ § ¢¨áïé¥© ®â " ¨ ®¯à¥¤¥«ï¥¬®© ç¨á«®¬ kv0kW 1
2
(
)n + k�0kW 1

2
(
)n2 + kfkE0

.

�®ª § â¥«ìáâ¢®. �®¢â®àï¥¬  à£ã¬¥­âë ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 5.1. � á«ãç ¥ n = 3 ­ 
®á­®¢¥ ®æ¥­®ª, ¯®«ãç¥­­ëå �.�.� ¤ë¦¥­áª®© ([14], á. 20, «¥¬¬  2), ¨ ¨­â¥à¯®«ïæ¨®­­ëå ­¥à -
¢¥­áâ¢ ¯à¨å®¤¨¬ ª ®æ¥­ª¥Z



jK"(v(t))j2dx � 3

Z


jvj(t)@jv(t)j2dx � eckv(t)k1=2L2(
)n

� kv(t)k2W 1
2
(
)n � kv(t)k3=2W 2

2
(
)n
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¤«ï v 2W . �âáî¤ , ¯à¨¬¥­ïï ­¥à ¢¥­áâ¢  ��¥«ì¤¥à  ¨ �­£ , ¯®«ãç¨¬

kK"(v)k2L2(0;t;L2(
)n) � ec Z t

0

kv(s)k1=2L2(
)n
kv(s)k2W 1

2
(
)n � kv(s)k3=2W 2

2
(
)nds �

� ec�Z t

0
kv(s)k2L2(
)nkv(s)k8W 1

2
(
)nds

�1=4

�
�Z t

0
kv(s)k2W 2

2
(
)nds

�3=4

�

� ec� 1
4�4

Z t

0

kv(s)k2L2(
)nkv(s)k8W 1
2
(
)nds+

3
4
�4=3

Z t

0

kv(s)k2W 2
2
(
)nds

�
:

� ¬¥­ï¥¬ F ­  f�K"(v)+N0(v) ¢ ®æ¥­ª¥ (4.5) ¨ ¨á¯®«ì§ã¥¬ ®æ¥­ªã (4.7) ¤«ï kN0(v)k2L2(0;t;L2(
)n)
¨ ¯®«ãç¥­­ãî ®æ¥­ªã ¤«ï kK"(v)k2L2(0;t;L2(
)n). � à¥§ã«ìâ â¥ ¯à¨å®¤¨¬ ª ­¥à ¢¥­áâ¢ã

kv(t)k2W 1
2
(
)n + kvk2L2(0;t;W 2

2
(
)n) + k@tvk2L2(0;t;L2(
)n) + kpk2L2(0;t;W 1

2
(
)) �

� c
�kv0k2W 1

2
(
)n + k�0k2W 1

2
(
)n2

+ kfk2L2(0;t;L2(
)n) + kK"(v)k2L2(0;t;L2(
)n)
� �

� c

�
kv0k2W 1

2
(
)n + k�0k2W 1

2
(
)n2

+ kfk2L2(0;t;L2(
)n) +

+ ec � � 1
4�4

Z t

0

kv(s)k2L2(
)nkv(s)k8W 1
2
(
)nds+

3
4
�4=3

Z t

0

kv(s)k2W 2
2
(
)nds

��
¤«ï � > 0 ¨ ­¥ª®â®à®© ª®­áâ ­âë c. �ë¡¨à ï � â ª¨¬, çâ® 3

4
cec�4=3 = 1

2
, ¯à¨å®¤¨¬ ª ®æ¥­ª¥

kv(t)k2W 1
2
(
)n +

1
2
kvk2L2(0;t;W 2

2
(
)n) + k@tvk2L2(0;t;L2(
)n) + kpk2L2(0;t;W 1

2
(
)) �

� c
�kv0k2W 1

2
(
)n + kfk2L2(0;t;L2(
)n) + k�0k2W 1

2
(
)n2

�
+ c9

Z t

0
kv(s)k2L2(
)nkv(s)k8W 1

2
(
)nds (5.4)

