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� à ¡®â¥ [1] à áá¬®âà¥­ë § ¤ ç¨ ¤¥ä®à¬¨à®¢ ­¨ï â®­ª¨å ¯« áâ¨­ ¢ âà¥å¬¥à­®© ¯®áâ ­®¢ª¥
¨ ¢¢¥¤¥­ë âà¨ ª®¬¯«¥ªá­ëå ¯®â¥­æ¨ « , ç¥à¥§ ª®â®àë¥ ¢ëà ¦ îâáï ª®¬¯®­¥­âë â¥­§®à®¢ ¤¥-
ä®à¬ æ¨¨ ¨ ­ ¯àï¦¥­¨ï. � ¤ ­­®© à ¡®â¥ ¯®áâ ¢«¥­ë § ¤ ç¨,  ­ «®£¨ç­ë¥ ®á­®¢­ë¬ § ¤ ç ¬
¯«®áª®© â¥®à¨¨ ã¯àã£®áâ¨ ª ª ¤«ï ª®­¥ç­ëå ¯« áâ¨­, â ª ¨ ¤«ï ¡¥áª®­¥ç­ëå ¯« áâ¨­ á ¢ëà¥-
§®¬, ¨ ãª § ­ ¬¥â®¤ ¯®«ãç¥­¨ï â®ç­®£® à¥è¥­¨ï ¢ á«ãç ¥, ª®£¤  ®¡« áâì ¢ áà¥¤¨­­®¬ á¥ç¥­¨¨
¯« áâ¨­ë ï¢«ï¥âáï ®¡à §®¬ ¢­¥è­®áâ¨ ¥¤¨­¨ç­®£® ªàã£  ¯à¨ ¤¥©áâ¢¨¨ ¤à®¡­®-à æ¨®­ «ì­®©
äã­ªæ¨¨. �à¨¢¥¤¥­ ¯à¨¬¥à à¥è¥­¨ï § ¤ ç¨.

1. �á­®¢­ë¥ á®®â­®è¥­¨ï

� [1] à áá¬®âà¥­ á«¥¤ãîé¨© á«ãç © âà¥å¬¥à­®© ¤¥ä®à¬ æ¨¨ â®­ª®© ¯« áâ¨­ª¨, á¨¬¬¥âà¨ç-
­®© ®â­®á¨â¥«ì­® áà¥¤¨­­®© ¯«®áª®áâ¨, á®¢¯ ¤ îé¥© á ¯«®áª®áâìî X1OX2. �¡®§­ ç¨¬ ç¥à¥§
~u = (u1; u2; u3) ¢¥ªâ®à ¯¥à¥¬¥é¥­¨ï ¢ â®çª¥ á ª®®à¤¨­ â ¬¨ (x1; x2; x3). �ç¨â ¥¬, çâ® u1, u2 |
äã­ªæ¨¨ â®«ìª® ª®®à¤¨­ â x1, x2,   u3 ¨§¬¥­ï¥âáï ¯® § ª®­ã u3(x1; x2; x3) = g(x1; x2)x3. � íâ®¬
á«ãç ¥ ¤®ª § ­®, çâ® g(x1; x2) | £ à¬®­¨ç¥áª ï äã­ªæ¨ï ¢ ®¡« áâ¨ ¤¥ä®à¬ æ¨¨ ¨ ¢¢¥¤¥­ë âà¨
ª®¬¯«¥ªá­ëå ¯®â¥­æ¨ «  |  ­ «¨â¨ç¥áª¨¥ äã­ªæ¨¨ �(z),  (z), f(z), z = x1 + ix2. � ¨á¯®«ì§®-
¢ ­¨¥¬ ¯®áâ®ï­­ëå � ¬¥ � ¨ � ª®¬¯®­¥­âë â¥­§®à  ­ ¯àï¦¥­¨© ¢ëà ¦¥­ë ç¥à¥§ ¢¢¥¤¥­­ë¥
¯®â¥­æ¨ «ë

�11 =
1
2
Re f 0(z)�

2�
�+ �

Re�0(z)�Re[z�00(z) +  0(z)]; �12 = Im[z�00(z) +  0(z)];

�13 =
�
2(�+ 2�)
�+ �

Re�00(z)�
1
2
Re f 00(z)

�
x3;

�22 =
1
2
Re f 0(z) �

2�
�+ �

Re�0(z) + Re[z�00(z) +  0(z)];

�23 =
�
1
2
Im f 00(z)�

2(�+ 2�)
�+ �

Im�00(z)
�
x3; �33 =

2(3�+ 4�)
�+ �

Re�0(z)�Re f 0(z):

(1)

� ©¤¥­ë á®®â­®è¥­¨¥ ¬¥¦¤ã äã­ªæ¨¥© g(x1; x2) ¨ ¯®â¥­æ¨ « ¬¨

g(x1; x2) =
2(� + 2�)
�(�+ �)

Re�0(z)�
1
2�

Re f 0(z) (2)

¨ ¢ëà ¦¥­¨¥ ¢¥ªâ®à  ¯¥à¥¬¥é¥­¨ï ¢ ¯«®áª®áâ¨ X1OX2

4�(u1 + iu2) = f(z)� 2[�(z) + z�0(z) +  (z)]: (3)

