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� à ¡®â¥ [1] ¤®ª §   â¥®à¥¬  ® áãé¥áâ¢®¢ ¨¨ à¥è¥¨ï ãà ¢¥¨ï ¢¨¤ 

x = Fx; (1)

£¤¥ F : E ! E, E | ¯®« ï áâàãªâãà , F | ¨§®â®ë© ®¯¥à â®à. �à¨ íâ®¬ âà¥¡®¢ ¨¥ ¨§®â®-
®áâ¨ ®¯¥à â®à  áãé¥áâ¢¥® ®£à ¨ç¨¢ ¥â ª« áá § ¤ ç, ª ª®â®àë¬ ¯à¨¬¥¨¬® íâ® ãâ¢¥à¦¤¥-
¨¥. �¯®¬ïãâ ï â¥®à¥¬ , ¨§¢¥áâ ï ¢ «¨â¥à âãà¥ ª ª ¯à¨æ¨¯ ¥¯®¤¢¨¦®© â®çª¨ �¨àª£®ä {
� àáª®£® ( ¯à., [2], á. 26), ®¡®¡é¥  ¢ [3]   á«ãç © ãà ¢¥¨ï á £¥â¥à®â®ë¬ ®¯¥à â®à®¬.

�ã¤¥¬ à áá¬ âà¨¢ âì ãà ¢¥¨¥ (1), ¯à¥¤¯®« £ ï, çâ® ®¯¥à â®à Fx ¬®¦® ¯à¥¤áâ ¢¨âì ¢
¢¨¤¥ Fx = T (x; x) â ª¨¬ á¯®á®¡®¬, çâ® ®¯¥à â®à T (y; z) ¥ ã¡ë¢ ¥â ¯® y ¨ ¥ ¢®§à áâ ¥â ¯® z.

� ¤ ®© à ¡®â¥ ãáâ ®¢«¥ë ãá«®¢¨ï áãé¥áâ¢®¢ ¨ï à¥è¥¨ï ãà ¢¥¨ï (1) á ¥¬®®â®-
ë¬ ®¯¥à â®à®¬ F , ®¡« ¤ îé¨¬ á¢®©áâ¢®¬ \ç áâ¨ç®©" «¨¯è¨æ¨¥¢®áâ¨. �®ª § ë¥ â¥®à¥¬ë
á®¤¥à¦ â â¥®à¥¬ã � àáª®£® [1] ¨ ¯à¨¬¥¨¬ë ª ãà ¢¥¨î (1) á ¥¬®®â®ë¬ ®¯¥à â®à®¬.

�«ï ã¤®¡áâ¢  ááë«®ª ¡ã¤¥¬ ¯à¨¤¥à¦¨¢ âìáï áå¥¬ë ¨§ [3] ¨ ¡ã¤¥¬ áç¨â âì, çâ® § ¤ ë ¤¢ 
®¯¥à â®à  T1(y; z); T2(y; z) : E � E ! E (E | ¯®« ï áâàãªâãà ), ¤«ï ª®â®àëå ¨¬¥¥â ¬¥áâ®
á®®â®è¥¨¥

T1(x; x) = T (x; x) = T2(x; x): (2)

�¥®à¥¬  1. �ãáâì 1) ®¯¥à â®à F ®¡« ¤ ¥â á¢®©áâ¢®¬ «¥¢®áâ®à®¥© «¨¯è¨æ¨¥¢®áâ¨,

â. ¥. áãé¥áâ¢ã¥â «¨¥©ë© ¯®«®¦¨â¥«ìë© ®â®á¨â¥«ì® ! ®¯¥à â®à A1(y; z)!, ¤«ï ª®â®-

à®£® ¨§ ¥à ¢¥áâ¢  y � z á«¥¤ã¥â ¥à ¢¥áâ¢® �A1(z; y)(z� y) � Fz�Fy, ¯à¨ íâ®¬ ®¯¥à â®à

