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�¢¥¤¥¨¥. �á®¢ë¬¨ ®¡ê¥ªâ ¬¨ ¨áá«¥¤®¢ ¨ï ¢ ¯à¥¤« £ ¥¬®© áâ âì¥ ï¢«ïîâáï «¨¥©®-
¨¢ à¨ âë¥ á¥¬¥©áâ¢  («.-¨. á.)   «¨â¨ç¥áª¨å ¢ ªàã£¥ � = fz 2 C : jzj < 1g äãªæ¨©.
�¥à¬¨ «¨¥©®© ¨¢ à¨ â®áâ¨ á¥¬¥©áâ¢  M   «¨â¨ç¥áª¨å ¨ «®ª «ì® ®¤®«¨áâëå ¢
ªàã£¥ � äãªæ¨© ¢¨¤  f(z) = z + a2(f)z2 + � � � ¢¢¥¤¥ ¢ [1] ¨ ®§ ç ¥â, çâ®  àï¤ã á ª ¦¤®©
äãªæ¨¥© f 2M íâ®¬ã á¥¬¥©áâ¢ã ¯à¨ ¤«¥¦¨â ¨ äãªæ¨ï

��[f ](z) =
f(�(z)) � f(�(0))
f 0(�(0))�0(0)

= z + � � � (0.1)

¯à¨ «î¡®¬ ª®ä®à¬®¬  ¢â®¬®àä¨§¬¥ � ªàã£  �. �à¨¬¥à ¬¨ «.-¨. á., ¢ ç áâ®áâ¨, ï¢«ïîâáï
ª« ááë V2�, � � 1, äãªæ¨© á ®£à ¨ç¥ë¬ £à ¨çë¬ ¢à é¥¨¥¬ [2], [3], â. ¥. «®ª «ì® ®¤-
®«¨áâëå äãªæ¨©, ¤«ï ª®â®àëå ¯®« ï ¢ à¨ æ¨ï ã£«   ª«®  ª á â¥«ì®© ª ®¡à §ã «î¡®©
®ªàã¦®áâ¨ fz = reit : t 2 [0; 2�)g, r 2 (0; 1), ¥ ¯à¥¢®áå®¤¨â 2��. �§¢¥áâ®, çâ® V2 = K; ¯à¨
� > 2 ª« ááë V2� ã¦¥ á®¤¥à¦ â ¥®¤®«¨áâë¥ äãªæ¨¨.

� ª« áá å V2� ¨§¢¥áâ® ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ [2], [3]: f 2 V2�, ¥á«¨ ¨ â®«ìª® ¥á«¨

f 0(z) = exp
�
� 2

Z 2�

0

log(1� zeit)d�(t)
�
; z 2 �; log 1 = 0; f(0) = 0; (0.2)

£¤¥ � | ¢¥é¥áâ¢¥ ï äãªæ¨ï ®£à ¨ç¥®© ¢ à¨ æ¨¨   [0; 2�), ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬Z 2�

0

d�(t) = 1;
Z 2�

0

jd�(t)j � �: (0.3)

�« áá â ª¨å äãªæ¨© � ®¡®§ ç¨¬ M�.
�®àï¤ª®¬ «.-¨. á. M ¢ [1]  §ë¢ ¥âáï ç¨á«® ordM = sup

f2M
ja2(f)j,   ã¨¢¥àá «ìë¬ «.-¨.á.

¯®àï¤ª  � | ®¡ê¥¤¨¥¨¥ U� ¢á¥å «.-¨. á. M, ¤«ï ª®â®àëå ordM � �. �§¢¥áâ®, çâ® U� = ; ¯à¨
� < 1, U1 = K, ordK = 1, ordS = 2, ordV2� = �.

� ¦¤ãî äãªæ¨î f 2 U� ¬®¦® ¯à¥¤áâ ¢¨âì ª ª à ¢®¬¥àë© ¢ãâà¨ � ¯à¥¤¥« äãªæ¨©
fn, ¨¬¥îé¨å ¨â¥£à «ì®¥ ¯à¥¤áâ ¢«¥¨¥ (0.2) á ¢¥é¥áâ¢¥ë¬¨ äãªæ¨ï¬¨ �n ([4], x 6). �¤-
 ª® ¯®« ï ¢ à¨ æ¨ï ¢á¥å â ª¨å äãªæ¨© �n ã¦¥ ¥ ¡ã¤¥â ®£à ¨ç¥    [0; 2�) ¥ª®â®à®©
¯®áâ®ï®© M = M(f). �á«¥¤áâ¢¨¥ íâ®£® ¨â¥à¥á® ¨§ãç¨âì «.-¨. á., á®áâ®ïé¨¥ ¨§ äãªæ¨©
f(z) = lim

n!1
fn(z), ¤«ï ª®â®àëå fn ¨¬¥îâ ¨â¥£à «ìë¥ ¯à¥¤áâ ¢«¥¨ï (0.2),   ¯®«ë¥ ¢ à¨ æ¨¨

á®®â¢¥âáâ¢ãîé¨å äãªæ¨© �n ¥ ®£à ¨ç¥ë ¢ á®¢®ªã¯®áâ¨.
� ¯¥à¢®© ç áâ¨ íâ®© áâ âì¨ ¢¢®¤ïâáï ¨ ¨§ãç îâáï â ª¨¥ «.-¨. á. U�(R), ¢® ¢â®à®© | ãáâ  -

¢«¨¢ ¥âáï á¢ï§ì U�(R) á V2�.

1. �¨¥©®-¨¢ à¨ â®¥ á¥¬¥©áâ¢® U�(R).