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©,

£à ­â ò 02-01-00914.
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�®ª § ­®, çâ® á¢ï§ì ¬¥¦¤ã ¯®â¥­æ¨ « ¬¨ ¨ ¤¢ã¬ï ª®¬¯®­¥­â ¬¨ f1(s) ¨ f2(s) ¯«®áª®£® ¢¥ªâ®à 
¢­¥è­¨å á¨«, ¤¥©áâ¢ãîé¨å ¢ áà¥¤¨­­®© ¯«®áª®áâ¨ ­  £à ­¨æ¥ ®¡« áâ¨, ¨¬¥¥â ¢¨¤

fd[�(z) + z�0(z) +  (z)]� �g(x1; x2)dzgjL = i(f1(s) + if2(s))ds; (4)

£¤¥ s | ¤ã£®¢ ï  ¡áæ¨áá  £à ­¨æë. �â¬¥ç¥­®, çâ® ¢ á«ãç ¥ ª®­¥ç­®© ®¤­®á¢ï§­®© ®¡« áâ¨ ¯à¨
§ ¤ ­¨¨ ­ ¯àï¦¥­¨© ¯®â¥­æ¨ «ë �, f ¨  £®«®¬®àä­ë ¨ ®¯à¥¤¥«ïîâáï á â®ç­®áâìî ¤® ¯à®¨§-
¢®«ì­ëå ª®¬¯«¥ªá­ëå á« £ ¥¬ëå, ªà®¬¥ â®£®, ¢¥«¨ç¨­ë Im�0(z) ¨ Im f 0(z) ä¨ªá¨àãîâáï ¯à®-
¨§¢®«ì­® ¢ ­¥ª®â®à®© ¢­ãâà¥­­¥© â®çª¥. �à¨ § ¤ ­¨¨ ª®¬¯®­¥­â ¢¥ªâ®à  ¯¥à¥¬¥é¥­¨ï ¯à®¨§-
¢®« ã ª®¬¯«¥ªá­ëå ¯®â¥­æ¨ «®¢ ã¬¥­ìè ¥âáï: ¯à®¨§¢®«ì­ë¥ ª®¬¯«¥ªá­ë¥ á« £ ¥¬ë¥ ¬®¦­®
¤®¡ ¢«ïâì â®«ìª® ª ¤¢ã¬ ¨§ ­¨å,   ¬­¨¬ãî ç áâì ¯à®¨§¢®¤­®© ¢® ¢­ãâà¥­­¥© â®çª¥ ¬®¦­®
ä¨ªá¨à®¢ âì â®«ìª® ¤«ï ®¤­®£®.

�®ª § ­® â ª¦¥, çâ® ¢ á«ãç ¥ ¬­®£®á¢ï§­®© ®¡« áâ¨ äã­ªæ¨¨ �(z), f(z) ¨  (z) ¯¥à¥áâ îâ
¡ëâì ®¤­®§­ ç­ë¬¨, â. ª. á®¤¥à¦ â «®£ à¨ä¬¨ç¥áª¨¥ á« £ ¥¬ë¥.

2. �®áâ ­®¢ª  § ¤ ç. �«ãç © ª®­¥ç­®© ®¡« áâ¨

� áá¬®âà¨¬ á«ãç ©, ª®£¤  ®¡« áâì D, à á¯®«®¦¥­­ ï ¢ áà¥¤¨­­®© ¯«®áª®áâ¨ ¯« áâ¨­ë, ª®-
­¥ç­  ¨ ®¤­®á¢ï§­ , ¨ §­ ç¨â, ª®¬¯«¥ªá­ë¥ ¯®â¥­æ¨ «ë £®«®¬®àä­ë.

�®áâ ¢¨¬ § ¤ ç¨ ®¯à¥¤¥«¥­¨ï ª®¬¯«¥ªá­ëå ¯®â¥­æ¨ «®¢ ¯® § ¤ ­­ë¬ ­ ¯àï¦¥­¨ï¬ ¨«¨
á¬¥é¥­¨ï¬ ­  £à ­¨æ¥ ®¡« áâ¨D ¢ áà¥¤¨­­®© ¯«®áª®áâ¨. � ¤®¯®«­¥­¨¥ ª ®¤­®¬ã ¨§ íâ¨å ãá«®¢¨©
§ ¤ îâáï á¬¥é¥­¨ï â®ç¥ª, «¥¦ é¨å ­  ¯®¢¥àå­®áâ¨ ¯« áâ¨­ë ¨ ¯à®¥æ¨àãîé¨åáï ­  L, ¢¤®«ì
®á¨ OX3.

� ¤ ç  1. � ©â¨ ã¯àã£®¥ à ¢­®¢¥á¨¥ ¯à¨ § ¤ ­­®¬ ¢¥ªâ®à¥ ¢­¥è­¨å á¨« ~f = (f1; f2), ¤¥©-
áâ¢ãîé¥¬ ¢ ¯«®áª®áâ¨ X1OX2 ­  £à ­¨æ¥ ®¡« áâ¨ D, ¨ ¯à¨ § ¤ ­­ëå á¬¥é¥­¨ïå u3 £à ­¨ç­ëå

â®ç¥ª ¯®¢¥àå­®áâ¨ ¢¤®«ì ®á¨ OX3.

