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1. �¢¥¤¥¨¥

� ç¨á«ã ¢ ¦¥©è¨å ¤¨ää¥à¥æ¨ «ì®-£¥®¬¥âà¨ç¥áª¨å áâàãªâãà   £« ¤ª¨å ¬®£®®¡à §¨-
ïå ®â®áïâ  ää¨®àë¥ áâàãªâãàë, â. ¥. £« ¤ª¨¥ â¥§®àë¥ ¯®«ï â¨¯  (1; 1), à¥ «¨§®¢ ë¥ ¢
¢¨¤¥ ¯®«¥© í¤®¬®àä¨§¬®¢, ¤¥©áâ¢ãîé¨å ¢ ª á â¥«ì®¬ à áá«®¥¨¨ ª ¬®£®®¡à §¨î ( ¯à.,
[1]). � ¨¡®«¥¥ ¨§¢¥áâë¬¨  ää¨®àë¬¨ áâàãªâãà ¬¨ ï¢«ïîâáï ¯®çâ¨ ª®¬¯«¥ªá ï áâàãªâã-
à  (J2 = �1), áâàãªâãà  ¯®çâ¨ ¯à®¨§¢¥¤¥¨ï (P 2 = 1), f -áâàãªâãà  �.�® (f 3 + f = 0, [2]),
®¡®¡é îé ï ¯®çâ¨ ª®¬¯«¥ªáãî ¨ ¯®çâ¨ ª®â ªâãî áâàãªâãàë,   â ª¦¥ ¥ª®â®àë¥ ¤àã£¨¥.
�®çâ¨ ª®¬¯«¥ªáë¥ áâàãªâãàë J   (¯á¥¢¤®)à¨¬ ®¢ëå ¬®£®®¡à §¨ïå (M; g = h�; �i), á®£« á®-
¢ ë¥ á ¬¥âà¨ª®© g ãá«®¢¨¥¬ hJX; JY i = hX;Y i, ®¡à §ãîâ ¨§¢¥áâë© ª« áá ¯®çâ¨ íà¬¨â®¢ëå
áâàãªâãà, ª®â®àë© ¨â¥á¨¢® ¨§ãç ¥âáï ¨ íää¥ªâ¨¢® ¨á¯®«ì§ã¥âáï ¢ ¢ ¦ëå ¯à¨«®¦¥¨-
ïå ¢ â¥ç¥¨¥ ¬®£¨å ¤¥áïâ¨«¥â¨©. �â® ª á ¥âáï f -áâàãªâãà, â® ®¨ áâ «¨ ¬®¤¥«ìë¬ ®¡ê¥ª-
â®¬ ¢ è¨à®ª®© ª®æ¥¯æ¨¨ ®¡®¡é¥®© íà¬¨â®¢®© £¥®¬¥âà¨¨, á®§¤ ®© ¢ 80-å £®¤ å ¯à®è«®£®
¢¥ª  ( ¯à., [3], [4]). �á®¢®¯®« £ îé¨¥ ¯®áâà®¥¨ï ¢ íâ®© â¥®à¨¨ á¢ï§ ë á ®¡®¡é¥®© ¯®-
çâ¨ íà¬¨â®¢®© áâàãªâãà®© (GAH-áâàãªâãà®©) ¯à®¨§¢®«ì®£® à £  r, ¯à¨ íâ®¬ ¬¥âà¨ç¥áª¨¥
f -áâàãªâãàë ¢ëáâã¯ îâ ®á®¢ë¬ ¯à¨¬¥à®¬GAH-áâàãªâãà à £  1, ¢ª«îç îé¨¬, ¥áâ¥áâ¢¥®,
ª« áá ¯®çâ¨ íà¬¨â®¢ëå áâàãªâãà.

