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� ¤ ç  ®¡ í«¥¬¥­â¥ ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï ¢ à §«¨ç­ëå äã­ªæ¨®­ «ì­ëå ¯à®áâà ­áâ¢ å
ï¢«ï¥âáï ®¤­®© ¨§ ®á­®¢­ëå § ¤ ç â¥®à¨¨ ¯à¨¡«¨¦¥­¨©. � ¤ ­­®© à ¡®â¥ à áá¬ âà¨¢ îâáï
­¥á¨¬¬¥âà¨ç­ë¥ ¯à¨¡«¨¦¥­¨ï ¤«ï äã­ªæ¨© ­¥áª®«ìª¨å ¯¥à¥¬¥­­ëå ¢ ¯à®áâà ­áâ¢ å, ®¡®¡é -
îé¨å ¯à®áâà ­áâ¢  Lr. �¢¥¤¥¬ àï¤ ®¯à¥¤¥«¥­¨©.

�ãáâì �| á®¢®ªã¯­®áâì ­¥®âà¨æ â¥«ì­ëå, ­¥ã¡ë¢ îé¨å, ­¥¯à¥àë¢­ëå ¨ ¢ë¯ãª«ëå ¢­¨§ ­ 
¯®«ã¯àï¬®© [0;+1) äã­ªæ¨© ', ã¤®¢«¥â¢®àïîé¨å �2-ãá«®¢¨î (â. ¥. áãé¥áâ¢ã¥â â ª ï ¯®«®¦¨-
â¥«ì­ ï ¯®áâ®ï­­ ï c, çâ® '(2u) � c'(u) ¤«ï ¢á¥å u 2 (0;+1)). �ãáâì G|¨§¬¥à¨¬®¥ ¬­®¦¥áâ¢®
¢ Rn, £¤¥ Rn | n-¬¥à­®¥ ¥¢ª«¨¤®¢® ¯à®áâà ­áâ¢® â®ç¥ª x = (x1; x2; : : : ; xn) á ¤¥©áâ¢¨â¥«ì­ë-
¬¨ ª®®à¤¨­ â ¬¨. �¥à¥§ L';G, ' 2 �, ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ¢á¥å ¨§¬¥à¨¬ëå, ¤¥©áâ¢¨â¥«ì­ëå
äã­ªæ¨© f(x), § ¤ ­­ëå ­  G ¨ â ª¨å, çâ® kfk';G =

R
G

'(jf(x)j)dx < +1.

�ãáâì L0(G) | «¨­¥©­®¥ ¯à®áâà ­áâ¢® ¢á¥å ¨§¬¥à¨¬ëå, ª®­¥ç­ëå ¯®çâ¨ ¢áî¤ã (¯. ¢.) ­  G
äã­ªæ¨©. �ç¨â ¥¬ f1 = f2, ¥á«¨

�fx 2 G : f1(x) 6= f2(x)g = 0:

�¯®àï¤®ç¥­­ãî ¯ àã p = (p1; p2), p1; p2 2 L0(G), ­ §®¢¥¬ ¢¥á®¬ ­  G. �¢¥¤¥¬ ®¡®§­ ç¥­¨¥
(f ; p)(x) = f+(x)p1(x) � f�(x)p2(x), £¤¥ f+ = maxff; 0g, f� = maxf�f; 0g. � ¬¥â¨¬, çâ® ¥á«¨
p1(x) � p2(x) � 1, â® (f ; p)(x) = f(x). � áá¬®âà¨¬ äã­ªæ¨®­ « k(f ; p)k';G. �á«¨ '(u) = ur

(r � 1), n = 1, G = [a; b], p1(x) � � > 0, p2(x) � � > 0, â® k(f ; p)k1=r';G á®¢¯ ¤ ¥â á äã­ªæ¨®­ «®¬
kfkr;(�;�), ¢¢¥¤¥­­ë¬ ¢ [1].

�ãáâì H | ª®­¥ç­®¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢® ¯à®áâà ­áâ¢  L';G, f; g 2 L';G. �®«®¦¨¬
�(f; g) = k(f � g; p)k';G,

�(f;H) = inf
g2H

�(f; g): (1)

�¥«¨ç¨­ã �(f;H) ­ §®¢¥¬ ­ ¨«ãçè¨¬ ­¥á¨¬¬¥âà¨ç­ë¬ ¯à¨¡«¨¦¥­¨¥¬ äã­ªæ¨¨ f í«¥¬¥­â -
¬¨ ¨§ H ¢ ¯à®áâà ­áâ¢¥ L';G,   í«¥¬¥­â g0 2 H, ­  ª®â®à®¬ ¤®áâ¨£ ¥âáï inf ¢ (1) | í«¥¬¥­â®¬
­ ¨«ãçè¥£® ­¥á¨¬¬¥âà¨ç­®£® ¯à¨¡«¨¦¥­¨ï ¢ L';G ¯®¤¯à®áâà ­áâ¢®¬ H. �á«¨ ' = ur (r � 1),
G = [a; b]n, p1(x) � p2(x) � 1, â® �1=r(f;H) ï¢«ï¥âáï ­ ¨«ãçè¨¬ ¯à¨¡«¨¦¥­¨¥¬ äã­ªæ¨¨ f
í«¥¬¥­â ¬¨ ¨§ H ¢ ¬¥âà¨ª¥ Lr.

� ¤ ç  ® áãé¥áâ¢®¢ ­¨¨ ¨ ­ å®¦¤¥­¨¨ í«¥¬¥­â  ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï ¢ à §«¨ç­ëå
äã­ªæ¨®­ «ì­ëå ¯à®áâà ­áâ¢ å à áá¬ âà¨¢ « áì ¢® ¬­®£¨å à ¡®â å [2]{[4].

�â¨¬ ¦¥ ¢®¯à®á ¬ ¢ ¯à®áâà ­áâ¢ å L';G ¯®á¢ïé¥­  ¤ ­­ ï à ¡®â . �á­®¢­®© à¥§ã«ìâ â áâ -
âì¨ á®¤¥à¦¨âáï ¢ â¥®à¥¬ å 1, 2.

