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�ãáâì U ¨ F | ¡ ­ å®¢ë ¯à®áâà ­áâ¢ , ®¯¥à â®à L 2 L(U ;F) «¨­¥©­ë© ­¥¯à¥àë¢­ë©,
kerL 6= f0g, ®¯¥à â®à M 2 Cl(U ;F) «¨­¥©­ë© § ¬ª­ãâë© á ¯«®â­®© ®¡« áâìî ®¯à¥¤¥«¥­¨ï,
äã­ªæ¨ï f : R ! F . �­®£¨¥ ­ ç «ì­®-ªà ¥¢ë¥ § ¤ ç¨ ¤«ï ãà ¢­¥­¨© ¨ á¨áâ¥¬ ãà ¢­¥­¨©,
¬®¤¥«¨àãîé¨å à §«¨ç­ë¥ à¥ «ì­ë¥ ¯à®æ¥ááë ([1]; [2], á. 13{15), á¢®¤ïâáï ª § ¤ ç¥ �®è¨

u(0) = u0 (1)

¤«ï ®¯¥à â®à­®-¤¨ää¥à¥­æ¨ «ì­®£® ãà ¢­¥­¨ï á®¡®«¥¢áª®£® â¨¯  [1]{[4]

L _u(t) =Mu(t) + f(t): (2)

� ¤ ­­®© à ¡®â¥ ¨§ãç îâáï ®£à ­¨ç¥­­ë¥ ­  ¢á¥© ¯àï¬®© R ª« áá¨ç¥áª¨¥ à¥è¥­¨ï ãà ¢­¥­¨ï
(2) ¨«¨ á®®â¢¥âáâ¢ãîé¥© § ¤ ç¨ �®è¨.

� á«ãç ¥ áãé¥áâ¢®¢ ­¨ï ®¯¥à â®à  L�1 2 L(F ;U) ãà ¢­¥­¨¥ (2) ¬®¦­® ¯à¨¢¥áâ¨ ª ãà ¢­¥­¨î
_u(t) = Su(t) + w(t), £¤¥ S = L�1M 2 Cl(U), domS = domM , w(t) = L�1f(t) : R ! U . �á«®¢¨ï
áãé¥áâ¢®¢ ­¨ï ®£à ­¨ç¥­­ëå à¥è¥­¨© ãà ¢­¥­¨© â ª®£® ¢¨¤  á ®¯¥à â®à®¬ S 2 L(U) ¯®«ãç¥­ë
¢ ([5], á. 118{131).

� [6]{[8] ¨§ãç¥­ë  ­ «®£¨ç­ë¥ ¢®¯à®áë ¤«ï ­¥áâ æ¨®­ à­®£® ãà ¢­¥­¨ï

_u(t) = S(t)u(t) +w(t); t 2 J � R :

�à¨ íâ®¬ ¢ ([6], á. 145{343) ¨áá«¥¤®¢ ­ á«ãç © ®¯¥à â®à-äã­ªæ¨¨ S(t) : J ! L(U). �®«¥¥ ®¡é¨©
á«ãç © ¨§ãç¥­ ¢ ([7], c. 165{181; [8], c. 245{252), £¤¥ §­ ç¥­¨ï ®¯¥à â®à-äã­ªæ¨¨ S(t) ï¢«ïîâáï
­¥®£à ­¨ç¥­­ë¬¨ ®¯¥à â®à ¬¨ ¯à¨ t 2 J . �à®¬¥ â®£®, ¢ ([6], á. 145{343; [7], c. 165{181) ¯®«ãç¥­ë
ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ®£à ­¨ç¥­­ëå à¥è¥­¨© ¨ ¨§ ¡®«¥¥ ®¡é¨å ª« áá®¢.

�®¯à®áë áãé¥áâ¢®¢ ­¨ï ®£à ­¨ç¥­­ëå à¥è¥­¨© ãà ¢­¥­¨ï (2) ¨§ãç¥­ë ¢ [9], £¤¥ ¡ë«® à á-
á¬®âà¥­® íâ® ãà ¢­¥­¨¥ á (L; �)-®£à ­¨ç¥­­ë¬ ¨ á á¨«ì­® (L; p)-á¥ªâ®à¨ «ì­ë¬ ®¯¥à â®à®¬ M .
� ¯®á«¥¤­¥¬ á«ãç ¥ à¥çì è«  â®«ìª® ® à¥è¥­¨ïå, § ¤ ­­ëå ­  ¯®«®¦¨â¥«ì­®© ¯®«ã®á¨.