�¥¬¬  1. �ãáâì ¤«ï æ¥«®£® n � 2

d1; : : : ; dn 2 R; d1 + � � � + dn = 1; (1.1)
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dn+j = dj , j 2 N. �®£¤  ¯à¨ � � 1 à ¢®á¨«ìë ãá«®¢¨ï

1� �

2
� dl + � � �+ dl+p �

1 + �

2
8(p+ 1); l 2 f1; : : : ; ng (1.2)

¨

jd1e
i1 + � � �+ dne

in j � � 8(1; : : : ; n) 2 R
n ; 0 � 1 � � � � � n � 2�: (1.3)

�®ª § â¥«ìáâ¢®. a) (1:2) =) (1:3). �ãáâì n = 2. �á«¨ d1; d2 > 0, â® ¨§ (1.1) ¯®«ãç¨¬
jd1e

i1 + d2e
i2 j � �. �á«¨ 0 � d1; d2 � 0, â® jd1ei1 + d2e

i2 j � d1 + (�d2) � 1+�
2
� 1��

2
= �.

�à¨ n > 2 ¢®§ì¬¥¬ ¬®¦¥áâ¢® K = f(1; : : : ; n) 2 Rn : 0 � 1 � � � � � n � 2�g, ª®â®à®¥
ª®¬¯ ªâ® ¢ R

n . �®íâ®¬ã ¤«ï ä¨ªá¨à®¢ ®£®  ¡®à  ç¨á¥« d1; : : : ; dn áãé¥áâ¢ã¥â â ª ï â®çª 
(01 ; : : : ; 

0
n) 2 K, çâ®

max
K

jd1e
i1 + � � � + dne

in j = jd1e
i01 + � � �+ dne

i0n j: (1.4)

�§ íªáâà¥¬ «ì®áâ¨ â®çª¨ (01 ; : : : ; 
0
n) ¢ (1.4) á«¥¤ã¥â, çâ® ¢ëà ¦¥¨¥

� nP
k=1

dke
i0k

�
e�i

0
j ¢¥é¥-

áâ¢¥® ¤«ï ¢á¥å j = 1; : : : ; n. �¥¬ á ¬ë¬ § ¤ ç  á¢®¤¨âáï ª à áá¬®âà¥®¬ã á«ãç î n = 2 ¤«ï
áã¬¬ë ¤¢ãå ¢¥é¥áâ¢¥ëå ç¨á¥«. � ç¨â, (1.3) á¯à ¢¥¤«¨¢® ¯à¨ ¢á¥å n.

¡) (1:3) =) (1:2). �ãáâì íâ® ¥ â ª ¤«ï ¥ª®â®à®£® æ¥«®£® n � 2. �®£¤  áãé¥áâ¢ã¥â " > 0,
ç¨á«  l 2 f1; : : : ; ng ¨ p 2 f0; : : : ; n� 2g â ª¨¥, çâ®

dl + dl+1 + � � �+ dl+p =
1 + �

2
+
"

2
; dl+p+1 + � � � + dl+n�1 =

1� �

2
�
"

2
: (1.5)

� ãá«®¢¨¨ (1.3) ¬®¦® áç¨â âì, ¥  àãè ï ®¡é®áâ¨, çâ® 0 � l � l+1 � � � � � l+n�1 � 2�, £¤¥
l+n = l. �®íâ®¬ã ¬®¦¥¬ ¢§ïâì l = l+1 = � � � = l+p = 0, l+p+1 = � � � = l+n�1 = �. �®£¤  ¨§

(1.5) ¯®«ãç ¥¬
nP

k=1
dke

ik = �+ ". �à®â¨¢®à¥ç¨¥ á ãá«®¢¨¥¬ (1.3) ¤®ª §ë¢ ¥â «¥¬¬ã 1.

� ¬¥ç ¨¥ 1. �á«®¢¨¥ (1.2) ¢ «¥¬¬¥ 1 à ¢®á¨«ì® ãá«®¢¨î: ¤«ï ¢á¥å  âãà «ìëå l 2
[1; n]; p 2 [0; n� 1]

jdl + dl+1 + � � � + dl+pj+ jdl+p+1 + � � � + dl+n�1j � � (1.6)

(¯à¨ p = n� 1 ¥à ¢¥áâ¢® (1.6) ¯à¨¬¥â ¢¨¤ jdl + dl+1 + � � � + dl+n�1j � �).

�¥©áâ¢¨â¥«ì®, ¤®áâ â®ç® ¤®ª § âì ¥à ¢¥áâ¢® (1.6) ¯à¨ p 2 [0; n � 2]. �¡®§ ç¨¬ dl +
dl+1 + � � � + dl+p = x. �®£¤  ¨§ ãá«®¢¨ï (1.1) ¯®«ãç ¥¬ dl+p+1 + � � � + dl+n�1 = 1� x. �ë¯®«¥¨¥
¥à ¢¥áâ¢  (1.6) ®§ ç ¥â, çâ® jxj+ j1� xj � �; íâ® ¥à ¢¥áâ¢® à ¢®á¨«ì® ãá«®¢¨î (1.2).

� ª ç¥áâ¢¥ ¯à¥¤¥«ì®£® á«ãç ï «¥¬¬ë 1 ¯®«ãç ¥¬

�«¥¤áâ¢¨¥ 1. �ãáâì � | ¢¥é¥áâ¢¥ ï äãªæ¨ï ®£à ¨ç¥®© ¢ à¨ æ¨¨   [0; 2�), ã¤®¢«¥-
â¢®àïîé ï ¯¥à¢®¬ã ¨§ ãá«®¢¨© (0.3). �à®¤®«¦¨¬ �   R: �(2� + t) = �(2� � 0) + �(t). �®£¤ 
á«¥¤ãîé¨¥ ¤¢  ãá«®¢¨ï à ¢®á¨«ìë:

¥á«¨ a < b � 2� + a; â®
1� �

2
�
Z b

a
d�(t) �

1 + �

2
8 a; b 2 R; (1.7)����

Z 2�

0
eitd�(t)

���� � �: (1.8)

�¯à¥¤¥«¥¨¥ 1. �¡®§ ç¨¬ ç¥à¥§ I�(R), � � 1, ¬®¦¥áâ¢® ¢á¥å ¢¥é¥áâ¢¥ëå äãªæ¨©
®£à ¨ç¥®© ¢ à¨ æ¨¨   [0; 2�), ã¤®¢«¥â¢®àïîé¨å ¯¥à¢®¬ã ¨§ ãá«®¢¨© (0.3) ¨ ãá«®¢¨î (1.7).