á ­¥ª®â®à®© ª®­áâ ­â®© c9 = 1
6�16=3

. � ­¥à ¢¥­áâ¢ã

kv(t)k2W 1
2
(
)n �

K

2
+ c9

Z t

0

kv(s)k2L2(
)nkv(s)k8W 1
2
(
)nds

¯à¨¬¥­¨¬ ®æ¥­ªã, ¯®«ãç¥­­ãî ¢ ([15], á. 32, â¥®à¥¬  1.11). �à¨ ãá«®¢¨¨

c
�kv0k2W 1

2
(
)n + k�0k2W 1

2
(
)n2

+ kfk2L2(0;T ;L2(
)n)
�
<

�
3c9

Z T

0

kv(s)k2L2(
)nds
��1=3

(5.5)

¤«ï ¢á¥å t 2 [0; T ] ¨§ ®æ¥­ª¨ á«¥¤ã¥â, çâ® á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢®

kv(t)k2W 1
2
(
)n � c

�
kv0k2W 1

2
(
)n + k�0k2W 1

2
(
)n2

+ kfk2L2(0;T ;L2(
)n)
��

�
�
1� 3c9c3

�kv0k2W 1
2
(
)n + k�0k2W 1

2
(
)n2

+ kfk2L2(0;T ;L2(
)n)
�3 Z T

0

kv(s)k2L2(
)nds
��1=3

: (5.6)

�à¥®¡à §ã¥¬ ãá«®¢¨¥ (5.5) ª ¢¨¤ã

3c9c
3
�kv0k2W 1

2
(
)n + k�0k2W 1

2
(
)n2

+ kfk2L2(0;T ;L2(
)n)
�3 � Z T

0

kv(s)k2L2(
)nds < 1:

�ç¨âë¢ ï, çâ® ¨§ ®æ¥­ª¨ (4.3) á«¥¤ã¥âZ t

0
kv(s)k2L2(
)nds � c5

�kv0kW 1
2
(
)n + k�0kL2(
)n2 + kfkL1(0;t;L2(
)n)

�2 � t;
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¯®«ãç ¥¬ ãá«®¢¨¥ ­  ¢ë¡®à ¢¥«¨ç¨­ë T0:

3c5c9c
3
�kv0k2W 1

2
(
)n + k�0k2W 1

2
(
)n2

+ kfk2L2(0;T0;L2(
)n)
�3 �

� �kv0kW 1
2
(
)n + k�0kL2(
)n2 + kfkL1(0;T0;L2(
)n)

�2 � T0 < 1;

  á«¥¤®¢ â¥«ì­®, ¨ ­  ¢¥«¨ç¨­ã T .
�®¤áâ ¢¨¬ ®æ¥­ªã (5.6) ¢ ¯à ¢ãî ç áâì ­¥à ¢¥­áâ¢  (5.4). �ç¨âë¢ ï ®æ¥­ªã (4.3), ¯®«ãç¨¬

âà¥¡ã¥¬ãî ®æ¥­ªã (5.3).

� «¨ç¨¥  ¯à¨®à­®© ®æ¥­ª¨ à¥è¥­¨© § ¤ ç (2.4), (2.5) ¤«ï " � 0 ¯®§¢®«ï¥â ¤®ª § âì ®á­®¢­®©
à¥§ã«ìâ â ¤ ­­®© à ¡®âë | â¥®à¥¬ã ® áãé¥áâ¢®¢ ­¨¨ à¥è¥­¨© § ¤ ç¨ (2.1), (2.2).

�¥®à¥¬  5.3. �ãáâì v0 2 V , �0 2W 1
2 (
)

n2 , ' 2 L2(0; T ;L2(
)n) ¨ n = 2; 3. �®£¤  áãé¥áâ¢ã-
¥â T0 > 0 â ª®¥, çâ® ¤«ï 0 < T < T0 § ¤ ç  (1:2){(1:6) ¨¬¥¥â å®âï ¡ë ®¤­® á¨«ì­®¥ à¥è¥­¨¥

(v; p) 2W � P . �à¨ íâ®¬ T0 =1 ¢ á«ãç ¥ n = 2.

