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� [1] à §à ¡®â ­ ¬¥â®¤ ¯®£à ­¨ç­ëå äã­ªæ¨© ¤«ï ­ å®¦¤¥­¨ï  á¨¬¯â®â¨ç¥áª¨å à¥è¥­¨©
­¥«¨­¥©­ëå á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �¥« ªá æ¨®­­ë¥
ª®«¥¡ ­¨ï ®¯¨á ­ë ¢ [2]. � [3] áâà®ïâáï  á¨¬¯â®â¨ç¥áª¨¥ ¯¥à¨®¤¨ç¥áª¨¥ à¥è¥­¨ï á« ¡® ­¥«¨-
­¥©­®© á¨­£ã«ïà­® ¢®§¬ãé¥­­®© á¨áâ¥¬ë ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©.

� [4], [5] ¯à¥¤« £ îâáï ¯®¤å®¤ë «®ª «ì­®© «¨­¥ à¨§ æ¨¨ á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå ­¥«¨-
­¥©­ëå á¨áâ¥¬ ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©. �á«®¢¨ï, ¯à¨ ª®â®àëå «¨­¥ à¨§¨àãîé¥¥ ¯à¥-
®¡à §®¢ ­¨¥ ¢ [4] ¡ã¤¥â áå®¤ïé¨¬áï àï¤®¬ ­  ¢á¥¬ ¯à®¬¥¦ãâª¥ ¨­â¥£à¨à®¢ ­¨ï, ¢ë¢¥¤¥­ë ¢
[6].

� ¡®âë [7]{[9] ¯®á¢ïé¥­ë á¨áâ¥¬ ¬ á¨­£ã«ïà­® ¢®§¬ãé¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©
á  ­ «¨â¨ç¥áª®© ­¥«¨­¥©­®áâìî. � ª, ¢ [7] áâà®ïâáï ç áâ­ë¥ ä®à¬ «ì­ë¥ à¥è¥­¨ï ¨ ¤®ª §ë-
¢ ¥âáï «®ª «ì­ ï áå®¤¨¬®áâì íâ®£® à¥è¥­¨ï. � [8], [9]  á¨¬¯â®â¨ç¥áª¨¥ à¥è¥­¨ï áâà®ïâáï á
¯®¬®éìî ¬¥â®¤  à¥£ã«ïà¨§ æ¨¨, ª®â®àë© ¯à¨¢®¤¨â ª ­®à¬ «ì­ë¬ ä®à¬ ¬, ¡¥§ ¯®áâà®¥­¨ï «¨-
­¥ à¨§¨àãîé¥£® ¯à¥®¡à §®¢ ­¨ï.

� ¤ ­­®© áâ âì¥ ¯à¥¤« £ ¥âáï ¬¥â®¤ ¯®áâà®¥­¨ï  á¨¬¯â®â¨ç¥áª®£® à¥è¥­¨ï á¨­£ã«ïà­® ¢®§-
¬ãé¥­­®© § ¤ ç¨ �®è¨ á  ­ «¨â¨ç¥áª®© ­¥«¨­¥©­®áâìî ¢ á«ãç ¥, ª®£¤  å à ªâ¥à¨áâ¨ç¥áª®¥
ãà ¢­¥­¨¥ ¨¬¥¥â ®¤¨­ ªà â­ë© ª®à¥­ì á ®¤­¨¬ ªà â­ë¬ í«¥¬¥­â à­ë¬ ¤¥«¨â¥«¥¬.

� áá¬®âà¨¬ á¨áâ¥¬ã ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨©

"h
dx

dt
= A(t; ")x + f(t; "; x) (1)

á ­ ç «ì­ë¬ ãá«®¢¨¥¬

x(0; ") = x0; (2)

£¤¥ " (0 < " < "0) | ¬ «ë© ¯ à ¬¥âà, h 2 N ; f(t; "; x), x(t; "), x0 | n-¨§¬¥à¨¬ë¥ ¢¥ªâ®àë; A(t; ")
| n� n-¬ âà¨æ . �à¥¤¯®« £ ¥¬ ¢ë¯®«­¥­¨¥ á«¥¤ãîé¨å ãá«®¢¨©:

1) ¢¥ªâ®à f(t; "; x) ¨¬¥¥â à §«®¦¥­¨¥ ¢ à ¢­®¬¥à­® áå®¤ïé¨©áï àï¤

f(t; "; x) =
X
jrj=2

ar(t; ")xr;