�¯à¥¤¥«¥¨¥ 2. �¡®§ ç¨¬ ç¥à¥§ U�(R), � � 1, § ¬ëª ¨¥ ¢ â®¯®«®£¨¨ à ¢®¬¥à®© áå®-
¤¨¬®áâ¨ ¢ãâà¨ ªàã£  � ¬®¦¥áâ¢  äãªæ¨© f(z) = z + � � � ¢¨¤  (0.2) á � 2 I�.

�ç¥¢¨¤®, U�1(R) � U�2(R), ¥á«¨ �1 � �2.
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�¥®à¥¬  1. �«ï «î¡®£® � � 1 á¥¬¥©áâ¢® U�(R) | «.-¨. á. ¯®àï¤ª  �.

�®ª § â¥«ìáâ¢®. �ãáâì f 2 U�(R), â®£¤  ¨§ o¯à¥¤¥«¥¨ï 2 ¯®«ãç ¥¬ f 0 = lim
n!1

f 0n, £¤¥

f 0n(z) = exp
�
� 2

Z 2�

0

log(1� zeit)d�n(t)
�
; z 2 �; �n 2 I�(R):

 ) � ç «  ¯®ª ¦¥¬, çâ® U�(R) | «.-¨. á. � áá¬®âà¨¬ äãªæ¨î  n = ��[fn], £¤¥

�(z) = ei�
z + a

1 + az
; a 2 �; � 2 R;

| ä¨ªá¨à®¢ ë© ª®ä®à¬ë©  ¢â®¬®àä¨§¬ �. �§ (0.1) ¢ëâ¥ª ¥â

 0n(z) =
f 0n

�
ei� z+a

1+az

�
f 0n(ei�a)(1 + az)2

= exp
�
� 2

Z 2�

0

log

 
1� z

ei(�+t) � a

1� ei(�+t)a

!
d�n(t)

�
: (1.9)

�ãáâì

ei�(t) =
ei(�+t) � a

1� ei(�+t)a
; t 2 [0; 2�): (1.10)

�à¨ ¢®§à áâ ¨¨ t ®â 0 ¤® 2� á®®â¢¥âáâ¢ãîé¨¥ § ç¥¨ï �(t) ¢®§à áâ îâ ®â �0 ¤® �0+2�. �®íâ®-
¬ã á®®â®è¥¨¥ (1.10) ®¯à¥¤¥«ï¥â ¢¥é¥áâ¢¥ãî äãªæ¨î t = t(�), ¯¥à¥¢®¤ïéãî ¯à®¬¥¦ãâ®ª
[�0; �0 + 2�) ¢ [0; 2�). �®£¤  ¨§ (1.9) ¯®«ãç ¥¬

 0n(z) = exp
�
� 2

Z �0+2�

�0

log(1� zei�)d�n(t(�))
�
;

¯à¨ç¥¬ äãªæ¨ï �n(�) = �n(t(�)) ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (0.3)Z 2�

0

d�n(�) =
Z �0+2�

�0

d�n(�) =
Z 2�

0

d�n(t) = 1:

�à¨ a � � � b < a+ 2� ¨¬¥¥¬Z b

a

d�n(�) =
Z t(b)

t(a)

d�n(t); t(a) � t(b) < t(a) + 2�:

� ª ª ª �n 2 I�(R), â® 1��
2

�
t(b)R
t(a)

d�n(t) � 1+�
2

¯® ãá«®¢¨î (1.7). �«¥¤®¢ â¥«ì®, �n â ª¦¥

ã¤®¢«¥â¢®àï¥â ãá«®¢¨î (1.7), â. ¥. �n 2 I�(R). �®íâ®¬ã

 0n(z) = exp
�
� 2

Z �0+2�

�0

log(1� zei�)d�n(�)
�

= exp
�
� 2

Z 2�

0

log(1� zei�)d�n(�)
�
;

¨  n 2 U�(R) ¤«ï ¢á¥å  âãà «ìëå n.
�§ áãé¥áâ¢®¢ ¨ï à ¢®¬¥à®£® ¢ãâà¨ � ¯à¥¤¥«  lim

n!1
f 0n(z) = f 0(z) á«¥¤ã¥â (á¬. (1.9)),

çâ® ¤«ï «î¡®£® ä¨ªá¨à®¢ ®£®  ¢â®¬®àä¨§¬  � áãé¥áâ¢ã¥â à ¢®¬¥àë© ¢ãâà¨ � ¯à¥¤¥«
lim
n!1

 n(z) = ��[f ](z) =  (z). �§ § ¬ªãâ®áâ¨ á¥¬¥©áâ¢  U�(R) ¢ëâ¥ª ¥â, çâ®  = ��[f ] 2 U�(R).

