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1. �¢¥¤¥­¨¥

� ç¨á«ã ¢ ¦­¥©è¨å ¤¨ää¥à¥­æ¨ «ì­®-£¥®¬¥âà¨ç¥áª¨å áâàãªâãà ­  £« ¤ª¨å ¬­®£®®¡à §¨-
ïå ®â­®áïâ  ää¨­®à­ë¥ áâàãªâãàë, â. ¥. £« ¤ª¨¥ â¥­§®à­ë¥ ¯®«ï â¨¯  (1; 1), à¥ «¨§®¢ ­­ë¥ ¢
¢¨¤¥ ¯®«¥© í­¤®¬®àä¨§¬®¢, ¤¥©áâ¢ãîé¨å ¢ ª á â¥«ì­®¬ à áá«®¥­¨¨ ª ¬­®£®®¡à §¨î (­ ¯à.,
[1]). � ¨¡®«¥¥ ¨§¢¥áâ­ë¬¨  ää¨­®à­ë¬¨ áâàãªâãà ¬¨ ï¢«ïîâáï ¯®çâ¨ ª®¬¯«¥ªá­ ï áâàãªâã-
à  (J2 = �1), áâàãªâãà  ¯®çâ¨ ¯à®¨§¢¥¤¥­¨ï (P 2 = 1), f -áâàãªâãà  �.�­® (f 3 + f = 0, [2]),
®¡®¡é îé ï ¯®çâ¨ ª®¬¯«¥ªá­ãî ¨ ¯®çâ¨ ª®­â ªâ­ãî áâàãªâãàë,   â ª¦¥ ­¥ª®â®àë¥ ¤àã£¨¥.
�®çâ¨ ª®¬¯«¥ªá­ë¥ áâàãªâãàë J ­  (¯á¥¢¤®)à¨¬ ­®¢ëå ¬­®£®®¡à §¨ïå (M; g = h�; �i), á®£« á®-
¢ ­­ë¥ á ¬¥âà¨ª®© g ãá«®¢¨¥¬ hJX; JY i = hX;Y i, ®¡à §ãîâ ¨§¢¥áâë© ª« áá ¯®çâ¨ íà¬¨â®¢ëå
áâàãªâãà, ª®â®àë© ¨­â¥­á¨¢­® ¨§ãç ¥âáï ¨ íää¥ªâ¨¢­® ¨á¯®«ì§ã¥âáï ¢ ¢ ¦­ëå ¯à¨«®¦¥­¨-
ïå ¢ â¥ç¥­¨¥ ¬­®£¨å ¤¥áïâ¨«¥â¨©. �â® ª á ¥âáï f -áâàãªâãà, â® ®­¨ áâ «¨ ¬®¤¥«ì­ë¬ ®¡ê¥ª-
â®¬ ¢ è¨à®ª®© ª®­æ¥¯æ¨¨ ®¡®¡é¥­­®© íà¬¨â®¢®© £¥®¬¥âà¨¨, á®§¤ ­­®© ¢ 80-å £®¤ å ¯à®è«®£®
¢¥ª  (­ ¯à., [3], [4]). �á­®¢®¯®« £ îé¨¥ ¯®áâà®¥­¨ï ¢ íâ®© â¥®à¨¨ á¢ï§ ­ë á ®¡®¡é¥­­®© ¯®-
çâ¨ íà¬¨â®¢®© áâàãªâãà®© (GAH-áâàãªâãà®©) ¯à®¨§¢®«ì­®£® à ­£  r, ¯à¨ íâ®¬ ¬¥âà¨ç¥áª¨¥
f -áâàãªâãàë ¢ëáâã¯ îâ ®á­®¢­ë¬ ¯à¨¬¥à®¬GAH-áâàãªâãà à ­£  1, ¢ª«îç îé¨¬, ¥áâ¥áâ¢¥­­®,
ª« áá ¯®çâ¨ íà¬¨â®¢ëå áâàãªâãà.

�¤­®à®¤­ë¥ ¬­®£®®¡à §¨ï £àã¯¯ �¨ ¨ ¨­¢ à¨ ­â­ë¥ áâàãªâãàë ­  ­¨å, ¡« £®¤ àï ¢®§¬®¦-
­®áâ¨ ¨á¯®«ì§®¢ ­¨ï ¤«ï ¨å ¨§ãç¥­¨ï à §¢¨â®©  «£¥¡à®-£¥®¬¥âà¨ç¥áª®© â¥å­¨ª¨, ¤ ¢­® ¨ ¯à®ç­®
¢®è«¨ ¢ ç¨á«® ¢ ¦­¥©è¨å ®¡ê¥ªâ®¢, ¨áá«¥¤ã¥¬ëå ¢ ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨. �®¤ç á ­ -
ª®¯«¥­­ ï ¨­ä®à¬ æ¨ï ® £¥®¬¥âà¨¨ ®¤­®à®¤­ëå ¬­®£®®¡à §¨© \¯®¤áª §ë¢ ¥â" ¯¥àá¯¥ªâ¨¢­ë¥
­ ¯à ¢«¥­¨ï ¢ ¡®«¥¥ ®¡é¥© á¨âã æ¨¨,   â ª¦¥ ¯®¬®£ ¥â ¢  ­ «¨§¥ ¨¬¥îé¨åáï (¨ ¢®§¬®¦­ëå)
£¨¯®â¥§, ç¥¬ ¤®áâ¨£ ¥âáï ¡®«¥¥ £«ã¡®ª¨© ãà®¢¥­ì â®© ¨«¨ ¨­®© â¥®à¨¨. � íâ®© á¢ï§¨ ¬®¦­®
®â¬¥â¨âì äã­¤ ¬¥­â «ì­®¥ §­ ç¥­¨¥ ¤«ï â¥®à¨¨ ¯®çâ¨ íà¬¨â®¢ëå áâàãªâãà è¨à®ª®£® ª« áá 
¨­¢ à¨ ­â­ëå ¯à¨¬¥à®¢. � ¨¡®«¥¥ ¨§¢¥áâ­ë© ¨§ ­¨å ®á­®¢ ­ ­  áãé¥áâ¢®¢ ­¨¨ ­  ¯à®¨§¢®«ì-
­®¬ ®¤­®à®¤­®¬ �-¯à®áâà ­áâ¢¥ ¯®àï¤ª  3 (¢ ¨­®© â¥à¬¨­®«®£¨¨, ®¤­®à®¤­®¬ 3-á¨¬¬¥âà¨ç¥áª®¬
¯à®áâà ­áâ¢¥) ¨­¢ à¨ ­â­®© ª ­®­¨ç¥áª®© ¯®çâ¨ ª®¬¯«¥ªá­®© áâàãªâãàë, çâ® ¯®á«¥ ¥¥ ®¡­ àã-
¦¥­¨ï áà §ã ¦¥ ¯à¨¢¥«® ª àï¤ã ¯à¨¬¥ç â¥«ì­ëå £¥®¬¥âà¨ç¥áª¨å à¥§ã«ìâ â®¢ [5]{[8]. �¯®á«¥¤-
áâ¢¨¨ íâ  áâàãªâãà  áâ «  íää¥ªâ¨¢­ë¬ ¨­áâàã¬¥­â®¬ ¢ à¥ «¨§ æ¨¨ £«ã¡®ª¨å ª®­áâàãªæ¨©
¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨ ¨ £«®¡ «ì­®£®  ­ «¨§  (­ ¯à., [9]-[12]).

�â® ª á ¥âáï ®¡®¡é¥­­®© íà¬¨â®¢®© £¥®¬¥âà¨¨, â® §¤¥áì ¤®«£®¥ ¢à¥¬ï ®âáãâáâ¢®¢ «¨ á®¡-
áâ¢¥­­ë¥ ¨­¢ à¨ ­â­ë¥ ¯à¨¬¥àë. �¨âã æ¨ï ª ç¥áâ¢¥­­® ¨§¬¥­¨« áì ¢ ¯®á«¥¤­¨¥ £®¤ë ¢ á¢ï§¨
á ¯®«­ë¬ à¥è¥­¨¥¬ ¯à®¡«¥¬ë ®¯¨á ­¨ï ¨­¢ à¨ ­â­ëå ª ­®­¨ç¥áª¨å áâàãªâãà ª« áá¨ç¥áª®£®
â¨¯  ­  à¥£ã«ïà­ëå �-¯à®áâà ­áâ¢ å [13], [14]. �ª § «®áì, çâ® à¥£ã«ïà­ë¥ �-¯à®áâà ­áâ¢  ®¡« -
¤ îâ, ¢ ç áâ­®áâ¨, ¡®«ìè¨¬ § ¯ á®¬ ª ­®­¨ç¥áª¨å f -áâàãªâãà (¢ â®¬ ç¨á«¥ ¯®çâ¨ ª®¬¯«¥ªá­ëå
áâàãªâãà), ¯à¨ç¥¬ ¡ë«¨ ¯®«ãç¥­ë â®ç­ë¥ ä®à¬ã«ë ¤«ï íâ¨å áâàãªâãà ¢ á«ãç ¥ ®¤­®à®¤­ëå
�-¯à®áâà ­áâ¢ «î¡®£® ª®­¥ç­®£® ¯®àï¤ª  ([13]). �â® ¯®§¢®«¨«® ¯à¥¤êï¢¨âì è¨à®ª¨¥ ª« ááë
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¨­¢ à¨ ­â­ëå ¬¥âà¨ç¥áª¨å f -áâàãªâãà ¢ ®¡®¡é¥­­®© íà¬¨â®¢®© £¥®¬¥âà¨¨ [15]-[19], çâ® ¢ëï¢¨-
«® ¯à¥¥¬áâ¢¥­­®áâì ¨  ­ «®£¨î á ª« áá¨ç¥áª¨¬¨ à¥§ã«ìâ â ¬¨ �.�. �â¥¯ ­®¢ , �¦.�.�®«ìä ,
�. �à¥ï, �.�.�¨à¨ç¥­ª® ¢ íà¬¨â®¢®© £¥®¬¥âà¨¨.

� ¤ ­­®© à ¡®â¥ ¤®ª § ­®, çâ® ­ ¡®àë ª ­®­¨ç¥áª¨å f -áâàãªâãà ­  ®¤­®à®¤­ëå �-¯à®áâ-
à ­áâ¢ å ª®­¥ç­®£® ¯®àï¤ª  ¯®§¢®«ïîâ íää¥ªâ¨¢­® áâà®¨âì ¨­¢ à¨ ­â­ë¥ GAH-áâàãªâãàë
¯à®¨§¢®«ì­®£® à ­£ , çâ® à¥è ¥â ¯à®¡«¥¬ã áãé¥áâ¢®¢ ­¨ï ¨­¢ à¨ ­â­ëå GAH-áâàãªâãà ®¡é¥-
£® ¢¨¤  ¢ ®¡®¡é¥­­®© íà¬¨â®¢®© £¥®¬¥âà¨¨. �à¨¢¥¤¥­ë ª ª ®¡é¨¥, â ª ¨ ª®­ªà¥â­ë¥ ¯à¨¬¥àë
¨­¢ à¨ ­â­ëå GAH-áâàãªâãà à ­£  r � 1, ¯à¨ç¥¬ à¥ «¨§®¢ ­ë íâ¨ ¯à¨¬¥àë ­  ®¤­®à®¤­ëå
�-¯à®áâà ­áâ¢ å ª ª ¯®«ã¯à®áâ®£®, â ª ¨ à §à¥è¨¬®£® â¨¯®¢. �®ª § ­  ¯à¨­ ¤«¥¦­®áâì ¯®-
áâà®¥­­ëå áâàãªâãà á¯¥æ¨ «ì­ë¬ ª« áá ¬ GH ¨ GG1, ª®â®àë¥ ¢ª«îç îâ å®à®è® ¨§¢¥áâ­ë¥
¯®¤ª« ááë íà¬¨â®¢ëå áâàãªâãà ¨ áâàãªâãà ª« áá  G1 á®®â¢¥âáâ¢¥­­® ¨§ â¥®à¨¨ ¯®çâ¨ íà¬¨â®-
¢ëå áâàãªâãà.