�«ï ¨áá«¥¤®¢ ­¨ï ¢®¯à®á®¢ áãé¥áâ¢®¢ ­¨ï ®£à ­¨ç¥­­ëå ­  ¢á¥© ®á¨ à¥è¥­¨© ãà ¢­¥­¨ï (2)
á á¨«ì­® (L; p)-á¥ªâ®à¨ «ì­ë¬ ­¥®£à ­¨ç¥­­ë¬ ®¯¥à â®à®¬M ¯à¨¬¥­¨¬ ¬¥â®¤ë, ¨á¯®«ì§ã¥¬ë¥
¢ ([5], á. 118{131 ¨ [9]). � à ¡®â¥ ¯®«ãç¥­ë ¤®áâ â®ç­ë¥ ãá«®¢¨ï áãé¥áâ¢®¢ ­¨ï ¥¤¨­áâ¢¥­­®£®
®£à ­¨ç¥­­®£® ­  ¢á¥© ¯àï¬®© à¥è¥­¨ï ãà ¢­¥­¨ï (2) ¨ § ¤ ç¨ �®è¨ ¤«ï ­¥£®. �à®¬¥ â®£®,
¤®ª § ­  â¥®à¥¬  ® ­¥®¡å®¤¨¬®¬ ãá«®¢¨¨ áãé¥áâ¢®¢ ­¨ï ¥¤¨­áâ¢¥­­®£® ®£à ­¨ç¥­­®£® ­  R

à¥è¥­¨ï ¨áá«¥¤ã¥¬®£® ãà ¢­¥­¨ï.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ç áâ¨ç­®© ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ £à ­â  ¤«ï ¬®«®¤ëå ãç¥­ëå �à ¢¨â¥«ìáâ¢ 
�¥«ï¡¨­áª®© ®¡« áâ¨ ¨ £à ­â  �¨­¨áâ¥àáâ¢  ®¡à §®¢ ­¨ï �®áá¨©áª®© �¥¤¥à æ¨¨ (òPD02-1.1-82).
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1. �â­®á¨â¥«ì­® p-á¥ªâ®à¨ «ì­ë¥ ®¯¥à â®àë

�â¢¥à¦¤¥­¨ï ¤ ­­®£® ¯ à £à ä  ¤®ª § ­ë ¢ [1], [10].
�¢¥¤¥¬ ®¡®§­ ç¥­¨ï

�L(M) = f� 2 C : (�L�M)�1 2 L(F ;U)g; �L(M) = C n �L(M);

RL
�(M) = (�L�M)�1L; LL

�(M) = L(�L�M)�1;

RL
(�;p)(M) =

pY
k=0

RL
�k
(M); LL

(�;p)(M) =
pY

k=0

LL
�k
(M):

�¯à¥¤¥«¥­¨¥ 1. �¯¥à â®à M ­ §ë¢ ¥âáï á¨«ì­® (L; p)-á¥ªâ®à¨ «ì­ë¬, ¥á«¨ áãé¥áâ¢ãîâ
ª®­áâ ­âë K > 0, a 2 R, � 2 (�=2; �) â ª¨¥, çâ® á¥ªâ®à SL

a;�(M) = f� 2 C : j arg(� � a)j < �,
� 6= ag � �L(M), ¯à¨ç¥¬ ¤«ï ¢á¥å �k 2 SL

a;�(M), k = 0; p,

maxfkRL
(�;p)(M)kL(U); kLL

(�;p)(M)kL(F)g � K
. pY

k=0

j�k � aj;

¨ áãé¥áâ¢ã¥â ¯«®â­ë© ¢ F «¨­¥ «
�

F â ª®©, çâ® ¯à¨ «î¡ëå �; �0; �1; : : : ; �p 2 SL
a;�(M), f 2

�

F

kM(�L�M)�1LL
(�;p)(M)fkF � C(f)

.�
j�� aj

pY
k=0

j�k � aj

�
;

kRL
(�;p)(M)(�L�M)�1kL(F ;U) � K

.�
j�� aj

pY
k=0

j�k � aj

�
:

�¥®à¥¬  1. �ãáâì ®¯¥à â®à M á¨«ì­® (L; p)-á¥ªâ®à¨ «¥­. �®£¤ 

(i) áãé¥áâ¢ã¥â  ­ «¨â¨ç¥áª ï ¢ á¥ªâ®à¥ � = ft 2 C : j arg tj < ���=2g, á¨«ì­® ­¥¯à¥àë¢­ ï
¢ ­ã«¥ á¯à ¢  à §à¥è îé ï ¯®«ã£àã¯¯  fU t : t 2 f0g [ �g ãà ¢­¥­¨ï (2);