�¤®à®¤ë¥ ¬®£®®¡à §¨ï £àã¯¯ �¨ ¨ ¨¢ à¨ âë¥ áâàãªâãàë   ¨å, ¡« £®¤ àï ¢®§¬®¦-
®áâ¨ ¨á¯®«ì§®¢ ¨ï ¤«ï ¨å ¨§ãç¥¨ï à §¢¨â®©  «£¥¡à®-£¥®¬¥âà¨ç¥áª®© â¥å¨ª¨, ¤ ¢® ¨ ¯à®ç®
¢®è«¨ ¢ ç¨á«® ¢ ¦¥©è¨å ®¡ê¥ªâ®¢, ¨áá«¥¤ã¥¬ëå ¢ ¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨. �®¤ç á  -
ª®¯«¥ ï ¨ä®à¬ æ¨ï ® £¥®¬¥âà¨¨ ®¤®à®¤ëå ¬®£®®¡à §¨© \¯®¤áª §ë¢ ¥â" ¯¥àá¯¥ªâ¨¢ë¥
 ¯à ¢«¥¨ï ¢ ¡®«¥¥ ®¡é¥© á¨âã æ¨¨,   â ª¦¥ ¯®¬®£ ¥â ¢   «¨§¥ ¨¬¥îé¨åáï (¨ ¢®§¬®¦ëå)
£¨¯®â¥§, ç¥¬ ¤®áâ¨£ ¥âáï ¡®«¥¥ £«ã¡®ª¨© ãà®¢¥ì â®© ¨«¨ ¨®© â¥®à¨¨. � íâ®© á¢ï§¨ ¬®¦®
®â¬¥â¨âì äã¤ ¬¥â «ì®¥ § ç¥¨¥ ¤«ï â¥®à¨¨ ¯®çâ¨ íà¬¨â®¢ëå áâàãªâãà è¨à®ª®£® ª« áá 
¨¢ à¨ âëå ¯à¨¬¥à®¢. � ¨¡®«¥¥ ¨§¢¥áâë© ¨§ ¨å ®á®¢    áãé¥áâ¢®¢ ¨¨   ¯à®¨§¢®«ì-
®¬ ®¤®à®¤®¬ �-¯à®áâà áâ¢¥ ¯®àï¤ª  3 (¢ ¨®© â¥à¬¨®«®£¨¨, ®¤®à®¤®¬ 3-á¨¬¬¥âà¨ç¥áª®¬
¯à®áâà áâ¢¥) ¨¢ à¨ â®© ª ®¨ç¥áª®© ¯®çâ¨ ª®¬¯«¥ªá®© áâàãªâãàë, çâ® ¯®á«¥ ¥¥ ®¡ àã-
¦¥¨ï áà §ã ¦¥ ¯à¨¢¥«® ª àï¤ã ¯à¨¬¥ç â¥«ìëå £¥®¬¥âà¨ç¥áª¨å à¥§ã«ìâ â®¢ [5]{[8]. �¯®á«¥¤-
áâ¢¨¨ íâ  áâàãªâãà  áâ «  íää¥ªâ¨¢ë¬ ¨áâàã¬¥â®¬ ¢ à¥ «¨§ æ¨¨ £«ã¡®ª¨å ª®áâàãªæ¨©
¤¨ää¥à¥æ¨ «ì®© £¥®¬¥âà¨¨ ¨ £«®¡ «ì®£®   «¨§  ( ¯à., [9]-[12]).

�â® ª á ¥âáï ®¡®¡é¥®© íà¬¨â®¢®© £¥®¬¥âà¨¨, â® §¤¥áì ¤®«£®¥ ¢à¥¬ï ®âáãâáâ¢®¢ «¨ á®¡-
áâ¢¥ë¥ ¨¢ à¨ âë¥ ¯à¨¬¥àë. �¨âã æ¨ï ª ç¥áâ¢¥® ¨§¬¥¨« áì ¢ ¯®á«¥¤¨¥ £®¤ë ¢ á¢ï§¨
á ¯®«ë¬ à¥è¥¨¥¬ ¯à®¡«¥¬ë ®¯¨á ¨ï ¨¢ à¨ âëå ª ®¨ç¥áª¨å áâàãªâãà ª« áá¨ç¥áª®£®
â¨¯    à¥£ã«ïàëå �-¯à®áâà áâ¢ å [13], [14]. �ª § «®áì, çâ® à¥£ã«ïàë¥ �-¯à®áâà áâ¢  ®¡« -
¤ îâ, ¢ ç áâ®áâ¨, ¡®«ìè¨¬ § ¯ á®¬ ª ®¨ç¥áª¨å f -áâàãªâãà (¢ â®¬ ç¨á«¥ ¯®çâ¨ ª®¬¯«¥ªáëå
áâàãªâãà), ¯à¨ç¥¬ ¡ë«¨ ¯®«ãç¥ë â®çë¥ ä®à¬ã«ë ¤«ï íâ¨å áâàãªâãà ¢ á«ãç ¥ ®¤®à®¤ëå
�-¯à®áâà áâ¢ «î¡®£® ª®¥ç®£® ¯®àï¤ª  ([13]). �â® ¯®§¢®«¨«® ¯à¥¤êï¢¨âì è¨à®ª¨¥ ª« ááë
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¨¢ à¨ âëå ¬¥âà¨ç¥áª¨å f -áâàãªâãà ¢ ®¡®¡é¥®© íà¬¨â®¢®© £¥®¬¥âà¨¨ [15]-[19], çâ® ¢ëï¢¨-
«® ¯à¥¥¬áâ¢¥®áâì ¨   «®£¨î á ª« áá¨ç¥áª¨¬¨ à¥§ã«ìâ â ¬¨ �.�. �â¥¯ ®¢ , �¦.�.�®«ìä ,
�. �à¥ï, �.�.�¨à¨ç¥ª® ¢ íà¬¨â®¢®© £¥®¬¥âà¨¨.