�®£« á­® (4)

d[�(z) + z�0(z) +  (z)]jL = �g(x1(s); x2(s))dz(s) + i(f1(s) + if2(s))ds; (5)

£¤¥ z(s) = x1(s) + ix2(s), 0 � s � l, | ãà ¢­¥­¨¥ ªà¨¢®© L ¢ â¥à¬¨­ å ¤ã£®¢®©  ¡áæ¨ááë, ¯à¨ç¥¬
®¡å®¤ á®¢¥àè ¥âáï ¯® ç á®¢®© áâà¥«ª¥.

�®£« á­® ¯à¥¤¯®«®¦¥­¨î ® £à ­¨ç­ëå ¯¥à¥¬¥é¥­¨ïå ¢ ­ ¯à ¢«¥­¨¨ OX3 ¨¬¥¥¬

g(x1(s); x2(s)) =
u3(s)
x3(s)

; (6)

£¤¥ u3(s) | § ¤ ­­ë¥ £à ­¨ç­ë¥ á¬¥é¥­¨ï â®ç¥ª á ª®®à¤¨­ â ¬¨ (x1(s); x2(s); x3(s)), «¥¦ é¨å
­  ¯®¢¥àå­®áâ¨ ¯« áâ¨­ª¨ ­ ¤ ªà¨¢®© L. � ª¨¬ ®¡à §®¬, (6) § ¤ ¥â £à ­¨ç­ë¥ §­ ç¥­¨ï £ à-
¬®­¨ç¥áª®© ¢ D äã­ªæ¨¨ g(x1; x2), ª®â®àãî ­ ©¤¥¬, à¥è¨¢ á®®â¢¥âáâ¢ãîéãî § ¤ çã �¨à¨å«¥
¢ ®¡« áâ¨ D. �â ª, ¯à ¢ ï ç áâì á®®â­®è¥­¨ï (5) ¨§¢¥áâ­ , ¨¬¥¥¬ ªà ¥¢®¥ ãá«®¢¨¥

[�(z) + z�0(z) +  (z)]jz=z(s) = �

Z s

0

u3(s)
x3(s)

z0(s)ds+ i

Z s

0

(f1(s) + if2(s))ds+ C; (7)

£¤¥ C | ¯à®¨§¢®«ì­®¥ ª®¬¯«¥ªá­®¥ á« £ ¥¬®¥.
�®®â­®è¥­¨¥ (7)  ­ «®£¨ç­® ªà ¥¢®¬ã ãá«®¢¨î ¤«ï ¯¥à¢®© ®á­®¢­®© § ¤ ç¨ ¯«®áª®© â¥®à¨¨

ã¯àã£®áâ¨, ª®â®à ï, ª ª ¨§¢¥áâ­®, ¨¬¥¥â à¥è¥­¨ï [1]. �¯à¥¤¥«¨¢ äã­ªæ¨¨ �(z),  (z) ¨ g(z),
­ ©¤¥¬ äã­ªæ¨î f(z) á®£« á­® (2).

� ¤ ç  2. � ©â¨ ã¯àã£®¥ à ¢­®¢¥á¨¥ ¯à¨ § ¤ ­­ëå á¬¥é¥­¨ïå (u1(s); u2(s); u3(s)) â®ç¥ª ¯®-
¢¥àå­®áâ¨ ¯« áâ¨­ª¨ á ª®®à¤¨­ â ¬¨ (x1(s); x2(s); x3(s)), «¥¦ é¨å ­ ¤ £à ­¨ç­®© ªà¨¢®© L.
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�®£« á­® (3) ¨¬¥¥¬

ff(z)� 2[�(z) + z�0(z) +  (z)]gjz=z(s) = 4�[u1(s) + iu2(s)]: (8)

�®á¯®«ì§ã¥¬áï ¢â®àë¬ ªà ¥¢ë¬ ãá«®¢¨¥¬, ¯®«ãç¥­­ë¬ ¨§ á®®â­®è¥­¨ï (2), á ãç¥â®¬ § ¤ ­¨ï
¢¥àâ¨ª «ì­ëå á¬¥é¥­¨© ­  ªà®¬ª¥ ¯®¢¥àå­®áâ¨

Re
�
2(� + 2�)
�(�+ �)

�0(z) �
1
2�
f 0(z)

�����
L

=
u3(s)
x3(s)

:

�®á«¥¤­¥¥ á®®â­®è¥­¨¥ ¯®§¢®«ï¥â ¢®ááâ ­®¢¨âì  ­ «¨â¨ç¥áªãî ¢ ®¡« áâ¨ D äã­ªæ¨î

2(�+ 2�)
�(�+ �)

�(z) �
1
2�
f(z)

á â®ç­®áâìî ¤® ª®¬¯«¥ªá­®£® ¯®áâ®ï­­®£® á« £ ¥¬®£®, ¨ §­ ç¨â, ¯®§¢®«ï¥â ¢ëà §¨âì f(z) ç¥à¥§
�(z). �¥¯¥àì «¥¢ ï ç áâì ªà ¥¢®£® ãá«®¢¨ï (8) ¡ã¤¥â á®¤¥à¦ âì â®«ìª® äã­ªæ¨¨ �(z) ¨  (z),
¨ ãá«®¢¨¥ (8) ¡ã¤¥â  ­ «®£¨ç­ë¬ ªà ¥¢®¬ã ãá«®¢¨î ¢â®à®© ®á­®¢­®© § ¤ ç¨ ¯«®áª®© â¥®à¨¨
ã¯àã£®áâ¨ [2]. � ª ï § ¤ ç  â ª¦¥ à §à¥è¨¬  ¨ ¢ á«ãç ¥, ª®£¤  ®¡« áâì ï¢«ï¥âáï ®¡à §®¬ ¥¤¨-
­¨ç­®£® ªàã£  ¯à¨ ®â®¡à ¦¥­¨¨ ¤à®¡­®-à æ¨®­ «ì­®© äã­ªæ¨¥©, ¨¬¥¥â â®ç­®¥ à¥è¥­¨¥.