�â¬¥â¨¬, çâ® ¨§«®¦¥­­ë¥ ¢ íâ®© áâ âì¥ à¥§ã«ìâ âë ç áâ¨ç­®  ­®­á¨à®¢ ­ë ¢ [20], [21].

2. �¡®¡é¥­­ë¥ ¯®çâ¨ íà¬¨â®¢ë áâàãªâãàë

�à¨¢¥¤¥¬ ªà âª® ­¥®¡å®¤¨¬ë¥ á¢¥¤¥­¨ï ¨§ ®¡®¡é¥­­®© íà¬¨â®¢®© £¥®¬¥âà¨¨, á«¥¤ãï ¢ ®á­®¢-
­®¬ à ¡®â¥ [4] (á¬. â ª¦¥ [3]).

�¯à¥¤¥«¥­¨¥ 1 ([4]). �¡®¡é¥­­®© ¯®çâ¨ íà¬¨â®¢®© áâàãªâãà®© (GAH-áâàãªâãà®©) à ­-
£  r ­  £« ¤ª®¬ ¬­®£®®¡à §¨¨ M ­ §ë¢ ¥âáï á®¢®ªã¯­®áâì fg; J1; : : : ; Jr; Tg â¥­§®à­ëå ¯®«¥© ­ 
M , £¤¥ g = h�; �i| (¯á¥¢¤®)à¨¬ ­®¢  ¬¥âà¨ª  ­ M , J1; : : : ; Jr | «¨­¥©­® ­¥§ ¢¨á¨¬ë¥ ¢ ª ¦¤®©
â®çª¥ ¬­®£®®¡à §¨ï â¥­§®àë â¨¯  (1; 1), ­ §ë¢ ¥¬ë¥ áâàãªâãà­ë¬¨  ää¨­®à ¬¨ ¨«¨ áâàãªâãà-
­ë¬¨ ®¯¥à â®à ¬¨. �­¨ ®¯à¥¤¥«¥­ë ¢ ª ¦¤®© â®çª¥ ¬­®£®®¡à §¨ï á â®ç­®áâìî ¤® ­¥­ã«¥¢®£®
ç¨á«®¢®£® ¬­®¦¨â¥«ï ¨ á®áâ ¢«ïîâ ¢¬¥áâ¥ á® á¢®¨¬¨ ª¢ ¤à â ¬¨ ¨ â®¦¤¥áâ¢¥­­ë¬  ää¨­®-
à®¬ ®¡à §ãîé¨¥ ­¥ª®â®à®£® ¯®¤¬®¤ã«ï, ï¢«ïîé¥£®áï ¯®¤ «£¥¡à®©  «£¥¡àë ¢á¥å í­¤®¬®àä¨§¬®¢
ª á â¥«ì­®£® ¯ãçª  ¬­®£®®¡à §¨ï, T | â¥­§®à â¨¯  (2; 1), ­ §ë¢ ¥¬ë© ª®¬¯®§¨æ¨®­­ë¬ â¥­-
§®à®¬. �à¨ íâ®¬ ¤®«¦­ë ¢ë¯®«­ïâìáï ãá«®¢¨ï:

1. hJiX;Y i+ hX; JiY i = 0;
2. T (JiX;Y ) = T (X; JiY ) = �JiT (X;Y );
3. TXg = 0;

4.
rT

i=1
kerJi � kerT �

rT
i=1

ker(J5
i � �iJi);

5. JiJj = JjJi (i; j = 1; : : : ; r; X;Y 2 X(M)).

�¤¥áì 0 < � 2 C1(M); TXY = T (X;Y ); ®¯¥à â®à TX ®â®¦¤¥áâ¢«ï¥âáï á ¯®à®¦¤¥­­ë¬ ¨¬ ¤¨ää¥-
à¥­æ¨à®¢ ­¨¥¬ â¥­§®à­®©  «£¥¡àë ¬­®£®®¡à §¨ï. �­®£®®¡à §¨¥, ­ ¤¥«¥­­®¥ GAH-áâàãªâãà®©,
­ §ë¢ ¥âáï ®¡®¡é¥­­ë¬ ¯®çâ¨ íà¬¨â®¢ë¬ ¬­®£®®¡à §¨¥¬ (GAH-¬­®£®®¡à §¨¥¬). �¨¬¢®«®¬
GAH ®¡®§­ ç ¥âáï ª« áá ¢á¥å GAH-áâàãªâãà ­  M .

�®¬¯®§¨æ¨®­­ë© â¥­§®à T ¯®§¢®«ï¥â ¢¢¥áâ¨ ¢ ¬®¤ã«¥ X(M) áâàãªâãàã ¯à¨á®¥¤¨­¥­­®© Q-
 «£¥¡àë á ã¬­®¦¥­¨¥¬ \�" ¯® ä®à¬ã«¥ X � Y = T (X;Y ) [4]. �á«¨ Q- «£¥¡à   ¡¥«¥¢  (X � Y =
0), â® GAH-áâàãªâãà  ­ §ë¢ ¥âáï ®¡®¡é¥­­®© íà¬¨â®¢®© áâàãªâãà®© (GH-áâàãªâãà®©) [4].
�­ «®£¨ç­®,  ­â¨ª®¬¬ãâ â¨¢­ ï Q- «£¥¡à  (X �X = 0) ®¯à¥¤¥«ï¥â ®¡®¡é¥­­ãî G1-áâàãªâãàã
(GG1-áâàãªâãàã) [4]. �ç¥¢¨¤­®, GH � GG1. �â¬¥â¨¬ â ª¦¥, çâ® ®¯¨á ­¨¥ ¤àã£¨å ¢ ¦­ëå
ª« áá®¢ GAH-áâàãªâãà ¯à¨¢¥¤¥­® ¢ [4], [3].

� ¦­¥©è¨¬ ¯à¨¬¥à®¬ GAH-áâàãªâãàë à ­£  1 ï¢«ï¥âáï ¬¥âà¨ç¥áª ï f -áâàãªâãà , â. ¥.
f -áâàãªâãà  ­  (M; g), á®£« á®¢ ­¨¥ ª®â®à®© á ¬¥âà¨ª®© g = h�; �i § ¤ ¥âáï ãá«®¢¨¥¬ hfX; Y i +
hX; fY i = 0 ([4]). � íâ®¬ á«ãç ¥ ª®¬¯®§¨æ¨®­­ë© â¥­§®à T ¬®¦¥â ¡ëâì â®ç­® ãª § ­ [4]:

T (X;Y ) =
1
4
ffrfX(f)(fY )�rf2X(f)(f 2Y )g; (1)

£¤¥ r | á¢ï§­®áâì �¥¢¨-�¨¢¨â  ¬¥âà¨ª¨ h�; �i. �¥âà¨ç¥áª¨¥ f -áâàãªâãàë ª« áá®¢ GH ¨ GG1

¡ã¤¥¬ ­ §ë¢ âì íà¬¨â®¢ë¬¨ f -áâàãªâãà ¬¨ ¨ f -áâàãªâãà ¬¨ ª« áá  G1 á®®â¢¥âáâ¢¥­­®. �
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ç áâ­®¬ á«ãç ¥ f = J (J2 = �1 | ¯®çâ¨ ª®¬¯«¥ªá­ ï áâàãªâãà ) ¨¬¥¥¬ ¢ â®ç­®áâ¨ íà¬¨â®¢ã
áâàãªâãàã ¨ ¯®çâ¨ íà¬¨â®¢ã áâàãªâãàã ª« áá  G1 á®®â¢¥âáâ¢¥­­® (­ ¯à., [22]).

�ª § «®áì, çâ® ¥áâ¥áâ¢¥­­ ï ª®­áâàãªæ¨ï GAH-áâàãªâãàë ¯à®¨§¢®«ì­®£® à ­£  r ¬®¦¥â
¡ëâì ¯®áâà®¥­  ­  ®á­®¢¥ á¯¥æ¨ «ì­®£® ­ ¡®à  ¬¥âà¨ç¥áª¨å f -áâàãªâãà.

�¥®à¥¬  1 ([23]). �ãáâì f1; : : : ; fr | «¨­¥©­® ­¥§ ¢¨á¨¬ë¥ ¢ ª ¦¤®© â®çª¥ (¯á¥¢¤®)à¨-
¬ ­®¢  ¬­®£®®¡à §¨ï (M; g) ¬¥âà¨ç¥áª¨¥ f -áâàãªâãàë, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î flfj = 0,

l; j = 1; r, l 6= j. �®«®¦¨¬ T (X;Y ) =
rP

j=1
Tj(X;Y ) , £¤¥ Tj(X;Y ) | ª®¬¯®§¨æ¨®­­ë© â¥­§®à

áâàãªâãàë fj, ¯®áâà®¥­­ë© ¯® ä®à¬ã«¥ (1). �®£¤  á®¢®ªã¯­®áâì fg; f1; : : : ; fr; Tg ï¢«ï¥âáï
GAH-áâàãªâãà®© à ­£  r ­  M .

3. � ­®­¨ç¥áª¨¥ f-áâàãªâãàë ­  ®¤­®à®¤­ëå �-¯à®áâà ­áâ¢ å

�¥à¥©¤¥¬ â¥¯¥àì ª ¨­¢ à¨ ­â­ë¬ f -áâàãªâãà ¬ ­  ®¤­®à®¤­ëå ¬­®£®®¡à §¨ïå.
�ãáâì G=H | ®¤­®à®¤­®¥ à¥¤ãªâ¨¢­®¥ ¯à®áâà ­áâ¢® á¢ï§­®© £àã¯¯ë �¨ G, g = h � m |

á®®â¢¥âáâ¢ãîé¥¥ à¥¤ãªâ¨¢­®¥ à §«®¦¥­¨¥  «£¥¡àë �¨ g £àã¯¯ë G, £¤¥ h ®§­ ç ¥â ¯®¤ «£¥¡àã
�¨ ¢ g, ®â¢¥ç îéãî ¯®¤£àã¯¯¥ �¨ H,   «¨­¥©­®¥ ¯®¤¯à®áâà ­áâ¢® m ¢ g ®â®¦¤¥áâ¢«ï¥âáï, ª ª
®¡ëç­®, á ª á â¥«ì­ë¬ ¯à®áâà ­áâ¢®¬ To(G=H) ¢ â®çª¥ o = H. � áá¬®âà¨¬ ­  G=H ¨­¢ à¨ ­â-
­ãî ®â­®á¨â¥«ì­® £àã¯¯ë G (¯á¥¢¤®)à¨¬ ­®¢ã ¬¥âà¨ªã g = h�; �i ¨ ¨­¢ à¨ ­â­ãî ¬¥âà¨ç¥áªãî
f -áâàãªâãàã. � ª¨¥ áâàãªâãàë ¯®«­®áâìî ®¯à¥¤¥«ïîâáï á¢®¨¬¨ §­ ç¥­¨ï¬¨ ¢ â®çª¥ o. �á«®-
¢¨¬áï ¯®íâ®¬ã ¢áî¤ã ¢ ¤ «ì­¥©è¥¬ ­¥ à §«¨ç âì ¢ ®¡®§­ ç¥­¨ïå ¨­¢ à¨ ­â­ë¥ áâàãªâãàë ­ 
G=H ¨ ¨å §­ ç¥­¨ï ¢ â®çª¥ o. �­¢ à¨ ­â­ ï ¬¥âà¨ç¥áª ï f -áâàãªâãà  ¯®à®¦¤ ¥â ®àâ®£®­ «ì-
­®¥ à §«®¦¥­¨¥ m = m1 �m2, £¤¥ ¯®¤¯à®áâà ­áâ¢  m1 = Im f , m2 = Ker f ®¯à¥¤¥«ïîâ ¯¥à¢®¥ ¨
¢â®à®¥ äã­¤ ¬¥­â «ì­ë¥ à á¯à¥¤¥«¥­¨ï f -áâàãªâãàë á®®â¢¥âáâ¢¥­­® [4]. �¥âà¨ª  h�; �i ­  G=H
­ §ë¢ ¥âáï ¥áâ¥áâ¢¥­­® à¥¤ãªâ¨¢­®© ®â­®á¨â¥«ì­® à¥¤ãªâ¨¢­®£® à §«®¦¥­¨ï g = h � m, ¥á«¨
h[X;Y ]

m
; Zi = hX; [Y;Z]

m
i ¤«ï ¢á¥å X;Y;Z 2 m, £¤¥ ¨­¤¥ªá m ®¡®§­ ç ¥â ¯à®¥ªæ¨î ¢¥ªâ®à®¢ ¨§

g ­  m ®â­®á¨â¥«ì­® ãª § ­­®£® à §«®¦¥­¨ï (­ ¯à., [24], á. 188).
�ãáâì â¥¯¥àì G=H | ®¤­®à®¤­®¥ �-¯à®áâà ­áâ¢®, ®¯à¥¤¥«ï¥¬®¥  ¢â®¬®àä¨§¬®¬ � £àã¯¯ë