� ¤ ®© à ¡®â¥ ¤®ª § ®, çâ®  ¡®àë ª ®¨ç¥áª¨å f -áâàãªâãà   ®¤®à®¤ëå �-¯à®áâ-
à áâ¢ å ª®¥ç®£® ¯®àï¤ª  ¯®§¢®«ïîâ íää¥ªâ¨¢® áâà®¨âì ¨¢ à¨ âë¥ GAH-áâàãªâãàë
¯à®¨§¢®«ì®£® à £ , çâ® à¥è ¥â ¯à®¡«¥¬ã áãé¥áâ¢®¢ ¨ï ¨¢ à¨ âëå GAH-áâàãªâãà ®¡é¥-
£® ¢¨¤  ¢ ®¡®¡é¥®© íà¬¨â®¢®© £¥®¬¥âà¨¨. �à¨¢¥¤¥ë ª ª ®¡é¨¥, â ª ¨ ª®ªà¥âë¥ ¯à¨¬¥àë
¨¢ à¨ âëå GAH-áâàãªâãà à £  r � 1, ¯à¨ç¥¬ à¥ «¨§®¢ ë íâ¨ ¯à¨¬¥àë   ®¤®à®¤ëå
�-¯à®áâà áâ¢ å ª ª ¯®«ã¯à®áâ®£®, â ª ¨ à §à¥è¨¬®£® â¨¯®¢. �®ª §   ¯à¨ ¤«¥¦®áâì ¯®-
áâà®¥ëå áâàãªâãà á¯¥æ¨ «ìë¬ ª« áá ¬ GH ¨ GG1, ª®â®àë¥ ¢ª«îç îâ å®à®è® ¨§¢¥áâë¥
¯®¤ª« ááë íà¬¨â®¢ëå áâàãªâãà ¨ áâàãªâãà ª« áá  G1 á®®â¢¥âáâ¢¥® ¨§ â¥®à¨¨ ¯®çâ¨ íà¬¨â®-
¢ëå áâàãªâãà.

�â¬¥â¨¬, çâ® ¨§«®¦¥ë¥ ¢ íâ®© áâ âì¥ à¥§ã«ìâ âë ç áâ¨ç®  ®á¨à®¢ ë ¢ [20], [21].

2. �¡®¡é¥ë¥ ¯®çâ¨ íà¬¨â®¢ë áâàãªâãàë

�à¨¢¥¤¥¬ ªà âª® ¥®¡å®¤¨¬ë¥ á¢¥¤¥¨ï ¨§ ®¡®¡é¥®© íà¬¨â®¢®© £¥®¬¥âà¨¨, á«¥¤ãï ¢ ®á®¢-
®¬ à ¡®â¥ [4] (á¬. â ª¦¥ [3]).

�¯à¥¤¥«¥¨¥ 1 ([4]). �¡®¡é¥®© ¯®çâ¨ íà¬¨â®¢®© áâàãªâãà®© (GAH-áâàãªâãà®©) à -
£  r   £« ¤ª®¬ ¬®£®®¡à §¨¨ M  §ë¢ ¥âáï á®¢®ªã¯®áâì fg; J1; : : : ; Jr; Tg â¥§®àëå ¯®«¥©  
M , £¤¥ g = h�; �i| (¯á¥¢¤®)à¨¬ ®¢  ¬¥âà¨ª   M , J1; : : : ; Jr | «¨¥©® ¥§ ¢¨á¨¬ë¥ ¢ ª ¦¤®©
â®çª¥ ¬®£®®¡à §¨ï â¥§®àë â¨¯  (1; 1),  §ë¢ ¥¬ë¥ áâàãªâãàë¬¨  ää¨®à ¬¨ ¨«¨ áâàãªâãà-
ë¬¨ ®¯¥à â®à ¬¨. �¨ ®¯à¥¤¥«¥ë ¢ ª ¦¤®© â®çª¥ ¬®£®®¡à §¨ï á â®ç®áâìî ¤® ¥ã«¥¢®£®
ç¨á«®¢®£® ¬®¦¨â¥«ï ¨ á®áâ ¢«ïîâ ¢¬¥áâ¥ á® á¢®¨¬¨ ª¢ ¤à â ¬¨ ¨ â®¦¤¥áâ¢¥ë¬  ää¨®-
à®¬ ®¡à §ãîé¨¥ ¥ª®â®à®£® ¯®¤¬®¤ã«ï, ï¢«ïîé¥£®áï ¯®¤ «£¥¡à®©  «£¥¡àë ¢á¥å í¤®¬®àä¨§¬®¢
ª á â¥«ì®£® ¯ãçª  ¬®£®®¡à §¨ï, T | â¥§®à â¨¯  (2; 1),  §ë¢ ¥¬ë© ª®¬¯®§¨æ¨®ë¬ â¥-
§®à®¬. �à¨ íâ®¬ ¤®«¦ë ¢ë¯®«ïâìáï ãá«®¢¨ï:

