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�« áá¨ç¥áª ï â¥®à¥¬  � â « ­  ([1], c. 277) £« á¨â, çâ® ¥¤¨­áâ¢¥­­®© ¬¨­¨¬ «ì­®© «¨­¥©-
ç â®© ¯®¢¥àå­®áâìî ¢ ¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ R3, ®â«¨ç­®© ®â ¯«®áª®áâ¨, ï¢«ï¥âáï £¥«¨ª®-
¨¤. �®¤¬­®£®®¡à §¨¥ M ­ §ë¢ ¥âáï «¨­¥©ç âë¬, ¥á«¨ áãé¥áâ¢ã¥â ¥£® á«®¥­¨¥ ª®à §¬¥à­®áâ¨
¥¤¨­¨æ  ­  ¢¯®«­¥ £¥®¤¥§¨ç¥áª¨¥ ¯®¤¬­®£®®¡à §¨ï ®¡ê¥¬«îé¥£® à¨¬ ­®¢  ¯à®áâà ­áâ¢  N . �
à ¡®â¥ [2] (¯à¥¤«®¦¥­¨¥ 7.2) ¯®ª § ­®, çâ® ¢áïª ï £¥®¤¥§¨ç¥áª¨-«¨­¥©ç â ï ¬¨­¨¬ «ì­ ï ¯®-
¢¥àå­®áâì ¢ âà¥å¬¥à­®© áä¥à¥ S3 ¯à¥¤áâ ¢«ï¥â á®¡®© ®âªàëâãî ®¡« áâì ­  áä¥à¨ç¥áª®¬ £¥«¨-
ª®¨¤¥ 	(x; y) = (cos kx cos y, sinkx cos y, cosx sin y, sinx sin y) ¯à¨ ­¥ª®â®à®¬ k > 0. � [3] (c. 699)
¢ë¯¨á ­® á«¥¤ãîé¥¥ ãà ¢­¥­¨¥ £¥«¨ª®¨¤  ¯à®áâà ­áâ¢  �®¡ ç¥¢áª®£® H3(�1) (¢ ¬®¤¥«¨ ­  £¨-
¯¥à¡®«®¨¤¥ ¯à®áâà ­áâ¢  �¨­ª®¢áª®£® R3;1): f(x; y) = (ch kx ch y, shkx ch y, cos x sh y, sinx sh y), ¨
á®®¡é¥­® ® ¢®§¬®¦­®áâ¨ ¤®ª § âì â ª ¦¥, ª ª ¨ ¢ [2], çâ® â ª¨¬ ®¡à §®¬ ¯ à ¬¥âà¨§ã¥âáï «î¡ ï
«¨­¥©ç â ï ¬¨­¨¬ «ì­ ï ¯®¢¥àå­®áâì ¢ H3(�1). � [4] ­ ©¤¥­ë ¬¨­¨¬ «ì­ë¥ «¨­¥©ç âë¥ ¯®¤-
¬­®£®®¡à §¨ï ¯à®¨§¢®«ì­®© ª®à §¬¥à­®áâ¨ ¯à®áâà ­áâ¢ ¯®áâ®ï­­®© ªà¨¢¨§­ë. � ¤ ­­®© áâ âì¥
­ ©¤¥­ë ¬¨­¨¬ «ì­ë¥ «¨­¥©ç âë¥ ¯®¢¥àå­®áâ¨ ¥é¥ ¢ ¤¢ãå ¨§ ¢®áì¬¨ ¬®¤¥«ì­ëå ¯® �.�¥àáâ®­ã
([5], £«. 3, c. 179) £¥®¬¥âà¨ïå: ¢ S2�R ¨ H2�R. �­â¥à¥á­®, çâ® ¢ ¯®á«¥¤­¥© ¥áâì ¤¢  à §«¨ç­ëå
â¨¯  £¥«¨ª®¨¤®¢.

1. �à¨ ¨§ãç¥­¨¨ «¨­¥©ç âëå ¯®¢¥àå­®áâ¥© ¢ S2�R ¡ã¤¥¬ à áá¬ âà¨¢ âì íâ® âà¥å¬¥à­®¥ ¬­®-
£®®¡à §¨¥ ª ª £¨¯¥à¯®¢¥àå­®áâì ¥¢ª«¨¤®¢  ¯à®áâà ­áâ¢  R4, £¤¥ ª ¦¤ ï â®çª  ¯à¥¤áâ ¢«ï¥âáï
¢ ¢¨¤¥ (x1; x2; x3; x4) á ãá«®¢¨¥¬ (x1)2 + (x2)2 + (x3)2 = 1.

�¥®à¥¬  1. �®«­ë¬¨ «¨­¥©ç âë¬¨ ¬¨­¨¬ «ì­ë¬¨ ¯®¢¥àå­®áâï¬¨ ¢ S2 � R ï¢«ïîâáï :
1) ¢¯®«­¥ £¥®¤¥§¨ç¥áª¨¥ ¯®¢¥àå­®áâ¨ ¢¨¤  S2�x40 ¨ 
�R, £¤¥ 
 | £¥®¤¥§¨ç¥áª ï S2; 2) £¥«¨ª®¨¤,
¤®¯ãáª îé¨© á«¥¤ãîéãî ¯ à ¬¥âà¨§ æ¨î (á â®ç­®áâìî ¤® ¨§®¬¥âà¨¨):

X1(s; t) = cos t cos s; X2(s; t) = sin t cos s; X3(s; t) = sin s; X4(s; t) = bt; (1)

£¤¥ b | ¯®áâ®ï­­ ï.