A1(y; z)! ¥ ã¡ë¢ ¥â ¯® y, ¥ ¢®§à áâ ¥â ¯® z ¯à¨ ! � �, £¤¥ � | ã«¥¢®© í«¥¬¥â ¨§ E, ¨

®¯¥à â®àë

F1(u; v) = �A1(v; u)(v � u) + Fu;

F2(u; v) = A1(v; u)(v � u) + Fv
(3)

¤¥©áâ¢ãîâ ¨§ E �E ¢ E; 2) ¥á«¨ á¨áâ¥¬  ãà ¢¥¨©

y = �A1(z; y)(z � y) + Fy; z = A1(z; y)(z � y) + Fz (4)

¨¬¥¥â à¥è¥¨¥ (y; z), â® (y; y) ¨ (z; z) â ª¦¥ ï¢«ïîâáï à¥è¥¨ï¬¨ íâ®© á¨áâ¥¬ë. �®£¤  áã-

é¥áâ¢ã¥â ¯® ªà ©¥© ¬¥à¥ ®¤® à¥è¥¨¥ ãà ¢¥¨ï (1).

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ á®®â¢¥âáâ¢¥® ç¥à¥§ E1, E2 ¬®¦¥áâ¢  í«¥¬¥â®¢ u ¨ v, ª®-
â®àë¥ ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ ¬

u � �A1(v; u)(v � u) + Fu; v � A1(v; u)(v � u) + Fv: (5)

�®¦¥áâ¢  E1, E2 ¥¯ãáâë¥, â. ª.  ¨¬¥ìè¨© í«¥¬¥â a áâàãªâãàë E ¨  ¨¡®«ìè¨© ¥¥ í«¥¬¥â
b ã¤®¢«¥â¢®àïîâ (5) ¯à¨ u = a, v = b, â. ¥.

a � �A1(b; a)(b� a) + Fa; b � A1(b; a)(b � a) + Fb:
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�®«®â  áâàãªâãàë E ¯®§¢®«ï¥â ãâ¢¥à¦¤ âì, çâ® áãé¥áâ¢ãîâ í«¥¬¥âë y0 = supE1, z0 =
inf E2, y0; z0 2 E. �®áª®«ìªã ®¯¥à â®àë F1(y; z), F2(y; z), ®¯à¥¤¥«¥ë¥ á ¯®¬®éìî ä®à¬ã« (3),
®ç¥¢¨¤®, ¥ ã¡ë¢ îâ ¯® y ¨ ¥ ¢®§à áâ îâ ¯® z, â®

y0 � �A1(z0; y0)(z0 � y0) + Fy0 = u0; z0 � A1(z0; y0)(z0 � y0) + Fz0 = v0:

�®íâ®¬ã u0 2 E1, v0 2 E2. � ¤àã£®© áâ®à®ë, ¯à¨¨¬ ï ¢® ¢¨¬ ¨¥ â®, çâ® y0 = supE1,
z0 = infE2, ¨¬¥¥¬ y0 � u0, z0 � v0. �âáî¤  ¯®«ãç ¥¬ y0 = u0, z0 = v0, â. ¥. ¯ à  (y0; z0) ï¢«ï¥âáï
à¥è¥¨¥¬ á¨áâ¥¬ë (4). �§ ãá«®¢¨ï 2) á«¥¤ã¥â, çâ® y0 ¨ z0 | à¥è¥¨ï ãà ¢¥¨ï (1).

� «®£¨çë© à¥§ã«ìâ â ¯®«ãç ¥¬ ¤«ï ãà ¢¥¨ï (1) á ®¯¥à â®à®¬ F , ®¡« ¤ îé¨¬ á¢®©áâ¢®¬
¯à ¢®áâ®à®¥© «¨¯è¨æ¨¥¢®áâ¨.