1. hJiX;Y i+ hX; JiY i = 0;
2. T (JiX;Y ) = T (X; JiY ) = �JiT (X;Y );
3. TXg = 0;

4.
rT

i=1
kerJi � kerT �

rT
i=1

ker(J5
i � �iJi);

5. JiJj = JjJi (i; j = 1; : : : ; r; X;Y 2 X(M)).

�¤¥áì 0 < � 2 C1(M); TXY = T (X;Y ); ®¯¥à â®à TX ®â®¦¤¥áâ¢«ï¥âáï á ¯®à®¦¤¥ë¬ ¨¬ ¤¨ää¥-
à¥æ¨à®¢ ¨¥¬ â¥§®à®©  «£¥¡àë ¬®£®®¡à §¨ï. �®£®®¡à §¨¥,  ¤¥«¥®¥ GAH-áâàãªâãà®©,
 §ë¢ ¥âáï ®¡®¡é¥ë¬ ¯®çâ¨ íà¬¨â®¢ë¬ ¬®£®®¡à §¨¥¬ (GAH-¬®£®®¡à §¨¥¬). �¨¬¢®«®¬
GAH ®¡®§ ç ¥âáï ª« áá ¢á¥å GAH-áâàãªâãà   M .

�®¬¯®§¨æ¨®ë© â¥§®à T ¯®§¢®«ï¥â ¢¢¥áâ¨ ¢ ¬®¤ã«¥ X(M) áâàãªâãàã ¯à¨á®¥¤¨¥®© Q-
 «£¥¡àë á ã¬®¦¥¨¥¬ \�" ¯® ä®à¬ã«¥ X � Y = T (X;Y ) [4]. �á«¨ Q- «£¥¡à   ¡¥«¥¢  (X � Y =
0), â® GAH-áâàãªâãà   §ë¢ ¥âáï ®¡®¡é¥®© íà¬¨â®¢®© áâàãªâãà®© (GH-áâàãªâãà®©) [4].
� «®£¨ç®,  â¨ª®¬¬ãâ â¨¢ ï Q- «£¥¡à  (X �X = 0) ®¯à¥¤¥«ï¥â ®¡®¡é¥ãî G1-áâàãªâãàã
(GG1-áâàãªâãàã) [4]. �ç¥¢¨¤®, GH � GG1. �â¬¥â¨¬ â ª¦¥, çâ® ®¯¨á ¨¥ ¤àã£¨å ¢ ¦ëå
ª« áá®¢ GAH-áâàãªâãà ¯à¨¢¥¤¥® ¢ [4], [3].

� ¦¥©è¨¬ ¯à¨¬¥à®¬ GAH-áâàãªâãàë à £  1 ï¢«ï¥âáï ¬¥âà¨ç¥áª ï f -áâàãªâãà , â. ¥.
f -áâàãªâãà    (M; g), á®£« á®¢ ¨¥ ª®â®à®© á ¬¥âà¨ª®© g = h�; �i § ¤ ¥âáï ãá«®¢¨¥¬ hfX; Y i +
hX; fY i = 0 ([4]). � íâ®¬ á«ãç ¥ ª®¬¯®§¨æ¨®ë© â¥§®à T ¬®¦¥â ¡ëâì â®ç® ãª §  [4]:

T (X;Y ) =
1
4
ffrfX(f)(fY )�rf2X(f)(f 2Y )g; (1)

£¤¥ r | á¢ï§®áâì �¥¢¨-�¨¢¨â  ¬¥âà¨ª¨ h�; �i. �¥âà¨ç¥áª¨¥ f -áâàãªâãàë ª« áá®¢ GH ¨ GG1

¡ã¤¥¬  §ë¢ âì íà¬¨â®¢ë¬¨ f -áâàãªâãà ¬¨ ¨ f -áâàãªâãà ¬¨ ª« áá  G1 á®®â¢¥âáâ¢¥®. �
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ç áâ®¬ á«ãç ¥ f = J (J2 = �1 | ¯®çâ¨ ª®¬¯«¥ªá ï áâàãªâãà ) ¨¬¥¥¬ ¢ â®ç®áâ¨ íà¬¨â®¢ã
áâàãªâãàã ¨ ¯®çâ¨ íà¬¨â®¢ã áâàãªâãàã ª« áá  G1 á®®â¢¥âáâ¢¥® ( ¯à., [22]).