3. �®áâ ­®¢ª  § ¤ ç. �«ãç © ¡¥áª®­¥ç­®© ®¡« áâ¨

� áá¬®âà¨¬ á«ãç © ¡¥áª®­¥ç­®© ®¡« áâ¨ D á ª®­¥ç­ë¬ ¢ëà¥§®¬, ®£à ­¨ç¥­­ë¬ ªà¨¢®© L.
�ç¨â ï, ª ª ¨ ¢ [2], çâ® ª®¬¯®­¥­âë â¥­§®à  ­ ¯àï¦¥­¨© ®£à ­¨ç¥­ë ¢ ®¡« áâ¨, ¯®«ãç¨¬ ¯à¥¤-
áâ ¢«¥­¨¥ ¯®â¥­æ¨ «®¢ ¢¡«¨§¨ â®çª¨ z =1

�(z) = �z + � ln z + �0(z);  (z) = �0z + b ln z +  0(z); f(z) = �z + � ln z + f0(z); (9)

£¤¥ �0(z),  0(z), f0(z) | £®«®¬®àä­ë¥ ¢ D äã­ªæ¨¨.
�ëïá­¨¬, ª ª¨¥ ¤®¯®«­¨â¥«ì­ë¥ ãá«®¢¨ï âà¥¡ã¥âáï § ¤ âì ¯à¨ ¯®áâ ­®¢ª¥ § ¤ ç¨ 1.
� ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ ¯ã­ªâ¥, ¯à¨ ¨áá«¥¤®¢ ­¨¨ § ¤ ç¨ 1 ¢®á¯®«ì§ã¥¬áï á®®â­®è¥­¨¥¬ (4)

­  £à ­¨æ¥ D, ª®â®à®¥ á ãç¥â®¬ § ¤ ­¨ï ¢¥àâ¨ª «ì­ëå á¬¥é¥­¨© ­  ªà®¬ª¥ ¯à¨¬¥â ¢¨¤ (7).
�¥à¥©¤¥¬ ª ªà ¥¢®¬ã ãá«®¢¨î ¤«ï £®«®¬®àä­ëå äã­ªæ¨©. �®£« á­® (9) ¨ (7)

[�0(z) + z�00(z) +  0(z)]jz=z(s) = �

Z s

0

u3(s)
x3(s)

z0(s)ds+

+i
Z s

0

(f1(s) + if2(s))ds� 2Re �z(s)� � ln z(s)�
z(s)

z(s)
� �0 z(s)� b ln z(s) + C: (10)

�«ï ­ å®¦¤¥­¨ï �0,  0 ­¥®¡å®¤¨¬® §­ âì Re �, �, �0 ¨ b. � ª ¨ ¢ ¯à¥¤ë¤ãé¥¬ ¯ã­ªâ¥, à¥è¨¢
§ ¤ çã �¨à¨å«¥ á ªà ¥¢ë¬ ãá«®¢¨¥¬ (6), ®¯à¥¤¥«¨¬ g(x1; x2), á«¥¤®¢ â¥«ì­®, §­ ç¥­¨¥ g(1) = G

¬®¦­® áç¨â âì ¨§¢¥áâ­ë¬. �§ ¯¥à¢ëå ¤¢ãå á®®â­®è¥­¨© (1) ¨ ¨§ (2) ¨¬¥¥¬

Re� =
1
4
(�11j1 + �22j1 + 2�G); (11)

á«¥¤®¢ â¥«ì­®, ­¥®¡å®¤¨¬® § ¤ âì §­ ç¥­¨ï �11 ¨ �22 ¢ ¡¥áª®­¥ç­® ã¤ «¥­­®© â®çª¥. � ¤ ¢ ï
�12j1 , ¨§ âà¥å á®®â­®è¥­¨© (1) ¯®«ãç¨¬

�0 =
1
2
(�22j1 � �11j1 + 2i�12j1): (12)

�á«®¢¨¥ ®¤­®§­ ç­®áâ¨ £à ­¨ç­ëå á¬¥é¥­¨© á®£« á­® (3) ¨ (9) ¤ ¥â

� � 2� + 2b = 0; (13)
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ãá«®¢¨¥ á®®â¢¥âáâ¢¨ï £à ­¨ç­ëå ãá¨«¨© ¢ (7) ¯à¨¢®¤¨â ª á®®â­®è¥­¨î

�(� � b)2�i = i

Z l

0

[f1(s) + if2(s)]ds+ �

Z l

0

u3(s)
x3(s)

z0(s)ds: (14)