£¤¥ ar(t; ") | n-¨§¬¥à¨¬ë© ¢¥ªâ®à, xr = xr11 x
r2
2 : : : xrnn , xi (i = 1; n) | ª®¬¯®­¥­âë ¢¥ªâ®à 

x(t; "), jrj =
nP

i=1
ri;

2) ¬ âà¨æ  A(t; ") ¨ ¢¥ªâ®à ar(t; ") ¨¬¥îâ à §«®¦¥­¨ï

A(t; ") =
1X
s=0

"sAs(t); ar(t; ") =
1X
s=0

"sars(t);

3) ¬ âà¨æë As(t) ¨ ¢¥ªâ®àë ars(t) (s = 0; 1; : : : ) ¡¥áª®­¥ç­® ¤¨ää¥à¥­æ¨àã¥¬ë ­  ®âà¥§ª¥
[0; L];
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4) å à ªâ¥à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥

det kA0(t)� !(t)Ek = 0

¨¬¥¥â ®¤¨­ n-ªà â­ë© ª®à¥­ì !0(t) á ®¤­¨¬ n-ªà â­ë¬ í«¥¬¥­â à­ë¬ ¤¥«¨â¥«¥¬, £¤¥ E
| ¥¤¨­¨ç­ ï ¬ âà¨æ  n-£® ¯®àï¤ª ;

5) !0(t) 6= 0 8t 2 [0; L].

�¥®à¥¬  1. �á«¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï 1){5),   â ª¦¥ ãá«®¢¨¥

(A1(t)'(t) � �h1'
0(t);  (t)) 6= 0 8t 2 [0; L]; (3)

â® ä®à¬ «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨ (1), (2) ¨¬¥¥â ¢¨¤

x(t; ") =
nX

i=1

u1i(t; �) exp
�

1
�nh

Z t

0

�i(t; �)dt
�
ci(�) +

X
jrj=2

ur(t; �) exp
�

1
�nh

Z t

0

(r; �(t; �))dt
�
cr; (4)

£¤¥

(r; �(t; �)) =
nX

j=1

rj�j(t; �); � = n
p
";

'(t),  (t) | á®¡áâ¢¥­­ë¥ ¢¥ªâ®àë á®®â¢¥âáâ¢¥­­® ¬ âà¨æë A0(t) ¨ áo¯àï¦¥­­®© ª ­¥© ¬ -

âà¨æë A�
0(t); �h1 | á¨¬¢®« �à®­¥ª¥à ; ci(�) | ¯à®¨§¢®«ì­ë¥ ¢¥«¨ç¨­ë, ª®â®àë¥ ­¥ § ¢¨áïâ

®â t, c = (c1(�); c2(�); : : : ; cn(�)); cr = cr11 (�) : : : c
rn
n (�), ur(t; �), u1i(t; �) | n-¨§¬¥à¨¬ë¥ ¢¥ªâ®àë,

�i(t; �) (i = 1; n) | áª «ïà­ë¥ äã­ªæ¨¨, ª®â®àë¥ ¨¬¥îâ à §«®¦¥­¨ï

u1i(t; �) =
1X
s=0

�su1is(t); �i(t; �) =
1X
s=0

�s�is(t); (5)

ur(t; �) =
1X
s=0

�surs(t): (6)

�®ª § â¥«ìáâ¢®. �®¤áâ ¢«ïï (4) ¢ (1) ¨ ¯à¨à ¢­¨¢ ï ¢ëà ¦¥­¨ï ¯à¨ íªá¯®­¥­â å, ª®â®àë¥
¨¬¥îâ ®¤¨­ ª®¢ë¥  à£ã¬¥­âë, ¯®«ãç¨¬ ãà ¢­¥­¨ï

�nhu01i(t; �) + �i(t; �)u1i(t; �) = A(t; �n)u1i(t; �) (i = 1; n); (7)

�nhu0r(t; �) + (r; �(t; �))ur(t; �) = A(t; �n)ur(t; �) + fr(t; �); (8)

£¤¥

fr(t; �) =
rX

jlj=2

lX
ji=0; i=1;n

al(t; �)uj1(t; �)uj2(t; �) : : : ujl(t; �);
lX

i=1

ji = l;

uj1(t; �)uj2(t; �) : : : ujl(t; �) ®§­ ç ¥â ¯à®¨§¢¥¤¥­¨¥ ª®¬¯®­¥­â®¢ ¢¥ªâ®à®¢,   u1(t; �) | ®¤­  ¨§
äã­ªæ¨© u1i(t; �).