�ª § «®áì, çâ® ¥áâ¥áâ¢¥ ï ª®áâàãªæ¨ï GAH-áâàãªâãàë ¯à®¨§¢®«ì®£® à £  r ¬®¦¥â
¡ëâì ¯®áâà®¥    ®á®¢¥ á¯¥æ¨ «ì®£®  ¡®à  ¬¥âà¨ç¥áª¨å f -áâàãªâãà.

�¥®à¥¬  1 ([23]). �ãáâì f1; : : : ; fr | «¨¥©® ¥§ ¢¨á¨¬ë¥ ¢ ª ¦¤®© â®çª¥ (¯á¥¢¤®)à¨-
¬ ®¢  ¬®£®®¡à §¨ï (M; g) ¬¥âà¨ç¥áª¨¥ f -áâàãªâãàë, ã¤®¢«¥â¢®àïîé¨¥ ãá«®¢¨î flfj = 0,

l; j = 1; r, l 6= j. �®«®¦¨¬ T (X;Y ) =
rP

j=1
Tj(X;Y ) , £¤¥ Tj(X;Y ) | ª®¬¯®§¨æ¨®ë© â¥§®à

áâàãªâãàë fj, ¯®áâà®¥ë© ¯® ä®à¬ã«¥ (1). �®£¤  á®¢®ªã¯®áâì fg; f1; : : : ; fr; Tg ï¢«ï¥âáï
GAH-áâàãªâãà®© à £  r   M .

3. � ®¨ç¥áª¨¥ f-áâàãªâãàë   ®¤®à®¤ëå �-¯à®áâà áâ¢ å

�¥à¥©¤¥¬ â¥¯¥àì ª ¨¢ à¨ âë¬ f -áâàãªâãà ¬   ®¤®à®¤ëå ¬®£®®¡à §¨ïå.
�ãáâì G=H | ®¤®à®¤®¥ à¥¤ãªâ¨¢®¥ ¯à®áâà áâ¢® á¢ï§®© £àã¯¯ë �¨ G, g = h � m |

á®®â¢¥âáâ¢ãîé¥¥ à¥¤ãªâ¨¢®¥ à §«®¦¥¨¥  «£¥¡àë �¨ g £àã¯¯ë G, £¤¥ h ®§ ç ¥â ¯®¤ «£¥¡àã
�¨ ¢ g, ®â¢¥ç îéãî ¯®¤£àã¯¯¥ �¨ H,   «¨¥©®¥ ¯®¤¯à®áâà áâ¢® m ¢ g ®â®¦¤¥áâ¢«ï¥âáï, ª ª
®¡ëç®, á ª á â¥«ìë¬ ¯à®áâà áâ¢®¬ To(G=H) ¢ â®çª¥ o = H. � áá¬®âà¨¬   G=H ¨¢ à¨ â-
ãî ®â®á¨â¥«ì® £àã¯¯ë G (¯á¥¢¤®)à¨¬ ®¢ã ¬¥âà¨ªã g = h�; �i ¨ ¨¢ à¨ âãî ¬¥âà¨ç¥áªãî
f -áâàãªâãàã. � ª¨¥ áâàãªâãàë ¯®«®áâìî ®¯à¥¤¥«ïîâáï á¢®¨¬¨ § ç¥¨ï¬¨ ¢ â®çª¥ o. �á«®-
¢¨¬áï ¯®íâ®¬ã ¢áî¤ã ¢ ¤ «ì¥©è¥¬ ¥ à §«¨ç âì ¢ ®¡®§ ç¥¨ïå ¨¢ à¨ âë¥ áâàãªâãàë  
G=H ¨ ¨å § ç¥¨ï ¢ â®çª¥ o. �¢ à¨ â ï ¬¥âà¨ç¥áª ï f -áâàãªâãà  ¯®à®¦¤ ¥â ®àâ®£® «ì-
®¥ à §«®¦¥¨¥ m = m1 �m2, £¤¥ ¯®¤¯à®áâà áâ¢  m1 = Im f , m2 = Ker f ®¯à¥¤¥«ïîâ ¯¥à¢®¥ ¨
¢â®à®¥ äã¤ ¬¥â «ìë¥ à á¯à¥¤¥«¥¨ï f -áâàãªâãàë á®®â¢¥âáâ¢¥® [4]. �¥âà¨ª  h�; �i   G=H
 §ë¢ ¥âáï ¥áâ¥áâ¢¥® à¥¤ãªâ¨¢®© ®â®á¨â¥«ì® à¥¤ãªâ¨¢®£® à §«®¦¥¨ï g = h � m, ¥á«¨
h[X;Y ]