�«¥¤®¢ â¥«ì®, U�(R) | «.-¨. á.
¡) �¥¯¥àì ¯®ª ¦¥¬, çâ® ordU�(R) = �. �§¢¥áâ® ([1], c. 115), çâ® ¤«ï «.-¨. á. M

ordM = sup
f2M; z2�

����1� jzj22
f 00(z)
f 0(z)

� z

����:
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�®íâ®¬ã ¤®áâ â®ç® ¤®ª § âì ¥à ¢¥áâ¢®
�� 1�jzj2

2
f 00(z)
f 0(z)

� z
�� � � ¤«ï ¢á¥å z 2 � ¨ ¤«ï «î¡®©

äãªæ¨¨ f 2 U�(R), ¨¬¥îé¥© ¯à¥¤áâ ¢«¥¨¥ (0.2). �§ (0.2) ¯à¨ ä¨ªá¨à®¢ ®¬ z = rei� ¯®«ãç¨¬����1� jzj22
f 00(z)
f 0(z)

� z

���� =
����
Z 2�

0

(1� r2)ei(t+�)

1� rei(t+�)
d�(t)� r

���� =
����
Z 2�

0
ei�(t)d�(t)

����; (1.11)

£¤¥ ei�(t) = ei(�+t)�r
1�rei(�+t)

, t 2 [0; 2�). � ááã¦¤¥¨ï,   «®£¨çë¥ ¯à¨¢¥¤¥ë¬ ¢ ¯¥à¢®© ç áâ¨ ¤®-
ª § â¥«ìáâ¢ , á â¥¬¨ ¦¥ ®¡®§ ç¥¨ï¬¨ ¯®ª §ë¢ îâ, çâ® ¯®á«¥¤¥¥ ¢ëà ¦¥¨¥ ¢ (1.11) ¬®¦®
¯¥à¥¯¨á âì ¢ ¢¨¤¥ ����

Z �0+2�

�0

ei�d�(t(�))
���� =

����
Z �0+2�

�0

ei�d�(�)
���� =

����
Z 2�

0

ei�d�(�)
����:

� ª ¨ à ìè¥, ¤®ª §ë¢ ¥âáï, çâ® �(�) 2 I�(R). �®£¤  ¨§ (1.8) á«¥¤ã¥â, çâ® ¢ëà ¦¥¨¥ ¢ (1.11)
¥ ¯à¥¢®áå®¤¨â �. � ª¨¬ ®¡à §®¬, ordU�(R) � �.

�à¨¬¥à äãªæ¨¨

k�(z) =
1

2�

��
1 + z

1� z

��

� 1
�

= z + �z2 + � � � 2 U�(R)

(§¤¥áì 1� = 1, � � 1) ¯®ª §ë¢ ¥â, çâ® ordU�(R) � �. � ª¨¬ ®¡à §®¬, ordU�(R) = �.

2. �¥¬¥©áâ¢® V �
2�, ¥£® á®¢¯ ¤¥¨¥ á U�(R). � [5]{[7] ¡ë«¨ ¢¢¥¤¥ë ¨ ¨§ãç «¨áì «.-¨. á. U��

¯®àï¤ª  �. �ãªæ¨ï f 2 U�� [7], ¥á«¨ ¨ â®«ìª® ¥á«¨ áãé¥áâ¢ãîâ äãªæ¨ï s 2 K ¨ à¥£ã«ïà ï ¢
� äãªæ¨ï !, !(0) = 0, j!(z)j < 1 ¤«ï z 2 � (ª« áá ¢á¥å â ª¨å äãªæ¨© ®¡®§ ç¨¬ 
), â ª¨¥,
çâ®

f 0(z) = s0(z) exp
�
� 2

Z 2�

0

log(1� !(z)eit)d�(t)
�
; z 2 �; f(0) = 0; (2.1)

£¤¥ � | ª®¬¯«¥ªá®§ ç ï äãªæ¨ï ®£à ¨ç¥®© ¢ à¨ æ¨¨, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨îZ 2�

0
d�(t) = 0;

Z 2�

0
jd�(t)j � �� 1; (2.2)

(ª« áá â ª¨å äãªæ¨© � ®¡®§ ç¨¬ I��). �§¢¥áâ®, çâ® U�1 = K ¨ ¯à¨ � > 1 ¨ ®¤¨ ¨§ ª« áá®¢
U 0� ¨ U�� ¥ á®¤¥à¦¨â ¤àã£®©.

� ª áª § ® ¢  ç «¥ áâ âì¨, äãªæ¨¨ f 2 V2� ¢ ¥¥ ¨â¥£à «ì®¬ ¯à¥¤áâ ¢«¥¨¨ (0.2) á®®â-
¢¥âáâ¢ã¥â ¢¥é¥áâ¢¥ ï äãªæ¨ï ®£à ¨ç¥®© ¢ à¨ æ¨¨ �, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ (0.3).
� ª ï äãªæ¨ï � ¬®¦¥â ¡ëâì § ¯¨á   á ¯®¬®éìî ¥ã¡ë¢ îé¨å   [0; 2�] äãªæ¨© ®£à ¨ç¥-

®© ¢ à¨ æ¨¨ �(1), �(2): � = �(1) � �(2),
2�R
0

d�(1)(t) � �+1
2

,
2�R
0

d�(2)(t) � ��1
2

. � á¢®î ®ç¥à¥¤ì, ¢á¥£¤ 

¬®¦® § ¯¨á âì �(1) = �
(1)
0 + �(1)� , £¤¥ �(1)0 , �(1)� â ª¦¥ ¥ ã¡ë¢ îâ ¨ ¨¬¥îâ ¯®«ë¥ ¢ à¨ æ¨¨  

[0; 2�], à ¢ë¥ 1 ¨ (� � 1)=2 á®®â¢¥âáâ¢¥®. �®íâ®¬ã ¤«ï ª ¦¤®© äãªæ¨¨ f 2 V2� áãé¥áâ¢ã¥â
äãªæ¨ï s 2 K ¨ ¢¥é¥áâ¢¥ ï äãªæ¨ï ®£à ¨ç¥®© ¢ à¨ æ¨¨ �� = �(1)� ��(2), ã¤®¢«¥â¢®àïî-
é ï ãá«®¢¨ï¬ (2.2), â ª¨¥, çâ® f 0 ®¯à¥¤¥«ï¥âáï ä®à¬ã«®© (2.1), £¤¥ !(z) � z, � = ��. �®¦¥áâ¢®
¢á¥å â ª¨å äãªæ¨© �� ®¡®§ ç¨¬ I��(R). �ç¥¢¨¤®, I��(R) á®áâ®¨â ¨§ ¢¥é¥áâ¢¥ëå äãªæ¨© ��
¨§ I��.