�¥®à¥¬  1. �ãáâì ' 2 �, p = (p1; p2) | â ª®© ¢¥á, çâ®

2X
i=1

�fx 2 G : pi(x) = 0g = 0: (2)
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�®£¤  ¤«ï «î¡®£® ª®­¥ç­®¬¥à­®£® ¯®¤¯à®áâà ­áâ¢  H 2 L';G ¨ «î¡®© äã­ªæ¨¨ f 2 L';G áã-

é¥áâ¢ã¥â í«¥¬¥­â ­ ¨«ãçè¥£® ­¥á¨¬¬¥âà¨ç­®£® ¯à¨¡«¨¦¥­¨ï ¢ L';G ¯®¤¯à®áâà ­áâ¢®¬ H.

�á«¨ ª â®¬ã ¦¥ '(u1+u2
2

) < '(u1)+'(u2)
2

, 0 � u1 < u2 < 1 (ãá«®¢¨¥ áâà®£®© ¢ë¯ãª«®áâ¨ äã­ª-

æ¨¨ '), â® í«¥¬¥­â ­ ¨«ãçè¥£® ­¥á¨¬¬¥âà¨ç­®£® ¯à¨¡«¨¦¥­¨ï ¡ã¤¥â ¥¤¨­áâ¢¥­­ë¬.

�¥®à¥¬  2. �ãáâì ' 2 �, H | ä¨ªá¨à®¢ ­­®¥ ª®­¥ç­®¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢® ¨§ L';G,
p = (p1; p2) | â ª®© ¢¥á ¨§ L0(G), çâ® gp1 2 L';G, gp2 2 L';G ¤«ï «î¡®£® í«¥¬¥­â  g 2 H.

�®£¤  ¤«ï â®£® çâ®¡ë äã­ªæ¨ï g0 2 H ¤®áâ ¢«ï«  äã­ªæ¨¨ f 2 L';G ­ ¨«ãçè¥¥ ­¥á¨¬¬¥-

âà¨ç­®¥ ¯à¨¡«¨¦¥­¨¥, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¯à¨ «î¡®© äã­ªæ¨¨ g 2 H ¢ë¯®«­ï-

«®áì ãá«®¢¨¥ ¤«ï F (x) = f(x)� g0(x)Z
GnE

�
'0^(j(F (x); p(x))j) signfF (x)g(x)g

� + '0u(j(F (x); p(x))j) signfF (x)g(x)g
+
	
�

� g(x)(jp1(x)j sign(F (x))
+ � jp2(x)j sign(F (x))

�)dx+ '0u(0)
Z
E
j(g(x); p(x))jdx � 0; (3)

£¤¥ E = fx 2 G : F (x) = 0g, '0^ | «¥¢ ï ¯à®¨§¢®¤­ ï, '0u | ¯à ¢ ï ¯à®¨§¢®¤­ ï.

� ¬¥ç ­¨¥ 1. �ãáâì äã­ªæ¨ï ' ¤¨ää¥à¥­æ¨àã¥¬  ­  (0;+1). �®£¤  ­¥âàã¤­® ¯®ª § âì,
çâ® ¢ â¥®à¥¬¥ 2 ãá«®¢¨¥ (3) ¬®¦­® § ¬¥­¨âì ­  íª¢¨¢ «¥­â­®¥ ¥¬ã ãá«®¢¨¥
����
Z
GnE

'0(j(F (x); p(x))j)g(x)(jp1(x)j sign(F (x))+ �

� jp2(x)j sign(F (x))
�)dx

���� � '0u(0)
Z
E
j(g(x); p(x))jdx:

� ¬¥ç ­¨¥ 2. �ãáâì '(u) = ur (r � 1), G = (a1; b1) � � � � � (an; bn). �®£¤  ¨§ â¥®à¥¬ë 2 ¨
§ ¬¥ç ­¨ï 1 ­¥âàã¤­® ¯®«ãç¨âì

�â¢¥à¦¤¥­¨¥. �ãáâì H | ª®­¥ç­®¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢® ¢ Lr(G) (1 � r < +1). �«ï
â®£® çâ®¡ë äã­ªæ¨ï g0 2 H ¤®áâ ¢«ï«  äã­ªæ¨¨ f 2 Lr(G) ­ ¨«ãçè¥¥ ¯à¨¡«¨¦¥­¨¥ ¢ ¯®¤-

¯à®áâà ­áâ¢¥ H, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¤«ï «î¡®© äã­ªæ¨¨ g 2 H ¢ë¯®«­ï«®áì

ãá«®¢¨¥

����
Z
GnE

g(x)jF (x)jr�1 signF (x)dx
���� � (1� sign(r � 1))

Z
E

jg(x)jdx: (4)

� ¬¥ç ­¨¥ 3. �ãáâì '(u) = ur (r � 1), n = 2, G = [0; 2�]2, H = TM1M2
| ¬­®¦¥áâ¢®

âà¨£®­®¬¥âà¨ç¥áª¨å ¯®«¨­®¬®¢ ¤¢ãå ¯¥à¥¬¥­­ëå ¯®àï¤ª  ­¥ ¢ëè¥ M1, M2 ¯® ¯¥à¥¬¥­­ë¬ x1,
x2 á®®â¢¥âáâ¢¥­­®.

�«ï â®£® çâ®¡ë âà¨£®­®¬¥âà¨ç¥áª¨© ¯®«¨­®¬ t0k1k2(x1; x2) ¨§ TM1M2
¤®áâ ¢«ï« äã­ªæ¨¨

f 2 Lr(0; 2�)2 ­ ¨«ãçè¥¥ ¯à¨¡«¨¦¥­¨¥ ¢ ¯®¤¯à®áâà ­áâ¢¥ TM1M2
, ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®,

çâ®¡ë ¤«ï «î¡®£® âà¨£®­®¬¥âà¨ç¥áª®£® ¯®«¨­®¬  tm1m2
(x1; x2) ¨§ íâ®£® ¯®¤¯à®áâà ­áâ¢  ¢ë-

¯®«­ï«®áì ãá«®¢¨¥ ¯à¨ F (x1; x2) = f(x1; x2)� t0k1k2(x1; x2)����
ZZ

[0;2�]2nE

tm1m2
(x1; x2)jF (x1; x2)jr�1 signF (x1; x2)dx1 dx2

���� �

� (1� sign(r � 1))
ZZ
E

jtm1m2
(x1; x2)jdx1 dx2;

£¤¥ E = f(x1; x2) 2 [0; 2�]2 : F (x1; x2) = 0g.