m
; Zi = hX; [Y;Z]

m
i ¤«ï ¢á¥å X;Y;Z 2 m, £¤¥ ¨¤¥ªá m ®¡®§ ç ¥â ¯à®¥ªæ¨î ¢¥ªâ®à®¢ ¨§

g   m ®â®á¨â¥«ì® ãª § ®£® à §«®¦¥¨ï ( ¯à., [24], á. 188).
�ãáâì â¥¯¥àì G=H | ®¤®à®¤®¥ �-¯à®áâà áâ¢®, ®¯à¥¤¥«ï¥¬®¥  ¢â®¬®àä¨§¬®¬ � £àã¯¯ë

�¨ G. �â® ®§ ç ¥â, çâ® § ¬ªãâ ï ¯®¤£àã¯¯  �¨ H ¢ G ã¤®¢«¥â¢®àï¥â ãá«®¢¨î G�
o � H � G�,

£¤¥ G� | ¯®¤£àã¯¯  ¥¯®¤¢¨¦ëå â®ç¥ª  ¢â®¬®àä¨§¬  �, G�
o | á¢ï§ ï ª®¬¯®¥â  ¥¤¨¨-

æë e ¯®¤£àã¯¯ë G�. �®«®¦¨¬ A = ' � id, £¤¥ ' = d�e | á®®â¢¥âáâ¢ãîé¨©  ¢â®¬®àä¨§¬
 «£¥¡àë �¨ g. �¤®à®¤®¥ �-¯à®áâà áâ¢® G=H  §ë¢ ¥âáï à¥£ã«ïàë¬ �-¯à®áâà áâ¢®¬,
¥á«¨ g = h � Ag ([13], [25], [26]). �ª § ®¥ à §«®¦¥¨¥  «£¥¡àë �¨ g ï¢«ï¥âáï ¥¥ à¥¤ãªâ¨¢-
ë¬ à §«®¦¥¨¥¬ ¨  §ë¢ ¥âáï ª ®¨ç¥áª¨¬ à¥¤ãªâ¨¢ë¬ à §«®¦¥¨¥¬ [25] à¥£ã«ïà®£®
�-¯à®áâà áâ¢  G=H, ¯à¨ íâ®¬ ª ®¨ç¥áª®¥ à¥¤ãªâ¨¢®¥ ¤®¯®«¥¨¥ m = Ag ï¢«ï¥âáï '-
¨¢ à¨ âë¬ ¯®¤¯à®áâà áâ¢®¬ ¢ g. �¡®§ ç¨¬ ç¥à¥§ � áã¦¥¨¥ '   m. � ¯®¬¨¬, çâ® ¢á¥
®¤®à®¤ë¥ �-¯à®áâà áâ¢  ¯®àï¤ª  k (�k = id) à¥£ã«ïàë [25]. �â¨ ¯à®áâà áâ¢   §ë¢ îâ
â ª¦¥ ®¤®à®¤ë¬¨ k-á¨¬¬¥âà¨ç¥áª¨¬¨ ¯à®áâà áâ¢ ¬¨ [27].

�ë¤¥«¨¬ â¥¯¥àì ¢ ¦ë© ª« áá ¨¢ à¨ âëå  ää¨®àëå áâàãªâãà   à¥£ã«ïàëå �-
¯à®áâà áâ¢ å.

�¯à¥¤¥«¥¨¥ 2 ([13]). �¢ à¨ â ï  ää¨®à ï áâàãªâãà  F   à¥£ã«ïà®¬ �-¯à®áâà -
áâ¢¥ G=H  §ë¢ ¥âáï ª ®¨ç¥áª®©, ¥á«¨ ¥¥ § ç¥¨¥ ¢ â®çª¥ o ï¢«ï¥âáï ¯®«¨®¬®¬ ®â �:
F = F (�).