�®¤áâ ¢«ïï (5) ¢ (7) ¨ ¯à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå �, ¯®«ãç¨¬

(A0(t)� !0(t)E)u1i0(t) = 0; (9)

(A0(t)� !0(t)E)u1is(t) = b1is(t) (i = 1; n); (10)

£¤¥

b1is(t) =
sX

j=1

�ij(t)u1i s�j(t) + g1is(t); g1is(t) = �
[s=n]X
j=1

Aj(t)u1i s�nj(t) + u01i s�nh(t): (11)

C¨¬¢®«®¬ [a] ®¡®§­ ç ¥âáï æ¥« ï ç áâì ç¨á«  a. �®ª ¦¥¬, çâ® ¨§ á¨áâ¥¬ë (9), (10) ¬®¦­®
®¯à¥¤¥«¨âì «î¡ë¥ ª®íää¨æ¨¥­âë à §«®¦¥­¨© (5). �§ ãà ¢­¥­¨© (9) ­ ©¤¥¬

u1i0(t) = '(t):
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�à ¢­¥­¨ï (10) à §à¥è¨¬ë â®£¤ , ª®£¤  ¢ë¯®«­ïîâáï ãá«®¢¨ï

(b1is(t);  (t)) = 0; s = 1; 2; : : : (12)

�®£« á­® ãá«®¢¨î 4) ¢ë¯®«­ï¥âáï á®®â­®èe­¨¥

(Hj�1(t)'(t);  (t)) = 0; j = 1; n� 1;

£¤¥H(t) | ®¡®¡é¥­­®-®¡à â­ ï ¬ âà¨æ  ª ¬ âà¨æ¥A0(t)�!0(t)E. �®áª®«ìªã '(t),  (t) ®¯à¥¤¥«ï-
îâáï á â®ç­®áâìî ¤® áª «ïà­®£® ¬­®¦¨â¥«ï, â® íâ¨ ¢¥ªâ®àë ®¯à¥¤¥«¨¬ â ª, çâ®¡ë ¢ë¯®«­ï«¨áì
à ¢¥­áâ¢ 

(Hn�1(t)'(t);  (t)) = 1: (13)

�à¨ ¢ë¯®«­¥­¨¨ ãá«®¢¨ï (13) ¢¥ªâ®àë u1is(t) ®¯à¥¤¥«¨¬ ¯® ä®à¬ã«¥

u1is(t) = H(t)b1is(t); s = 1; 2; : : : (14)

�®¤áâ ¢«ïï ¯®á«¥¤®¢ â¥«ì­® (14) ¢ (11) ¨ ãç¨âë¢ ï ¯à¨ íâ®¬ (13), ¢ëà §¨¬ b1is(t) ¢ ¢¨¤¥

b1is(t) =
sX

j=1

�i(j; s)H
j�1(t)'(t) +

s�n�1X
j=0

s�n�jX
k=0

�i(k; s� n� j)Hk(t)gn+j(t) + gs(t); s = 1; 2; : : : ;
(15)

�i(j; s) =
X

k1+k2+���+kj=s

�ik1(t)�ik2(t) � � � �ikj (t); (16)

£¤¥ áã¬¬¨à®¢ ­¨¥ ¢¥¤¥âáï ¯® ¢®§¬®¦­ë¬ ­ ¡®à ¬ j ­ âãà «ì­ëå ¨­¤¥ªá®¢ k1; k2; : : : ; kj , áã¬¬ 
ª®â®àëå à ¢­  s. �¥à¥©¤¥¬ ª ®¯à¥¤¥«¥­¨î �js(t) (j = 1; n, s = 1; 2; : : : ) à §«®¦¥­¨© (5). � ãç¥â®¬
(13) ¨§ ä®à¬ã« (15) á«¥¤ã¥â, çâ® ¯à¨ s < n ãá«®¢¨ï (12) ¢ë¯®«­¥­ë. �à¨ s = n á®£« á­® (13),
(14) ãá«®¢¨¥ (12) ¯à¨­¨¬ ¥â ¢¨¤

�j(n; n) + (g1jn;  (t)) = 0; j = 1; n: (17)