�®ª § â¥«ìáâ¢®. � ª ¨§¢¥áâ­® ([5], c. 90), «¨­¨ï x(t) = (x1(t); x2(t)) ¢ ¯àï¬®¬ ¯à®¨§¢¥¤¥-
­¨¨ à¨¬ ­®¢ëå ¬­®£®®¡à §¨© M 1 �M 2 ¥áâì £¥®¤¥§¨ç¥áª ï, ¯ à ¬¥âà¨§®¢ ­­ ï ¯ à ¬¥âà®¬ t á
ãá«®¢¨¥¬ jx0(t)j = const, â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¥¥ ¯à®¥ªæ¨¨ xi(t), i = 1; 2, â ª¦¥ ï¢«ïîâáï
£¥®¤¥§¨ç¥áª¨¬¨, ¯ à ¬¥âà¨§®¢ ­­ë¬¨ á ¯®áâ®ï­­®© áª®à®áâìî, â. ¥. j(xi)0j = const. �®íâ®¬ã ¯à®-
¥ªæ¨¥© ¯à®¨§¢®«ì­®© £¥®¤¥§¨ç¥áª®© ¢ S2�R ­  S2 ¡ã¤¥â «¨¡® ¡®«ìè ï ®ªàã¦­®áâì, «¨¡® â®çª 
¨ á®®â¢¥âáâ¢¥­­® ¥¥ ¯à®¥ªæ¨¥© ­  R ¡ã¤¥â «¨¡® ¢áï ¯àï¬ ï, «¨¡® â®çª . �âáî¤  ¢ëâ¥ª ¥â, çâ®
¢ ®ªà¥áâ­®áâ¨ ¯à®¨§¢®«ì­®© â®çª¨ «¨­¥©ç â®© ¯®¢¥àå­®áâ¨ ¢ S2 � R ¢®§¬®¦­  ¥¥ á«¥¤ãîé ï
¯ à ¬¥âà¨§ æ¨ï:

X1(s; t) = x1(t) cos s+ y1(t) sin s;

X2(s; t) = x2(t) cos s+ y2(t) sin s;

X3(s; t) = x3(t) cos s+ y3(t) sin s;

X4(s; t) = a(t)s+ b(t):
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�â­®á¨â¥«ì­® ªà¨¢ëå x(t) = (x1; x2; x3) ¨ y(t) = (y1; y2; y3), à á¯®«®¦¥­­ëå ¢ R3, ¡ã¤¥¬
¯à¥¤¯®« £ âì ¢ë¯®«­¥­­ë¬¨ á«¥¤ãîé¨¥ ãá«®¢¨ï: 1) jx(t)j = jy(t)j = 1, 2) hx(t); y(t)i = 0,
3) hx0(t); y(t)i + ab0 = 0, 4) jx0(t)j = 1. �á«®¢¨¥ 3) ®§­ ç ¥â, çâ® ¡ §®¢ ï ªà¨¢ ï s = 0, ¨¬¥î-
é ï ãà ¢­¥­¨ï x1 = x1(t), x2 = x2(t), x3 = x3(t), x4 = b(t), ®àâ®£®­ «ì­  ª ¦¤®© £¥®¤¥§¨ç¥áª®©
X(s; t0), «¥¦ é¥© ­  ¯®¢¥àå­®áâ¨,   ãá«®¢¨¥ 4) ¯®ª §ë¢ ¥â, çâ® t ï¢«ï¥âáï ­ âãà «ì­ë¬ ¯ à -
¬¥âà®¬ ­  ªà¨¢®© x(t).

� á â¥«ì­ë¥ ¢¥ªâ®àë ª ¯®¢¥àå­®áâ¨ X(s; t) = (x cos s + y sin s; as + b) áãâì Xs = (�x sin s +
y cos s; a), Xt = (x0 cos s+ y0 sin s; a0s+ b0).

�¥à¢ ï äã­¤ ¬¥­â «ì­ ï ä®à¬  «¨­¥©ç â®© ¯®¢¥àå­®áâ¨ ¨¬¥¥â á«¥¤ãîé¨¥ ª®íää¨æ¨¥­âë:
g11 = X2

s = 1+ a2(t), g12 = hXs;Xti = aa0s, g22 = X2
t = jx0j2 cos2 s+ 2hx0; y0i cos s sin s+ jy0j2 sin2 s+

(a0s+ b0)2.
�¥ªâ®à ­®à¬ «¨ ª S2�R à ¢¥­N = (x cos s+y sin s; 0). �¡®§­ ç¨¬ jx0j2 cos2 s+2hx0; y0i cos s sin s+

jy0j2 sin2 s = F . �®à¬ «ì n = (n; n4) ª ¯®¢¥àå­®áâ¨ X(s; t) ¢ S2 �R ¨¬¥¥â ¢¨¤

n = �(�(a2b0 + b0 + a0s)(x0 cos s+ y0 sin s)� a(F + (a0s+ b0)b0)(�x sin s+ y cos s); F � a2b02);

£¤¥ � | ­¥ª®â®àë© ­®à¬¨àãîé¨© ¬­®¦¨â¥«ì.
�â®àë¥ ¯à®¨§¢®¤­ë¥ à ¤¨ãá-¢¥ªâ®à  ¯®¢¥àå­®áâ¨ â ª®¢ë:

Xss = (�x cos s� y sin s; 0); Xst = (�x0 sin s+ y0 cos s; a0);

Xtt = (x00 cos s+ y00 sin s; a00s+ b00):

� â¥¬ ¢ëç¨á«¨¬ ¢â®àãî äã­¤ ¬¥­â «ì­ãî ä®à¬ã «¨­¥©ç â®© ¯®¢¥àå­®áâ¨ X(s; t) ¢ S2�R:
b11 = hXs; ni = 0;

b12 = hXst; ni = �

�
� (a2b0 + a0s+ b0)