� ¬¥ç ¨¥ 2. �® ¤ ®© äãªæ¨¨ f 2 V2� ¢ § ¯¨á¨ (2.1) (!(z) � z) ¢ëè¥ãª § ë¥ äãª-
æ¨¨ � = �� ¨ s ®¯à¥¤¥«ïîâáï, ¢®®¡é¥ £®¢®àï, ¥ ®¤®§ ç®.

�¯à¥¤¥«¥¨¥ 3. �ãáâì � � 1. �¡®§ ç¨¬

V �
2� = ff : f(0) = 0; f 0¨¬¥¥â ¢¨¤ (2:1); s 2 K; ! 2 
; � 2 I��(R)g:

�ç¥¢¨¤®, V2� � V �
2� � U��. � ¤ «ì¥©è¥¬ ¤®ª ¦¥¬, çâ® V �

2� = U�(R).
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�«ï  2 (��=2; �=2) ®¡®§ ç¨¬ ç¥à¥§ P ¬®¦¥áâ¢® ¢á¥å   «¨â¨ç¥áª¨å ¢ � äãªæ¨© p(z) =
1 + � � � â ª¨å, çâ® Refeip(z)g > 0 ¢ �. �ãáâì P(�) =

S
2(��=2;�=2)

P .

�¥¬¬  2 ([8]). �á«¨  2 (��=2; �=2) ¨ äãªæ¨ï p ¨¬¥¥â ¢¨¤

p(z) = 1 + cos 
� nX

k=1

�k
1 + �kz

1� �kz
� 1

�
;

nX
k=1

�k = 1; �k � 0; �k 2 @�; (2.3)

k = 1; : : : ; n, â® p 2 P(�) ¨ ¥¥ ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

p(z) =
(1� zeit1)(1� zeit3) : : : (1� zeit2m�1)
(1� zeit2)(1 � zeit4) : : : (1� zeit2m)

; m � n; (2.4)

t1 < t2 < t3 < � � � < t2m < t1 + 2� (¨«¨ t2 < t1 < t4 < t3 < � � � < t2m < t2m�1 < t2 + 2�). �¡à â®,
¥á«¨ p ¨¬¥¥â ¢¨¤ (2:4), â® p 2 P(�) ¨ ®  ¬®¦¥â ¡ëâì § ¯¨á   ¢ ¢¨¤¥ (2:3).

�¥¬¬  3. �á«¨ f 2 U�(R), � > 1, ¨ ¢ ¨â¥£à «ì®¬ ¯à¥¤áâ ¢«¥¨¨ (0:2) íâ®© äãªæ¨¨

á®®â¢¥âáâ¢ã¥â áâã¯¥ç â ï äãªæ¨ï � á à §àë¢ ¬¨ ¢ n � 2 â®çª å t1; : : : ; tn ¨ á®®â¢¥â-

áâ¢ãîé¨¬¨ áª çª ¬¨ d1; : : : ; dn, ¥ ¢á¥ ¨§ ª®â®àëå ¯®«®¦¨â¥«ìë, â® f 0 ¬®¦® § ¯¨á âì ¢

¢¨¤¥

f 0(z) = (p(z))2�(f�)0(z);

£¤¥ � = jdk0 j = min
k2[1;n]

jdkj, p 2 P(�), f
� 2 U��2�(R) ¨ íâ®© äãªæ¨¨ f� ¢ ¥¥ ¨â¥£à «ì®¬ ¯à¥¤áâ -

¢«¥¨¨ (0:2) á®®â¢¥âáâ¢ã¥â áâã¯¥ç â ï äãªæ¨ï ��, ¨¬¥îé ï ¥ ¡®«¥¥ (n� 1) à §àë¢®¢.

� ¬¥â¨¬, çâ® ¯® ¥à ¢¥áâ¢ã (1.2) � � (�� 1)=2, ¯®íâ®¬ã �� 2� � 1.

�®ª § â¥«ìáâ¢®. �¨á«  d1; : : : ; dn ã¤®¢«¥â¢®àïîâ ãá«®¢¨î 1��
2
� dk �

1+�
2

, ¢ëâ¥ª îé¥¬ã
¨§ (1.2), ¯®áª®«ìªã � 2 I�(R). �ë¤¥«¨¬ áà¥¤¨ ç¨á¥« d1; : : : ; dn 2N ¯®á«¥¤®¢ â¥«ìëå £àã¯¯
á®á¥¤¨å ç¨á¥« ®¤®£® § ª 

d1; : : : ; dk1| {z }
D1

; dk1+1; : : : ; dk2| {z }
D2

; : : : ; dk2N�1+1; : : : ; dk2N| {z }
D2N

(¨å ¢á¥£¤  ç¥â®¥ ç¨á«®). �¡®§ ç¨¬ � = jdk0 j = min
k2[1;n]

jdkj. � ª ¦¤®© ¨§ £àã¯¯ D1; : : : ;D2N

¢ë¡¥à¥¬ ª ª®¥-«¨¡® ç¨á«® (¢ £àã¯¯¥, á®¤¥à¦ é¥© dk0 , ¢ë¡¥à¥¬ ¨¬¥® dk0) ¨ ã¬¥ìè¨¬ ¬®¤ã«ì
¢ë¡à ®£® ç¨á«    �. �âã ®¯¥à æ¨î  §®¢¥¬ à¥¤ãªæ¨¥©   �. �® ¢®¢ì ¯®«ãç¥®¬  ¡®à¥
®â«¨çëå ®â ã«ï ç¨á¥« ¥ ¡®«¥¥ (n � 1). �®åà ïï ¯à¥¦¨© ¯®àï¤®ª á«¥¤®¢ ¨ï, ®¡®§ ç¨¬

ç¨á«  ®¢®£®  ¡®à  d�1; : : : ; d
�
n. �ç¥¢¨¤®,

nP
l=1

d�l = 1 (£àã¯¯ Dk | ç¥â®¥ ç¨á«®). �®ª ¦¥¬, çâ®

¤«ï «î¡ëå æ¥«ëå (p+ 1), l 2 [1; n]

1� �

2
+ � � d�l + � � �+ d�l+p �

1 + �

2
� �; (2.5)

§¤¥áì ®¡®§ ç¥® d�n+j = d�j ¤«ï ¢á¥å j = 1; : : : ; n. � ç «  ¤®ª ¦¥¬ «¥¢ãî ç áâì ¥à ¢¥áâ¢ 
(2.5).