�¥®à¥¬  2. �ãáâì 1) áãé¥áâ¢ã¥â ¯à ¢®áâ®à®¨© ®¯¥à â®à �¨¯è¨æ  A2(y; z), «¨¥©ë©
¯®«®¦¨â¥«ìë© ®â®á¨â¥«ì® !, ¥ã¡ë¢ îé¨© ¯® y ¨ ¥¢®§à áâ îé¨© ¯® z, ¤«ï ª®â®à®£® ¨§

¥à ¢¥áâ¢  y � z ¢ëâ¥ª ¥â ¥à ¢¥áâ¢® Fz � Fy � A2(z; y)(z � y), ¯à¨ íâ®¬ ®¯¥à â®àë

F3(u; v) = �A2(v; u)(v � u) + Fv; F4(u; v) = A2(u; v)(u � v) + Fv

¤¥©áâ¢ãîâ ¨§ E �E ¢ E; 2) ¥á«¨ áãé¥áâ¢ã¥â à¥è¥¨¥ (y; z) á¨áâ¥¬ë

y = �A2(z; y)(z � y) + Fz; z = A2(z; y)(z � y) + Fy;

â® (y; y) ¨ (z; z) ï¢«ïîâáï à¥è¥¨ï¬¨ íâ®© á¨áâ¥¬ë. �®£¤  áãé¥áâ¢ã¥â ¯® ªà ©¥© ¬¥à¥ ®¤®

à¥è¥¨¥ ãà ¢¥¨ï (1).

�¥®à¥¬ë 1 ¨ 2 ¨ â¥®à¥¬  � àáª®£® ï¢«ïîâáï ç áâë¬¨ á«ãç ï¬¨ ¡®«¥¥ ®¡é¥© â¥®à¥¬ë ¤«ï
ãà ¢¥¨ï (1) á \ç áâ¨ç®" «¨¯è¨æ¨¥¢ë¬ ®¯¥à â®à®¬ T (y; z).

�¥®à¥¬  3. �ãáâì 1) § ¤ ë «¨¥©ë¥ ¯®«®¦¨â¥«ìë¥ ®â®á¨â¥«ì® !, ¥ã¡ë¢ îé¨¥ ¯®

y ¨ ¥¢®§à áâ îé¨¥ ¯® z ¯à¨ ! � �, £¤¥ � | ã«¥¢®© í«¥¬¥â ¨§ E, ®¯¥à â®àë A3(y; z)!,
A4(y; z)!, ¤«ï ª®â®àëå ¨§ ¥à ¢¥áâ¢  y � z á«¥¤ãîâ ¥à ¢¥áâ¢ 

�A3(z; y)(z � y) � T1(z; x) � T1(y; x); T2(x; z)� T2(x; y) � A4(z; y)(z � y);

¯à¨ íâ®¬ ®¯¥à â®àë

F5(u; v) = �(A3(v; u) +A4(v; u))(v � u) + T1(u; v);

F6(u; v) = (A3(u; v) +A4(u; v))(u � v) + T2(u; v)
(6)

¤¥©áâ¢ãîâ ¨§ E �E ¢ E; 2) ¥á«¨ (y; z) ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë ãà ¢¥¨©

y = �(A3(z; y) +A4(z; y))(z � y) + T1(y; z); z = (A3(z; y) +A4(z; y))(z � y) + T2(z; y); (7)

â® (y; y) ¨ (z; z) â ª¦¥ ï¢«ïîâáï à¥è¥¨ï¬¨ íâ®© á¨áâ¥¬ë. �®£¤  ãà ¢¥¨¥ (1) ¨¬¥¥â ¯®

ªà ©¥© ¬¥à¥ ®¤® à¥è¥¨¥.