F 0
s

2
+ a0(F � a2b02)

�
;

b22 = �

�
� (a2b0 + a0s+ b0)

F 0
t

2
+ a(F + (a0s+ b0)b0)

�
F 0
s

2
+ (ab0)0

�
+ (a00s+ b00)(F � a2b02)

�
:

�¢¨¤ã â®£®, çâ® b11 = 0, ãá«®¢¨¥ ¬¨­¨¬ «ì­®áâ¨ «¨­¥©ç â®© ¯®¢¥àå­®áâ¨ 2H = gijbij = 0
á¢®¤¨âáï ª ãà ¢­¥­¨î g11b22 � 2g12b12 = 0, ª®â®à®¥ à ¢­®á¨«ì­® á«¥¤ãîé¥¬ã:

(1 + a2)
�
� (a2b0 + a0s+ b0)

F 0
t

2
+ a(F + (a0s+ b0)b0)

�
F 0
s

2
+ (ab0)0

�
+

+ (a00s+ b00)(F � a2b02)
�
� 2aa0s

�
� (a2b0 + a0s+ b0)

F 0
s

2
+ a0(F � a2b02)

�
= 0: (2)

�§ãç ï  á¨¬¯â®â¨ªã «¥¢®© ç áâ¨ ãà ¢­¥­¨ï (2) ¯à¨ s ! 1 (¯à¨ ä¨ªá¨à®¢ ­­®¬ t), § -
ª«îç ¥¬, çâ® ª®íää¨æ¨¥­â ¯à¨ s2 ¤®«¦¥­ à ¢­ïâìáï ­ã«î. �«¥¤®¢ â¥«ì­®, ¯®«ãç ¥¬ ãá«®¢¨¥
a(a0)2F 0

s = 0. �à® ­ «¨§¨àã¥¬ ¯®á«¥¤®¢ â¥«ì­® ¤¢  á«ãç ï: 1) a0 = 0; 2) F 0
s = 0.

� á«ãç ¥ 1) ãà ¢­¥­¨¥ (2) ã¯à®é ¥âáï ¨ ¯à¨­¨¬ ¥â ¢¨¤

�(1 + a2)b0
F 0
t

2
+
a

2
FF 0

s + ab02
F 0
s

2
+ (1 + a2)b00F = 0: (3)

� §« £ ï «¥¢ãî ç áâì ãà ¢­¥­¨ï ¢ ª®­¥ç­ë© àï¤ �ãàì¥ ¯® ¯¥à¥¬¥­­®© s, ­ å®¤¨¬ ª®íää¨æ¨-
¥­âë ¯à¨ cos 4s ¨ sin 4s: a

2
hx0; y0i(jx0j2 � jy0j2) ¨ a

2
(hx0; y0i2 � 1

4
(jx0j2 � jy0j2)2). �®áª®«ìªã ®¡  íâ¨

¢ëà ¦¥­¨ï ¤®«¦­ë ®¡à é âìáï ¢ ­ã«ì, â® ¢ëå®¤¨â, çâ® «¨¡® 1 ) a = 0, «¨¡® 1b) hx0; y0i = 0 ¨
jx0j = jy0j = 1. �«ãç © 1b) á®¤¥à¦¨âáï ¢ á«ãç ¥ 2), â. ª. F = 1.

� á«ãç ¥ 1 ) ãà ¢­¥­¨¥ (3) ¯à¨¢®¤¨âáï ª ¢¨¤ã

�b
0

2
F 0
t + b00F = 0: (4)
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�â® ãà ¢­¥­¨¥ ¨¬¥¥â ®ç¥¢¨¤­®¥ à¥è¥­¨¥ b0 = 0, ª®â®à®¬ã ®â¢¥ç ¥â ¢¯®«­¥ £¥®¤¥§¨ç¥áª ï ª®®à-
¤¨­ â­ ï ¯®¢¥àå­®áâì ¢ S2 �R ¢¨¤  S2 � (x40). �á«¨ ¦¥ b

0 6= 0, â® ¨§ (4) á«¥¤ã¥â
�
F

b02

�0

t

=
� jx0j2 � jy0j2

2b02

�0

t

cos 2s+
�hx0; y0i

b02

�0

t

sin 2s+
� jx0j2 + jy0j2

2b02

�0

t

= 0:

�âáî¤  § ª«îç ¥¬, çâ® áãé¥áâ¢ãîâ âà¨ ¯®áâ®ï­­ë¥ a1, a2, a3, ¤«ï ª®â®àëå

1) jx0j2 � jy0j2 = 2a1b
02; 2) hx0; y0i = a2b

02; 3) jx0j2 + jy0j2 = 2a3b
02:

�®áª®«ìªã ¯® ¯à¥¤¯®«®¦¥­¨î t|­ âãà «ì­ë© ¯ à ¬¥âà ­  ªà¨¢®© x(t), â® jx0j = 1. �ª« ¤ë-
¢ ï ¯¥à¢®¥ ¨ âà¥âì¥ ¨§ íâ¨å ãà ¢­¥­¨©, ¯®«ãç¨¬ 1 = (a1+ a3)b0. �âáî¤  ¢ëâ¥ª ¥â, çâ® b0 = const
¨, á«¥¤®¢ â¥«ì­®, jy0j = c1, hx0; y0i = c2, £¤¥ c1, c2 | ­¥ª®â®àë¥ ¯®áâ®ï­­ë¥. � ª¨¬ ®¡à §®¬, à¥-
è¥­¨¥ ãà ¢­¥­¨ï (4) á¢®¤¨âáï ª ­ å®¦¤¥­¨î ¯ àë áä¥à¨ç¥áª¨å ªà¨¢ëå x(t), y(t), ¤«ï ª®â®àëå
¢¥«¨ç¨­  F = (x0(t) cos s+ y0(t) sin s)2 ­¥ § ¢¨á¨â ®â ¯¥à¥¬¥­­®© t.