�®ª § â¥«ìáâ¢®. � á¨«ã â¥®à¥¬ë 4.2 § ¤ ç  (2.4), (2.5) ¨¬¥¥â å®âï ¡ë ®¤­® à¥è¥­¨¥
(v"; p") 2W � P ¤«ï ª ¦¤®£® " 2 (0; 1]. �ë¡¥à¥¬ ¯à®¨§¢®«ì­ãî ¯®á«¥¤®¢ â¥«ì­®áâì f"lg, "l > 0,
áå®¤ïéãîáï ª ­ã«î. �¡®§­ ç¨¬ á®®â¢¥âáâ¢ãîé¨¥ à¥è¥­¨ï § ¤ ç¨ (2.4), (2.5) ç¥à¥§ (vl; pl). � «¥¥
§­ ª¨* ¨ ! ¡ã¤ãâ ®¡®§­ ç âì á®®â¢¥âáâ¢¥­­® á« ¡ãî ¨ á¨«ì­ãî áå®¤¨¬®áâì ¯®á«¥¤®¢ â¥«ì­®-
áâ¨ ¯à¨ l ! 1 ¢ ãª § ­­ëå ¯à®áâà ­áâ¢ å. � «¨ç¨¥  ¯à¨®à­ëå ®æ¥­®ª (5.1), (5.3) ¯®§¢®«ï¥â
¡¥§ ã¬¥­ìè¥­¨ï ®¡é­®áâ¨ áç¨â âì, çâ®

vl * v� á« ¡® ¢ W ; pl * p� á« ¡® ¢ P:

�ç¨âë¢ ï ª®¬¯ ªâ­®áâì ¢«®¦¥­¨ï W � L2(0; T ;L4(
)n), ¬®¦­® ¯à¥¤¯®« £ âì, çâ®

vl ! v� á¨«ì­® ¢ L2(0; T ;L4(
)
n):

� ª ¨ ¢ [3], ¬®¦­® ¯®ª § âì, çâ® v� ï¢«ï¥âáï á« ¡ë¬ à¥è¥­¨¥¬ § ¤ ç¨ (2.1), (2.2), ®¤­ ª®
®âáãâáâ¢¨¥ ¤ ­­ëå ® p� ­¥ ¯®§¢®«ï¥â ¢®á¯®«ì§®¢ âìáï íâ¨¬ ä ªâ®¬.

�ë¯®«­¨¬ ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¢ ª ¦¤®¬ á« £ ¥¬®¬ à ¢¥­áâ¢ 

@tv
l �A(vl) + grad pl = C(vl; Z�(v

l))�K"l(v
l) +B0(Z�(v

l)) + f:

� ª ª ª «¨­¥©­ë© ®¯¥à â®à á« ¡® ­¥¯à¥àë¢¥­, â® ¤«ï ®¯¥à â®à®¢ @t, A, grad ¨¬¥¥¬

@tv
l * v� á« ¡® ¢ E0; A(vl)* A(v�) á« ¡® ¢ E0;

grad pl * grad p� á« ¡® ¢ E0; rxE(vl)* rxE(v�) á« ¡® ¢ L2([0; T ] � [0; T ]; L2(
)
n2):

�â®¡à ¦¥­¨¥ C(v; z) «¨­¥©­® ¯® ¯¥à¥¬¥­­®© v, ¯®íâ®¬ã C(vl; z)* C(v�; z) á« ¡® ¢ E0 ¤«ï «î¡®©
ä¨ªá¨à®¢ ­­®© äã­ªæ¨¨ z 2 CG1.

� á¨«ã «¥¬¬ë 2.1 ®â®¡à ¦¥­¨¥ Z� ¢¯®«­¥ ­¥¯à¥àë¢­®. �®£¤  ¡¥§ ã¬¥­ìè¥­¨ï ®¡é­®áâ¨ à á-
áã¦¤¥­¨© ¡ã¤¥¬ ¯à¥¤¯®« £ âì

Z�(v
l)! Z�(v

�) á¨«ì­® ¢ CG1; (5.7)

¨ â. ª. ®â®¡à ¦¥­¨¥ C(v; z) ­¥¯à¥àë¢­®, â®

C(v�; Z�(v
l))! C(v�; Z�(v

�)) á¨«ì­® ¢ E0: (5.8)

�­ «®£¨ç­®, â. ª. ®â®¡à ¦¥­¨¥ B0 ­¥¯à¥àë¢­®, â®

B0(Z�(v
l))! B0(Z�(v

�)) á¨«ì­® ¢ E0:

�®ª ¦¥¬, çâ®

C(vl; Z�(v
l))�C(v�; Z�(v

l))* 0 á« ¡® ¢ E0: (5.9)
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�«ï íâ®£® ¤®áâ â®ç­® ¯®ª § âì, çâ® ¤«ï «î¡®© äã­ªæ¨¨ ' 2 E0 ¯®á«¥¤®¢ â¥«ì­®áâì (C(vl; Z�(vl))�
C(v�; Z�(vl)); ')L2(QT ) áå®¤¨âáï ª ­ã«î.