� ¬¥ç ­¨¥ 4. �à¨¢¥¤¥¬ ¯à¨¬¥à, ¯®ª §ë¢ îé¨©, çâ® à ¢¥­áâ¢® ¢ (4) ¤®áâ¨¦¨¬®.
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�à¨¬¥à 1. �ãáâì r = 1, f(x1; x2) = signx1 signx2, G = [�1; 1]2, H = fCg | ¬­®¦¥áâ¢®
¯®áâ®ï­­ëå. �®£¤  í«¥¬¥­âë ­ ¨«ãçè¥£® ¯à¨¡«¨¦¥­¨ï ®¡à §ãîâ ¬­®¦¥áâ¢® â ª¨å ¯®áâ®ï­­ëå
C, çâ® jCj � 1.

�á«¨ g0 = C 2 (�1; 1), â® ãá«®¢¨¥ (4) ¨¬¥¥â ¢¨¤ 0 = 0; ¥á«¨ g0 = �1 ¨«¨ g0 = 1, â® ¯®«ãç¨¬
2jCj = 2jCj ¤«ï «î¡®£® C 2 H.

� ¬¥ç ­¨¥ 5. �á«¨ ¢ â¥®à¥¬¥ 1 ¤«ï ¢¥á  p = (p1; p2) ­¥ ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (2), â® áãé¥-
áâ¢ãîâ ¯à®áâà ­áâ¢  L';G ¨ â ª¨¥ ¨å ¯®¤¯à®áâà ­áâ¢  H, ¢ ª®â®àëå ­¥â í«¥¬¥­â  ­ ¨«ãçè¥£®
­¥á¨¬¬¥âà¨ç­®£® ¯à¨¡«¨¦¥­¨ï. �â® ¨««îáâà¨àã¥â

�à¨¬¥à 2. �ãáâì '(u)=u, G=[0; 1]2, H=fCg, p1(x1; x2)=1, p2(x1; x2)=0, f(x1; x2)=x
�1=2
1

(x1 6= 0).
�®£¤  �(f;H) = 0. �¥âàã¤­® ¢¨¤¥âì, çâ® §¤¥áì ­¥â í«¥¬¥­â  ­ ¨«ãçè¥£® ­¥á¨¬¬¥âà¨ç­®£®

¯à¨¡«¨¦¥­¨ï.

�«ï ¤®ª § â¥«ìáâ¢  â¥®à¥¬ ¯®­ ¤®¡ïâáï ­¥ª®â®àë¥ «¥¬¬ë. �«¥¤ãï [3] ¨ [4], ¢¢¥¤¥¬ ¤®¯®«-
­¨â¥«ì­ë¥ ¯®­ïâ¨ï ¨ ®¡®§­ ç¥­¨ï.

�ãáâì H | ª®­¥ç­®¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢® ¢ L0(G), Q = fqig
m
i=1 | ¥£® ¡ §¨á. �«ï g 2 H

¯®«®¦¨¬ kgkQ =
mP
i=1

j�ij, £¤¥ g(x) =
mP
i=1

�iqi(x). �ç¥¢¨¤­®, çâ® ¢¢¥¤¥­­ ï ¢¥«¨ç¨­  ï¢«ï¥âáï ­®à-

¬®© ­  H. � §®¢¥¬ ¥¥ ­®à¬®©, ¯®à®¦¤¥­­®© ¡ §¨á®¬ Q. �­®¦¥áâ¢® T � H ¡ã¤¥¬ ­ §ë¢ âì
�-®£à ­¨ç¥­­ë¬, ¥á«¨ sup

g2T
kgkQ <1. �á­®, çâ® ¯®­ïâ¨¥ �-®£à ­¨ç¥­­®áâ¨ ¨­¢ à¨ ­â­® ®â­®á¨-

â¥«ì­® ¢ë¡®à  ¡ §¨á . �áïª®¥ �-®£à ­¨ç¥­­®¥ ¬­®¦¥áâ¢® T � H, ®ç¥¢¨¤­®, ª®¬¯ ªâ­® ¢ á¬ëá«¥
áå®¤¨¬®áâ¨ ¯. ¢. (â. ¥. ¨§ «î¡®© ¯®á«¥¤®¢ â¥«ì­®áâ¨ fgig

1
i=1 ¬®¦­® ¢ë¡à âì ¯®¤¯®á«¥¤®¢ â¥«ì-

­®áâì, áå®¤ïéãîáï ¯. ¢. ª ­¥ª®â®à®© äã­ªæ¨¨ ¨§ H). �á«¨ kgkQ = 1, â® í«¥¬¥­â g ­ §®¢¥¬
­®à¬¨à®¢ ­­ë¬ (®â­®á¨â¥«ì­® ¢ë¡à ­­®£® ¡ §¨á ).

�®á«¥¤®¢ â¥«ì­®áâì í«¥¬¥­â®¢ fgkg1k=1 � H ­ §®¢¥¬ ¬¨­¨¬¨§¨àãîé¥© ¤«ï f 2 L';G, ¥á«¨
�(f; gk) <1 ¯à¨ ¢á¥å k = 1; 2; : : : ¨ lim

k!1
�(f; gk) = �(f;H).

�¥¬¬  1. �ãáâì Q = fgig
m
i=1 | ¡ §¨á ¢ H � L';G,   äã­ªæ¨ï p 2 L0(G) â ª®¢ , çâ®

�fx 2 G : p(x) = 0g = 0.
�®£¤  ­ ©¤¥âáï â ª®¥ ­ âãà «ì­®¥ ç¨á«® M , çâ® ­  ¬­®¦¥áâ¢¥ GM = fx 2 G : jp(x)j � 1

M
g

fqig
m
i=1 ¡ã¤¥â ¡ §¨á®¬

�
â. ¥.

mP
i=1

�iqi(x) = 0 ¤«ï ¯. ¢. x 2 GM «¨èì ¯à¨ �1 = � � � = �m = 0
�
.

�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬, çâ® «¥¬¬  ­¥¢¥à­ . �®£¤  ­  ª ¦¤®¬ ¨§ ¬­®¦¥áâ¢ ¯®á«¥¤®¢ -
â¥«ì­®áâ¨ G1 � G2 � � � � � Gk � � � � � G á¨áâ¥¬  Q ­¥ ¡ã¤¥â ¡ §¨á®¬, ¯à¨ç¥¬ �(G n G0) = 0

¤«ï G0 =
1S
k=1

Gk. �®áª®«ìªã fqig
m
i=1 ­  Gk | ­¥ ¡ §¨á, â® ­ ©¤ãâáï ç¨á«  �

(k)
1 ; : : : ; �(k)m â ª¨¥,

çâ® �k = j�(k)1 j + � � � + j�(k)m j 6= 0 ¨ �
(k)
1 q1(x) + � � � + �(k)m qm(x) = 0 ¯. ¢. ­  Gk. � ª ª ª �k 6= 0,

â® gk(x) = (�(k)1 q1(x) + � � � + �(k)m qm(x))=�k â ª¦¥ à ¢­  ¯. ¢. ­  Gk ­ã«î. � á¨«ã �-®£à ­¨-
ç¥­­®áâ¨ ¬­®¦¥áâ¢  fgkg

1
k=1 (¯®áª®«ìªã kgkkQ = 1) ¬®¦­® ¢ë¤¥«¨âì ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì

fgksg, áå®¤ïéãîáï ¯. ¢. ª ­®à¬¨à®¢ ­­®¬ã (  §­ ç¨â, ­¥âà¨¢¨ «ì­®¬ã) í«¥¬¥­âã g 2 H. �®£¤ 
¯. ¢. lim

s!1
gks(x)�Gks (x) = g(x)�G0

(x), £¤¥ �Gk(x) | å à ªâ¥à¨áâ¨ç¥áª ï äã­ªæ¨ï ¬­®¦¥áâ¢  Gk.

� ¤àã£®© áâ®à®­ë, g(x) ¯. ¢. à ¢­  ­ã«î ­  G, çâ® ­¥¢®§¬®¦­®.

�¥¬¬  2. �ãáâì Q = fqig
m
i=1 | ¡ §¨á ¢ H � L';G. �®£¤  ¤«ï «î¡®£® ¨§¬¥à¨¬®£® ¬­®¦¥áâ¢ 

T � G, ­  ª®â®à®¬ á¨áâ¥¬  Q ï¢«ï¥âáï ¡ §¨á®¬, ­ ©¤ãâáï â ª¨¥ ç¨á«  "0 > 0 ¨ �0 > 0, çâ®
¤«ï «î¡®£® g 2 H

�fx 2 T : jg(x)j � kgkQ�0g � "0:

51



�®ª § â¥«ìáâ¢®. �®¯ãáâ¨¬, çâ® «¥¬¬  ­¥¢¥à­ . �®£¤  áãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì­®áâì â -
ª¨å ­®à¬¨à®¢ ­­ëå í«¥¬¥­â®¢ fgkg, çâ®

�fx 2 G : jgk(x)j � 1=kg � 1=k (k = 1; 2; : : : ): (5)

� á¨«ã ª®¬¯ ªâ­®áâ¨ ¬­®¦¥áâ¢  ­®à¬¨à®¢ ­­ëå í«¥¬¥­â®¢ ¨§ ¯®á«¥¤®¢ â¥«ì­®áâ¨ fgkg ¬®¦-
­® ¢ë¤¥«¨âì ¯®¤¯®á«¥¤®¢ â¥«ì­®áâì fgksg, áå®¤ïéãîáï ¯. ¢. ª ­®à¬¨à®¢ ­­®¬ã (  §­ ç¨â, ­¥âà¨-
¢¨ «ì­®¬ã) í«¥¬¥­âã g0. �® ¢ á¨«ã (5) fgksg áå®¤¨âáï ¯® ¬¥à¥ ª â®¦¤¥áâ¢¥­­®¬ã ­ã«î. �âáî¤ 
¢ëâ¥ª ¥â g0(x) = 0 ¯. ¢., çâ® ­¥¢®§¬®¦­®.

�¥¬¬  3 ([5], á. 32). �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì ¨§¬¥à¨¬ëå ­¥®âà¨æ â¥«ì­ëå äã­ªæ¨© ffkg
­  ¨§¬¥à¨¬®¬ ¬­®¦¥áâ¢¥ G � Rn áå®¤¨âáï ª äã­ªæ¨¨ f(x), â®Z

G
f(x)dx � sup

�Z
G
fk(x)dx

�
:

�¥¬¬  4 ([6], á. 13). �á«¨ ¯®á«¥¤®¢ â¥«ì­®áâì ¨§¬¥à¨¬ëå äã­ªæ¨© ffkg áå®¤¨âáï ª f ­ 

¬­®¦¥áâ¢¥ G ¨ jfk(x)j � '(x) ¤«ï ­¥ª®â®à®© ¨­â¥£à¨àã¥¬®© ­  G äã­ªæ¨¨ '(x) ¯à¨ «î¡®¬ k,
â® ¯à¥¤¥«ì­ ï äã­ªæ¨ï ¨­â¥£à¨àã¥¬  ­  G ¨Z

G
fk(x)dx!

Z
G
f(x)dx (k !1):

�¥¬¬  5 ([7], á. 131). �¥¯à¥àë¢­ ï ­  ®á¨ Ox ¢ë¯ãª« ï ¢­¨§ äã­ªæ¨ï M(x) ¨¬¥¥â ¢ ª -

¦¤®© â®çª¥ ¯à ¢ãî M 0
u(x) ¨ «¥¢ãî M 0

^(x) ¯à®¨§¢®¤­ë¥, ¯à¨ç¥¬ M 0
^(x) �M 0

u(x). �á«¨ a < x1 <
x2 < b, â® M 0

u(a) � (M(x2)�M(x1))=(x2 � x1) �M 0
^(b).