�ë¯¨è¥¬ ¢á¥ ãá«®¢¨ï, ª®â®àë¬ ¤®«¦­ë ã¤®¢«¥â¢®àïâì ªà¨¢ë¥ x(t), y(t): 1) jxj = jyj = 1;
2) hx; yi = 0; 3) jx0j = 1, jy0j = c1; 4) hx0; y0i = c2; 5) hx; y0i = hx0; yi = 0.

�á«®¢¨¥ 5) á«¥¤ã¥â ¨§ â®£®, çâ® à áá¬ âà¨¢ ¥âáï á«ãç © a = 0 ¨ hx; y0i = ab0.
�á«¨ jy0j = c1 = 0, â® à¥è¥­¨¥¬ ¡ã¤¥â ¯ à  ªà¨¢ëå ¢¨¤ 

x(t) = cos te1 + sin te2; y(t) = e3;

£¤¥ ei | ®àâë ¢ R3. �á«¨ ¦¥ jy0j 6= 0, â® ¨§ ãá«®¢¨© 1){5) á«¥¤ã¥â, çâ® ¢¥ªâ®àë x0, y0 ª®««¨­¥ à­ë
¢¥ªâ®à­®¬ã ¯à®¨§¢¥¤¥­¨î x� y, â. ¥. x0 = x� y, y0 = c1x� y. �®íâ®¬ã c1x� y = v0 | ­¥ª®â®àë©
¯®áâ®ï­­ë© ¢¥ªâ®à ¢ R3. �¡®§­ ç¨¬ ¥£® ®àâ ç¥à¥§ e3 = v0

jv0j . �®£¤  ­¥âàã¤­® ¢¨¤¥âì, çâ® ªà¨¢ë¥
x(t) ¨ y(t) ®¡à §ãîâ ¯®áâ®ï­­ë© ã£®« á e3, â. ¥. ï¢«ïîâáï ®ªàã¦­®áâï¬¨ ­  ª®­ãá å á ®áìî e3.
�¥¯¥àì «¥£ª® ­ ©â¨ ¨áª®¬ãî ¯ àã ªà¨¢ëå x(t); y(t), ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ 1){5):

x(t) =
1
k
(cos kte1 + sinkte2)�

p
k2 � 1
k

e3;

y(t) =

p
k2 � 1
k

(cos kte1 + sinkte2) +
1
k
e3;

£¤¥ jkj � 1. � ¬¥â¨¬, çâ® ¯à¨ k = 1 ¯®«ãç ¥âáï à ­¥¥ ­ ©¤¥­­®¥ à¥è¥­¨¥ ¢ á«ãç ¥ jy0j = 0.
�ë¡¨à ï ª®®à¤¨­ âë ¢ R4 â ª, çâ®¡ë ®àâë ei (i = 1; 2; 3) ¡ë«¨ ­ ¯à ¢«¥­ë ¢¤®«ì ®á¥© Oxi,

¯®«ãç¨¬ á«¥¤ãîéãî ¯ à ¬¥âà¨§ æ¨î «¨­¥©ç â®© ¬¨­¨¬ «ì­®© ¯®¢¥àå­®áâ¨:

X1 = cos kt cos(s� s0); X2 = sinkt cos(s� s0); X3 = sin(s� s0); X4 = b0t+ b1;

£¤¥ cos s0 = 1
k
; sin s0 =

p
k2�1
k

. � ª®­¥æ, «¨­¥©­®© § ¬¥­®© ¯ à ¬¥âà®¢ s, t ¬®¦­® ¯à¨©â¨ ª
¯ à ¬¥âà¨§ æ¨¨ (1).

� á«ãç ¥ 2) ®ç¥¢¨¤­®, jx0j = jy0j = 1, hx0; y0i = 0. � ©¤¥¬ ¯ àã ªà¨¢ëå ¢ R3, ã¤®¢«¥â¢®àïîé¨å
ãá«®¢¨ï¬

1) jxj = jyj = 1; 2) hx; yi = 0; 3) jx0j = jy0j = 1; 4) hx0; y0i = 0: (5)

�®áª®«ìªã ¥¤¨­¨ç­ë¥ ¢¥ªâ®àë x0, y0 ¯¥à¯¥­¤¨ªã«ïà­ë á®®â¢¥âáâ¢¥­­® x ¨ y, ¨ hx0; yi = �hy0; xi,
â® áãé¥áâ¢ã¥â äã­ªæ¨ï �(t) â ª ï, çâ®

x0 = cos�(t)y + sin�(t)x� y; y0 = � cos�(t)x+ sin�(t)x� y:

�ª «ïà­® ¯¥à¥¬­®¦ ï íâ¨ ¤¢  à ¢¥­áâ¢ , ¯®«ãç¨¬ 0 = hx0; y0i = sin2 �(t). �«¥¤®¢ â¥«ì­®, ¨¬¥¥â
¬¥áâ® á¨áâ¥¬  ãà ¢­¥­¨© x0 = y, y0 = �x («¨¡® x0 = �y, y0 = x). �­â¥£à¨àãï ¥¥ á ãç¥â®¬ (5),
¯®«ãç¨¬

x(t) = cos te1 + sin te2; y(t) = �(� sin te1 + cos te2):

�®íâ®¬ã ¯ à ¬¥âà¨§ æ¨ï «¨­¥©ç â®© ¯®¢¥àå­®áâ¨ ¢ ¤ ­­®¬ á«ãç ¥ ¨¬¥¥â ¢¨¤

X1 = cos(t� s); X2 = sin(t� s); X3 = 0; X4 = a(t)s+ b(t):
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� ¬¥­®© ¯¥à¥¬¥­­ëå s = s � t, t = a(t)s + b(t) ¯®«ãç ¥¬ ¢¯®«­¥ £¥®¤¥§¨ç¥áªãî ¯®¢¥àå­®áâì
X1 = cos s, X2 = sin s, X3 = 0, X4 = t ¢¨¤  
 �R, £¤¥ 
 | £¥®¤¥§¨ç¥áª ï S2.