C®£« á­® (16) �j(n; n) = �nj1(t). �®£¤ , ¨á¯®«ì§ãï ï¢­ë© ¢¨¤ g1jn(t), ¨§ (17) ­ å®¤¨¬ ¢á¥ äã­ªæ¨¨

�j1(t) =
n

q
j(K'; )j exp i

�
arg(K'; ) + 2�(j � 1)

n

�
; j = 1; n;

K'(t) = A1(t)'(t)� �h1
d'(t)
dt

:

�«ï ­ å®¦¤¥­¨ï äã­ªæ¨¨ �i2(t) ¨á¯®«ì§ã¥¬ (12) ¯à¨ s = n+ 1

�i(n; n+ 1) + ci1(t) = 0; (18)

£¤¥ ci1(t) = �n+1
i1 (t)(Hn(t)'(t);  (t)) + �i1(t)(H(t)gn(t);  (t)) + (gn+1(t);  (t)). �®£« á­® (16), (3) ¨§

(18) ­ å®¤¨¬

�i2(t) = � ci1(t)
n�n�1

i1 (t)
:

�à¥¤¯®«®¦¨¬, çâ® �is(t), uis(t) (i = 1; n, s � k) ­ ©¤¥­ë. �®£¤  ¤«ï ®¯à¥¤¥«¥­¨ï �i;k+1(t),
¨á¯®«ì§ãï ãá«®¢¨¥ (12), ­  (n+ k)-¬ è £¥ ¯®«ãç¨¬

�i(n; n+ k) + cik(t) = 0;

£¤¥

cik(t) =
n+k+1X
j=n+1

�i(j; n+ k)(Hj�1(t)'(t);  (t)) +
k�1X
j=0

k�jX
l=1

�i(j; k � l)(H i(t)gn+l;  (t)) + (gn+k;  (t));

�i(n; n+ k) = n�i;k+1(t)�
n�1
i1 (t) + �i(n; n+ k);
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�i(n; n+ k) | ç áâì ¢ëà ¦¥­¨ï �i(n; n+ k), ª®â®à ï ­¥ á®¤¥à¦¨â �ij(t), j > k. �®£¤ 

�i;k+1(t) = �cik(t) + �i(n; n+ k)
n�n�1

i1 (t)
:

�®ª ¦¥¬ áãé¥áâ¢®¢ ­¨¥ à¥è¥­¨© á¨áâ¥¬ë ãà ¢­¥­¨© (8). �«ï íâ®£® à §«®¦¨¬ fr(t; ") ¯® áâ¥¯¥-
­ï¬ �:

fr(t; ") =
1X
s=0

�sfrs(t);

£¤¥

fr(t) =
1
s!
@sfr(t; �)
@�s

���
�=0

; s = 0; 1; : : :

�®¤áâ ¢«ïï (6) ¢ (8) ¨ ¯à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå �, ¯®«ãç¨¬

(A0(t)� jrj!0(t)E)urs(t) = brs(t); (19)

£¤¥

brs(t) = �u0r;s�nh(t) +
sX

j=1

nX
i=1

ri�ij(t)ur;s�j(t)�
[s=n]X
j=1

Aj(t)ur;s�nj(t)� frs(t); jrj � 2:

�ç¨âë¢ ï ãá«®¢¨¥ 5), ¨§ (19) ­ å®¤¨¬ urs(t) = (A0(t)� jrj!0(t)E)�1brs(t).
�®£« á­® (4), (2) ¢¥«¨ç¨­ë ci(�) (i = 1; n) ®¯à¥¤¥«¨¬ ¨§ á®®â­®è¥­¨ï

nX
i=1

u1i(0; �)ci(�) +
X
jrj=2

ur(0; �)c
r = x0: (20)

� ª ª ª detUm(0; �) 6= 0, £¤¥ Um(0; �) | ¬ âà¨æ , á®áâ ¢«¥­­aï ¨§ ¢¥ªâ®à®¢ u1i(t; �) (i = 1; n), â®
¯® â¥®à¥¬¥ ® ­¥ï¢­®© äã­ªæ¨¨ ¢ ®ªà¥áâ­®áâ¨ (c(�); x0) = (0; 0) áãé¥áâ¢ã¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥
ãà ¢­¥­¨ï (20). �¥«¨ç¨­ë ci(�) ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

ci(�) =
1X
s=0

�scis; i = 1; n;