� áá¬®âà¨¬  ¡®à d�l ; : : : ; d
�
l+p. �à¨ ¥®¡å®¤¨¬®áâ¨ ã¡¥à¥¬ ¨§ íâ®£®  ¡®à  ç áâì ¯®«®¦¨â¥«ì-

ëå ç¨á¥« á ®¤®£® ªà ï  ¡®à  ( ¯à¨¬¥à, á «¥¢®£®) ¨ à áè¨à¨¬ íâ®â  ¡®à á ¤àã£®£® ªà ï
(¯à ¢®£®) ¤®¡ ¢«¥¨¥¬ ®âà¨æ â¥«ìëå ç¨á¥« â ª, çâ®¡ë ¯®«ãç¨¢è¨©áï  ¡®à ¡ë« á«¥¤áâ¢¨¥¬
à¥¤ãªæ¨¨   � ¥ª®â®à®£® ¯®á«¥¤®¢ â¥«ì®£®  ¡®à  ç¨á¥« fdkg, ï¢«ïîé¥£®áï ¯®á«¥¤®¢ â¥«ì-
ë¬ ®¡ê¥¤¨¥¨¥¬ L ¯®¤àï¤ ¨¤ãé¨å £àã¯¯ fD�g

�0+L
�=�0

. � à¥§ã«ìâ â¥ ¯®«ãç¨¬ ®¢ë©  ¡®à ç¨á¥«

fd��g
�+�

�=�
, áã¬¬  ª®â®àëå

�+�P
�=�

d�� � d�l + � � �+ d�l+p. �®§¬®¦ë âà¨ ¢ à¨ â .
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1) L | ç¥â®¥. �®£¤ 
�+�P
�=�

d�� =
�+�P
�=�

d�, ¯®áª®«ìªã ¯®á«¥¤ïï áã¬¬  à ¢  áã¬¬¥ ¢á¥å ç¨á¥«

¢® ¢á¥å £àã¯¯ å ç¨á¥« D�0 ; : : : ;D�0+L. � íâ®¬  ¡®à¥ fD�g
�0+L
�=�0

®¤  ¨§ ªà ©¨å £àã¯¯ (¬®¦®
áç¨â âì, çâ® íâ® D�0) á®áâ®¨â â®«ìª® ¨§ ®âà¨æ â¥«ìëå ç¨á¥«. �®íâ®¬ã D�0+L+1 â ª¦¥ á®áâ®¨â
â®«ìª® ¨§ ®âà¨æ â¥«ìëå ç¨á¥«, áã¬¬  ª®â®àëå ¥ ¬¥ìè¥ ��. �ã¬¬  ¢á¥å ç¨á¥« ¢ £àã¯¯ å
D�0 ; : : : ;D�0+L+1 ¥ ¬¥ìè¥ 1��

2
¯® ¥à ¢¥áâ¢ã (1.2). �«¥¤®¢ â¥«ì®,

�+�X
�=�

d� � � �
1� �

2
;

¨ ¢ íâ®¬ á«ãç ¥ «¥¢ ï ç áâì ¥à ¢¥áâ¢  (2.5) ¤®ª §  .
2) �á«¨ ¢ fD�g

�0+L
�=�0

¯¥à¢ ï ¨ ¯®á«¥¤ïï £àã¯¯ë á®áâ®ïâ â®«ìª® ¨§ ®âà¨æ â¥«ìëå ç¨á¥«, â®
�+�P
�=�

d�� =
�+�P
�=�

d�+�; ¯® ¥à ¢¥áâ¢ã (1.2)
�+�P
�=�

d� �
1��
2

. �âáî¤  ¯®«ãç ¥¬ «¥¢ãî ç áâì ¥à ¢¥áâ¢ 

(2.5).
3) �á«¨ ¢ fD�g

�0+L
�=�0

¯¥à¢ ï ¨ ¯®á«¥¤ïï £àã¯¯ë á®áâ®ïâ â®«ìª® ¨§ ¯®«®¦¨â¥«ìëå ç¨á¥«, â®
�+�P
�=�

d�� =
�+�P
�=�

d� � �. �ã¬¬  ç¨á¥« ¢ £àã¯¯¥ D�0 ¥ ¬¥ìè¥ �,   «®£¨ç® | ¢ £àã¯¯¥ D�0+L. �®

¥à ¢¥áâ¢ã (1.2) áã¬¬  ¢á¥å ç¨á¥« ¢ £àã¯¯ å fD�g
�0+L�1
�0+1 ¥ ¬¥¥¥ 1��

2
. �«¥¤®¢ â¥«ì®,

�+�X
�=�

d� � 2� +
1� �

2
=)

�+�X
�=�

d�� � � +
1� �

2
:

�¥¬ á ¬ë¬ ¤®ª §   «¥¢ ï ç áâì ¥à ¢¥áâ¢  (2.5). � «®£¨ç® ¤®ª §ë¢ ¥âáï ¯à ¢ ï ç áâì
íâ®£® ¥à ¢¥áâ¢ .