�¥¬¬  6. �«ï «î¡ëå f; g; p = (p1; p2) ¨§ L0(G) á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® (¯à¨ ¯. ¢. x 2 G)

j((f(x) + g(x)); p(x))j � j(f(x); p(x))j + j(g(x); p(x))j:

�®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ­¥¯®áà¥¤áâ¢¥­­®© ¯à®¢¥àª®©.

�¥¬¬  7. �ãáâì ' 2 �, H | ª®­¥ç­®¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢® ¢ L';G, p = (p1; p2) | â ª®©

¢¥á, çâ® gp1 2 L';G, gp2 2 L';G ¤«ï «î¡®£® í«¥¬¥­â  g 2 H.

�«ï â®£® çâ®¡ë äã­ªæ¨ï g0 2 H ¡ë«  í«¥¬¥­â®¬ ­ ¨«ãçè¥£® ­¥á¨¬¬¥âà¨ç­®£® ¯à¨¡«¨-

¦¥­¨ï ¤«ï äã­ªæ¨¨ f 2 L';G, ¤«ï ª®â®à®© (f ; p) 2 L';G, ­¥®¡å®¤¨¬®, çâ®¡ë ¤«ï «î¡®© äã­ªæ¨¨

g 2 H ¢ë¯®«­ï«®áì ãá«®¢¨¥ (3).

�®ª § â¥«ìáâ¢®. �ç¨â ¥¬, çâ® '(u) 6� const, â. ª. ¨­ ç¥ «¥¬¬  7 âà¨¢¨ «ì­ .
�ãáâì Q = fqig

m
i=1 | ¡ §¨á ª®­¥ç­®¬¥à­®£® ¯®¤¯à®áâà ­áâ¢  H, äã­ªæ¨ï f 2 L';G. �¨¦¥

¡ã¤¥¬ à áá¬ âà¨¢ âì â®«ìª® â¥ â®çª¨ x, ¢ ª®â®àëå ª®­¥ç­ë äã­ªæ¨¨ f(x), qi(x), i = 1; : : : ;m,
â. ª. ¬¥à  â®ç¥ª, ­¥ ã¤®¢«¥â¢®àïîé¨å íâ®¬ã ãá«®¢¨î, à ¢­  ­ã«î.

�ãáâì g0(x) ï¢«ï¥âáï í«¥¬¥­â®¬ ­ ¨«ãçè¥£® ­¥á¨¬¬¥âà¨ç­®£® ¯à¨¡«¨¦¥­¨ï, g(x) | ¯à®-

¨§¢®«ì­ë© í«¥¬¥­â ¨§ H. �®£¤  ¢ ¡ §¨á¥ Q ¨å ¬®¦­® ¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥ g0(x) =
mP
i=1

a
(0)
i qi(x),

g(x) =
mP
i=1

aiqi(x). � áá¬®âà¨¬ äã­ªæ¨î

I(a1; : : : ; am) =
Z
G
'

�����
��

f(x)�
mX
k=1

akqk(x)
�
; p(x)

�����
�
dx:

�®§ì¬¥¬ ª ªãî-«¨¡® ¯®á«¥¤®¢ â¥«ì­®áâì fhsg1s=1, ¤«ï ª®â®à®© 0 < hs � 1, hs ! 0 (s ! 1),
¨ ­ ©¤¥¬ ¯à¥¤¥«

lim
s!+1

(I(a(0)1 + hs(a1 � a
(0)
1 ); : : : ; a(0)m + hs(am � a(0)m ))� I(a(0)1 ; : : : ; a(0)m ))=hs = lim

s!+1

Z
G
Is(x)dx;

£¤¥

Is(x) = f'(j((F (x)�hsG(x)); p(x))j)�'(j(F (x); p(x))j)g=hs ; F (x) = f(x)�g0(x); G(x) = g(x)�g0(x):
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�ëïá­¨¬, ª ç¥¬ã áå®¤ïâáï ¯®¤¨­â¥£à «ì­ë¥ äã­ªæ¨¨. �«ï íâ®£® á®¢¥àè¨¬ ¯à¥¤¥«ì­ë© ¯¥-
à¥å®¤ ¢ âà¥å á«ãç ïå:

1) F (x) > 0, 2) F (x) < 0, 3) F (x) = 0.
� á«ãç ¥ 1), ¥á«¨ s ¤®áâ â®ç­® ¢¥«¨ª®,

Is = f'((F (x) � hsG(x))jp1(x)j)� '(F (x)jp1(x)j)g=hs:

�á«¨ G(x) > 0, â® ¯à¨ s!1

Is ! '0^(F (x)jp1(x)j)(�jp1(x)jG(x)) = �f'0^(j(F (x); p(x))j) signfF (x)G(x)g
+ +

+ '0u(j(F (x); p(x))j) signfF (x)G(x)g
�gG(x)fjp1(x)j signF

+(x)� jp2(x)j signF
�(x)g = B(x):

�á«¨ G(x) < 0, â® ¯à¨ s!1 Is ! '0u(F (x)jp1(x)j)(�jp1(x)jG(x)) = B(x). �á«¨ G(x) = 0, â®
Is = 0 = B(x).

�«ãç © 2)  ­ «®£¨ç¥­ à §®¡à ­­®¬ã.
� áá¬®âà¨¬ â¥¯¥àì á«ãç © 3). �á«¨ G(x) > 0, â® Is = ('(jp2(x)jhsG(x))�'(0))=hs ¯à¨ ¤®áâ -

â®ç­® ¡®«ìè¨å s. �®£¤  ¯à¨ s!1 ¡ã¤¥¬ ¨¬¥âì Is ! '0u(0)jp2(x)jG(x) = '0u(0)j(G; p)(x)j.
�á«¨ G(x) < 0, â® Is = ('(�jp1(x)jhs(x)G(x)) � '(0))=hs ¯à¨ ¤®áâ â®ç­® ¡®«ìè¨å s ¨ ¯à¨

s!1 ¡ã¤¥¬ ¨¬¥âì Is ! �'0u(0)jp1(x)jG(x) = '0u(0)j(G; p)(x)j.
�¤¥« ¥¬ ®¡é¨© ¢ë¢®¤. �®¤¨­â¥£à «ì­ë¥ äã­ªæ¨¨ ¯à¨ s ! 1 áâà¥¬ïâáï ª äã­ªæ¨¨ F1(x),

®¯à¥¤¥«¥­­®© á«¥¤ãîé¨¬ ®¡à §®¬: ¯à¨ x 2 G n E äã­ªæ¨ï F1(x) à ¢­  B(x),   ¯à¨ x 2 E |
'0u(0)j(G; p)(x)j.