�á¥ ª ®¨ç¥áª¨¥ áâàãªâãàë ®¡à §ãîâ ª®¬¬ãâ â¨¢ãî ¯®¤ «£¥¡àã A(�) ¢  «£¥¡à¥ A ¢á¥å
¨¢ à¨ âëå  ää¨®àëå áâàãªâãà   ®¤®à®¤®¬ ¯à®áâà áâ¢¥ G=H. � ¦¥©è¥© ®á®¡¥-
®áâìî  «£¥¡àë A(�) ï¢«ï¥âáï  «¨ç¨¥ ¢ ¥© § ç¨â¥«ì®£® § ¯ á  áâàãªâãà ª« áá¨ç¥áª®£®
â¨¯  (¯®çâ¨ ¯à®¨§¢¥¤¥¨ï, ¯®çâ¨ ª®¬¯«¥ªáë¥, f -áâàãªâãàë ª« áá¨ç¥áª®£® ¨ £¨¯¥à¡®«¨ç¥áª®£®
â¨¯®¢), ª®â®àë¥ ¢ [13], [14] ¯®«®áâìî ®¯¨á ë. � ç áâ®áâ¨, ¤«ï ®¤®à®¤ëå �-¯à®áâà áâ¢ ¯®-
àï¤ª  k ¯®«ãç¥ë â®çë¥ ¢ëç¨á«¨â¥«ìë¥ ä®à¬ã«ë. � ¯à¨¬¥à, ¢á¥ ª ®¨ç¥áª¨¥ f -áâàãªâãàë
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¬®£ãâ ¡ëâì § ¤ ë ä®à¬ã« ¬¨

f =
2
k

uX
m=1

0
@ uX

j=1

�j sin
2�mj
k

1
A (�m � �k�m); (2)

£¤¥ u = n, ¥á«¨ k = 2n + 1; u = n � 1, ¥á«¨ k = 2n,   �j 2 f�1; 0; 1g, ¯à¨ íâ®¬ áà¥¤¨ ç¨-
á¥« �j ¥áâì ®â«¨çë¥ ®â ã«ï [13]. �â¬¥â¨¬ â ª¦¥, çâ® ¤«ï ®¤®à®¤®£® á¨¬¬¥âà¨ç¥áª®£® �-
¯à®áâà áâ¢  (�2 = id)  «£¥¡à  A(�) âà¨¢¨ «ì , â. ¥. á®áâ®¨â «¨èì ¨§ áª «ïàëå áâàãªâãà.
�«ï á«ãç ¥¢ k = 3; 4; 5 ®¡é¨¥ ä®à¬ã«ë ¤«ï ª« áá¨ç¥áª¨å ª ®¨ç¥áª¨å áâàãªâãà ¤¥â «¨§¨à®-
¢ ë ¢ [13]. �à¥¤¨ íâ¨å áâàãªâãà | ª« áá¨ç¥áª ï ª ®¨ç¥áª ï ¯®çâ¨ ª®¬¯«¥ªá ï áâàãªâãà 
J = 1p

3
(� � �2)   ®¤®à®¤®¬ 3-á¨¬¬¥âà¨ç¥áª®¬ ¯à®áâà áâ¢¥, ã¯®¬¨ ¢è ïáï ¢® ¢¢¥¤¥¨¨ ¨

¢¯¥à¢ë¥ ®¡ àã¦¥ ï ¢ [5] (á¬. â ª¦¥ [6], [7]). �  ®¤®à®¤®¬ 4-á¨¬¬¥âà¨ç¥áª®¬ ¯à®áâà áâ¢¥
¨¬¥¥âáï ª ®¨ç¥áª ï f -áâàãªâãà  f = 1

2
(� � �3),   ®¤®à®¤®¥ 5-á¨¬¬¥âà¨ç¥áª®¥ ¯à®áâà -

áâ¢® ¤®¯ãáª ¥â, ¢®®¡é¥ £®¢®àï, ¤¢¥ ª ®¨ç¥áª¨¥ ¯®çâ¨ ª®¬¯«¥ªáë¥ áâàãªâãàë J1 ¨ J2 ¨ ¤¢¥
f -áâàãªâãàë f1 ¨ f2 [13]. � ¬¥â¨¬, çâ® ã¯®¬ïãâë¥ ª ®¨ç¥áª¨¥ f -áâàãªâãàë ®¡¥á¯¥ç¨¢ îâ,
¢ ç áâ®áâ¨, è¨à®ª¨¥ ª« ááë ¨¢ à¨ âëå ¯à¨¬¥à®¢ íà¬¨â®¢ëå f -áâàãªâãà ¨ ¯à¨¡«¨¦¥®
ª¥«¥à®¢ëå f -áâàãªâãà [16]-[18].