�§ ¤®ª § ®£® á«¥¤ã¥â, çâ® f 0 ¬®¦¥â ¡ëâì § ¯¨á   ¢ ¢¨¤¥ f 0(z) = (pN(z))2�(f�)0(z); §¤¥áì
pN(z) ¨§ (2.4) ¯à¨ m = N , �� | ®¤  ¨§ â®ç¥ª à §àë¢  äãªæ¨¨ �, ª®â®à®© á®®â¢¥âáâ¢ã¥â
áª ç®ª d� ¨§ £àã¯¯ë D� , f� 2 U��2�(R), ¨ íâ®© äãªæ¨¨ f� ¢ ¥¥ ¨â¥£à «ì®¬ ¯à¥¤áâ ¢«¥¨¨
(0.2) á®®â¢¥âáâ¢ã¥â áâã¯¥ç â ï äãªæ¨ï ��, ¨¬¥îé ï ¥ ¡®«¥¥ (n � 1) à §àë¢®¢. �® «¥¬¬¥ 2
pN(z) 2 P(�). �â® ¤®ª §ë¢ ¥â «¥¬¬ã 3.

�¥®à¥¬  2. U�(R) = V �
2� ¤«ï ¢á¥å � � 1.

�®ª § â¥«ìáâ¢®.  ) �ãáâì f 2 U�(R). �®£¤  ¯® ®¯à¥¤¥«¥¨î 2 f = lim
m!1

fm (¯à¥¤¥« à ¢®-

¬¥àë© ¢ãâà¨ �) ¨

f 0m(z) = exp
�
� 2

Z 2�

0
log(1� zeit)d�m(t)

�
; �m 2 I�(R): (2.6)

� ¦¤ãî äãªæ¨î �m ¬®¦® à ¢®¬¥à® ¢ãâà¨ [0; 2�]  ¯¯à®ªá¨¬¨à®¢ âì áâã¯¥ç âë¬¨ äãª-
æ¨ï¬¨ f�kmg

1
k=1; ¯à¨ íâ®¬ ¬®¦® áç¨â âì, çâ® �km(0) = �m(0), �km(2�) = �m(2�) (á«¥¤®¢ â¥«ì-

®,
2�R
0

d�km(t) = 1 ¤«ï ¢á¥å k ¨ m). �®íâ®¬ã ¤«ï ¢á¥å k 2 N áãé¥áâ¢ã¥â â ª ï áâã¯¥ç â ï

äãªæ¨ï �km(t), t 2 [0; 2�], ã ª®â®à®© â®çª¨ à §àë¢  á®¢¯ ¤ îâ á â®çª ¬¨ à §àë¢  �km, § -

ç¥¨ï ¢ â®çª å à §àë¢  á®¢¯ ¤ îâ á® § ç¥¨ï¬¨ ¢ íâ¨å â®çª å äãªæ¨¨ �m,
2�R
0

d�km(t) = 1,

(�km(t) � �km(t)) ���!
k!1

0 à ¢®¬¥à®   [0; 2�]. �âáî¤  ¨ ¨§ â®£®, çâ® �m 2 I�(R), á«¥¤ã¥â, çâ®

�km 2 I�(R), â. ª. �km ã¤®¢«¥â¢®àïîâ ãá«®¢¨î (1.7). �§ à ¢®¬¥à®© áå®¤¨¬®áâ¨ �km ���!
k!1

�m

á«¥¤ã¥â, çâ® ¢ (2.6) äãªæ¨¨ �m 2 I�(R) ¬®¦® áç¨â âì áâã¯¥ç âë¬¨.
�¨ªá¨àã¥¬ m. �® «¥¬¬¥ 3 ¯à®¨§¢®¤ãî äãªæ¨¨ fm ¬®¦® § ¯¨á âì ¢ ¢¨¤¥ f 0m(z) =

(p1(z))2�1(f�)0(z), £¤¥ p1 2 P(�), �1 2 [0; (� � 1)=2], f� 2 U��2�1(R). � á¢®î ®ç¥à¥¤ì ¯® «¥¬¬¥ 3
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(f�)0(z) = (p2(z))2�2 (h�)0(z), £¤¥ p2 2 P(�), �2 2 [0; (� � 1� 2�1)=2], h� 2 U��2�1�2�2(R). �  ª®¥ç®¥
ç¨á«® è £®¢ ¯à¨¤¥¬ ª ¢ë¢®¤ã

f 0m(z) = (p1(z))2�1 : : : (pk(z))2�ks0m(z); �(m) =
kX

j=1

�j 2 [0; (� � 1)=2];

£¤¥ sm 2 U���(m)(R), pj 2 P(�), �j � 0, j = 1; : : : ; k, ¯à¨ç¥¬ ¢ ¨â¥£à «ì®¬ ¯à¥¤áâ ¢«¥¨¨ (0.2)
äãªæ¨¨ s0m á®®â¢¥âáâ¢ã¥â áâã¯¥ç â ï äãªæ¨ï ��(t), ¥ ¨¬¥îé ï ®âà¨æ â¥«ìëå áª çª®¢;

¯®íâ®¬ã sm(z) 2 K. �§ ®¯à¥¤¥«¥¨ï ª« áá  P(�) á«¥¤ã¥â, çâ®
kQ

j=1
(pj(z))�j 2 P(�), ¥á«¨

kP
j=1

�j = 1,

�j � 0. �®íâ®¬ã f 0m = (qm(z))2�(m)s0m(z), £¤¥ qm 2 P(�). �§ § ¬ªãâ®áâ¨ ª« áá®¢ P(�) ¨ K ¢
â®¯®«®£¨¨ à ¢®¬¥à®© áå®¤¨¬®áâ¨ ¢ãâà¨ � á«¥¤ã¥â

f 0(z) = lim
m!1

f 0m(z) = p2�(z)s0(z); p 2 P(�); s 2 K; � 2

�
0;
�� 1

2

�
:

� ª ª ª p 2 P(�), â® áãé¥áâ¢ã¥â â ª®¥  2 (��=2; �=2), çâ® Refeip(z)g > 0, z 2 �. �®¤¡¨à ï
�; � 2 @� â ª, çâ®¡ë Re

�
ei 1�z�

1�z�

	
> 0, § ¯¨è¥¬ p(z) = 1�!(z)�

1�!(z)�
, ! 2 
. �«¥¤®¢ â¥«ì®, ¬®¦¥¬

§ ¯¨á âì

f 0(z) = s0(z) exp
�
� 2

Z 2�

0

log(1� !(z)eit)d��(t)
�
;

Z 2�

0

d��(t) = 0;

§¤¥áì �� | áâã¯¥ç â ï äãªæ¨ï á ¤¢ã¬ï à §àë¢ ¬¨ (��), â. ¥. �� 2 I��(R) ¨ f 2 V �
2�.