�®ª ¦¥¬ â¥¯¥àì, çâ® ¤«ï «î¡®£® s ¯®¤¨­â¥£à «ì­ë¥ äã­ªæ¨¨ ¯® ¬®¤ã«î ­¥ ¯à¥¢®áå®¤ïâ
cB1(x), £¤¥

B1(x) = '(j(f(x); p(x))j) + '(jg(x)p1(x)j) + '(jg0(x)p1(x)j) + '(jg(x)p2(x)j) + '(jg0(x)p2(x)j);

c | ­¥ª®â®à ï ä¨ªá¨à®¢ ­­ ï ¯®áâ®ï­­ ï, § ¢¨áïé ï ®â '.
�ãáâì G(x) > 0. �á«¨ F (x) > 0, â® à §­®áâì R(x) = F (x)� hsG(x) ¬®¦¥â ¡ëâì ¯®«®¦¨â¥«ì-

­®©, ®âà¨æ â¥«ì­®© ¨«¨ à ¢­®© ­ã«î. � â®çª å, £¤¥ ®­  ¯®«®¦¨â¥«ì­ , ã¬­®¦¨¢ ¨ à §¤¥«¨¢ jIsj
­  ¢¥«¨ç¨­ã jp1(x)jG(x) ¨ ¯à¨¬¥­ïï «¥¬¬ë 5, 6, ¨¬¥¥¬

jIsj � '0^(jp1(x)jF (x))jp1(x)G(x)j � c1B1(x):

� â®çª å, £¤¥ R(x) = 0, ¢­®¢ì ¯à¨¬¥­ïï «¥¬¬ë 5 ¨ 6, ¯®«ãç¨¬

jIsj =
1
hs
j'(0) � '(jp1(x)jF (x))j � '0^(jp1(x)jF (x))jp1(x)jG(x) � c2B1(x):

� â®çª å, £¤¥ R(x) < 0, ¡ã¤¥¬ ¨¬¥âì

jIsj =
1
hs
j'(�jp2(x)j(F (x) � hsG(x)))� '(jp1(x)jF (x))j �

�
1
hs
j'(�jp2(x)j(F (x) � hsG(x)))� '(0)j +

1
hs
j'(jp1(x)jF (x)) � '(0)j = I(1)s + I(2)s :

�æ¥­¨¬ I(1)s  ­ «®£¨ç­® â®¬ã, ª ª ¢ á«ãç ¥ R(x) > 0:

I
(1)
2 � '0^(�jp2(x)j(F (x) � hsG(x)))(F (x) � hsG(x))(�jp2(x)j)=hs � c3B1(x)

(â. ª. �(F (x)� hsG(x)) � hsG(x)). �­ «®£¨ç­®

I(2)2 � c4B1(x)

(â. ª. F (x) = F (x) � hsG(x) + hsG(x) � hsG(x)). �¡ê¥¤¨­ïï ®æ¥­ª¨ ¤«ï I(1)s ¨ I(2)s , ¡ã¤¥¬ ¨¬¥âì
jIsj � c5B1(x). �­ «®£¨ç­® ¯®«ãç¨¬, çâ® jIsj � c6B1(x) ¨ ¢ á«ãç ¥, ª®£¤  F (x) � 0. �â ª, á«ãç ©,
ª®£¤  G(x) > 0, à §®¡à ­.

�­ «®£¨ç­ë¬¨ à ááã¦¤¥­¨ï¬¨ ¯®«ãç ¥¬ ¢¥àå­îî ®æ¥­ªã ¤«ï jIsj ç¥à¥§ B1(x) ¢ á«ãç ¥,
ª®£¤  G(x) < 0. �á«¨ ¦¥ G(x) = 0, â® ®æ¥­ª  á¢¥àåã âà¨¢¨ «ì­ , â. ª. jIsj = 0 � B1(x).
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� ª¨¬ ®¡à §®¬, ¯®ª § ­®, çâ® jIsj � cB1(x), £¤¥ B1(x) ï¢«ï¥âáï áã¬¬¨àã¥¬®© äã­ªæ¨¥©, ¤«ï
«î¡®£® s. �­ ç¨â, ¯®á«¥¤®¢ â¥«ì­®áâì fIsg ã¤®¢«¥â¢®àï¥â ¢á¥¬ ãá«®¢¨ï¬ «¥¬¬ë 4, ¯à¨¬¥­¥-
­¨¥ ª®â®à®© ¯®§¢®«ï¥â á®¢¥àè¨âì ¯à¥¤¥«ì­ë© ¯¥à¥å®¤ ¯®¤ §­ ª®¬ ¨­â¥£à « . � â ª ª ª g0(x)
ï¢«ï¥âáï í«¥¬¥­â®¬ ­ ¨«ãçè¥£® ­¥á¨¬¬¥âà¨ç­®£® ¯à¨¡«¨¦¥­¨ï, â®

I(a(0)1 + hs(a1 � a
(0)
1 ); : : : ; a(0)m + hs(am � a(0)m ))� I(a(0)1 ; : : : ; a(0)m ) � 0;

¨ ¯®íâ®¬ã
Z
G

F1(x)dx � 0: (6)

�®á«¥ § ¬¥­ë äã­ªæ¨¨ G(x), ¢å®¤ïé¥© ¢ ¢ëà ¦¥­¨¥ ¤«ï F1(x), ­  �g(x) ­¥à ¢¥­áâ¢® (6) ¯¥-
à¥©¤¥â ¢ (3).