�¨ G. �â® ®§­ ç ¥â, çâ® § ¬ª­ãâ ï ¯®¤£àã¯¯  �¨ H ¢ G ã¤®¢«¥â¢®àï¥â ãá«®¢¨î G�
o � H � G�,

£¤¥ G� | ¯®¤£àã¯¯  ­¥¯®¤¢¨¦­ëå â®ç¥ª  ¢â®¬®àä¨§¬  �, G�
o | á¢ï§­ ï ª®¬¯®­¥­â  ¥¤¨­¨-

æë e ¯®¤£àã¯¯ë G�. �®«®¦¨¬ A = ' � id, £¤¥ ' = d�e | á®®â¢¥âáâ¢ãîé¨©  ¢â®¬®àä¨§¬
 «£¥¡àë �¨ g. �¤­®à®¤­®¥ �-¯à®áâà ­áâ¢® G=H ­ §ë¢ ¥âáï à¥£ã«ïà­ë¬ �-¯à®áâà ­áâ¢®¬,
¥á«¨ g = h � Ag ([13], [25], [26]). �ª § ­­®¥ à §«®¦¥­¨¥  «£¥¡àë �¨ g ï¢«ï¥âáï ¥¥ à¥¤ãªâ¨¢-
­ë¬ à §«®¦¥­¨¥¬ ¨ ­ §ë¢ ¥âáï ª ­®­¨ç¥áª¨¬ à¥¤ãªâ¨¢­ë¬ à §«®¦¥­¨¥¬ [25] à¥£ã«ïà­®£®
�-¯à®áâà ­áâ¢  G=H, ¯à¨ íâ®¬ ª ­®­¨ç¥áª®¥ à¥¤ãªâ¨¢­®¥ ¤®¯®«­¥­¨¥ m = Ag ï¢«ï¥âáï '-
¨­¢ à¨ ­â­ë¬ ¯®¤¯à®áâà ­áâ¢®¬ ¢ g. �¡®§­ ç¨¬ ç¥à¥§ � áã¦¥­¨¥ ' ­  m. � ¯®¬­¨¬, çâ® ¢á¥
®¤­®à®¤­ë¥ �-¯à®áâà ­áâ¢  ¯®àï¤ª  k (�k = id) à¥£ã«ïà­ë [25]. �â¨ ¯à®áâà ­áâ¢  ­ §ë¢ îâ
â ª¦¥ ®¤­®à®¤­ë¬¨ k-á¨¬¬¥âà¨ç¥áª¨¬¨ ¯à®áâà ­áâ¢ ¬¨ [27].

�ë¤¥«¨¬ â¥¯¥àì ¢ ¦­ë© ª« áá ¨­¢ à¨ ­â­ëå  ää¨­®à­ëå áâàãªâãà ­  à¥£ã«ïà­ëå �-
¯à®áâà ­áâ¢ å.

�¯à¥¤¥«¥­¨¥ 2 ([13]). �­¢ à¨ ­â­ ï  ää¨­®à­ ï áâàãªâãà  F ­  à¥£ã«ïà­®¬ �-¯à®áâà ­-
áâ¢¥ G=H ­ §ë¢ ¥âáï ª ­®­¨ç¥áª®©, ¥á«¨ ¥¥ §­ ç¥­¨¥ ¢ â®çª¥ o ï¢«ï¥âáï ¯®«¨­®¬®¬ ®â �:
F = F (�).

�á¥ ª ­®­¨ç¥áª¨¥ áâàãªâãàë ®¡à §ãîâ ª®¬¬ãâ â¨¢­ãî ¯®¤ «£¥¡àã A(�) ¢  «£¥¡à¥ A ¢á¥å
¨­¢ à¨ ­â­ëå  ää¨­®à­ëå áâàãªâãà ­  ®¤­®à®¤­®¬ ¯à®áâà ­áâ¢¥ G=H. � ¦­¥©è¥© ®á®¡¥­-
­®áâìî  «£¥¡àë A(�) ï¢«ï¥âáï ­ «¨ç¨¥ ¢ ­¥© §­ ç¨â¥«ì­®£® § ¯ á  áâàãªâãà ª« áá¨ç¥áª®£®
â¨¯  (¯®çâ¨ ¯à®¨§¢¥¤¥­¨ï, ¯®çâ¨ ª®¬¯«¥ªá­ë¥, f -áâàãªâãàë ª« áá¨ç¥áª®£® ¨ £¨¯¥à¡®«¨ç¥áª®£®
â¨¯®¢), ª®â®àë¥ ¢ [13], [14] ¯®«­®áâìî ®¯¨á ­ë. � ç áâ­®áâ¨, ¤«ï ®¤­®à®¤­ëå �-¯à®áâà ­áâ¢ ¯®-
àï¤ª  k ¯®«ãç¥­ë â®ç­ë¥ ¢ëç¨á«¨â¥«ì­ë¥ ä®à¬ã«ë. � ¯à¨¬¥à, ¢á¥ ª ­®­¨ç¥áª¨¥ f -áâàãªâãàë
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¬®£ãâ ¡ëâì § ¤ ­ë ä®à¬ã« ¬¨

f =
2
k

uX
m=1

0
@ uX

j=1

�j sin
2�mj
k

1
A (�m � �k�m); (2)

£¤¥ u = n, ¥á«¨ k = 2n + 1; u = n � 1, ¥á«¨ k = 2n,   �j 2 f�1; 0; 1g, ¯à¨ íâ®¬ áà¥¤¨ ç¨-
á¥« �j ¥áâì ®â«¨ç­ë¥ ®â ­ã«ï [13]. �â¬¥â¨¬ â ª¦¥, çâ® ¤«ï ®¤­®à®¤­®£® á¨¬¬¥âà¨ç¥áª®£® �-
¯à®áâà ­áâ¢  (�2 = id)  «£¥¡à  A(�) âà¨¢¨ «ì­ , â. ¥. á®áâ®¨â «¨èì ¨§ áª «ïà­ëå áâàãªâãà.
�«ï á«ãç ¥¢ k = 3; 4; 5 ®¡é¨¥ ä®à¬ã«ë ¤«ï ª« áá¨ç¥áª¨å ª ­®­¨ç¥áª¨å áâàãªâãà ¤¥â «¨§¨à®-
¢ ­ë ¢ [13]. �à¥¤¨ íâ¨å áâàãªâãà | ª« áá¨ç¥áª ï ª ­®­¨ç¥áª ï ¯®çâ¨ ª®¬¯«¥ªá­ ï áâàãªâãà 
J = 1p

3
(� � �2) ­  ®¤­®à®¤­®¬ 3-á¨¬¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥, ã¯®¬¨­ ¢è ïáï ¢® ¢¢¥¤¥­¨¨ ¨

¢¯¥à¢ë¥ ®¡­ àã¦¥­­ ï ¢ [5] (á¬. â ª¦¥ [6], [7]). �  ®¤­®à®¤­®¬ 4-á¨¬¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥
¨¬¥¥âáï ª ­®­¨ç¥áª ï f -áâàãªâãà  f = 1

2
(� � �3),   ®¤­®à®¤­®¥ 5-á¨¬¬¥âà¨ç¥áª®¥ ¯à®áâà ­-

áâ¢® ¤®¯ãáª ¥â, ¢®®¡é¥ £®¢®àï, ¤¢¥ ª ­®­¨ç¥áª¨¥ ¯®çâ¨ ª®¬¯«¥ªá­ë¥ áâàãªâãàë J1 ¨ J2 ¨ ¤¢¥
f -áâàãªâãàë f1 ¨ f2 [13]. � ¬¥â¨¬, çâ® ã¯®¬ï­ãâë¥ ª ­®­¨ç¥áª¨¥ f -áâàãªâãàë ®¡¥á¯¥ç¨¢ îâ,
¢ ç áâ­®áâ¨, è¨à®ª¨¥ ª« ááë ¨­¢ à¨ ­â­ëå ¯à¨¬¥à®¢ íà¬¨â®¢ëå f -áâàãªâãà ¨ ¯à¨¡«¨¦¥­­®
ª¥«¥à®¢ëå f -áâàãªâãà [16]-[18].

�à¥¤¯®«®¦¨¬ ¤ «¥¥, çâ® ­  ®¤­®à®¤­®¬ �-¯à®áâà ­áâ¢¥ G=H ¯®àï¤ª  k § ¤ ­  ¨­¢ à¨-
 ­â­ ï (¯á¥¢¤®)à¨¬ ­®¢  ¬¥âà¨ª , ®¯à¥¤¥«ï¥¬ ï �-¨­¢ à¨ ­â­®© ¡¨«¨­¥©­®© ä®à¬®© g = h�; �i
­  m � m. �§¢¥áâ­® [28], çâ® ¢á¥ ª ­®­¨ç¥áª¨¥ f -áâàãªâãàë ­  (G=H; g) á â ª®© ¬¥âà¨ª®© á®-
£« á®¢ ­ë, â. ¥. ï¢«ïîâáï ¬¥âà¨ç¥áª¨¬¨ f -áâàãªâãà ¬¨. � á«ãç ¥ ¯®«ã¯à®áâ®© £àã¯¯ë �¨ G
ª« áá¨ç¥áª¨¬ ¯à¨¬¥à®¬ ¬¥âà¨ª¨ g á ãª § ­­ë¬¨ á¢®©áâ¢ ¬¨ ï¢«ï¥âáï â ª ­ §ë¢ ¥¬ ï áâ ­-
¤ àâ­ ï ¬¥âà¨ª , ¨­¤ãæ¨à®¢ ­­ ï ä®à¬®© �¨««¨­£   «£¥¡àë �¨ g. � ¬¥â¨¬, çâ® íâ  ¬¥âà¨ª 
­  à¥£ã«ïà­®¬ �-¯à®áâà ­áâ¢¥ ¥áâ¥áâ¢¥­­® à¥¤ãªâ¨¢­  ®â­®á¨â¥«ì­® ª ­®­¨ç¥áª®£® à¥¤ãªâ¨¢-
­®£® à §«®¦¥­¨ï [25].

4. �­¢ à¨ ­â­ë¥ GAH-áâàãªâãàë ¯à®¨§¢®«ì­®£® à ­£ 

�¥à¥©¤¥¬ ª ¯®áâà®¥­¨î ¨­¢ à¨ ­â­ëå GAH-áâàãªâãà à ­£  r ­  ®á­®¢¥ ª ­®­¨ç¥áª¨å
f -áâàãªâãà ­  ®¤­®à®¤­®¬ �-¯à®áâà ­áâ¢¥ ¯®àï¤ª  k, ¨á¯®«ì§ãï ¯à®æ¥¤ãàã ®¯¨á ­¨ï íâ¨å
áâàãªâãà ([13], x 4).