¡) �¡à â®, ¯ãáâì f 2 V �
2�. �®£¤  áãé¥áâ¢ãîâ (á¬. ®¯à¥¤¥«¥¨¥ 3) â ª¨¥ s 2 K, � 2 I��(R),

! 2 
, çâ®

 ��1(z) = exp
�
� 2

Z 2�

0

log(1� zeit)d�(t)
�

¨ f 0(z) = s0(z) ��1(!(z)); z 2 �:

�¤¥áì äãªæ¨î � ¬®¦¥¬ § ¯¨á âì ¢ ¢¨¤¥ � = �1 � �2, £¤¥ �1 ¨ �2 | ¢®§à áâ îé¨¥ äãªæ¨¨  
[0; 2�], ¯®« ï ¢ à¨ æ¨ï ª®â®àëå ¥ ¯à¥¢®áå®¤¨â (��1)=2 (á¬. (2.2)). �®íâ®¬ã áãé¥áâ¢ãîâ â ª¨¥
¢ë¯ãª«ë¥ äãªæ¨¨ s1; s2 2 K, çâ®  ��1(z) = (s01(z)=s

0
2(z))

(��1)=2. �®áª®«ìªã s01, s
0
2 | ¯à®¨§¢®¤ë¥

¢ë¯ãª«ëå äãªæ¨©, â® à ¢®¬¥à® ¢ãâà¨ � ¨å ¬®¦® ¯à¨¡«¨§¨âì äãªæ¨ï¬¨ (á¬.,  ¯à., [9],
á«¥¤áâ¢¨¥ 1.1)

s01;n(z) =
nY

k=1

(1� z�k)�2�k ¨ s02;n(z) =
nY

k=1

(1� z�k)�2�k

á®®â¢¥âáâ¢¥®; §¤¥áì �k; �k 2 @�, n 2 N,
nP

k=1
�k =

nP
k=1

�k = 1. �«¥¤®¢ â¥«ì®, à ¢®¬¥à® ¢ã-

âà¨ �

 n(z) =
nY

k=1

(1� z�k)�k

(1� z�k)�k
���!
n!1

 (z):

� ª ª ª ¯®á«¥¤¥¥ ¯à®¨§¢¥¤¥¨¥ ¬®¦® § ¯¨á âì ¢ ¢¨¤¥

NY
j=1

 
1� z�0j
1� z�0j

!�j

; N 2 N; �0j ; �
0
j 2 @�;

NX
j=1

�j = 1; �j � 0 ¤«ï ¢á¥å j;

¨ ¤«ï «î¡ëå j äãªæ¨ï
1�z�0j
1�z�0

j

2 P(�), â® ¨
1�!(z)�0j
1�!(z)�0

j

2 P(�). �® â®£¤   n(!(z)) 2 P(�),   ¯®íâ®¬ã

¨  (!(z)) 2 P(�). �«¥¤®¢ â¥«ì®, äãªæ¨î  (!(z)) ¬®¦® § ¯¨á âì ª ª à ¢®¬¥àë© ¢ãâà¨ �
¯à¥¤¥« lim

n!1
pn(z), £¤¥ pn 2 P� á ¥ª®â®àë¬ � 2 (��=2; �=2) ¨

pn(z) = 1 + cos �
� nX

k=1

�k
1 + zeik

1� zeik
� 1

�
;

nX
k=1

�k = 1; �k � 0; k 2 R;
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k = 1; : : : ; n. �á¯®«ì§ãï «¥¬¬ã 2, ¯¥à¥¯¨è¥¬ pn ¢ ¢¨¤¥ (2.4) á m = N � n. �®áª®«ìªã ¯à®¨§¢®¤ãî
¢ë¯ãª«®© äãªæ¨¨ s ¬®¦® à ¢®¬¥à® ¢ãâà¨ � ¯à¨¡«¨§¨âì äãªæ¨ï¬¨

r0n(z) =
nY

k=1

(1� zei�k)�2"k ;
nX

k=1

"k = 1; "k � 0; �k 2 R; k = 1; : : : ; n;

â® áãé¥áâ¢ã¥â à ¢®¬¥àë© ¢ãâà¨ � ¯à¥¤¥« lim
n!1

[r0n(z)p��1n (z)] = f 0(z). �¤¥áì ¢ëà ¦¥¨¥ ¯®¤

§ ª®¬ ¯à¥¤¥«  ¬®¦® § ¯¨á âì á ¯®¬®éìî ¨â¥£à «  �â¨«âì¥á 

r0n(z)p��1n (z) = exp
�
� 2

Z 2�

0
log(1� zeit)d�n(t)

�
;

£¤¥ �n | áâã¯¥ç â ï äãªæ¨ï, ã¤®¢«¥â¢®àïîé ï ãá«®¢¨ï¬ (1.7) ¨ ¯¥à¢®¬ã ¨§ ãá«®¢¨© (0.3),
â. ¥. �n 2 I�(R). �«¥¤®¢ â¥«ì®, f 2 U�(R).

�§ â¥®à¥¬ 1 ¨ 2 ¯®«ãç ¥¬

�«¥¤áâ¢¨¥ 2. V �
2� | «.-¨. á. ¯®àï¤ª  �.
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