�¥¬¬  8. �ãáâì ' 2 �, p = (p1; p2) | ¢¥á, H | ª®­¥ç­®¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢® ¢ L';G,
f 2 L';G, g0 2 H, ((f � g0); p) 2 L';G.

�á«¨ ¤«ï «î¡®© äã­ªæ¨¨ g 2 H ¢ë¯®«­ï¥âáï ãá«®¢¨¥ (3), â® äã­ªæ¨ï g0 ï¢«ï¥âáï í«¥¬¥­-

â®¬ ­ ¨«ãçè¥£® ­¥á¨¬¬¥âà¨ç­®£® ¯à¨¡«¨¦¥­¨ï.

�®ª § â¥«ìáâ¢®. �ãáâì ¤«ï «î¡®£® g 2 H ¢ë¯®«­ï¥âáï (3),   §­ ç¨â, ¨ (6). �¯à ¢¥¤«¨¢ë
á«¥¤ãîé¨¥ ­¥à ¢¥­áâ¢ :

M =
Z
GnE

f'0^(j(F (x); p(x))j) signfF (x)G(x)g
+ +

+ '0u(j(F (x); p(x))j) signfF (x)G(x)g
�gG(x)(signF (x)jp1(x)j � signF�(x)jp2(x)j)dx =

=
Z
G

(�F1(x))dx +
Z
E

F1(x)dx+
Z
GnE

f'0^(j(F (x); p(x))j) signfF (x)G(x)g
+ +

+ '0u(j(F (x); p(x))j) signfF (x)G(x)g
�gG(x)(signF (x)jp1(x)j � signF�(x)jp2(x)j)dx;

£¤¥ F (x) = f(x)� g0(x), G(x) = g(x) � g0(x). �ç¨âë¢ ï (6) ¨ ¯à®¢®¤ï ¯à¥®¡à §®¢ ­¨ï ¢ âà¥âì¥¬
¨­â¥£à «¥, ¯®«ãç¨¬

M �
Z
E
F1(x)dx +

Z
GnE

f'0^(j(F (x); p(x))j) signfF (x)G(x)g
+ +

+ '0u(j(F (x); p(x))j) signfF (x)G(x)g
�g(j((f � g); p)(x)j � j(F ; p)(x)j)dx +M:

�âáî¤  ¨¬¥¥¬

B2 =
Z
E

F1(x)dx +
Z
GnE

f'0^(j(F (x); p(x))j) signfF (x)G(x)g
+ +

+ '0u(j(F (x); p(x))j) signfF (x)G(x)g
�g(j((f � g); p)(x)j � j(F ; p)(x)j)dx � 0:

�á¯®«ì§ãï «¥¬¬ã 5, ¤«ï ' 2 � ¯®«ãç¨¬

'(ja+ bj) � '(jaj) + b sign af'0^(jaj) signB
+ + '0u(jaj) signB

�g (7)

¯à¨ «î¡®¬ B 6= 0. �á«¨ b = 0, â® ­¥à ¢¥­áâ¢® (7) ¡ã¤¥â á¯à ¢¥¤«¨¢® ¨ ¤«ï B = 0. �à¨¬¥­ïï (7),
¤«ï «î¡®£® g 2 H ¡ã¤¥¬ ¨¬¥âì
Z
G
'(j((f � g); p)j)dx =

Z
G
'(j(F ; p)j + (j((f � g); p)j � j(F ; p)j))dx �

� B2 +
Z
GnE

'(j(F ; p)j)dx +
Z
E

'(0)dx �
Z
G

'(j(F ; p)j)dx: �

54



�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1. �á«¨ �(f;H) = 1 ¨«¨ äã­ªæ¨ï ' | ª®­áâ ­â , â® ãâ¢¥à-
¦¤¥­¨¥ â¥®à¥¬ë 1 ®ç¥¢¨¤­®. �ãáâì �(f;H) < 1, ' 2 � ¨ ®â«¨ç­  ®â ª®­áâ ­âë. �®£¤ 
lim

u!+1
'(u) = +1.

�ãáâì fgkg | ¬¨­¨¬¨§¨àãîé ï ¤«ï f ¯®á«¥¤®¢ â¥«ì­®áâì í«¥¬¥­â®¢ ¨§ H. � ç¨­ ï á ­¥-
ª®â®à®£® k0, ¤«ï ¢á¥å k á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® �(f; gk) � �(f; g1) + 1. �®£¤  ­ ©¤¥âáï â ª®¥
¯®«®¦¨â¥«ì­®¥ ç¨á«® A, çâ® kgkkQ � A < 1 ¤«ï ¢á¥å k = k0 + 1; : : : �®ª ¦¥¬ íâ® ¬¥â®¤®¬
®â ¯à®â¨¢­®£®. �á«¨ íâ® ­¥ â ª, â® ¤«ï «î¡®£® ¯®«®¦¨â¥«ì­®£® ç¨á«  B ­ ©¤¥âáï â ª®¥ ç¨-
á«® k � k0 + 1, çâ® kgkkQ > B. � á¨«ã «¥¬¬ë 1 ­ ©¤ãâáï ­ âãà «ì­®¥ ç¨á«® m0 ¨ ¬­®¦¥áâ¢®
G(1)
m0

= fx 2 G : jp1(x)j � 1=m0g, ­  ª®â®à®¬ á¨áâ¥¬  Q ï¢«ï¥âáï ¡ §¨á®¬. � ª¦¥ ¢ á¨«ã «¥¬¬ë 1
­ ©¤ãâáï ­ âãà «ì­®¥ ç¨á«® s0 ¨ ¬­®¦¥áâ¢® G(2)

s0
= fx 2 G(1)

m0
: jp2(x)j � 1=s0g, ¯à¨ç¥¬ á¨áâ¥¬  Q

¡ã¤¥â ­  ­¥¬ ¡ §¨á®¬. �®£¤  ­  ¬­®¦¥áâ¢¥ G0 = G(2)
s0

¡ã¤¥¬ ¨¬¥âì jp1(x)j � 1=m0, jp2(x)j � 1=s0.
�§ «¥¬¬ë 2 á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ â ª¨å "0 > 0 ¨ �0 > 0, çâ® ¤«ï «î¡®£® g 2 H ¬¥à  ¬­®¦¥áâ¢ 
Rg = fx 2 G0 : jg(x)j � kgkQ�0g ¡®«ìè¥ "0. �ãáâì RN