¨ à §«®¦¨¬ cr = cr11 (�) : : : c
rn
n (�) ¯® áâ¥¯¥­ï¬ ¯ à ¬¥âà  �:

cr =
1X
j=0

�j�rj(ci0; ci1; : : : ; cij); (21)

£¤¥

�r0 = cr0 = cr110(") : : : c
rn
n0("); �rj(ci0; ci1; : : : ; cij) =

1
j!
djcr

d�j

���
�=0

:

�®¤áâ ¢¨¬ (5), (6), (21) ¢ (20) ¨, ¯à¨à ¢­¨¢ ï ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå �, ¤«ï
®¯à¥¤¥«¥­¨ï ç¨á¥« cis, i = 1; n, ¯®«ãç¨¬ ãà ¢­¥­¨ï

nX
i=1

u1i0(0)ci0 +
X
jrj=2

cr0ur0(0) = x0;

nX
i=1

sX
j=0

u1ij(0)ci;s�j +
X
jrj=2

sX
j=0

urj(0)�r;s�j(ci0; ci1; : : : ; ci;s�j) = 0; s = 1; 2; : : :

�ª ¦¥¬ á¯®á®¡ ¯®áâà®¥­¨ï  á¨¬¯â®â¨ç¥áª¨å à¥è¥­¨© á¨áâ¥¬ë (1) ¯® æ¥«ë¬ áâ¥¯¥­ï¬ ¯ à -
¬¥âà  ", ¢ ª®â®à®¬ ª®íää¨æ¨¥­âë à §«®¦¥­¨© § ¢¨áïâ ®â ¯ à ¬¥âà .

�¥®à¥¬  2. �á«¨ ¢ë¯®«­ïîâáï ãá«®¢¨ï 1){5),   â ª¦¥ ãá«®¢¨¥

6) fC(t)gn1 6= 0 8t 2 [0; L],
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â® ä®à¬ «ì­®¥ à¥è¥­¨¥ § ¤ ç¨ �®è¨ (1), (2) ¯à¨ h > 1 ¨¬¥¥â ¢¨¤

x(t; ") =
nX

i=1

u1i(t; "; ") exp
�
1
"h

Z t

0

�i(t; "; ")dt
�
ci(") +

+
X
jrj=2

ur(t; "; ") exp
�
1
"h

Z t

0
(r; �(t; "; "))dt

�
cr; (22)

£¤¥

(r; �(t; "; ")) =
nX

j=1

rj�j(t; "; "):

� âà¨æ  C(t) = P�1(t)A1(t)P (t), P (t) | ¬ âà¨æ  ¯à¥®¡à §®¢ ­¨ï A0(t) ª ¦®à¤ ­®¢®© ª«¥âª¥

W (t) á ¤¨ £®­ «ì­ë¬¨ í«¥¬¥­â ¬¨ !0(t); ur(t; "; "); u1i(t; "; ") | n-¬¥à­ë¥ ¢¥ªâ®àë, �i(t; "; ")
(i = 1; n) | áª «ïà­ë¥ äã­ªæ¨¨, ª®â®àë¥ ¨¬¥îâ à §«®¦¥­¨ï

u1i(t; "; ") =
1X
s=0

"su1is(t; "); �i(t; "; ") =
1X
s=0

"s�is(t; "); (23)

ur(t; "; ") =
1X
s=0

"surs(t; "):

�®ª § â¥«ìáâ¢®. �®¤áâ ¢¨¢ (22) ¢ (1) ¨ ¯à¨à ¢­ï¢ ¢ëà ¦¥­¨ï ¯à¨ íªá¯®­¥­â å, ª®â®àë¥
¨¬¥îâ ®¤¨­ ª®¢ë¥  à£ã¬¥­âë, ¯®«ãç¨¬ ãà ¢­¥­¨ï

"hu01i(t; "; ") + �i(t; "; ")u1i(t; "; ") = A(t; ")u1i(t; "; ") (i = 1; n); (24)

"hu0r(t; "; ") + (r; �(t; "; "))ur(t; "; ") = A(t; ")ur(t; "; ") + fr(t; "; "); (25)

£¤¥

fr(t; "; ") =
rX

jlj=2

lX
ji=0; i=1;n

al(t; ")uj1(t; "; ")uj2 (t; "; ") : : : ujl(t; "; ");
lX

i=1

ji = l:

�¥à¥©¤¥¬ ª à¥è¥­¨î ãà ¢­¥­¨ï (24), ª®â®à®¥ § ¯¨è¥¬ ¢ ¬ âà¨ç­®© ä®à¬¥

"hU 0
1(t; "; ") + U1(t; "; ")�(t; "; ") = A(t; ")U1(t; "; "); (26)

£¤¥

�(t; "; ") = diagf�1(t; "; "); : : : ; �n(t; "; ")g;
U1(t; "; ") | n � n-¬ âà¨æ , á®áâ®ïé ï ¨§ ¢¥ªâ®à-áâ®«¡æ®¢ u1i(t; "; "). �®£« á­® (23) ¬ âà¨æë
U1(t; "; "), �(t; "; ") ¨¬¥îâ à §«®¦¥­¨ï

U1(t; "; ") =
1X
s=0

"sU1s(t; "); �(t; "; ") =
1X
s=0

"s�s(t; "): (27)

�®¤áâ ¢«ïï (27) ¢ (26), ª®íää¨æ¨¥­âë à §«®¦¥­¨© (27) ®¯à¥¤¥«ï¥¬ ¨§ á¨áâ¥¬ë ãà ¢­¥­¨©

(A0(t) + "A1(t))U10(t; ") � U10(t; ")�0(t; ") = 0; (28)

(A0(t) + "A1(t))U1s(t; ")� U1s(t; ")�0(t; ") = U10(t; ")�s(t; ") +H1s(t; "); (29)

£¤¥

H1s(t; ") = �"
s�1X
r=0

Ar+2(t)U1;s�r�1(t; ") +
s�1X
r=1

U1r(t; ")�s�r(t; ") + "U 0
1;s�h�1(t; "):
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�®á¯®«ì§®¢ ¢è¨áì ãá«®¢¨¥¬ 4) ¨ ã¬­®¦ ï á«¥¢  ­  P�1(t) ®¡¥ ç áâ¨ ãà ¢­¥­¨© (28), (29), ¯®-
«ãç¨¬ ãà ¢­¥­¨ï

(W (t) + "C(t))U 10(t; ")� U 10(t; ")�0(t; ") = 0; (30)

(W (t) + "C(t))U 1s(t; ")� U 1s(t; ")�0(t; ") = U 10(t; ")�s(t; ") +H1s(t; "); (31)

£¤¥ H1s(t; ") = P�1(t)H1s(t; "), U 1s(t; ") = P�1(t)U1s(t; ").
� áá¬®âà¨¬  «£¥¡à ¨ç¥áª®¥ ãà ¢­¥­¨¥

det kW (t) + "C(t)� �(t; ")Ek = 0: (32)

� ¬¥­ 

�(t; ") = w0(t) + �(t; ") (33)

¯à¨¢®¤¨â (32) ª ãà ¢­¥­¨î

�
n
(t; ") � s1(t; ")�

n�1
(t; ") + � � � + (�1)nsn(t; ") = 0; (34)

£¤¥ sk(t; ") (k = 1; n) | áã¬¬  £« ¢­ëå ¬¨­®à®¢ k-£® ¯®àï¤ª  ¬ âà¨æë B(t; ") = W (t) + "C(t)�
w0(t)E, ¯à¨ç¥¬

sk(t; ") = �nsk(t; "); sk(t; ") =
k�1X
s=0

"sski(t); sn0(t) = fC(t)gn1; ski(t) =
1
i!
@isk(t; ")
@"i

���
"=0

:

� ãà ¢­¥­¨¨ (34) á¤¥« ¥¬ § ¬¥­ã �(t; ") = ��0(t) + �2�(t; �), � = n
p
". C®ªà é ï ­  �n, ¯®«ãç¨¬

ãà ¢­¥­¨ï

�n0 (t) + fC(t)gn1 = 0; (35)

n�(t; �)�n�1
0 (t) +

nX
j=2

Cj
n�

j�1�j(t; �)�n�j
0 (t) +

+
nX

i=1

� n�iX
j=0

Cj
n�i�

n�1�i+j�j(t; �)�n�j
0 (t) + �nisni(t)

�
= 0: (36)