2. � ©¤¥¬ â¥¯¥àì «¨­¥©ç âë¥ ¬¨­¨¬ «ì­ë¥ ¯®¢¥àå­®áâ¨ âà¥å¬¥à­®© £¥®¬¥âà¨¨ H2 � R,
¤¥©áâ¢ãï  ­ «®£¨ç­®. � áá¬®âà¨¬ ¬­®£®®¡à §¨¥ H2 � R ª ª £¨¯¥à¯®¢¥àå­®áâì ¢ ¯à®áâà ­áâ¢¥
�¨­ª®¢áª®£® R3;1 c ¬¥âà¨ª®© hx; yi = �x0y0 + x1y1 + x2y2 + x3y3, § ¤ ­­ãî ãà ¢­¥­¨¥¬

H2 �R =
�
(x0; x1; x2; x3) 2 R3;1 : �(x0)2 + (x1)2 + (x2)2 = �1; x0 > 0

�
:

�¥®à¥¬  2. �®«­ë¬¨ «¨­¥©ç âë¬¨ ¬¨­¨¬ «ì­ë¬¨ ¯®¢¥àå­®áâï¬¨ ¢ H2 � R ï¢«ïîâáï :
a) ¢¯®«­¥ £¥®¤¥§¨ç¥áª¨¥ ¯®¢¥àå­®áâ¨ ¢¨¤  H2 � (x30) ¨ 
 � R, £¤¥ 
 | £¥®¤¥§¨ç¥áª ï H2, ¡) ¤¢ 
â¨¯  £¥«¨ª®¨¤®¢, ¯ à ¬¥âà¨§®¢ ­­ëå á«¥¤ãîé¨¬ ®¡à §®¬:

1) X0(s; t) = ch s ch t; X1(s; t) = ch s sh t; X2(s; t) = sh s; X3(s; t) = b1t;

2) X0(s; t) = ch s; X1(s; t) = sh s cos t; X2(s; t) = sh s sin t; X3(s; t) = b2t;

£¤¥ bi | ¯®áâ®ï­­ë¥.

�®ª § â¥«ìáâ¢®. �¨­¥©ç â ï ¯®¢¥àå­®áâì ¢ H2�R ¤®¯ãáª ¥â «®ª «ì­ãî ¯ à ¬¥âà¨§ æ¨î
¢¨¤ 

X0(s; t) = x0(t) ch s+ y0(t) sh s;

X1(s; t) = x1(t) ch s+ y1(t) sh s;

X2(s; t) = x2(t) ch s+ y2(t) sh s;

X3(s; t) = a(t)s+ b(t);

£¤¥ x(t) = (x0; x1; x2)(t) : jxj2 = �(x0)2 + (x1)2 + (x2)2 = �1 (x0 > 0) | ­¥ª®â®à ï ªà¨¢ ï ¢
¯®¤¯à®áâà ­áâ¢¥ R2;1 (à á¯®«®¦¥­­ ï ­  H2),   y(t) = (y0; y1; y2)(t) | ¤àã£ ï ªà¨¢ ï ¢ R2;1,
ã¤®¢«¥â¢®àïîé ï ãá«®¢¨î jyj2 = �(y0)2 + (y1)2 + (y2)2 = 1. �®¦­® áª § âì, çâ® x(t) | â®çª 
£¥®¤¥§¨ç¥áª®©H2 (¯à®¥ªæ¨¨ £¥®¤¥§¨ç¥áª®©H2�R ­  H2),   y(t) | ¥¤¨­¨ç­ë© ª á â¥«ì­ë© ¢¥ª-
â®à ª £¥®¤¥§¨ç¥áª®© ¢ H2. � ª¨¬ ®¡à §®¬, ­  ¯ àã ªà¨¢ëå x(t); y(t) ¨§ R2;1 ­ « £ ¥¬ á«¥¤ãîé¨¥
ãá«®¢¨ï:

1) jxj2 = �1; 2) jyj2 = 1; 3) hx; yi = 0; 4) hx0; yi = �ab0; 5) jx0j2 = 1: (6)

�á«®¢¨¥ 4) ¨§ (6) ®§­ ç ¥â ¯á¥¢¤®®àâ®£®­ «ì­®áâì ¤¢ãå ª á â¥«ì­ëå ¢¥ªâ®à®¢ (ª ¡ §®¢®©
ªà¨¢®© s = 0 ¨ ª £¥®¤¥§¨ç¥áª®© t = t0),   ¯®á«¥¤­¥¥ | ®§­ ç ¥â, çâ® ¯ à ¬¥âà t ï¢«ï¥âáï
­ âãà «ì­ë¬ ­  ªà¨¢®© x(t).