�ãáâì á¯¥ªâà ®¯¥à â®à  � á®áâ®¨â ¨§ s ¯ à á®¯àï¦¥­­ëå ª®à­¥© áâ¥¯¥­¨ k ¨§ 1 (­¥ áç¨â ï
ª®à­ï �1, ª®â®àë© ¬®¦¥â ¢å®¤¨âì ¢ á¯¥ªâà), s <

�
k

2

�
(æ¥« ï ç áâì). �®£¤  ç¨á«® í«¥¬¥­â®¢

á¯¥ªâà  � à ¢­® 2s, ¥á«¨ �1 ­¥ ¢å®¤¨â ¢ á¯¥ªâà, ¨«¨ 2s + 1 ¢ ¯à®â¨¢­®¬ á«ãç ¥ (¯®á«¥¤­¥¥
¢®§¬®¦­® «¨èì ¯à¨ k = 2n). � ª¨¬ ®¡à §®¬, ¬ âà¨æ  [�] ®¯¥à â®à  � ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥­ 
­ ¤ C á®®â¢¥âáâ¢¥­­® ª ¢¨¤ã

[�] � diagf"b1E1; : : : ; "
bsEs; "

�bsEs; : : : ; "
�b1E1g

¨«¨

[�] � diagf"b1E1; : : : ; "
bsEs;�Es+1; "

�bsEs; : : : ; "
�b1E1g:

�¤¥áì " = cos 2�
k
+ i sin 2�

k
| ¯à¨¬¨â¨¢­ë© ª®à¥­ì áâ¥¯¥­¨ k ¨§ 1, Ej | ¥¤¨­¨ç­ë¥ ¬ âà¨æë

­ ¤«¥¦ é¨å ¯®àï¤ª®¢,   ­ âãà «ì­ë¥ ç¨á«  bj ã¤®¢«¥â¢®àïîâ ãá«®¢¨î 1 � b1 < � � � < bs �
�
k

2

�
.

� íâ¨å ®¡®§­ ç¥­¨ïå ¬ âà¨æ  [f ] ª ­®­¨ç¥áª®© f -áâàãªâãàë ¯à¨¢®¤¨¬  á®®â¢¥âáâ¢¥­­® ª ¢¨¤ã
([13], x 4)

[f ] � diagf�1E1; : : : ; �sEs;��sEs; : : : ;��1E1g ¨«¨

[f ] � diagf�1E1; : : : ; �sEs; 0Es+1;��sEs; : : : ;��1E1g;
(3)

£¤¥ �j 2 f�i; 0; ig (i | ¬­¨¬ ï ¥¤¨­¨æ ), ¯à¨ç¥¬ ­¥ ¢á¥ �j à ¢­ë ­ã«î.

�¯à¥¤¥«¥­¨¥ 3. � ­®­¨ç¥áª¨¥ f -áâàãªâãàë fj , j = 1; : : : ; s, ®¯à¥¤¥«ï¥¬ë¥ ­ ¡®à ¬¨
(�1; : : : ; �s) ¨§ (3) á ãá«®¢¨¥¬ �j = i, �l = 0 ¤«ï l 6= j, ¡ã¤¥¬ ­ §ë¢ âì ¡ §®¢ë¬¨.
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�¥®à¥¬  2. �ãáâì G=H | ®¤­®à®¤­®¥ �-¯à®áâà ­áâ¢® ¯®àï¤ª  k, s | ç¨á«® ¯ à á®-
¯àï¦¥­­ëå ª®à­¥© áâ¥¯¥­¨ k ¨§ 1, ¢å®¤ïé¨å ¢ á¯¥ªâà ®¯¥à â®à  �, g | ¨­¢ à¨ ­â­ ï
(¯á¥¢¤®)à¨¬ ­®¢  ¬¥âà¨ª , ®¯à¥¤¥«ï¥¬ ï �-¨­¢ à¨ ­â­®© ¡¨«¨­¥©­®© ä®à¬®©, f1; : : : ; fs | ¡ -
§®¢ë¥ ª ­®­¨ç¥áª¨¥ f -áâàãªâãàë ­  G=H. �®£¤  á®¢®ªã¯­®áâì fg; f1; : : : ; fs; Tg ï¢«ï¥âáï ¨­-

¢ à¨ ­â­®© GAH-áâàãªâãà®© à ­£  s, £¤¥ T =
sP

l=1
Tl,   Tl | ª®¬¯®§¨æ¨®­­ë© â¥­§®à (1) ¤«ï

¡ §®¢®© áâàãªâãàë fl, l = 1; s.

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¢á¥ ª ­®­¨ç¥áª¨¥ f -áâàãªâãàë (¢ ç áâ­®áâ¨,
¡ §®¢ë¥ f1; : : : ; fs) ­  ®¤­®à®¤­®¬ �-¯à®áâà ­áâ¢¥ G=H á®£« á®¢ ­ë á ¬¥âà¨ª®© g [28].

� «¥¥, à áá¬®âà¨¬ �-¨­¢ à¨ ­â­®¥ à §«®¦¥­¨¥

m = m0 �m1 � � � � �ms

ª ­®­¨ç¥áª®£® à¥¤ãªâ¨¢­®£® ¤®¯®«­¥­¨ï m, á®®â¢¥âáâ¢ãîé¥¥ áâàãªâãà¥ á¯¥ªâà  ®¯¥à â®à  �.
�¤¥áì ¯®¤¯à®áâà ­áâ¢® m0 ®â¢¥ç ¥â á®¡áâ¢¥­­®¬ã §­ ç¥­¨î �1, ¥á«¨ �1 2 spec �, ¢ ¯à®-
â¨¢­®¬ á«ãç ¥ m0 = 0; ¯®¤¯à®áâà ­áâ¢  m1; : : : ;ms ®â¢¥ç îâ s ¯ à ¬ á®¯àï¦¥­­ëå ª®à­¥©
("b1 ; "�b1); : : : ; ("bs ; "�bs) á®®â¢¥âáâ¢¥­­®. �®£¤  ([13], x 4, 5) «î¡ ï ª ­®­¨ç¥áª ï f -áâàãªâãà  ¬®-
¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­  ¢ ¢¨¤¥

f = (0; �1 J1; : : : ; �s Js);

£¤¥ J1; : : : ; Js ï¢«ïîâáï á¯¥æ¨ «ì­ë¬¨ ª®¬¯«¥ªá­ë¬¨ áâàãªâãà ¬¨ ­ m1; : : : ;ms á®®â¢¥âáâ¢¥­­®,
�j 2 f�1; 0; 1g, j = 1; 2; : : : ; s. � ®¡®§­ ç¥­¨ïå ®¯à¥¤¥«¥­¨ï 3 ¨¬¥¥¬ �j = i�j . �®íâ®¬ã ¡ §®¢ë¥
f -áâàãªâãàë ­  G=H ¨¬¥îâ ¢¨¤

f1 = (0; J1; 0; : : : ; 0); : : : ; fs = (0; 0; : : : ; Js):

�ç¥¢¨¤­®, ¯®¯ à­ë¥ ¯à®¨§¢¥¤¥­¨ï à §«¨ç­ëå ¡ §®¢ëå f -áâàãªâãà âà¨¢¨ «ì­ë. �®¬¯®§¨æ¨-
®­­ë¥ â¥­§®àë Tl ¤«ï f -áâàãªâãà fl, l = 1; s, ¨­¢ à¨ ­â­ë ®â­®á¨â¥«ì­® £àã¯¯ë G, çâ® ¢«¥ç¥â
G-¨­¢ à¨ ­â­®áâì â¥­§®à  T . �«ï § ¢¥àè¥­¨ï ¤®ª § â¥«ìáâ¢  ¯à¨¬¥­ï¥¬ â¥®à¥¬ã 1.

� ¬¥ç ­¨¥ 1. �á¯®«ì§ãï (2), ¬®¦­® ãª § âì ä®à¬ã«ë, á®¤¥à¦ é¨¥ ¢á¥ ¡ §®¢ë¥ ª ­®­¨ç¥-
áª¨¥ f -áâàãªâãàë,

fj =
2
k

uX
m=1

sin
2�mj
k

(�m � �k�m): (4)

�à¨ íâ®¬ á«¥¤ã¥â ¨¬¥âì ¢ ¢¨¤ã, çâ® ¢ëç¨á«¥­­ ï ¯® ä®à¬ã«¥ (4) áâàãªâãà  fj âà¨¢¨ «ì­ 
(fj = 0) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  "j =2 spec �.

� ¬¥â¨¬ â ª¦¥, çâ® ¡ §®¢ë¥ ª ­®­¨ç¥áª¨¥ f -áâàãªâãàë ¢å®¤ïâ ¢ á¨áâ¥¬ã ª ­®­¨ç¥áª¨å ®¡à -
§ãîé¨å  «£¥¡àë A(�) ®¤­®à®¤­®£® k-á¨¬¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢  G=H ([29]).

5. �­¢ à¨ ­â­ë¥ GAH-áâàãªâãàë ¬ «ëå à ­£®¢

� íâ®¬ ¯ à £à ä¥ ®áâ ­®¢¨¬áï ¡®«¥¥ ¤¥â «ì­® ­  ¨­¢ à¨ ­â­ëå GAH-áâàãªâãà å à ­£®¢ 1
¨ 2. � ª ã¦¥ ®â¬¥ç «®áì ¢ëè¥, ®á­®¢­ë¬ ¯à¨¬¥à®¬ GAH-áâàãªâãà à ­£  1 ï¢«ï¥âáï ¬¥âà¨-
ç¥áª ï f -áâàãªâãà  [3], [4]. �«ï ¨­¢ à¨ ­â­ëå ¬¥âà¨ç¥áª¨å f -áâàãªâãà á¯à ¢¥¤«¨¢ á«¥¤ãîé¨©
®¡é¨© à¥§ã«ìâ â.

�¥®à¥¬  3. �ãáâì ­  à¥¤ãªâ¨¢­®¬ ®¤­®à®¤­®¬ ¯à®áâà ­áâ¢¥ G=H á ¨­¢ à¨ ­â­®© (¯á¥¢-
¤®)à¨¬ ­®¢®© ¬¥âà¨ª®© g § ¤ ­  ¨­¢ à¨ ­â­ ï ¬¥âà¨ç¥áª ï f -áâàãªâãà , g = h � m | á®-
®â¢¥âáâ¢ãîé¥¥ à¥¤ãªâ¨¢­®¥ à §«®¦¥­¨¥, m = m1 � m2, £¤¥ ¯®¤¯à®áâà ­áâ¢  m1 = Im f ¨
m2 = Ker f ®¯à¥¤¥«ïîâ 1-¥ ¨ 2-¥ äã­¤ ¬¥­â «ì­ë¥ à á¯à¥¤¥«¥­¨ï f -áâàãªâãàë. �á«¨ ¢ë¯®«-
­¥­® á®®â­®è¥­¨¥

[m1;m1] � m2 � h; (5)

â® (G=H; g; f) ï¢«ï¥âáï íà¬¨â®¢ë¬ f -¬­®£®®¡à §¨¥¬.
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�®ª § â¥«ìáâ¢®. � ª ¯®ª § ­® ¢ [4], ¯à¨ ¯®áâà®¥­¨¨ ª®¬¯®§¨æ¨®­­®£® â¥­§®à  T ¤«ï ¬¥-
âà¨ç¥áª®© f -áâàãªâãàë ¨á¯®«ì§ã¥âáï â¥­§®à B(X;Y ) = �f 2N(f 2X; f 2Y ) (§¤¥áì N | â¥­§®à
�¥©¥­å¥©á  f -áâàãªâãàë), ª®â®àë© ¤«ï à¥¤ãªâ¨¢­®£® ®¤­®à®¤­®£® ¯à®áâà ­áâ¢  ®¯à¥¤¥«ï¥âáï
à ¢¥­áâ¢®¬

B(X;Y ) = �f 2[fX; fY ]m + f 2[f 2X; f 2Y ]m + f [f 2X; fY ]m + f [fX; f 2Y ]m;

£¤¥ ¨­¤¥ªá m ®§­ ç ¥â ¯à®¥ªâ¨à®¢ ­¨¥ ­  m ®â­®á¨â¥«ì­® à¥¤ãªâ¨¢­®£® à §«®¦¥­¨ï g = h�m,
  X;Y 2 m. �®®â­®è¥­¨¥ [m1;m1] � m2 � h ¢«¥ç¥â â¥¯¥àì à ¢¥­áâ¢® ­ã«î ¢á¥å á« £ ¥¬ëå ¢
§ ¯¨á¨ â¥­§®à  B, ®âªã¤  B(X;Y ) = 0 ¤«ï ¢á¥å X;Y 2 m. �«¥¤ãï ãª § ­­®© ¢ [4] ª®­áâàãªæ¨¨,
¯®«ãç ¥¬, çâ® ª®¬¯®§¨æ¨®­­ë© â¥­§®à T â ª¦¥ ï¢«ï¥âáï ­ã«¥¢ë¬. �¥¬ á ¬ë¬ ¤®ª § ­®, çâ®
G=H ï¢«ï¥âáï íà¬¨â®¢ë¬ f -¬­®£®®¡à §¨¥¬.