�®ª § â¥«ìáâ¢®. �¡®§ ç¨¬ á®®â¢¥âáâ¢¥® ç¥à¥§ E3 ¨ E4 ¬®¦¥áâ¢® â ª¨å í«¥¬¥â®¢ u ¨
v, ª®â®àë¥ ã¤®¢«¥â¢®àïîâ á®®â®è¥¨ï¬

u � �(A3(v; u) +A4(v; u))(v � u) + T1(u; v); v � (A3(u; v) +A4(u; v))(u � v) + T2(v; u): (8)

�â¨ ¬®¦¥áâ¢  ¥¯ãáâë¥, â. ª. í«¥¬¥âë u = a, v = b, £¤¥ a ¨ b ï¢«ïîâáï á®®â¢¥âáâ¢¥®  ¨-
¬¥ìè¨¬ ¨  ¨¡®«ìè¨¬ í«¥¬¥â ¬¨ áâàãªâãàë E ¨ ã¤®¢«¥â¢®àïîâ ¥à ¢¥áâ¢ ¬ (8). � ª ª ª
E | ¯®« ï áâàãªâãà , â® y0 = supE3, z0 = inf E4 áãé¥áâ¢ãîâ ¨ y0; z0 2 E. �®¦® ã¡¥¤¨âìáï,
çâ® ®¯¥à â®àë F5(u; v), F6(u; v), ®¯à¥¤¥«¥ë¥ á ¯®¬®éìî ä®à¬ã« (6), ¥ ã¡ë¢ îâ ¯® u ¨ ¥
¢®§à áâ îâ ¯® v. �®íâ®¬ã ¨¬¥îâ ¬¥áâ® á®®â®è¥¨ï

y0 � �(A3(z0; y0) +A4(z0; y0))(z0 � y0) + T1(y0; z0) = u0;

z0 � (A3(z0; y0) +A4(z0; y0))(z0 � y0) + T2(z0; y0) = v0:
(9)

60



�â ª, u0 2 E3, v0 2 E4. � ¤àã£®© áâ®à®ë, ¯®áª®«ìªã y0 = supE3, z0 = inf E4, â®

y0 � �(A3(z0; y0) +A4(z0; y0))(z0 � y0) + T1(y0; z0) = u0;

z0 � (A3(z0; y0) +A4(z0; y0))(z0 � y0) + T2(z0; y0) = v0:
(10)

�®¯®áâ ¢«ïï (9) ¨ (10), ¨¬¥¥¬ y0 = u0, z0 = v0, â. ¥. (y0; z0) ï¢«ï¥âáï à¥è¥¨¥¬ á¨áâ¥¬ë (7).
�§ ãá«®¢¨ï 2) á«¥¤ã¥â y0 = T1(y0; y0) ¨ z0 = T2(z0; z0). �à¨¨¬ ï ¢® ¢¨¬ ¨¥ (1) ¨ (2), ¬®¦®
ãâ¢¥à¦¤ âì, çâ® â¥®à¥¬  ¤®ª §  .

�¥®à¥¬  3 ª ª ä®à¬ã«¨à®¢ª®©, â ª ¨ á¯®á®¡®¬ ¤®ª § â¥«ìáâ¢  ¡«¨§ª  ª â¥®à¥¬¥ �.�.�ãà¯¥«ï
¨§ [3], ª®â®àãî ¬®¦® ¯®«ãç¨âì ¨ ª ª ç áâë© á«ãç © ¨§ â¥®à¥¬ë 3, ¥á«¨ áç¨â âì A3 ¨ A4 ã-
«¥¢ë¬¨ ®¯¥à â®à ¬¨.

�â¬¥â¨¬, çâ® ¢ [3] ¯à¨¢¥¤¥ë ¥ª®â®àë¥ ¤®áâ â®çë¥ ãá«®¢¨ï ®âáãâáâ¢¨ï ã á¨áâ¥¬ ¢¨¤ 
(4), (7) à¥è¥¨©, ®â«¨çëå ®â à¥è¥¨© ¢¨¤  (z; z). �áâ ®¢«¥ë¥ ¢ ¤ ®© áâ âì¥ à¥§ã«ìâ âë
¬®¦® à áá¬ âà¨¢ âì ª ª ¯à®¤®«¦¥¨¥ ¨áá«¥¤®¢ ¨© ¨§ [4], [5].
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