�à¥âì¥ á®®â­®è¥­¨¥, á¢ï§ë¢ îé¥¥ � ¨ �, ¯®«ãç¨¬ ¨§ á«¥¤ãîé¨å á®®¡à ¦¥­¨©. �ãáâì z = ez(�)
| ª®­ä®à¬­®¥ ®â®¡à ¦¥­¨¥ ¢­¥è­®áâ¨ ¥¤¨­¨ç­®£® ªàã£  ­  D á á®®â¢¥âáâ¢¨¥¬ ez(1) = 1.
�ã­ªæ¨¨ �0(ez(�)), f 0(ez(�)) à¥£ã«ïà­ë ¯à¨ j�j > 1. �§ á®®â­®è¥­¨© (2), (9) ¨ (6) ¯®«ãç¨¬

Re
�
2(�+ 2�)
�(�+ �)

�
� +

�ez0(1)�
+ � � �

�
�

1
2�

�
�+

�ez0(1)�
+ � � �

������
�=exp i�

= A(�); (15)

£¤¥

A(�) =
u3(s(�))
x3(s(�))

; s(�) =
Z �

�

jez0(ei�)jd�; � 2 [��; �]:

�¡®§­ ç¨¬

B(�) = Im
�
2(�+ 2�)
�(�+ �)

�0(ez(ei�))� 1
2�
f 0(ez(ei�))�:

�®£¤  Z
j�j=1

�
2(�+ 2�)
�(�+ �)

�0(ez(ei�))� 1
2�
f 0(ez(ei�))�d� = �

Z �

��

[A(�) + iB(�)]ei�i d�:

�ãáâì

A(�) =
a0

2
+

1X
k=1

ak cos k� + bk sink�:

�¥¯¥àì ¨§ (15) ¯®«ãç¨¬

2(�+ 2�)
�(�+ �)

� �
�

2�
= (a1 + ib1)ez0(1): (16)

� ª¨¬ ®¡à §®¬, ¤«ï ®¯à¥¤¥«¥­¨ï �; b ¨ � ¨¬¥¥¬ á®®â­®è¥­¨ï (13), (14), (16).
�¥¯¥àì ¬®¦­® à¥è âì § ¤ çã ¢®ááâ ­®¢«¥­¨ï �0(z) ¨  0(z) ¯® ªà ¥¢®¬ã ãá«®¢¨î (10). �¯à¥-

¤¥«¨¢ �(z) ¨  (z), ­ ©¤¥¬ f(z) ¨§ (2) á â®ç­®áâìî ¤® ¯à®¨§¢®«ì­®£® ª®¬¯«¥ªá­®£® á« £ ¥¬®£®.
� ¬¥â¨¬, çâ® ã ª®íää¨æ¨¥­â  � ¡ã¤¥â ­ ©¤¥­  â®«ìª® ¢¥é¥áâ¢¥­­ ï ç áâì. �â®¡ë ­ ©â¨ Im�,
§ ¤ ¤¨¬ "1 | §­ ç¥­¨¥ ¢à é¥­¨ï ¢ ¡¥áª®­¥ç­®áâ¨. �®£« á­® [2] ¨ [1]

"1 =
1
2

�
@u2

@x1
�
@u1

@x2

�
=

1
8�

�
@

@x1
Im[f � 2(�+ z�0 +  )]�

�
@

@x2
Re[f � 2(�+ z�0 +  )]

�����
1

=
1
4�

Im f 0(1):

�«¥¤®¢ â¥«ì­®,

Im� = 4�"1: (17)

�â ª, ¯à¨ ¯®áâ ­®¢ª¥ § ¤ ç¨ 1 ¯®¬¨¬® §­ ç¥­¨© f1(s), f2(s), u3(s) § ¤ îâáï �11j1, �22j1, �12j1,
"1. �à¨ íâ®¬ ª®¬¯«¥ªá­ë¥ ¯®â¥­æ¨ «ë ®¯à¥¤¥«ïîâáï á â®ç­®áâìî ¤® ¯à®¨§¢®«ì­ëå ª®¬¯«¥ªá-
­ëå á« £ ¥¬ëå ¨ ¯à®¨§¢®«ì­®© ®áâ ¥âáï â ª¦¥ ¢¥«¨ç¨­  Im�, ª®â®à ï ­¥ ¢«¨ï¥â ­  §­ ç¥­¨ï
­ ¯àï¦¥­¨© ¢ â®çª å ®¡« áâ¨.

�ëïá­¨¬, ª ª¨¥ ¤®¯®«­¨â¥«ì­ë¥ ãá«®¢¨ï âà¥¡ã¥âáï § ¤ âì ¯à¨ ¯®áâ ­®¢ª¥ § ¤ ç¨ 2.
�à¨ ¨áá«¥¤®¢ ­¨¨ § ¤ ç¨ 2 á®£« á­® (3) ¨ (9) ¨¬¥¥¬

ff0(z)� 2[�0(z) + z�00(z) +  0(z)]gjz=z(s) = 4�[u1(s) + iu2(s)]� �z(s)� � ln z(s) +

+4Re�z(s) + 2� ln z(s) + 2� exp(2i arg z(s)) + 2�0 z(s) + 2b ln z(s); (18)

£¤¥ z(s) | â® ¦¥, çâ® ¨ ¢ § ¤ ç¥ 1.