(ii) U = U0 � U1, F = F0 �F1, £¤¥ U0 = kerU 0, U1 = imU 0;
(iii) Lk 2 L(Uk;Fk), Mk 2 Cl(Uk;Fk), k = 0; 1;
(iv) áãé¥áâ¢ãîâ ®¯¥à â®àë M�1

0 2 L(F0;U0), L�11 2 L(F1;U1), ®¯¥à â®à H = M�1
0 L0 2

L(U0) ­¨«ì¯®â¥­â¥­ áâ¥¯¥­¨ ­¥ ¡®«ìè¥ p.

�¥à¥§ Mk (Lk) ®¡®§­ ç¥­® áã¦¥­¨¥ ®¯¥à â®à  M (L) ­  domMk = Uk \ domM (Uk), k = 0; 1.

� ¬¥ç ­¨¥ 1. �¤à  ®¯¥à â®à®¢ ¯®«ã£àã¯¯ë ãà ¢­¥­¨ï (2) ¢ ãá«®¢¨ïå â¥®à¥¬ë 1 á®¢¯ ¤ îâ
á M -ª®à­¥¢ë¬ «¨­¥ «®¬ ®¯¥à â®à  L, á®áâ®ïé¨¬ ¨§ á®¡áâ¢¥­­ëå ¨ M -¯à¨á®¥¤¨­¥­­ëå ¢ëá®âë
­¥ ¡®«ìè¥ p ¢¥ªâ®à®¢ ®¯¥à â®à  L.

2. �£à ­¨ç¥­­ë¥ ­  ¯àï¬®© à¥è¥­¨ï

�ãáâì ®¯¥à â®àM á¨«ì­® (L; p)-á¥ªâ®à¨ «¥­ ¨ L-á¯¥ªâà �L(M) ®¯¥à â®à M ­¥ ¯¥à¥á¥ª ¥âáï
á ¬­¨¬®© ®áìî. �¡®§­ ç¨¬

�+ = f� 2 �L(M) : Re� > 0g; �� = f� 2 �L(M) : Re� < 0g:

� á¨«ã § ¬ª­ãâ®áâ¨ ®â­®á¨â¥«ì­®£® á¯¥ªâà  [1] áãé¥áâ¢ãîâ ª®­¥ç­ë© ª®­âãà �+ � f� 2 C :
Re� > 0g, ®£à ­¨ç¨¢ îé¨© �+, ¨ ­¥®£à ­¨ç¥­­ ï ªà¨¢ ï �� � f� 2 C : Re� < 0g, ®£¨¡ îé ï
�� â ª¨¬ ®¡à §®¬, çâ® ¯à¨ � 2 ��, j�j ! 1 ¨¬¥¥¬ arg �! ��. � ®¡®¨å á«ãç ïå ®¡å®¤ ª®­âãà 
¯à®¨áå®¤¨â ¯à®â¨¢ ç á®¢®© áâà¥«ª¨. �®£¤  áãé¥áâ¢ãîâ ¨­â¥£à «ë

Rt
+ =

1
2�i

Z
�+

(�L�M)�1e�td�; t 2 R ;

Rt
� =

1
2�i

Z
�
�

(�L�M)�1e�td�; t > 0:
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�¯à¥¤¥«¥­¨¥ 2. �¯¥à â®à-äã­ªæ¨î

Gt =

(
�Rt

+; t < 0;

Rt
�; t > 0;

­ §®¢¥¬ äã­ªæ¨¥© �à¨­  ãà ¢­¥­¨ï (2).

�á¯®«ì§ãï ®â­®á¨â¥«ì­® á¯¥ªâà «ì­ãî â¥®à¥¬ã ([11]; á¬. â ª¦¥ [12]), ¯®«ãç¨¬ á«¥¤ãîé¨¥
à¥§ã«ìâ âë. (�¨¬¢®«®¬ Q ®¡®§­ ç¥­ ¯à®¥ªâ®à ¢¤®«ì F0 ­  F1, áãé¥áâ¢ãîé¨© ¢ á¨«ã â¥®à¥¬ë 1.)