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ®¯¨á ­­ ï ¢ â¥®à¥¬¥ 3 á¨âã æ¨ï à¥ «¨§ã¥âáï ¤«ï ª ­®­¨ç¥áª¨å
f -áâàãªâãà ­  ®¤­®à®¤­ëå �-¯à®áâà ­áâ¢ å ¯®àï¤ª®¢ 4 ¨ 5.

�¥®à¥¬  4. �î¡®¥ ®¤­®à®¤­®¥ �-¯à®áâà ­áâ¢® (G=H; g; f) ¯®àï¤ª  4, £¤¥ g | ¯à®¨§¢®«ì-
­ ï ¨­¢ à¨ ­â­ ï ¬¥âà¨ª , f = 1

2
(� � �3) | ¬¥âà¨ç¥áª ï (®â­®á¨â¥«ì­® g) ª ­®­¨ç¥áª ï

f -áâàãªâãà , ï¢«ï¥âáï íà¬¨â®¢ë¬ f -¬­®£®®¡à §¨¥¬.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì­®, ¤«ï ª ­®­¨ç¥áª®© f -áâàãªâãàë ¯à®¨§¢®«ì­®£® ®¤­®à®¤-
­®£® �-¯à®áâà ­áâ¢  ¯®àï¤ª  4 ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥ (5) [30]. �áâ «®áì ¢®á¯®«ì§®¢ âìáï
â¥®à¥¬®© 3.

�ë¤¥«¨¬ ç áâ­ë© á«ãç © ¤®ª § ­­®© â¥®à¥¬ë.

�«¥¤áâ¢¨¥. �ãáâì ¤«ï ®¤­®à®¤­®£® �-¯à®áâà ­áâ¢  G=H ¯®àï¤ª  4 ¢ë¯®«­ï¥âáï ãá«®¢¨¥
�1 =2 spec �. �®£¤  G=H ï¢«ï¥âáï íà¬¨â®¢ë¬ «®ª «ì­® á¨¬¬¥âà¨ç¥áª¨¬ ¯à®áâà ­áâ¢®¬ ®â­®á¨-
â¥«ì­® «î¡®© ¨­¢ à¨ ­â­®© ¬¥âà¨ª¨ g, á®£« á®¢ ­­®© á ¯®çâ¨ ª®¬¯«¥ªá­®© áâàãªâãà®© J = f .

�®ª § â¥«ìáâ¢®. �à¥¡®¢ ­¨¥ �1 =2 spec � íª¢¨¢ «¥­â­® ãá«®¢¨î m2 = Ker f = f0g ([13]).
�âáî¤  á«¥¤ã¥â, çâ® [m;m] � h, â. ¥. G=H | «®ª «ì­® á¨¬¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®. �®£¤  ¨§
â¥®à¥¬ë 4 ¨¬¥¥¬, çâ® f = J = � | íà¬¨â®¢  áâàãªâãà  ­  G=H.

�â¬¥â¨¬, çâ® íâ®â ä ªâ ï¢«ï¥âáï ¨§¢¥áâ­ë¬ à¥§ã«ìâ â®¬ ¢ â¥®à¨¨ ®¤­®à®¤­ëå ¯à®áâà ­áâ¢
([6], â¥®à¥¬  8.1).

�¥®à¥¬  5. �ãáâì (G=H; g) | ®¤­®à®¤­®¥ �-¯à®áâà ­áâ¢® ¯®àï¤ª  5, ¤«ï ª®â®à®£® á¯¥ªâà
®¯¥à â®à  � ¬ ªá¨¬ «¥­ (â. ¥. s = 2), f1 ¨ f2 | ª ­®­¨ç¥áª¨¥ ¬¥âà¨ç¥áª¨¥ f -áâàãªâãàë ®â-
­®á¨â¥«ì­® ¯à®¨§¢®«ì­®© ¨­¢ à¨ ­â­®© ¬¥âà¨ª¨ g. �®£¤  fg; f1; f2; Tg ï¢«ï¥âáï ®¡®¡é¥­­®©
íà¬¨â®¢®© áâàãªâãà®© à ­£  2 ­  G=H.

�®ª § â¥«ìáâ¢®. �â¬¥â¨¬, çâ® áâàãªâãàë f1 ¨ f2 ï¢«ïîâáï ¡ §®¢ë¬¨ ­  G=H. �®«¥¥ â®£®,
¨§ à ¡®â [13], [19] á«¥¤ã¥â, çâ® ¤«ï ª ­®­¨ç¥áª®£® à¥¤ãªâ¨¢­®£® à §«®¦¥­¨ï g = h � m á¯à -
¢¥¤«¨¢ë á®®â­®è¥­¨ï m = m1 � m2, £¤¥ m1 = Im f1 = Ker f2, m2 = Im f2 = Ker f1, ¯à¨ íâ®¬
[m1;m1] � m2 � h; [m2;m2] � m1 � h.

� á¨«ã â¥®à¥¬ë 3 ®¡¥ áâàãªâãàë f1 ¨ f2 ï¢«ïîâáï íà¬¨â®¢ë¬¨ f -áâàãªâãà ¬¨, â. ¥. ¨å ª®¬-
¯®§¨æ¨®­­ë¥ â¥­§®àë T1 ¨ T2 à ¢­ë ­ã«î. �®£¤  ¢®§­¨ª îé ï ­  G=H ¢ á¨«ã â¥®à¥¬ë 2 ¨­-
¢ à¨ ­â­ ï GAH-áâàãªâãà  fg; f1; f2, T = T1+T2g ï¢«ï¥âáï ®¡®¡é¥­­®© íà¬¨â®¢®© áâàãªâãà®©
à ­£  2.

� ¬¥ç ­¨¥ 2. �á«¨ ¢ â¥®à¥¬¥ 5 ®¤­  ¨§ áâàãªâãà f1 ¨«¨ f2 ­ã«¥¢ ï (â. ¥. s = 1), â® ¤àã-
£ ï ï¢«ï¥âáï ¯®çâ¨ ª®¬¯«¥ªá­®© áâàãªâãà®© [13]. � íâ®¬ á«ãç ¥ G=H | íà¬¨â®¢® «®ª «ì­®
á¨¬¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢®.

�â¬¥â¨¬, çâ® ¤®ª § ­­ë¥ ¢ íâ®¬ ¯ à £à ä¥ à¥§ã«ìâ âë ®¡®¡é îâ àï¤ ä ªâ®¢, ¯®«ãç¥­­ëå
¢ [16] ¤«ï á«ãç ï ¥áâ¥áâ¢¥­­® à¥¤ãªâ¨¢­®© ¬¥âà¨ª¨.
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6. �à¨¬¥àë

1. �®à®è® ¨§¢¥áâ­® ([27], á. 205; [31]), çâ® áä¥à  S5, à¥ «¨§®¢ ­­ ï ª ª ®¤­®à®¤­®¥ ¯à®áâà ­-
áâ¢® SU(3)=SU(2), ®¡« ¤ ¥â áâàãªâãà®© ®¤­®à®¤­®£® �-¯à®áâà ­áâ¢  ¯®àï¤ª  4. � ­®­¨ç¥áª ï
f -áâàãªâãà  ­  íâ®¬ ¯à®áâà ­áâ¢¥ ¢ëç¨á«¥­  ¢ [13]. �­  ¨¬¥¥â ¤¥ä¥ªâ 1, â. ¥. ®¯à¥¤¥«ï¥â ¨­¢ à¨-
 ­â­ãî ¯®çâ¨ ª®­â ªâ­ãî áâàãªâãàã ­  S5. �ç¥¢¨¤­®, çâ® ¢ â ª®¬ ¯à¥¤áâ ¢«¥­¨¨ S5 ®¡« ¤ ¥â
à¨¬ ­®¢®© ¥áâ¥áâ¢¥­­® à¥¤ãªâ¨¢­®© ¬¥âà¨ª®©, ª®â®à ï á®£« á®¢ ­  á ãª § ­­®© ª ­®­¨ç¥áª®©
f -áâàãªâãà®© [28]. �® â¥®à¥¬¥ 4 ¤ ­­ ï ¬¥âà¨ç¥áª ï f -áâàãªâãà  ï¢«ï¥âáï íà¬¨â®¢®©, â. ¥. GH-
áâàãªâãà®© à ­£  1.

2. � áá¬®âà¨¬ ¢­ãâà¥­­¨©  ¢â®¬®àä¨§¬ �(t) = I(W (t)) £àã¯¯ë �¨ G = SL(3;R), ®¯à¥-
¤¥«ï¥¬ë© ¬ âà¨æ¥© W (t) = 1 � b(t), £¤¥ b(t) = ( cos t sin t

� sin t cos t ), t 2 (0; �). �¥£ª® ¯®ª § âì, çâ®
¯®¤£àã¯¯  G�(t) ­¥¯®¤¢¨¦­ëå â®ç¥ª  ¢â®¬®àä¨§¬  �(t) ¨§®¬®àä­  ¬ã«ìâ¨¯«¨ª â¨¢­®© £àã¯-
¯¥ C � = C n f0g, ¥áâ¥áâ¢¥­­® ¢«®¦¥­­®© ¢ G. �®§­¨ª îé¨¥ ®¤­®à®¤­ë¥ �(t)-¯à®áâà ­áâ¢ 
M = G=G�(t) á®¢¯ ¤ îâ ª ª ®¤­®à®¤­ë¥ ¯à®áâà ­áâ¢  ¯à¨ ¢á¥å ãª § ­­ëå t ¨ ï¢«ïîâáï à¥-
£ã«ïà­ë¬¨ �(t)-¯à®áâà ­áâ¢ ¬¨, ¯à¨ç¥¬ á®®â¢¥âáâ¢ãîé¨¥ ª ­®­¨ç¥áª¨¥ à¥¤ãªâ¨¢­ë¥ à §«®-
¦¥­¨ï  «£¥¡àë �¨ ®¤¨­ ª®¢ë: g = sl(3;R) = m� h, £¤¥

m =

8<
:
0
@ 0 b1 b2

a1 l m
a2 m �l

1
A
�����a1; a2; b1; b2; l;m 2 R

9=
; ;

h =

8<
:
0
@ �2k 0 0

0 k f
0 �f k

1
A
�����k; f 2 R

9=
; :

� ç áâ­®áâ¨, ¯à¨ t = 2�=k, k > 2, ®¤­®à®¤­®¥ 6-¬¥à­®¥ ¬­®£®®¡à §¨¥ M ï¢«ï¥âáï ®¤­®à®¤-
­ë¬ �(t)-¯à®áâà ­áâ¢®¬ ¯®àï¤ª  k. � ä¨ªá¨àã¥¬ ­¥ª®â®à®¥ k > 4 ¨ à áá¬®âà¨¬ ¢®§­¨ª îé¥¥
®¤­®à®¤­®¥ ¯à®áâà ­áâ¢®. � m ¢ë¡¥à¥¬ ¡ §¨á

e1 =

0
@0 1 0
0 0 0
0 0 0

1
A ; e2 =

0
@0 0 1
0 0 0
0 0 0

1
A ; e3 =

0
@0 0 0
1 0 0
0 0 0

1
A ;

e4 =

0
@0 0 0
0 0 0
1 0 0

1
A ; e5 =

0
@0 0 0
0 1 0
0 0 �1

1
A ; e6 =

0
@0 0 0
0 0 1
0 1 0

1
A :

�¥¯®áà¥¤áâ¢¥­­ë¬¨ ¢ëç¨á«¥­¨ï¬¨ ¬®¦­® ãáâ ­®¢¨âì, çâ® ¢ ¢ë¡à ­­®¬ ¡ §¨á¥ ¬ âà¨æ  ®¯¥-
à â®à  �m ¨¬¥¥â ¢¨¤