g = Rg \ fx 2 G : jf(x)j � Ng. �ã­ªæ¨ï f
ª®­¥ç­  ¯. ¢., ¯®íâ®¬ã ­ ©¤¥âáï â ª®¥ N0, çâ® ¯à¨ N > N0 ¨ ¢á¥å g 2 H (¢ ç áâ­®áâ¨, ¨ ¤«ï ¬¨-
­¨¬¨§¨àãîé¥© ¯®á«¥¤®¢ â¥«ì­®áâ¨ fgkg) ¡ã¤¥â á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® �(RN

g ) > "0=2. �®£¤ 
�(f; gk) �

R
RNgk

'(j(Fk(x); p(x))j)dx, £¤¥ Fk(x) = f(x)� gk(x).

� áá¬®âà¨¬ ¬­®¦¥áâ¢ 

G+
k = ft 2 RN

gk
: Fk(x) > 0g; G�

k = ft 2 RN
gk
: Fk(x) � 0g:

� ¬¥â¨¬, çâ® G+
k [G

�
k = RN

gk
, G+

k \G
�
k = ;. �®£¤ 

Fks(x)p(x)�(f; gk) � c1

�Z
G+

k

'(Fk(x))dx+
Z
G�
k

'(�Fk(x))dx
�
;

£¤¥ c1 | ¯®«®¦¨â¥«ì­ ï ¯®áâ®ï­­ ï, § ¢¨áïé ï «¨èì ®â äã­ªæ¨¨ ' ¨ ç¨á¥« m0, s0.
�®§ì¬¥¬ N ­ áâ®«ìª® ¡®«ìè¨¬, çâ® '(N) � 2(�(f; g1) + 1)=("0c1). �®£¤  ¤«ï â¥å í«¥¬¥­â®¢

gk 2 H, ¤«ï ª®â®àëå kgkkQ > B0 = 2N=�0, ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢® �(f; gk) > �(f; g1) + 1, çâ®
¯à®â¨¢®à¥ç¨â ®£à ­¨ç¥­¨î �(f; gk) � �(f; g1)+1. �®«ãç¥­­®¥ ¯à®â¨¢®à¥ç¨¥ ¤®ª §ë¢ ¥â, çâ® fgkg
ï¢«ï¥âáï �-®£à ­¨ç¥­­®© ¯®á«¥¤®¢ â¥«ì­®áâìî.

� ª ª ª ¯®á«¥¤®¢ â¥«ì­®áâì fgkg �-®£à ­¨ç¥­ , â® áãé¥áâ¢ãîâ â ª¨¥ ¯®á«¥¤®¢ â¥«ì­®áâì
fgksg ¨ í«¥¬¥­â g 2 H, çâ® lim

s!1
gks(x) = g(x) ¯à¨ ¯. ¢. x 2 G. �§ «¥¬¬ë 3 á«¥¤ã¥â, çâ®

�(f; g) � lim
s!1

R
G

'(j(Fks(x); p(x))j)dx = �(f;H),   §­ ç¨â, �(f; g) = �(f;H), â. ¥. g ï¢«ï¥âáï í«¥-

¬¥­â®¬ ­ ¨«ãçè¥£® ­¥á¨¬¬¥âà¨ç­®£® ¯à¨¡«¨¦¥­¨ï.
�®ª ¦¥¬ â¥¯¥àì, çâ® ¥á«¨ äã­ªæ¨ï ' ¤®¯®«­¨â¥«ì­® ã¤®¢«¥â¢®àï¥â ãá«®¢¨î áâà®£®© ¢ë¯ã-

ª«®áâ¨, â® í«¥¬¥­â ­ ¨«ãçè¥£® ­¥á¨¬¬¥âà¨ç­®£® ¯à¨¡«¨¦¥­¨ï ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬. �®ª -
§ â¥«ìáâ¢® ¯à®¢¥¤¥¬ ®â ¯à®â¨¢­®£®. �ãáâì íâ® ­¥ â ª, â. ¥. ­ ©¤¥âáï å®âï ¡ë ¥é¥ ®¤­  äã­ªæ¨ï
g1(x) 2 H, ®â«¨ç­ ï ®â g(x) ¨ ï¢«ïîé ïáï í«¥¬¥­â®¬ ­ ¨«ãçè¥£® ­¥á¨¬¬¥âà¨ç­®£® ¯à¨¡«¨-
¦¥­¨ï äã­ªæ¨¨ f . �®£¤  ¤«ï äã­ªæ¨¨ (g(x) + g1(x))=2, ¨á¯®«ì§ãï á¢®©áâ¢  äã­ªæ¨¨ ', ¡ã¤¥¬
¨¬¥âì

�(f; (g + g1)=2) =
Z
G

'(j((f(x) � (g(x) + g1(x))=2); p(x))j)dx <

<

�Z
G
'(j((f(x) � g(x)); p(x))j)dx +

Z
G
'(j((f(x) � g1(x)); p(x))j)dx

�
=2 = �(f;H);

çâ® ­¥¢®§¬®¦­®. � ª¨¬ ®¡à §®¬, í«¥¬¥­â g ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ í«¥¬¥­â®¬ ­ ¨«ãçè¥£® ­¥-
á¨¬¬¥âà¨ç­®£® ¯à¨¡«¨¦¥­¨ï äã­ªæ¨¨ f .

�®ª § â¥«ìáâ¢® â¥®à¥¬ë 2. �§ ãá«®¢¨© â¥®à¥¬ë 2 á«¥¤ã¥â, çâ® ãá«®¢¨ï «¥¬¬ 7 ¨ 8 ¢ë-
¯®«­¥­ë. �à¨¬¥­¥­¨¥ íâ¨å «¥¬¬ ¯®§¢®«ï¥â ¯®«ãç¨âì á¯à ¢¥¤«¨¢®áâì â¥®à¥¬ë 2.
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