�¥¬¬ . �ãáâì ®¯¥à â®à M á¨«ì­® (L; p)-á¥ªâ®à¨ «¥­ ¨ L-á¯¥ªâà ®¯¥à â®à  M ­¥ ¯¥à¥á¥-

ª ¥âáï á ¬­¨¬®© ®áìî. �®£¤ 

(i) Gt : F ! domM1;
(ii) ¯à¨ t 2 R n f0g äã­ªæ¨ï Gt ­¥¯à¥àë¢­® ¤¨ää¥à¥­æ¨àã¥¬  ¨ ã¤®¢«¥â¢®àï¥â ãà ¢­¥­¨î

LdGt

dt
=MGt, ªà®¬¥ â®£®,

dGt

dt
: F ! U1 ¨ 9C > 0 8t 2 R n f0g





dGt

dt






L(F ;U)

�
C

t
eat;

(iii) G0+ �G0� = L�11 Q.

�ã­ªæ¨î f : J ! F , £¤¥ J � R , ¡ã¤¥¬ ­ §ë¢ âì ®£à ­¨ç¥­­®©, ¥á«¨ sup
t2J

kf(t)kF < 1.

�ãáâì k 2 N, Q 2 L(F) | ¯à®¥ªâ®à. �¡®§­ ç¨¬ ç¥à¥§ Ck;H(J;F ;Q) ª« áá äã­ªæ¨© f â ª¨å,
çâ® f 0 = (I � Q)f 2 Ck(J;F), f 1 = Qf : J ! F «®ª «ì­® £¥«ì¤¥à®¢ . �¨¬¢®«®¬ BCk(J;F)
®¡®§­ ç¨¬ ¬­®¦¥áâ¢® äã­ªæ¨© f 2 Ck(J;F), ¤«ï ª®â®àëå f; f (1); : : : ; f (k�1) : J ! F | ®£à ­¨-
ç¥­­ë¥ äã­ªæ¨¨. �, ­ ª®­¥æ, ç¥à¥§ BCk;H(J;F ;Q) ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® â ª¨å äã­ªæ¨© f , çâ®
(I �Q)f 2 BCk(J;F), Qf : J ! F | «®ª «ì­® £¥«ì¤¥à®¢  ®£à ­¨ç¥­­ ï äã­ªæ¨ï.

�¥®à¥¬  2. �ãáâì ®¯¥à â®à M á¨«ì­® (L; p)-á¥ªâ®à¨ «¥­ ¨ L-á¯¥ªâà ®¯¥à â®à  M ­¥ ¯¥-

à¥á¥ª ¥âáï á ¬­¨¬®© ®áìî. �®£¤  ¤«ï «î¡®© äã­ªæ¨¨ f 2 BCp+1;H(R;F ;Q) ãà ¢­¥­¨¥ (2) ¨¬¥¥â
¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u 2 BC1(R;U):

u(t) =
Z +1

�1

Gt�sf(s)ds�
pX

q=0

HqM�1
0 f 0(q)(t): (3)

�á«¨ ª â®¬ã ¦¥ ­ ç «ì­®¥ §­ ç¥­¨¥ u0 2 U ¨¬¥¥â ¢¨¤

u0 =
Z +1

�1

G�sf(s)ds�
pX

q=0

HqM�1
0 f 0(q)(0);

â® äã­ªæ¨ï (3) ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ ®£à ­¨ç¥­­ë¬ ­  R à¥è¥­¨¥¬ § ¤ ç¨ (1), (2).

�¥®à¥¬  3. �ãáâì ®¯¥à â®à M á¨«ì­® (L; p)-c¥ªâ®à¨ «¥­ ¨ ¤«ï ª ¦¤®© äã­ªæ¨¨ f 2
BCp+1;H(R;F ;Q) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥ u 2 BC1(R;U) ãà ¢­¥­¨ï (2). �®£¤ 

L-á¯¥ªâà ®¯¥à â®à  M ­¥ ¯¥à¥á¥ª ¥âáï á ¬­¨¬®© ®áìî.

� ¬¥ç ­¨¥ 2. �á«¨ ®¯¥à â®à �M á¨«ì­® (L; p)-á¥ªâ®à¨ «¥­, â® ãâ¢¥à¦¤¥­¨ï â¥®à¥¬ 2, 3
®áâ îâáï ¢ á¨«¥. �¥©áâ¢¨â¥«ì­®, äã­ªæ¨ï u(t) ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (2) â®£¤  ¨ â®«ìª®
â®£¤ , ª®£¤  äã­ªæ¨ï v(t) = u(�t) à §à¥è ¥â ãà ¢­¥­¨¥ L _v(t) = �Mv(t)� f(�t).
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