[�m] �

0
BBBBBBB@

cos tm sin tm 0 0 0 0
� sin tm cos tm 0 0 0 0

0 0 cos tm sin tm 0 0
0 0 � sin tm cos tm 0 0
0 0 0 0 cos 2tm sin 2tm
0 0 0 0 � sin 2tm cos 2tm

1
CCCCCCCA
:

�® ä®à¬ã« ¬ (4) ¯àï¬ë¬¨ ¢ëç¨á«¥­¨ï¬¨ ¬®¦­® ãáâ ­®¢¨âì ¬ âà¨æë ¡ §®¢ëå f -áâàãªâãà.
� à¥§ã«ìâ â¥ ¯®«ãç ¥¬, çâ® ¡ §®¢ë¥ f -áâàãªâãàë á ¨­¤¥ªá ¬¨ 1 ¨ 2 ®â«¨ç­ë ®â ­ã«ï. �á«¨ ¦¥
k > 6, â® ¢á¥ ¡ §®¢ë¥ f -áâàãªâãàë á ¨­¤¥ªá ¬¨ ¡�®«ìè¨¬¨ 2 ¡ã¤ãâ ­ã«¥¢ë¬¨. �â¬¥â¨¬ â ª¦¥,
çâ® ¤«ï «î¡®£® k > 4 ¡ §®¢ë¥ áâàãªâãàë f1 ¨ f2 ®áâ îâáï ­¥¨§¬¥­­ë¬¨, â. ¥. ¨¬ á®®â¢¥âáâ¢ãîâ
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®¤­¨ ¨ â¥ ¦¥ ¬ âà¨æë:

[f1] �

0
BBBBBBB@

0 1 0 0 0 0
�1 0 0 0 0 0
0 0 0 1 0 0
0 0 �1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

1
CCCCCCCA
; [f2] �

0
BBBBBBB@

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 �1 0

1
CCCCCCCA
:

� ª¨¬ ®¡à §®¬, ­  M = SL(3;R)=C � , à áá¬®âà¥­­®¬ ª ª �-¯à®áâà ­áâ¢® ¯®àï¤ª  k > 4,
áãé¥áâ¢ã¥â à®¢­® ¤¢¥ ¡ §®¢ë¥ ª ­®­¨ç¥áª¨¥ f -áâàãªâãàë f1 ¨ f2.

�§ãç¨¬ íâ¨ áâàãªâãàë ¢ á«ãç ¥ �-¯à®áâà ­áâ¢  ¯®àï¤ª  k = 5. �â ­¤ àâ­ ï ¥áâ¥áâ¢¥­­®
à¥¤ãªâ¨¢­ ï ¬¥âà¨ª  g ­ M ï¢«ï¥âáï ¯á¥¢¤®à¨¬ ­®¢®© ¬¥âà¨ª®© ¨­¤¥ªá  (4; 2). � ª ã¦¥ ®â¬¥-
ç «®áì, áâàãªâãàë f1 ¨ f2 á â ª®© ¬¥âà¨ª®© á®£« á®¢ ­ë. � ª¨¬ ®¡à §®¬, ¯à¨¬¥­ïï â¥®à¥¬ã 5,
¯®«ãç ¥¬, çâ® ¢ á«ãç ¥ �-¯à®áâà ­áâ¢  ¯®àï¤ª  5 á®¢®ªã¯­®áâì fg; f1; f2; Tg, £¤¥ T = T1 + T2,
ï¢«ï¥âáï ¨­¢ à¨ ­â­®© GH-áâàãªâãà®© à ­£  2 ­  M . �®«¥¥ â®£®, â. ª. f -áâàãªâãàë f1 ¨ f2 ¤«ï
«î¡®£® ¯®àï¤ª   ¢â®¬®àä¨§¬  � ®áâ îâáï ­¥¨§¬¥­­ë¬¨, â® ¨ ¢®§­¨ª îé¨© ª®¬¯®§¨æ¨®­­ë©
â¥­§®à T â ª¦¥ ¡ã¤¥â ­¥¨§¬¥­¥­,   §­ ç¨â, á®åà ­¨â á¢®¨ á¢®©áâ¢ . � ª¨¬ ®¡à §®¬, ¯à¨å®¤¨¬ ª
á«¥¤ãîé¥¬ã à¥§ã«ìâ âã.

�¥®à¥¬  6. �ãáâì g | áâ ­¤ àâ­ ï ¯á¥¢¤®à¨¬ ­®¢  ¬¥âà¨ª  ­  ¬­®£®®¡à §¨¨ M =
SL(3;R)=C � , ¯à¥¤áâ ¢«¥­­®¬ ª ª ®¤­®à®¤­®¥ �-¯à®áâà ­áâ¢® ¯à®¨§¢®«ì­®£® ª®­¥ç­®£® ¯®àï¤ª 
k > 4. �®£¤  ­  M áãé¥áâ¢ã¥â à®¢­® ¤¢¥ ¡ §®¢ë¥ ª ­®­¨ç¥áª¨¥ f -áâàãªâãàë f1 ¨ f2, ¯à¨ íâ®¬
á®¢®ªã¯­®áâì fg; f1; f2; Tg ï¢«ï¥âáï ¨­¢ à¨ ­â­®© GH-áâàãªâãà®© à ­£  2 ­  M .

3. �à¨¢¥¤¥¬ ¯à¨¬¥à ®¡®¡é¥­­®© ¯®çâ¨ íà¬¨â®¢®© áâàãªâãàë, ­¥ ï¢«ïîé¥©áï íà¬¨â®¢®©.
�« £®¢®¥ ¬­®£®®¡à §¨¥ SU(n)=Tmax (Tmax { ¬ ªá¨¬ «ì­ë© â®à) ï¢«ï¥âáï n-á¨¬¬¥âà¨ç¥áª¨¬

¯à®áâà ­áâ¢®¬, ¯à¨ç¥¬ n| ­ ¨¬¥­ìè¨© ¯®àï¤®ª [32]. � áá¬®âà¨¬ á«ãç © n = 9 á® áâ ­¤ àâ­®©
¬¥âà¨ª®©, ®¯à¥¤¥«ï¥¬®© ä®à¬®© �¨««¨­£ . �à®áâà ­áâ¢® SU(9)=Tmax ¯®à®¦¤ ¥âáï ¢­ãâà¥­­¨¬
 ¢â®¬®àä¨§¬®¬ �(g) = wgw�1, £¤¥ w = diagf"; "2; : : : ; "8; 1g.

� ª ­®­¨ç¥áª®¬ à¥¤ãªâ¨¢­®¬ ¤®¯®«­¥­¨¨ m à áá¬®âà¨¬ ¥áâ¥áâ¢¥­­ë© ¡ §¨á ¢¨¤ : ¤«ï p < l
®¡®§­ ç¨¬ ç¥à¥§ e1pl (á®®â¢¥âáâ¢¥­­® e

2
pl ) ª®á®á¨¬¬¥âà¨ç¥áªãî (á®®â¢¥âáâ¢¥­­® á¨¬¬¥âà¨ç¥áªãî)

¬ âà¨æã, ¤«ï ª®â®à®© ­  ¬¥áâ¥ (p; l) áâ®¨â 1 (á®®â¢¥âáâ¢¥­­® i),   ¢á¥ ®áâ «ì­ë¥ í«¥¬¥­âë ¬ -
âà¨æë | ­ã«¨. �¢¥¤¥¬ â ª¦¥ ç¨á«® t = l � p.

�¥¯®áà¥¤áâ¢¥­­ë¬¨ ¢ëç¨á«¥­¨ï¬¨, ¨á¯®«ì§ãï ¤«ï ¯®¤áç¥â  ª®íää¨æ¨¥­â®¢ ª ­®­¨ç¥áª¨å
f -áâàãªâãà ä®à¬ã«ã ([13], x 4)

am =
1
9

4X
j=1

�j("�jm � "jm);

£¤¥ �j 2 f�i; 0; ig ¨ áà¥¤¨ �j ¥áâì ®â«¨ç­ë¥ ®â ­ã«ï, ãáâ ­®¢¨¬, çâ® ¤¥©áâ¢¨¥ ¡ §®¢ëå ª ­®­¨ç¥-
áª¨å f -áâàãªâãà ¤«ï r = 1; 4 ®¯¨áë¢ ¥âáï à ¢¥­áâ¢ ¬¨

fr(e1pl) =

8><
>:
�e2pl; ¥á«¨ t = r;
e2pl; ¥á«¨ t = 9� r;
0; ¥á«¨ t =2 fr; 9 � rg;

fr(e2pl) =

8><
>:
e1pl; ¥á«¨ t = r;
�e1pl; ¥á«¨ t = 9� r;
0; ¥á«¨ t =2 fr; 9 � rg:

(6)

� áá¬ âà¨¢ ¥¬®¥ ¯à®áâà ­áâ¢® ¥áâ¥áâ¢¥­­® à¥¤ãªâ¨¢­®, ¨ ª®¬¯®§¨æ¨®­­ë© â¥­§®à Tr ¤«ï
ª ¦¤®£® r = 1; 4 ¬®¦¥â ¡ëâì § ¯¨á ­ á«¥¤ãîé¨¬ ®¡à §®¬:

Tr(X;Y ) =
1
8
fr([frX; f 2r Y ]m + [f 2rX; frY ]m + fr([f 2rX; f

2
r Y ]m � [frX; frY ]m)): (7)

�«ï ¢ëïá­¥­¨ï á¢®©áâ¢ ¢®§­¨ª îé¨å ª ­®­¨ç¥áª¨å f -áâàãªâãà ®¯¨è¥¬ ¤¥©áâ¢¨¥ áª®¡ª¨ �¨
[eupl; e

v
st] ­  ¡ §¨á­ëå í«¥¬¥­â å ¯à®áâà ­áâ¢  m.

1. �á«¨ p = s, l = t, â® [ejpl; e
j
pl] = 0.
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2. �á«¨ p = s, l < t, â® [e1pl; e
1
pt] = �e1lt. �á«¨ ¦¥ l > t, â® [e1pl; e

1
pt] = e1tl.

3. �á«¨ l = t, p < s, â® [e1pl; e
1
sl] = �e1ps. �á«¨ ¦¥ p > s, â® [e1pl; e

1
sl] = e1sp.

4. �á«¨ p = t, â® [e1pl; e
1
sp] = �e1sl.

5. �á«¨ l = s, â® [e1pl; e
1
lt] = e1pt.

6. �á«¨ p = s, l < t, â® [e2pl; e
2
pt] = �e1lt. �á«¨ ¦¥ l > t, â® [e2pl; e

2
pt] = e1tl.

7. �á«¨ l = t, p < s, â® [e2pl; e
2
sl] = �e1ps. �á«¨ ¦¥ p > s, â® [e2pl; e

2
sl] = e1sp.

8. �á«¨ p = t, â® [e2pl; e
2
sp] = e1sl.

9. �á«¨ l = s, â® [e2pl; e
2
lt] = �e1pt.

10. �á«¨ p = s, l < t, â® [e1pl; e
2
pt] = �e2lt. �á«¨ ¦¥ l > t, â® [e1pl; e

2
pt] = �e2tl.

11. �á«¨ l = t, p < s, â® [e1pl; e
2
sl] = �e2ps. �á«¨ ¦¥ p > s, â® [e1pl; e

2
sl] = �e2sp.

12. �á«¨ p = t, â® [e1pl; e
2
sp] = �e2sl.

13. �á«¨ l = s, â® [e1pl; e
2
lt] = e2pt.

14. � ®áâ «ì­ëå á«ãç ïå áª®¡ª  �¨ à ¢­  ­ã«î.