�®£« á­® ãá«®¢¨î 6) ¨ (35) ¨§ (36) á«¥¤ã¥â, çâ® �(t; �) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ¯à¥¤áâ ¢«¥­¨¥ ¯®
áâ¥¯¥­ï¬ ¯ à ¬¥âà  �. �§ (33) á«¥¤ã¥â, çâ® ª®à­¨ ãà ¢­¥­¨ï (32) à §«¨ç­ë¥ ­  ¬­®¦¥áâ¢¥
K = f(t; ") j 0 � t � L, 0 < " � "0g. �®£¤  á ¯®¬®éìî ¬ âà¨æë V (t; "), ¡¥áª®­¥ç­® ¤¨ää¥-
à¥­æ¨àã¥¬®© ¯® t ­  ¬­®¦¥áâ¢¥ K, ¬ âà¨æ  W (t; ") + "C(t) ¯à¨¢®¤¨âáï ª ¤¨ £®­ «ì­®¬ã ¢¨¤ã
([10]):

W (t; ") + "C(t) = V (t; ")�(t; ")V �1(t; "); (37)

£¤¥ �(t; ") = diagf�1(t; "); : : : ; �n(t; ")g. �¥è ï á¨áâ¥¬ã (37) ¨ ¨á¯®«ì§ãï (32), (33), ¯®«ãç¨¬

fV (t; ")g1i = 1; fV (t; ")gji = �fV (t; ")gji; i = 1; n; j = 2; n; (38)

£¤¥ fV (t; ")gji = O(1) ¯à¨ "! 0.
�®¤áâ ¢«ïï (38) ¢ (30), (31) ¨ ã¬­®¦ ï ¯®«ãç¥­­ë¥ ãà ¢­¥­¨ï ­  V �1(t; "), ¯®«ãç¨¬ ãà ¢-

­¥­¨ï

�(t; ")Q10(t; ")�Q10(t; ")�0(t; ") = 0; (39)

�(t; ")Q1s(t; ") �Q1s(t; ")�0(t; ") = Q10(t; ")�s(t; ") + F1s(t; "); (40)

£¤¥
F1s(t; ") = V �1(t; ")(t)H1s(t; "); Q1s(t; ") = V �1(t; ")(t)U 1s(t; "):
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�®ª ¦¥¬, çâ® ãà ¢­¥­¨ï (39), (40) à §à¥è¨¬ë. �®«®¦¨¬ Q10(t; ") = E, â®£¤  �0(t; ") =
�(t; "). � âà¨æë Q1s(t; "); F1s(t; ") § ¯¨è¥¬ ¢ ¢¨¤¥

Q1s(t; ") = Q1s1(t; ") +Q1s2(t; "); F1s(t; ") = F1s1(t; ") + F1s2(t; ");

Q1s1(t; "), F1s1(t; ") | n�n-¤¨ £®­ «ì­ë¥ ¬ âà¨æë, Q1s2(t; "), F1s2(t; ") | n�n-¬ âà¨æë, ¤¨ £®-
­ «ì­ë¥ í«¥¬¥­âë ª®â®àëå à ¢­ë ­ã«î. �§ (39), (40) ¯®«ãç¨¬

Q1s1(t; ")�(t; ") � �(t; ")Q1s1(t; ") = �s(t; ") + F1s1(t; "); (41)

Q1s2(t; ")�(t; ") � �(t; ")Q1s2(t; ") = F1s2(t; "): (42)

� ª ª ª Q1s1(t; "), �(t; ") | ¤¨ £®­ «ì­ë¥ ¬ âà¨æë, â® ¨§ (41) ­ ©¤¥¬

�s(t; ") = �F1s1(t; "); s = 1; 2 : : : (43)

�¨ £®­ «ì­ ï ¬ âà¨æ  Q1s1(t; ") ®áâ ¥âáï ¯à®¨§¢®«ì­®©, ¯®íâ®¬ã ¯®«®¦¨¬

Q1s1(t; ") = 0; s = 1; 2 : : :

�¥à¥å®¤ï ¢ (42) ª áª «ïà­®© ä®à¬¥, ¯®«ãç¨¬

fQ1s1(t; ")gij = F1s2(t; ")
�j(t; ") � �i(t; ")

; i 6= j; i; j = 1; n: (44)

�§ (32){(35) á«¥¤ã¥â

�j(t; ") � �i(t; ") = �(�j(t; ") � �i(t; ")); i 6= j; i; j = 1; n; (45)