57



�¥«¨ç¨­ë Re� ¨ �0 ®¯à¥¤¥«ïîâáï ¨§ (11) ¨ (12),   ¤«ï ­ å®¦¤¥­¨ï � ¢®á¯®«ì§ã¥¬áï (17) ¨
á®®â­®è¥­¨¥¬, ¯®«ãç¥­­ë¬ ¨§ (1) ¨ (2):

Re� = (�11j1 + �22j1)
2�+ �

�+ �
+

2�2

�+ �
G; (19)

£¤¥ G = g(1), g(x1; x2) | à¥è¥­¨¥ § ¤ ç¨ �¨à¨å«¥ á ªà ¥¢ë¬ ãá«®¢¨¥¬ (6).
�¥«¨ç¨­ë �, b ¨ � á¢ï§ ­ë á®®â­®è¥­¨ï¬¨ (13) ¨ (16). �«ï ®¯à¥¤¥«¥­¨ï íâ¨å ª®­áâ ­â ­¥-

®¡å®¤¨¬® âà¥âì¥ á®®â­®è¥­¨¥, ¯®íâ®¬ã æ¥«¥á®®¡à §­® § ¤ ¢ âì ¯à¨à é¥­¨¥ £à ­¨ç­ëå ãá¨«¨©
� ¯à¨ ®¡å®¤¥ £à ­¨æë. � â ª®¬ á«ãç ¥ ¯®«ãç ¥¬ á®®â­®è¥­¨¥

�(� � b)2�i = �+ �

Z l

0

u3(s)
x3(s)

z0(s)ds:

�â ª, ¯à ¢ ï ç áâì ªà ¥¢®£® ãá«®¢¨ï (18) áâ ­®¢¨âáï ¨§¢¥áâ­®©. �®¬¨¬® á®®â­®è¥­¨ï (18) ¨§
(2) ¤«ï ®¯à¥¤¥«¥­¨ï äã­ªæ¨© �0(z),  0(z) ¨ f0(z) ¯®«ãç¨¬ ãá«®¢¨¥

Re
�
2(�+ 2�)
�(�+ �)

�00(z)�
1
2�
f 00(z)

�����
L

=
u3(s)
x3(s)

�G�Re
��

2�(�+ 2�)
�(�+ �)

�
�

2�

�
z�1(s)

�
: (20)

�ëà §¨¢ f0(z) ç¥à¥§ �0(z) á â®ç­®áâìî ¤® ¯à®¨§¢®«ì­®£® ª®¬¯«¥ªá­®£® á« £ ¥¬®£® ¨§ (20) ¨
¯®¤áâ ¢¨¢ ¢ (18), ¯à¨¤¥¬ ª ªà ¥¢®¬ã ãá«®¢¨î ®â­®á¨â¥«ì­® �0(z) ¨  0(z),  ­ «®£¨ç­®¬ã ªà ¥-
¢®¬ã ãá«®¢¨î ¢â®à®© ®á­®¢­®© § ¤ ç¨ ¯«®áª®© â¥®à¨¨ ã¯àã£®áâ¨ [2]. �¥è ï á®®â¢¥âáâ¢ãîéãî
ªà ¥¢ãî § ¤ çã, ¢ ¨â®£¥ ®¯à¥¤¥«¨¬ ¢á¥ ª®¬¯«¥ªá­ë¥ ¯®â¥­æ¨ «ë. �¤¥áì â ª¦¥ §­ ç¥­¨¥ Im�
®áâ ¥âáï ¯à®¨§¢®«ì­ë¬.

� ª¨¬ ®¡à §®¬, ¯à¨ ¯®áâ ­®¢ª¥ § ¤ ç¨ 2 ¯®¬¨¬® §­ ç¥­¨© u1(s), u2(s), u3(s) § ¤ îâáï, ª ª ¨ ¢
¯¥à¢®© § ¤ ç¥, �11j1, �22j1 , �12j1; "1. �à®¬¥ â®£®, § ¤ ¥âáï §­ ç¥­¨¥ �| ¯à¨à é¥­¨¥ £à ­¨ç­ëå
ãá¨«¨©.

4. �¥è¥­¨¥ § ¤ ç ¤«ï ®¤­®£® ª« áá  ®¡« áâ¥©

�ãáâì, ª ª ¨ ¢ ¯. 3, z = ez(�), j�j > 1, | äã­ªæ¨ï, ®â®¡à ¦ îé ï ¢­¥è­®áâì ¥¤¨­¨ç­®£®
ªàã£  ­  ®¡« áâì D, ez(1) = 1. � ¯à¥¤¯®«®¦¥­¨¨, çâ® ez(�) | ¤à®¡­®-à æ¨®­ «ì­ ï äã­ªæ¨ï,
ãª ¦¥¬ á¯®á®¡ à¥è¥­¨ï ¯®áâ ¢«¥­­ëå ¢ ¯à¥¤ë¤ãé¥¬ ¯ã­ªâ¥ § ¤ ç. �¡®§­ ç¨¬

q(�) = ez(��1); e�(�) = �0(ez(�)); e (�) =  0(ez(�));
s(�) =

Z �

�

jez0(ei�)jd�; � 2 [��; �]:

�®£¤  ¢ á«ãç ¥ ¯¥à¢®© § ¤ ç¨ ªà ¥¢®¥ ãá«®¢¨¥ (10) ¯à¨¬¥â ¢¨¤

�e�(z) + ez(�) e�0(�)ez0(�) + e (�)�����
�=exp i�

= R1(�);

£¤¥

R1(�) = i�

Z �

�

u3(s(�))
x3(s(�))

ez0(ei�)ei�d� + i

Z �

�

(f1(s(�)) + if2(s(�)))s
0(�)d� �

�2Re�ez(ei�)� � ln ez(ei�)� � exp(2i arg ez(ei�))� �0 � b ln ez(ei�) +C;

  ª®­áâ ­âë Re�, �0, �, b ®¯à¥¤¥«ïîâáï ¨§ (11){(16). �«¥¤®¢ â¥«ì­®, à¥è ï á®®â¢¥âáâ¢ãîé¨¥
§ ¤ ç¨ �¢ àæ , ¯®«ãç¨¬

e�(�) = 1
2
[K+(�) +K�(�)];
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£¤¥ K�(�) = e�(�)� q(�)ez0(�) e�0(�) � e (�) | ¬¥à®¬®àä­ë¥ ¯à¨ j�j > 1 äã­ªæ¨¨ á â¥¬¨ ¦¥ ¯®«îá ¬¨,

çâ® ¨ ã äã­ªæ¨¨ q(�), ¢®ááâ ­ ¢«¨¢ ¥¬ë¥ á â®ç­®áâìî ¤® ­¥áª®«ìª¨å ¯ à ¬¥âà®¢ ¢ á®®â¢¥âáâ¢¨¨
á ãá«®¢¨ï¬¨

ReK+(ei�) = ReR1(�); ImK�(�) = ImR1(�):

�¥¨§¢¥áâ­ë¥ ¯ à ¬¥âàë ®¯à¥¤¥«ïâáï ¨§ ãá«®¢¨ï £®«®¬®àä­®áâ¨ äã­ªæ¨¨ e (�) â ª ¦¥, ª ª ¢
[3]. �®á«¥ ®¯à¥¤¥«¥­¨ï äã­ªæ¨© e�(�), e (�) äã­ªæ¨ï ef(�) = f0(ez(�)) ®¯à¥¤¥«¨âáï ¢ á®®â¢¥âáâ¢¨¨
á £à ­¨ç­ë¬ á®®â­®è¥­¨¥¬ (20) á â®ç­®áâìî ¤® ¯à®¨§¢®«ì­®£® ª®¬¯«¥ªá­®£® á« £ ¥¬®£®.

� á«ãç ¥ ¢â®à®© § ¤ ç¨ ¨§ (18) ¨¬¥¥¬

� ef(�)� 2
�e�(�) + ez(�) e�0(�)ez0(�) + e (�)������

�=exp i�

= R2(�);

£¤¥

R2(�) = 4�[u1(s(�)) + iu2(s(�))]� �ez(ei�)� � ln ez(ei�) + 4Re �ez(ei�) +
+2� ln ez(ei�) + 2� exp(2i arg ez(ei�)) + 2�0ez(ei�) + 2b ln ez(ei�);

  ¢á¥ ª®­áâ ­âë ®¯à¥¤¥«ïîâáï ¨§ ä®à¬ã« (11){(17) ¨ (19). �«¥¤®¢ â¥«ì­®,

ef(�)� 2e�(�) = 1
2
[L+(�) + L�(�)]; (21)

£¤¥ L�(�) = ef(�) � 2e�(�) � 2 q(�)

~z0(�)
e�0(�) � 2 e (�) | ¬¥à®¬®àä­ë¥ ¯à¨ j�j > 1 äã­ªæ¨¨ á â¥¬¨ ¦¥

¯®«îá ¬¨, çâ® ¨ ã q(�). � ¤®¯®«­¥­¨¥ ª (21) ¨§ (20) ¨¬¥¥¬

2(�+ 2�)
�(�+ �)

e�(�)� 1
2�

ef(�) = 1
2�

Z �

1

ez0(t) Z �

��

R3(�)
t+ ei�

t� ei�
d� dt+ eC; (22)

£¤¥

R3(�) =
u3(s(�))
x3(s(�))

�G�Re
��

2�(� + 2�)
�(�+ �)

�
�

2�

�ez�1(ei�)�:
�¯à¥¤¥«¨¢ ¨§ á¨áâ¥¬ë ãà ¢­¥­¨© (21) ¨ (22) äã­ªæ¨¨ ef(�) ¨ e�(�) á â®ç­®áâìî ¤® ­¥áª®«ìª¨å
¯ à ¬¥âà®¢, ­ ©¤¥¬ ¨å ¨§ ãá«®¢¨ï £®«®¬®àä­®áâ¨ äã­ªæ¨¨ e (�) ¯à¨ j�j > 1 â ª ¦¥, ª ª ¢ [3].