�¥¯¥àì ­¥¯®áà¥¤áâ¢¥­­ë¬¨ ¢ëç¨á«¥­¨ï¬¨, ¨á¯®«ì§ãï (6) ¨ (7), ­ ©¤¥¬, çâ® ¡ §®¢ë¥ áâàãª-
âãàë f1, f2, f4 ï¢«ïîâáï íà¬¨â®¢ë¬¨ f -áâàãªâãà ¬¨,   f3 ï¢«ï¥âáï f -áâàãªâãà®© ª« áá  G1.
�«¥¤®¢ â¥«ì­®, ¢¥à­ 

�¥®à¥¬  7. �¤­®à®¤­®¥ �-¯à®áâà ­áâ¢® SU(9)=Tmax ¯®àï¤ª  9 á® áâ ­¤ àâ­®© à¨¬ ­®¢®©
¬¥âà¨ª®© g ®¡« ¤ ¥â ¨­¢ à¨ ­â­®© GG1-áâàãªâãà®© fg; f1; f2; f3; f4; Tg à ­£  4, ¯à¨ç¥¬ áâàãª-
âãàë fg; fr; Trg ¯à¨­ ¤«¥¦ â ª« ááã GH ¤«ï r = 1; 2; 4,   fg; f3; T3g 2 GG1.

� ¬¥ç ­¨¥ 3. � â¥®à¥¬¥ 8 à ¡®âë [21] ãª § ­  ª®­áâàãªæ¨ï GAH-áâàãªâãàë, ¯®à®¦¤¥­-
­®© ¯ à®© ¯¥à¥áâ ­®¢®ç­ëå f -áâàãªâãà. �â¬¥â¨¬, çâ® ¯®àï¤®ª n = 9 ¢ à áá¬®âà¥­­®¬ ¯à¨¬¥à¥
ï¢«ï¥âáï ¬¨­¨¬ «ì­ë¬ ¤«ï à¥ «¨§ æ¨¨ ¢ ª« áá¥ ª ­®­¨ç¥áª¨å f -áâàãªâãà (­¥ ®¡ï§ â¥«ì­® ¡ -
§®¢ëå) ¢á¥å á«ãç ¥¢ íâ®© â¥®à¥¬ë.

4. � áá¬®âà¨¬ £àã¯¯ã �¨ ¢¨¤  G =
n�

e�c 0 a
0 ec b
0 0 1

� ���a; b; c 2 R

o
, ¨§®¬®àä­ãî £àã¯¯¥ £¨¯¥à¡®«¨-

ç¥áª¨å ¤¢¨¦¥­¨© ¯«®áª®áâ¨ R2 . �â  à §à¥è¨¬ ï £àã¯¯  �¨ ¤¨ää¥®¬®àä­  R3 ¨ ï¢«ï¥âáï å®à®-
è® ¨§¢¥áâ­ë¬ ¯à¨¬¥à®¬ ([27], á. 34) à¨¬ ­®¢  4-á¨¬¬¥âà¨ç¥áª®£® ¯à®áâà ­áâ¢ . G-¨­¢ à¨ ­â­ ï
à¨¬ ­®¢  ¬¥âà¨ª  g § ¤ ¥âáï ä®à¬ã«®© ds2 = e2cda2+e�2cdb2+�2dc2, � > 0. �¢â®¬®àä¨§¬ � ¯®-
àï¤ª  4 £àã¯¯ë G �= R3 (a; b; c), ®¯à¥¤¥«ï¥¬ë© ¯à ¢¨«®¬ �(a; b; c) = (�b; a;�c), ¨¬¥¥â ¥¤¨­áâ¢¥­-
­ãî ­¥¯®¤¢¨¦­ãî â®çªã. �«¥¤®¢ â¥«ì­®, (R3(a; b; c); g) | à¨¬ ­®¢® ®¤­®à®¤­®¥ �-¯à®áâà ­áâ¢®
¯®àï¤ª  4,   ¯®â®¬ã ®¡« ¤ ¥â ª ­®­¨ç¥áª®© f -áâàãªâãà®© f = 1

2
(�� �3) ([13], x 5). �§¢¥áâ­® [17],

[28], çâ® íâ  f -áâàãªâãà  ¬¥âà¨ç¥áª ï ®â­®á¨â¥«ì­® g ¨ ­¥ ¨­â¥£à¨àã¥¬ . �á¯®«ì§ãï ¨§¢¥áâ­ãî
á¢ï§­®áâì �¥¢¨-�¨¢¨â  r ([27], á. 35), ¢ëïá­¨¬, çâ® ª®¬¯®§¨æ¨®­­ë© â¥­§®à T (1) §¤¥áì ­ã«¥¢®©.
� ¬¥â¨¬, çâ® íâ® á«¥¤ã¥â â ª¦¥ ¨§ â¥®à¥¬ë 4. �â ª, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  8. � ­®­¨ç¥áª ï f -áâàãªâãà  ­  à¨¬ ­®¢®¬ 4-á¨¬¬¥âà¨ç¥áª®¬ ¯à®áâà ­áâ¢¥
(R3(a; b; c); g) ï¢«ï¥âáï ­¥¨­â¥£à¨àã¥¬®© íà¬¨â®¢®© f -áâàãªâãà®©.

5. �¥¯¥àì ¯¥à¥©¤¥¬ ª ®¡®¡é¥­¨î à áá¬®âà¥­­®£® ¢ëè¥ à¨¬ ­®¢  ®¤­®à®¤­®£® �-¯à®áâà ­áâ¢ ,
¯à¥¤«®¦¥­­®¬ã �.�®¦¥ª®¬ ([27], á. 191). �«ï «î¡®£® ­ âãà «ì­®£® n ¢¢¥¤¥¬ £àã¯¯ã

Gn =

8>>>>><
>>>>>:

0
BBBBB@

eu0 0 : : : 0 y0
0 eu1 : : : 0 y1
...

...
. . .

...
...

0 0 : : : eun yn
0 0 : : : 0 1

1
CCCCCA
�����u0 + u1 + � � �+ un = 0; ui; yi 2 R

9>>>>>=
>>>>>;
:

� ª¨¬ ®¡à §®¬, Gn | à §à¥è¨¬ ï £àã¯¯  �¨, ¤¨ää¥®¬®àä­ ï R2n+1 , ¯à¨ç¥¬ ¢ ª ç¥áâ¢¥ £«®-
¡ «ì­ëå ª®®à¤¨­ â ¢ë¡¥à¥¬ (y0; y1; : : : ; yn; u1; : : : ; un). �¯à¥¤¥«¨¬  ¢â®¬®àä¨§¬ � £àã¯¯ë Gn

ä®à¬ã«®© ([27], á. 192)

�(y0; y1; : : : ; yn; u1; : : : ; un) = (�yn; y0; : : : ; yn�1; u0; u1; : : : ; un�1);
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£¤¥ u0 = �(u1 + � � � + un). �¥âàã¤­® ¢¨¤¥âì, çâ® íâ®â  ¢â®¬®àä¨§¬ ¨¬¥¥â ¥¤¨­áâ¢¥­­ãî ­¥¯®-
¤¢¨¦­ãî â®çªã, ¨ ¥£® ¯®àï¤®ª à ¢¥­ k = 2n + 2. �®íâ®¬ã Gn | ®¤­®à®¤­®¥ �-¯à®áâà ­áâ¢®
¯®àï¤ª  2n+ 2. �«£¥¡à  �¨ gn £àã¯¯ë Gn ¨¬¥¥â ¢¨¤

gn =

8>>>>><
>>>>>:

0
BBBBB@

X0 0 : : : 0 Y0
0 X1 : : : 0 Y1
...

...
. . .

...
...

0 0 : : : Xn Yn
0 0 : : : 0 0

1
CCCCCA
�����X0 +X1 + � � � +Xn = 0

9>>>>>=
>>>>>;
:

�®£¤  ®¯¥à â®à � = ' = d�e ¤¥©áâ¢ã¥â ¯® ¯à ¢¨«ã

�(Y0; Y1; : : : ; Yn;X1; : : : ;Xn) = (�Yn; Y0; : : : ; Yn�1;X0; X1; : : : ; Xn�1);

£¤¥ X0 = �(X1+� � �+Xn). �ë¡¥à¥¬ ¢ gn ¡ §¨á á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì e1p, p = 1; n, | ¬ âà¨æ 
(aql), q; l = 1; n+ 2, ¢ ª®â®à®© a11 = �1, ap+1;p+1 = 1,   ¢á¥ ®áâ «ì­ë¥ í«¥¬¥­âë à ¢­ë ­ã«î.
�¥à¥§ e2t , t = 1; n+ 1, ®¡®§­ ç¨¬ â ªãî ¬ âà¨æã (aql), ¤«ï ª®â®à®© at;n+2 = 1,   ¢á¥ ®áâ «ì­ë¥
í«¥¬¥­âë | ­ã«¨. � ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ ¡ §¨á ¢ gn. � «¥¥, ç¥à¥§ L1 (á®®â¢¥âáâ¢¥­­® L2)
®¡®§­ ç¨¬ «¨­¥©­ãî ®¡®«®çªã ¢¥ªâ®à®¢ e1p (á®®â¢¥âáâ¢¥­­® e

2
t ).

�¥¯®áà¥¤áâ¢¥­­ë¬¨ ¢ëç¨á«¥­¨ï¬¨ ¬®¦­® ãáâ ­®¢¨âì, çâ® ¤«ï ¢á¥å X 2 L1

(�m � �k�m)(X) = �(�n+1�m � �k�(n+1�m))(X);

  ¤«ï ¢á¥å Y 2 L2

(�m � �k�m)(Y ) = (�n+1�m � �k�(n+1�m))(Y ):

�â¬¥â¨¬ â ª¦¥, çâ®

sin
2�j(n + 1�m)

k
=

8<
:

sin 2�jm
k

; ¥á«¨ j ­¥ç¥â­®¥;

� sin 2�jm
k

; ¥á«¨ j ç¥â­®¥:

�«ï ¢ëç¨á«¥­¨ï ¡ §®¢ëå ª ­®­¨ç¥áª¨å f -áâàãªâãà ­  ®¤­®à®¤­®¬ �-¯à®áâà ­áâ¢¥ Gn ¯à¨-
¬¥­¨¬ ¯à¨¢¥¤¥­­ë¥ ä ªâë ª ä®à¬ã« ¬ (4).

�®¦­® ¯®ª § âì, çâ® ¡ §®¢ë¥ áâàãªâãàë fj, j = 1; n, ®¡« ¤ îâ á¢®©áâ¢®¬

Im fj �

(
L1; ¥á«¨ j ç¥â­®¥;
L2; ¥á«¨ j ­¥ç¥â­®¥:

(8)

�  £àã¯¯¥ Gn ¬®¦­® ®¯à¥¤¥«¨âì «¥¢®¨­¢ à¨ ­â­ãî ¬¥âà¨ªã g = h�; �i, ª®â®à ï ¢ ¢ë¡à ­­®¬
¡ §¨á¥ gn ®¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬ ([27], á. 192)

he1p; e
1
l i = a; he2t ; e

2
t i = 1; he2v; e

2
t i = he1p; e

2
t i = 0; a > 0;

£¤¥ p; l = 1; n; t; v = 1; n+ 1; v 6= t.
�®áª®«ìªã ¬¥âà¨ª  g �-¨­¢ à¨ ­â­ , â® ¢ á¨«ã [28] ¢á¥ ª ­®­¨ç¥áª¨¥ f -áâàãªâãàë á ­¥©

á®£« á®¢ ­ë. � ç áâ­®áâ¨, ­ ¡®à ¡ §®¢ëå ª ­®­¨ç¥áª¨å f -áâàãªâãà ¯®à®¦¤ ¥â ¯® â¥®à¥¬¥ 2
GAH-áâàãªâãàã à ­£  n. �ëïá­¨¬ á¢®©áâ¢  íâ®© GAH-áâàãªâãàë.