�¥à¢ ï äã­¤ ¬¥­â «ì­ ï ä®à¬  «¨­¥©ç â®© ¯®¢¥àå­®áâ¨X(s; t) = (x(t) ch s+y(t) sh s; a(t)s+
b(t)) ¨¬¥¥â á«¥¤ãîé¨¥ ª®íää¨æ¨¥­âë:

g11 = jXsj2 = 1 + a2; g12 = hXs;Xti = aa0s;

g22 = jXtj2 = (x0 ch s+ y0 sh s)2 + (a0s+ b0)2 = G+ (a0s+ b0)2;

£¤¥ G = jx0j2 ch2 s+ 2hx0; y0i sh s ch s+ jy0j2 sh2 s.
� á â¥«ì­ë¥ ¢¥ªâ®àë ª «¨­¥©ç â®© ¯®¢¥àå­®áâ¨ ¨¬¥îâ ¢¨¤ Xs = (x sh s + y ch s; a), Xt =

(x0 ch s + y0 sh s; a0s + b0); ¢¥ªâ®à ­®à¬ «¨ ª £¨¯¥à¯®¢¥àå­®áâ¨ H2 � R ¢ R3;1 ¨¬¥¥â ¢¨¤ N =
(x ch s + y sh s; 0); ­®à¬ «ì n = (n; n4) ª «¨­¥©ç â®© ¯®¢¥àå­®áâ¨ X(s; t) ¢ £¨¯¥à¯®¢¥àå­®áâ¨
H2 �R à ¢­ 

�(�(a2b0 + a0s+ b0)(x0 ch s+ y0 sh s)� a(G+ (a0s+ b0)b0)(x sh s+ y ch s); G� a2b02);

¢â®àë¥ ¯à®¨§¢®¤­ë¥ à ¤¨ãá-¢¥ªâ®à  ¯®¢¥àå­®áâ¨ X(s; t) à ¢­ë

Xss = (x ch s+ y sh s; 0); Xst = (x0 sh s+ y0 ch s; a0); Xtt = (x00 ch s+ y00 sh s; a00s+ b00):
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�â®à ï äã­¤ ¬¥­â «ì­ ï ä®à¬  ¯®¢¥àå­®áâ¨ ¨¬¥¥â á«¥¤ãîé¨¥ ª®íää¨æ¨¥­âë:

b11 = hXss; ni = 0;

b12 = hXst; ni = �

�
� (a2b0 + a0s+ b0)

G0
s

2
+ a0(G� a2b02)

�
;

b22 = hXtt; ni = �

�
� (a2b0 + a0s+ b0)

G0
t

2
+

+ a(G+ (a0s+ b0)b0)
�
G0

s

2
+ (ab0)0

�
+ (a00s+ b00)(G� a2b02)

�
:

�á«®¢¨¥ ¬¨­¨¬ «ì­®áâ¨ 2H = gijbij = 0 «¨­¥©ç â®© ¯®¢¥àå­®áâ¨ X(s; t) á¢®¤¨âáï ª ãà ¢­¥­¨î

(1 + a2)
�
� (a2b0 + a0s+ b0)

G0
t

2
+ a(G+ (a0s+ b0)b0)

�
G0

s

2
+ (ab0)0

�
+

+ (G� a2b02)(a00s+ b00)� 2aa0s
�
� (a2b0 + a0s+ b0)

G0
s

2
+ a0(G� a2b02)

��
= 0: (7)

�§ãç ï  á¨¬¯â®â¨ªã «¥¢®© ç áâ¨ ãà ¢­¥­¨ï (7) ¯à¨ s!1 (¯à¨ ¯®áâ®ï­­®¬ t), § ª«îç ¥¬,
çâ® ¢ëà ¦¥­¨¥ aGG0

s ¤®«¦­® ®¡à é âìáï ¢ ­ã«ì. �®íâ®¬ã ­ ¤® ¨áá«¥¤®¢ âì ¤¢  á«ãç ï: 1) a = 0
¨ 2) G0

s = 0.
� á«ãç ¥ 1) ãà ¢­¥­¨¥ (7) ¯à¨­¨¬ ¥â ¢¨¤

�b0G
0
t

2
+ b00G = 0: (8)

�â® ãà ¢­¥­¨¥ ¨¬¥¥â ®ç¥¢¨¤­®¥ à¥è¥­¨¥ b = const, ª®â®à®¥ á®®â¢¥âáâ¢ã¥â ª®®à¤¨­ â­®© ¢¯®«-
­¥ £¥®¤¥§¨ç¥áª®© ¯®¢¥àå­®áâ¨ ¢¨¤  H2 � b0. �á«¨ ¦¥ b0 6= 0, â® ¥£® ¬®¦­® ¯¥à¥¯¨á âì ¢ ¢¨¤¥�

G

b02

�0
t
= 0. � ª¨¬ ¦¥ ®¡à §®¬, ª ª ¯à¨ ¤®ª § â¥«ìáâ¢¥ â¥®à¥¬ë 1, ¬®¦­® ®âáî¤  § ª«îç¨âì, çâ®

b0 = const, jy0j2 = c1, hx0; y0i = c2, £¤¥ ci | ¯®áâ®ï­­ë¥. � ª¨¬ ®¡p §®¬, à¥è¥­¨¥ ãà ¢­¥­¨ï (8)
á¢®¤¨âáï ª ­ å®¦¤¥­¨î ¯ àë ªà¨¢ëå ¢ ¯á¥¢¤®¥¢ª«¨¤®¢®¬ ¯à®áâà ­áâ¢¥ R2;1, ã¤®¢«¥â¢®àïîé¨å
ãá«®¢¨ï¬

1) jxj2 = �1; 2) jyj2 = 1; 3) hx; yi = 0; 4) jx0j2 = 1;

5) hx0; yi = hx; y0i = 0; 6) hx;0 y0i = c2; 7) jy0j2 = c1:
(9)

�á«¨ c1 = 0, â® à¥è¥­¨¥ ¨¬¥¥â ¢¨¤

x(t) = ch te0 + sh te1; y(t) = e3;

£¤¥ je0j2 = �1, je1j2 = 1. �â®© ¯ à¥ ªà¨¢ëå ®â¢¥ç ¥â £¥«¨ª®¨¤, ãª § ­­ë© ¢ ä®à¬ã«¨à®¢ª¥
â¥®à¥¬ë 1. �á«¨ ¦¥ c1 6= 0, â® ®¡¥ ªà¨¢ë¥ «¥¦ â ­  ª®­ãá å á ¢¥àè¨­®© ¢ ­ ç «¥ ª®®à¤¨­ â á
®¡é¨¬ ¢¥ªâ®à®¬ ®á¨ a0.