£¤¥ �j(t; ")��i(t; ") = O(1). �á¯®«ì§ãï (38), (45), ¨§ (43), (44) ­ ©¤¥¬, çâ® �s(t; "), Q1s(t; ") ¬®¦­o
¯à¥¤áâ ¢¨âì ¢ ¢¨¤¥

�s(t; ") = O(�ns�2s+1); Q1s(t; ") = O(�s(n�2)); s � 1:

�¥à¥©¤¥¬ ª à¥è¥­¨î ãà ¢­¥­¨© (25). �ã¤¥¬ ¢ ¤ «ì­¥©è¥¬ ç¥à¥§ "1 ®¡®§­ ç âì ¯¥à¥¬¥­­ãî,
¯® ª®â®à®© ¢¥¤¥âáï à §«®¦¥­¨¥ (23), ¨ à §«®¦¨¬ fr(t; "; "1) ¢ áâ¥¯¥­­®© àï¤

fr(t; "; "1) =
1X
s=0

"s1frs(t; "); (46)

£¤¥ frs(t; ") = 1
s!

@sfr(t;";"1)

@"s
1

��
"1=0

. �®¤áâ ¢«ïï (23) ¢ (25) ¨ ¨á¯®«ì§ãï (46), ¨¬¥¥¬

�
A0(t)�

nX
j=1

rj�j0(t; ")E
�
urs(t; ") = brs(t; "); (47)

£¤¥

brs(t; ") = �u0r;s�h(t; ") +
sX

k=1

nX
j=1

rj�jk(t; ")ur;s�k(t; ") �
sX

k=1

Ak(t)ur;s�k(t")� frs(t; "):

� âà¨æã A0(t)� (r; �0(t; "))E (jrj � 2) ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

A0(t)� (r; �0(t; "))E = P (t)(W (t)� �(r; �0(t; "))E)P
�1(t); (48)

£¤¥ �j0(t; ") = !0(t) + ��j0(t; "),   ¬ âà¨æ  W (t) ®¯à¥¤¥«ï¥âáï á«¥¤ãîé¨¬ ®¡à §®¬:

fW (t)gii = (1� r)!0(t); fW (t)gi;i+1 = 1; fW (t)gij = 0; i 6= j; j 6= i+ 1; i; j = 1; n; jrj � 2:

�®£« á­® ãá«®¢¨î 5) detW (t) 6= 0,   ¯®íâ®¬ã ¢ á¨«ã ¬ «®áâ¨ ç¨á«  " ¨§ (48) á«¥¤ã¥â
det kA0(t)� (r; �0(t; "))Ek 6= 0: �®£¤  ¨§ (47) urs(t; ") = (A0(t)� (r; �0(t; "))E)�1brs(t; ").

�á«¨
(P (0)V (0; "))�1 = V (�)=�;
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â® ¤«ï ­ å®¦¤¥­¨ï ®£à ­¨ç¥­­ëå ¯à¨ " ! 0 ¢¥«¨ç¨­ ci(") (i = 1; n) ¯®âà¥¡ã¥¬ ¢ë¯®«­¥­¨ï
á®®â­®è¥­¨© f20(0; ") = �f20("), x0 = �x0, £¤¥ f 20(") | ¢¥ªâ®à, ®£à ­¨ç¥­­ë© ¯à¨ " ! 0, x0 |
¢¥ªâ®à, ª®â®àë© ­¥ § ¢¨á¨â ®â ", V (�) | ¬ âà¨æ , ¤«ï ª®â®à®© V (�) = O(1), �! 0.

� ª¨¬ ®¡à §®¬, ¢ ¤ ­­®© áâ âì¥ ¯à¥¤« £ ¥âáï ¬¥â®¤ ¯®áâà®¥­¨ï  á¨¬¯â®â¨ç¥áª®£® à¥è¥­¨ï
á¨­£ã«ïà­® ¢®§¬ãé¥­­®© § ¤ ç¨ �®è¨ á  ­ «¨â¨ç¥áª®© ­¥«¨­¥©­®áâìî ¢ á«ãç ¥, ª®£¤  å à ªâ¥-
à¨áâ¨ç¥áª®¥ ãà ¢­¥­¨¥ ¨¬¥¥â ®¤¨­ ªà â­ë© ª®à¥­ì á ®¤­¨¬ ªà â­ë¬ í«¥¬¥­â à­ë¬ ¤¥«¨â¥«¥¬.
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