� ¢ë¡à ­­®¬ ¡ §¨á¥ áª®¡ª  �¨ ¢¥ªâ®à®¢ ¨§ gn ®¯¨áë¢ ¥âáï à ¢¥­áâ¢ ¬¨

[eup ; e
v
l ] =

8>>>><
>>>>:

0; ¥á«¨ u = v;
0; ¥á«¨ p 6= l; l 6= 1;

�e21; ¥á«¨ u = 1; v = 2; l = 1;
e2l ; ¥á«¨ u = 1; v = 2; p = l 6= 1:

(9)

�«ï ¢ëïá­¥­¨ï á¢®©áâ¢ ª®¬¯®§¨æ¨®­­ëå â¥­§®à®¢ Tj áâàãªâãà fj ¢®á¯®«ì§ã¥¬áï ¢ëà -
¦¥­¨¥¬ Tj ¢ â¥à¬¨­ å â¥­§®à  Bj , ª®â®àë© ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥­ à ¢¥­áâ¢®¬ Bj(X;Y ) =
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�f 2jNj(f 2jX; f
2
j Y ), £¤¥ Nj | á®®â¢¥âáâ¢ãîé¨© áâàãªâãà¥ fj â¥­§®à �¥©¥­å¥©á  [4]. � ¯®¤à®¡­®©

§ ¯¨á¨ â¥­§®à Bj ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥­ ¢ ¢¨¤¥

Bj(X;Y ) = �f 2j [fjX; fjY ] + f 2j [f
2
jX; f

2
j Y ] + fj [f

2
jX; fjY ] + fj [fjX; f

2
j Y ]:

�á¯®«ì§ãï â¥¯¥àì á¢®©áâ¢® (8) ¨ ä®à¬ã«ë (9), § ¬¥â¨¬, çâ® [fjX; fjY ] = 0 ¤«ï ¢á¥å ¡ §®¢ëå
áâàãªâãà fj, £¤¥ X;Y 2 gn. �«¥¤®¢ â¥«ì­®, Bj = 0, çâ® ¢«¥ç¥â [4] à ¢¥­áâ¢® Tj = 0. �âáî¤ 
á«¥¤ã¥â, çâ® ª®¬¯®§¨æ¨®­­ë© â¥­§®à T = T1 + � � � + Tn ¤«ï GAH-áâàãªâãàë fg; f1; : : : ; fn; Tg
à ¢¥­ ­ã«î. � ª¨¬ ®¡à §®¬, ¢¥à­ 

�¥®à¥¬  9. �ãáâì f1; : : : ; fn | ¡ §®¢ë¥ ª ­®­¨ç¥áª¨¥ f -áâàãªâãàë ­  à¨¬ ­®¢®¬ ®¤­®à®¤-
­®¬ �-¯à®áâà ­áâ¢¥ (Gn

�= R
2n+1 ; g) ¯®àï¤ª  2n + 2, n 2 N. �®£¤  fg; f1; : : : ; fn; Tg ï¢«ï¥âáï

¨­¢ à¨ ­â­®© ®¡®¡é¥­­®© íà¬¨â®¢®© áâàãªâãà®© à ­£  n.

�¨â¥à âãà 

1. �®à¤¥­ �.�. �à®áâà ­áâ¢   ää¨­­®© á¢ï§­®áâ¨. { �.: � ãª , 1976. { 432 á.
2. Yano K. On a structure de�ned by a tensor �eld f of type (1; 1) satisfying f 3 + f = 0 // Tensor.

{ 1963. { V. 14. { P. 99{109.
3. �¨à¨ç¥­ª® �.�. �¢ §¨®¤­®à®¤­ë¥ ¬­®£®®¡à §¨ï ¨ ®¡®¡é¥­­ë¥ ¯®çâ¨ íà¬¨â®¢ë áâàãªâãàë

// �§¢. �� ����. �¥à. ¬ â¥¬. { 1983. { �. 47. { ò 6. { �. 1208{1223.
4. �¨à¨ç¥­ª® �.�. �¥â®¤ë ®¡®¡é¥­­®© íà¬¨â®¢®© £¥®¬¥âà¨¨ ¢ â¥®à¨¨ ¯®çâ¨ ª®­â ªâ­ëå

¬­®£®®¡à §¨© // �â®£¨ ­ ãª¨ ¨ â¥å­. �à®¡«. £¥®¬¥âà¨¨. { �.: ������. { 1986. { �. 18. {
�. 25{71.

5. �â¥¯ ­®¢ �.�. �¤­®à®¤­ë¥ 3-æ¨ª«¨ç¥áª¨¥ ¯à®áâà ­áâ¢  // �§¢. ¢ã§®¢. � â¥¬ â¨ª . { 1967.
{ ò 12. { �. 65{74.

6. Wolf J.A., Gray A. Homogeneous spaces de�ned by Lie group automorphisms // J. Di�. Geom. {
1968. { V. 2. { ò1{2. { P. 77{159.

7. Gray A. Riemannian manifolds with geodesic symmetries of order 3 // J. Di�. Geom. { 1972. {
V. 7. { ò3{4. { P. 343{369.

8. �¨à¨ç¥­ª® �.�. � £¥®¬¥âà¨¨ ®¤­®à®¤­ëå K-¯à®áâà ­áâ¢ // � â¥¬. § ¬¥âª¨. { 1981. { �. 30.
{ ò 4. { �. 569{582.

9. Gray A. Homogeneous almost Hermitian manifolds // Proc. of the Conference on Di�. Geom. on
Homogeneous Spaces, Turin, Italy, 1983; Rendiconti del Seminario Matem. Universita Politecnico
di Torino. { 1983. { Special Issue. { P. 17{58.

10. Tricerri F., Vanhecke L. Homogeneous structures on Riemannian manifolds. { London Math. Soc.
Lect. Note Ser. { 1983. { ò83. { 125 p.

11. Salamon S. Harmonic and holomorphic maps // Geometry Seminar \Luigi Bianchi" II { 1984, LN
in Math., Springer-Verlag. { 1985. { V. 1164. { P. 161{224.

12. Baum H., Friedrich T., Grunewald R., Kath I. Twistor and Killing spinors on Riemannian
manifolds. { Teubner-Texte zur Mathematik, Teubner-Verlag, Stuttgart/Leipzig. { 1991. { V. 124.

13. � « é¥­ª® �.�., �â¥¯ ­®¢ �.�. � ­®­¨ç¥áª¨¥  ää¨­®à­ë¥ áâàãªâãàë ª« áá¨ç¥áª®£® â¨¯ 
­  à¥£ã«ïà­ëå �-¯à®áâà ­áâ¢ å // � â¥¬. á¡. { 1995. { T. 186. { ò11. { �. 3{34.

14. � « é¥­ª® �.�. � ­®­¨ç¥áª¨¥ f -áâàãªâãàë £¨¯¥à¡®«¨ç¥áª®£® â¨¯  ­  à¥£ã«ïà­ëå �{
¯à®áâà ­áâ¢ å // ���. { 1998. { �. 53. { ò4. { �. 213{214.

15. � « é¥­ª® �.�. �áâ¥áâ¢¥­­® à¥¤ãªâ¨¢­ë¥ ª¨««¨­£®¢ë f -¬­®£®®¡à §¨ï // ���. { 1999. {
�. 54. { ò 3. { �. 151{152.

16. � « é¥­ª® �.�. �¤­®à®¤­ë¥ íà¬¨â®¢ë f -¬­®£®®¡à §¨ï // ���. { 2001. { �. 56. { ò3. {
�. 159{160.

17. � « é¥­ª® �.�. �¤­®à®¤­ë¥ ¯à¨¡«¨¦¥­­® ª¥«¥à®¢ë f -¬­®£®®¡à §¨ï // �®ª«. ���. { 2001.
{ �. 376. { ò 4. { �. 439{441.

18. Balashchenko V.V. Invariant nearly K�ahler f -structures on homogeneous spaces // Global Di�.
Geom.: The Mathematical Legacy of Alfred Gray. Contemporary Mathematics. { 2001. { V. 288.
{ P. 263{267.

43



19. �ãà¡ ­®¢ �.�. �¥®¬¥âà¨ï ®¤­®à®¤­ëå �-¯à®áâà ­áâ¢ ¯®àï¤ª  5 // �§¢. ¢ã§®¢. � â¥¬ â¨-
ª . { 2002. { ò 5. { �. 70{81.

20. � « é¥­ª® �.�., �ë«¥£¦ ­¨­ �.�. �­¢ à¨ ­â­ë¥ ®¡®¡é¥­­ë¥ ¯®çâ¨ íà¬¨â®¢ë áâàãªâã-
àë ­  ®¤­®à®¤­ëå �-¯à®áâà ­áâ¢ å ª®­¥ç­®£® ¯®àï¤ª  // �®ª«. ��� �¥« àãá¨. { 2003. {
�. 47. { ò 2. { �. 44{49.

21. �ë«¥£¦ ­¨­ �.�. �¡®¡é¥­­ ï íà¬¨â®¢  £¥®¬¥âà¨ï ­  ¬­®£®®¡à §¨¨ á f -áâàãªâãà ¬¨ //
�§¢. ¢ã§®¢. � â¥¬ â¨ª . { 2003. { ò 6. { �. 28{36.

22. Gray A., Hervella L.M. The sixteen classes of almost Hermitian manifolds and their linear
invariants // Ann. Mat. Pura ed Appl. { 1980. { V. 123. { ò 4. { P. 35{58.

23. �ë«¥£¦ ­¨­ �.�. �áâ¥áâ¢¥­­ ï ª®­áâàãªæ¨ï ®¡®¡é¥­­®© ¯®çâ¨ íà¬¨â®¢®© áâàãªâãàë
// �¥áâ­. �¨â¥¡áª. ã­-â . { 2001. { ò 2. { C. 114{119.

24. �®¡ ïá¨ �., �®¬¨¤§ã �. �á­®¢ë ¤¨ää¥à¥­æ¨ «ì­®© £¥®¬¥âà¨¨. { �. 2. { �.: � ãª , 1981. {
414 á.

25. �â¥¯ ­®¢ �.�. �á­®¢­ë¥ ä ªâë â¥®à¨¨ '-¯à®áâà ­áâ¢ // �§¢. ¢ã§®¢. � â¥¬ â¨ª . { 1967.
{ ò 3. { �. 88{95.

26. �¥¤¥­ª® �.�. �à®áâà ­áâ¢  á á¨¬¬¥âà¨ï¬¨. { �¨­áª: �§¤-¢® �¥«®àãááª. ã­-â , 1977. {
168 á.

27. �®¢ «ìáª¨© �. �¡®¡é¥­­ë¥ á¨¬¬¥âà¨ç¥áª¨¥ ¯à®áâà ­áâ¢ . { �.: �¨à, 1984. { 240 á.
28. Balashchenko V.V. Riemannian geometry of canonical structures on regular �-spaces // Fakult�at

f�ur Mathematik der Ruhr-Universit�at Bochum. Preprint ò 174/1994. Bochum, 1994. { 19 p.
29. Balashchenko V.V. The algebra of canonical a�nor structures on homogeneous k-symmetric spaces

// Di�. Geom. and Its Applications. Proc. Conf., Opava (Czech Republic), August 27{31, 2001.
Silesian University. Opava. { 2001. { P. 3{13.

30. � « é¥­ª® �.�., � è¥¢¨ç �.�. �¥®¬¥âà¨ï ª ­®­¨ç¥áª¨å áâàãªâãà ­  ®¤­®à®¤­ëå
�-¯à®áâà ­áâ¢ å ¯®àï¤ª  4 // ���. { 1994. { �. 49. { ò4. { �. 153{154.

31. Sanchez C.U. Regular s-structure on spheres // Indiana Univ. Math. J. { 1988. { V. 37 { ò1. {
P. 165{180.

32. Jimenez J.A. Existence of Hermitian n-symmetric spaces and of non-commutative naturally
reductive spaces // Math. Z. { 1987. { V. 196. { ò 2. { P. 133{139.

�¥«®àãááª¨© £®áã¤ àáâ¢¥­­ë© �®áâã¯¨« 
ã­¨¢¥àá¨â¥â 01.06.2004

44