� ®â«¨ç¨¥ ®â á«ãç ï, à áá¬®âà¥­­®£® ¢ â¥®à¥¬¥ 1, §¤¥áì ¨¬¥¥âáï  «ìâ¥à­ â¨¢  1) a0 = e0
| ¢à¥¬¥­¨¯®¤®¡­ë© ¢¥ªâ®à, 2) a0 = e1 | ¯à®áâà ­áâ¢¥­­®¯®¤®¡­ë© ¢¥ªâ®à. � ¯¥à¢®¬ á«ãç ¥
¯®«ãç ¥¬ á«¥¤ãîé¨¥ ãà ¢­¥­¨ï ¯ àë ªà¨¢ëå:

x(t) =
1
k
(cos kte1 + sinkte2) +

p
k2 + 1
k

e0;

y(t) =

p
k2 + 1
k

(cos kte1 + sinkte2) +
1
k
e0:
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�® ¢â®à®¬ á«ãç ¥ ­ å®¤¨¬ ãà ¢­¥­¨ï

x(t) =

p
k2 + 1
k

(ch kte0 + sh kte1) +
1
k
e2;

y(t) =
1
k
(ch kte0 + shkte1) +

p
k2 + 1
k

e2:

�®«ãç ¥¬ ¯ à ¬¥âà¨§ æ¨î £¥«¨ª®¨¤  â¨¯ 

X0 = ch kt ch(s+ s0); X1 = shkt ch(s+ s0); X2 = sh(s+ s0); X3 = b1t;

â. ¥. ¯®á«¥ «¨­¥©­®© § ¬¥­ë ª®®à¤¨­ â ¡ã¤¥â ¤®ª § ­­ë¬ ¯¥à¢®¥ ãâ¢¥à¦¤¥­¨¥ â¥®à¥¬ë. �á«¨
¢§ïâì ¯ àã ªà¨¢ëå ¨§ ¯¥à¢®£® á«ãç ï, â® ¯®«ãç ¥âáï á«¥¤ãîé ï ¯ à ¬¥âà¨§ æ¨ï £¥«¨ª®¨¤ :

X0 = ch(s+ s0); X1 = sh(s+ s0) cos kt; X2 = sh(s+ s0) sinkt; X3 = b2t;

çâ® ¯à¨¢®¤¨â ª £¥«¨ª®¨¤ã ¢â®à®£® â¨¯ .
�«ãç © 2) G0

s = 0. �à §ã ®â¬¥â¨¬, çâ® ¥á«¨ G = 0, â® jx0j = jy0j = 0, ¨ c®®â¢¥âáâ¢ãîé¥© ¯ à®©
ªà¨¢ëå, ã¤®¢«¥â¢®àïîé¨å ãá«®¢¨ï¬ jxj2 = �1, jyj2 = 1, hx; yi = 0, ¡ã¤¥â x(t) = e0, y(t) = e1.
�â®© ¯ à¥ ªà¨¢ëå ®â¢¥ç ¥â ¢¯®«­¥ £¥®¤¥§¨ç¥áª ï ¯®¢¥àå­®áâì ¢¨¤  
�R, £¤¥ 
 | £¥®¤¥§¨ç¥áª ï
H2.

�á«¨ ¦¥ G = const 6= 0, â® 1) jy0j2 = �1 ¨ 2) hx0; y0i = 0. �®¡ ¢¨¬ ª íâ¨¬ ãá«®¢¨ï 1){4) ¨§ (9)
¨ ­ ©¤¥¬ ¯ àã ªà¨¢ëå x(t), y(t), ã¤®¢«¥â¢®àïîé¨å ¢á¥¬ è¥áâ¨ ãá«®¢¨ï¬. �®¯®«­¨¬ ¢¥ªâ®àë
x, y ¥¤¨­¨ç­ë¬ ¯à®áâà ­áâ¢¥­­®¯®¤®¡­ë¬ ¢¥ªâ®à®¬ z ¤® ®àâ®­®à¬¨à®¢ ­­®£® ¯®¤¢¨¦­®£® à¥-
¯¥à  ¢ R2;1. �®£¤  ¨¬¥¥¬ á«¥¤ãîé¨¥ à §«®¦¥­¨ï ¢¥ªâ®à®¢ x0, y0 ¯® ­¥¬ã:

x0 = cos�(t)y + sin�(t)z; y0 = �(ch( (t)x + sh (t)z)): (10)

�®áª®«ìªã hx0; y0i = 0, â® sin�(t) sh (t) = 0, çâ® ¯à¨¢®¤¨â ª âà¥¬ ¢®§¬®¦­ë¬ à¥è¥­¨ï¬:
1) � = 0, 2) � = �, 3)  = 0. �®áª®«ìªã hx0; yi + hx; y0i = 0, â® ­¥âàã¤­® ã¡¥¤¨âìáï ¢ â®¬, çâ®
á¨áâ¥¬  ãà ¢­¥­¨© (10) á¢®¤¨âáï ª ®¤­®¬ã ¨§ ¤¢ãå ¢ à¨ ­â®¢: x0 = y, y0 = x ¨«¨ x0 = �y, y0 = �x.
� ®¡®¨å ¢ à¨ ­â å ¢¥ªâ®à-äã­ªæ¨¨ x(t), y(t) ã¤®¢«¥â¢®àïîâ ®¤­®¬ã ãà ¢­¥­¨î x00 = x, y00 = y.
�âáî¤  ¯®«ãç îâáï á«¥¤ãîé¨¥ ãà ¢­¥­¨ï ¯ àë ªà¨¢ëå:

x(t) = ch te0 + sh te1; y(t) = �(sh te0 + ch te1):