� áá¬®âà¨¬

(C(vl; Z�(v
l))�C(v�; Z�(v

l)); ')L2(QT ) =

=
Z T

0

Z



'(t; x)
Z t

0

�1e
�

t�s
� (rzE(vl)(s; Z�(v

l)(s; t; x)) �rzE(v�)(s; Z�(v
l)(s; t; x))) :

: rxZ�(vl)(s; t; x) ds dx dt =

=
Z T

0

Z t

0

�1e
�

t�s
�

Z



(rzE(vl)(s; z)�rzE(v�)(s; z)) : rxZ�(vl)(s; t; Z�(vl)(t; s; z)) �
�'(t; Z�(v

l)(t; s; z)) dz ds dt;

£¤¥ ¢ë¯®«­¥­  § ¬¥­  ¯¥à¥¬¥­­®© x ­  ¯¥à¥¬¥­­ãî z = Z�(vl)(s; t; x).
�¥¯à¥àë¢­®áâì ®¯¥à â®à  áã¯¥à¯®§¨æ¨¨, ®¯à¥¤¥«ï¥¬®£® ­¥¯à¥àë¢­ë¬¨ äã­ªæ¨ï¬¨, ¨ ¯à¥¤-

¯®«®¦¥­¨¥ (5.7) ®¡¥á¯¥ç¨¢ îâ á¨«ì­ãî áå®¤¨¬®áâì

rxZ�(v
l)(s; t; Z�(v

l)(t; s; z))!rxZ�(v
�)(s; t; Z�(v

�)(t; s; z))

¢ C([0; T ]� [0; T ]; C(
)n
2

).
�à®¬¥ â®£®, ¯®¢â®àïï  à£ã¬¥­âë ¤®ª § â¥«ìáâ¢  «¥¬¬ë 2.1 ® ­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  áã-

¯¥à¯®§¨æ¨¨, ¯®«ãç¨¬ á¨«ì­ãî áå®¤¨¬®áâì '(t; Z�(vl)(t; s; z)) ! '(t; Z�(v�)(t; s; z)) ¢ L2([0; T ] �
[0; T ]; L2(
)n). �®£¤ 

�1e
�

t�s
� Z�(v

l)(s; t; Z�(v
l)(t; s; z)) � '(t; Z�(v

l)(t; s; z))!
! �1e

�
t�s
� Z�(v

�)(s; t; Z�(v
�)(t; s; z)) � '(t; Z�(v

�)(t; s; z))

á¨«ì­® ¢ L2([0; T ] � [0; T ]; L2(
)n
2

).
� ª ª ª ¯® ¯à¥¤¯®«®¦¥­¨î rxE(vl) * rxE(v�) á« ¡® ¢ L2([0; T ] � [0; T ]; L2(
)n

2

), â®
(C(vl; Z�(vl)) � C(v�; Z�(vl)); ')L2(QT ) ! 0 ¯à¨ l ! 1. � ª¨¬ ®¡à §®¬, (5.9) ¢ë¯®«­¥­®. �§ (5.8)
¨ (5.9) á«¥¤ã¥â, çâ® C(vl; Z�(vl)) * C(v�; Z�(v�)) á« ¡® ¢ E0. �«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢ 
â¥®à¥¬ë ®áâ «®áì ­ ¯®¬­¨âì, çâ® ¢ á¨«ã «¥¬¬ë 4.2 [4] K"l(v

l)*K(v�) ¢ á¬ëá«¥ à á¯à¥¤¥«¥­¨©.
�ë¯®«­¨¬ ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¢ ª ¦¤®¬ á« £ ¥¬®¬ à ¢¥­áâ¢ 

@tv
l �A(vl) + grad pl = C(vl; Z�(vl))�K"l(v

l) +B0(Z�(vl)) + f

¯à¨ l ! 1. �®«ãç¨¬ à ¢¥­áâ¢® (2.1) ¢ á¬ëá«¥ à á¯à¥¤¥«¥­¨© ¤«ï äã­ªæ¨© (v�; p�). � ª ª ª
v� 2W , p� 2 P , â® (v�; p�) | á¨«ì­®¥ à¥è¥­¨¥ § ¤ ç¨ (2.1){(2.2).
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