5. �à¨¬¥à

�à¨¢¥¤¥¬ â®ç­®¥ à¥è¥­¨¥ ¯¥à¢®© § ¤ ç¨ ¤«ï ¯«®áª®áâ¨ á ¤¢®ïª®á¨¬¬¥âà¨ç­ë¬ ¢ëà¥§®¬,
¨¬¥îé¨¬ ¤¢  £à ­¨ç­ëå ª á¯  (â®çª¨ ¢®§¢à â  £à ­¨æë, ®¡à §ãîé¨¥ ­ã«¥¢ë¥ ã£«ë). � -
ª ï ®¡« áâì ¯®«ãç¨âáï, ¥á«¨ ®â®¡à §¨âì ¢­¥è­®áâì ¥¤¨­¨ç­®£® ªàã£  ¯à¨ ¯®¬®é¨ ¤à®¡­®-
à æ¨®­ «ì­®© äã­ªæ¨¨ [3]

ez(�) = l

2

�
i(b2�2 + 1)
�(b2 � 1)

+
�(b2 � 1)
i(b2�2 + 1)

�
; b > 1:

�¥­ïï ¯ à ¬¥âà b, ¬®¦­® à §¤¢¨£ âì ¨«¨ á¤¢¨£ âì ¯à®â¨¢®¯®«®¦­ë¥ ¡¥à¥£  ¢ëà¥§ , ¯à¨ç¥¬
¯à¨ b!1 ¯®«ãç¨¬ ¯àï¬®«¨­¥©­ë© à §à¥§ ¤«¨­ë l.

�á¯®«ì§ãï ¢¢¥¤¥­­ë¥ ¢ëè¥ ®¡®§­ ç¥­¨ï ¨ ¯à¨¢¥¤¥­­ë© ¬¥â®¤ à¥è¥­¨ï, ¯®«ãç¨¬

e�(�) = �C1

� � ib

1 + ib�
�C2

� + ib

1� ib�
+ C0 +

1
4�

Z �

��

R1(�)
� + ei�

� � ei�
d�;

59



£¤¥ C0 | ¯à®¨§¢®«ì­ ï ª®¬¯«¥ªá­ ï ¯®áâ®ï­­ ï,   ª®íää¨æ¨¥­âë C1, C2 ®¯à¥¤¥«ïîâáï ¨§
á¨áâ¥¬ë

2C1(b4 + 1)(b4 + b2 + 1)
(b4 � 1)b2(b2 + 1)

+
C1

b2 � 1
+C2

b2 � 1
(b2 + 1)2

=
1
2�

Z �

��

R1(�)
ei�

(ib� ei�)2
d�;

2C2(b4 + 1)(b4 + b2 + 1)
(b4 � 1)b2(b2 + 1)

+
C2

b2 � 1
+C1

b2 � 1
(b2 + 1)2

=
1
2�

Z �

��

R1(�)
ei�

(ib+ ei�)2
d�:

�¥¯¥àì

e (�) = C1

1 + ib�

� � ib
�C1

� � ib

1 + ib�
+ C2

1� ib�

� + ib
� C2

� + ib

1� ib�
+

+ 2i ImC0 +
1
2�

Z �

��

ReR1(�)
� + ei�

� � ei�
d� � e�(�)� q(�)ez0(�) e�0(�);

£¤¥

q(�) =
l

2

�
i�(b2 � 1)
b2 + �2

+
b2 + �2

i�(b2 � 1)

�

¨

ef(�) = �

�

Z �

1

ez0(�) 1
�

Z �

��

R4(�)
� + ei�

� � ei�
d� d� +D0;

D0 | ¯à®¨§¢®«ì­ ï ¯®áâ®ï­­ ï,

R4(�) = Re
�
2(�+ 2�)
�(�+ �)

� e�0(ei�)ez0(ei�) + �ez(ei�)
�
�

�

2�ez(ei�)
�
�
u3(s(�))
x3(s(�))

+
1
2�

Z �

��

u3(s(�))
x3(s(�))

d�:

�®áâ ¢«¥­­ë¥ ¢ ¤ ­­®© à ¡®â¥ § ¤ ç¨ ¬®¦­® à¥è âì ãª § ­­ë¬ ¢ëè¥ á¯®á®¡®¬ ¤«ï «î¡®©
¡¥áª®­¥ç­®© ®¡« áâ¨, ¯®«ãç ¥¬®© ¤à®¡­®-à æ¨®­ «ì­ë¬ ®â®¡à ¦¥­¨¥¬ ¢­¥è­®áâ¨ ¥¤¨­¨ç­®£®
ªàã£ . �à¨¬¥àë â ª¨å ®¡« áâ¥© á £à ­¨ç­ë¬¨ ª á¯ ¬¨ à áá¬®âà¥­ë ¢ [3]{[8]. � [9] ¯®«ãç¥­®
à¥è¥­¨¥ § ¤ ç ¤«ï ¯«®áª®áâ¨ á ª ¯«¥®¡à §­ë¬ ¢ëà¥§®¬.

� ¬¥â¨¬, çâ® § ¤ ç¨,  ­ «®£¨ç­ë¥ ¯®áâ ¢«¥­­ë¬ §¤¥áì, ¬®¦­® áâ ¢¨âì ¨ à¥è âì ¤«ï ª®­¥ç-
­ëå ®¡« áâ¥©, ¯®«ãç ¥¬ëå ¤à®¡­®-à æ¨®­ «ì­ë¬ ®â®¡à ¦¥­¨¥¬ ¥¤¨­¨ç­®£® ªàã£ . �à¨ íâ®¬
à¥è¥­¨¥ ï¢«ï¥âáï ¡®«¥¥ ¯à®áâë¬.
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