�®®â¢¥âáâ¢ãîé¨¥ «¨­¥©ç âë¥ ¬¨­¨¬ «ì­ë¥ ¯®¢¥àå­®áâ¨ ¨¬¥îâ ¯ à ¬¥âà¨§ æ¨¨

X0 = ch(t� s); X1 = sh(t� s); X2 = 0; X3 = a(t)s+ b(t);

â. ¥. ï¢«ïîâáï ¢¯®«­¥ £¥®¤¥§¨ç¥áª¨¬¨ ª®®à¤¨­ â­ë¬¨ ¯®¢¥àå­®áâï¬¨ ¢¨¤  
 � R, £¤¥ 
 | £¥®-
¤¥§¨ç¥áª ï H2.

� ¬¥ç ­¨¥. � ©¤¥­­ë¥ ¢ â¥®à¥¬¥ 2 £¥«¨ª®¨¤ë ¨§®¬¥âà¨ç­ë ¬¥¦¤ã á®¡®©, ¥á«¨ b22 = b21+1,
¯®áª®«ìªã ¯¥à¢ ï äã­¤ ¬¥­â «ì­ ï ä®à¬  £¥«¨ª®¨¤  ¯¥à¢®£® â¨¯  à ¢­  ds21 = ds2 + (ch2 s +
b21)dt

2,   ¢â®à®£® £¥«¨ª®¨¤  á®®â¢¥âáâ¢¥­­® ds22 = ds2+(sh2 s+b22)dt
2. � ãáá®¢  ªà¨¢¨§­  £¥«¨ª®¨¤ 

¯¥à¢®£® â¨¯  à ¢­  K1 = �1 + 4b2
1
(1+b2

1
)

(ch2 s+1+2b2
1
)2
, ¨ ¬¥­ï¥âáï ¢ ¯à¥¤¥« å �1 < K1 � � 1

1+b2
1

,   £ ãáá®¢ 

ªà¨¢¨§­  £¥«¨ª®¨¤  ¢â®à®£® â¨¯  à ¢­  K2 = �1 + b2
2
(b2
2
�1)

(sh2 s+b2
2
)2
¨ ¬¥­ï¥âáï ¢ ¯à¥¤¥« å �1 < K2 �

� 1
b2
2

, ¥á«¨ jb2j � 1 ¨ � 1
b2
2

� K2 < �1, ¥á«¨ jb2j < 1. �®ª ¦¥¬, çâ® £¥«¨ª®¨¤ë à §«¨ç­ëå â¨¯®¢ ­¥

¬®£ãâ ¡ëâì á®¢¬¥é¥­ë ¤¢¨¦¥­¨¥¬ ¢ H2�R. �à¥¤¯®«®¦¨¬, çâ®, ­ ¯à®â¨¢, áãé¥áâ¢ã¥â ¤¢¨¦¥­¨¥
� ¢ H2�R â ª®¥, çâ® �(X1(s1; t1)) = X2(s2; t2). �®£¤ , ¯®áª®«ìªã £àã¯¯  ¨§®¬¥âà¨© H2�R ¥áâì
Iso(H2 � R) = Iso(H2) � Iso(R), â®, ¢®-¯¥à¢ëå, áãé¥áâ¢ã¥â ­¥ª®â®à ï ¬ âà¨æ  A 2 O(1; 2) (á
¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ aij) ¨ ¢¥ªâ®à b = (b0; b1; b2)t 2 R2;1 â ª¨¥, çâ®

A(X0
1 (s1; t1);X

1
1 (s1; t1);X

2
1 (s1; t1))

t + b = (X0
2 (s2; t2);X

1
2 (s2; t2);X

2
2 (s2; t2))

t; (11)
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¢®-¢â®àëå, b2t2 = �b1t1 + c, £¤¥ bi 6= 0. �§ (11) á«¥¤ã¥â

cos t2 th s2 =
a10 ch t1 + a11 sh t1 + a12 th s1 + b1 ch�1

s1

a00 ch t1 + a01 sh t1 + a02 th s1 + b0 ch�1 s1
;

  â ª¦¥, çâ® ¯à¨ s1 !1, ch s2 !1. �®íâ®¬ã ¯à¨ s1 !1 c¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

cos(�t1 + �) =
a10 ch t1 + a11 sh t1 + a12

a00 ch t1 + a01 sh t1 + a02
+ "(s1);

(£¤¥ "(s1) ! 0 à ¢­®¬¥à­® ¯® t1), ª®â®à®¥  ¡áãà¤­®, ¯®áª®«ìªã ¯à¨ t1 ! 1 «¥¢ ï ç áâì ®áæ¨«-
«¨àã¥â (â.ª. � 6= 0),   ¯à ¢ ï áâà¥¬¨âáï ª ®¯à¥¤¥«¥­­®¬ã ¯à¥¤¥«ã. �«¥¤®¢ â¥«ì­®, £¥«¨ª®¨¤ë
à §­ëå â¨¯®¢ ­¥ ¬®£ãâ ¡ëâì á®¢¬¥é¥­ë ¤¢¨¦¥­¨¥¬ ¢ H2 �R.
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