�à¥¤¯®«®¦¨¬ ¤ «¥¥, çâ®   ®¤®à®¤®¬ �-¯à®áâà áâ¢¥ G=H ¯®àï¤ª  k § ¤   ¨¢ à¨-
 â ï (¯á¥¢¤®)à¨¬ ®¢  ¬¥âà¨ª , ®¯à¥¤¥«ï¥¬ ï �-¨¢ à¨ â®© ¡¨«¨¥©®© ä®à¬®© g = h�; �i
  m � m. �§¢¥áâ® [28], çâ® ¢á¥ ª ®¨ç¥áª¨¥ f -áâàãªâãàë   (G=H; g) á â ª®© ¬¥âà¨ª®© á®-
£« á®¢ ë, â. ¥. ï¢«ïîâáï ¬¥âà¨ç¥áª¨¬¨ f -áâàãªâãà ¬¨. � á«ãç ¥ ¯®«ã¯à®áâ®© £àã¯¯ë �¨ G
ª« áá¨ç¥áª¨¬ ¯à¨¬¥à®¬ ¬¥âà¨ª¨ g á ãª § ë¬¨ á¢®©áâ¢ ¬¨ ï¢«ï¥âáï â ª  §ë¢ ¥¬ ï áâ -
¤ àâ ï ¬¥âà¨ª , ¨¤ãæ¨à®¢  ï ä®à¬®© �¨««¨£   «£¥¡àë �¨ g. � ¬¥â¨¬, çâ® íâ  ¬¥âà¨ª 
  à¥£ã«ïà®¬ �-¯à®áâà áâ¢¥ ¥áâ¥áâ¢¥® à¥¤ãªâ¨¢  ®â®á¨â¥«ì® ª ®¨ç¥áª®£® à¥¤ãªâ¨¢-
®£® à §«®¦¥¨ï [25].

4. �¢ à¨ âë¥ GAH-áâàãªâãàë ¯à®¨§¢®«ì®£® à £ 

�¥à¥©¤¥¬ ª ¯®áâà®¥¨î ¨¢ à¨ âëå GAH-áâàãªâãà à £  r   ®á®¢¥ ª ®¨ç¥áª¨å
f -áâàãªâãà   ®¤®à®¤®¬ �-¯à®áâà áâ¢¥ ¯®àï¤ª  k, ¨á¯®«ì§ãï ¯à®æ¥¤ãàã ®¯¨á ¨ï íâ¨å
áâàãªâãà ([13], x 4).

�ãáâì á¯¥ªâà ®¯¥à â®à  � á®áâ®¨â ¨§ s ¯ à á®¯àï¦¥ëå ª®à¥© áâ¥¯¥¨ k ¨§ 1 (¥ áç¨â ï
ª®àï �1, ª®â®àë© ¬®¦¥â ¢å®¤¨âì ¢ á¯¥ªâà), s <

�
k

2

�
(æ¥« ï ç áâì). �®£¤  ç¨á«® í«¥¬¥â®¢

á¯¥ªâà  � à ¢® 2s, ¥á«¨ �1 ¥ ¢å®¤¨â ¢ á¯¥ªâà, ¨«¨ 2s + 1 ¢ ¯à®â¨¢®¬ á«ãç ¥ (¯®á«¥¤¥¥
¢®§¬®¦® «¨èì ¯à¨ k = 2n). � ª¨¬ ®¡à §®¬, ¬ âà¨æ  [�] ®¯¥à â®à  � ¬®¦¥â ¡ëâì ¯à¨¢¥¤¥ 
 ¤ C á®®â¢¥âáâ¢¥® ª ¢¨¤ã

[�] � diagf"b1E1; : : : ; "
bsEs; "

�bsEs; : : : ; "
�b1E1g

¨«¨

[�] � diagf"b1E1; : : : ; "
bsEs;�Es+1; "

�bsEs; : : : ; "
�b1E1g:

�¤¥áì " = cos 2�
k
+ i sin 2�

k
| ¯à¨¬¨â¨¢ë© ª®à¥ì áâ¥¯¥¨ k ¨§ 1, Ej | ¥¤¨¨çë¥ ¬ âà¨æë

 ¤«¥¦ é¨å ¯®àï¤ª®¢,    âãà «ìë¥ ç¨á«  bj ã¤®¢«¥â¢®àïîâ ãá«®¢¨î 1 � b1 < � � � < bs �
�
k

2

�
.

� íâ¨å ®¡®§ ç¥¨ïå ¬ âà¨æ  [f ] ª ®¨ç¥áª®© f -áâàãªâãàë ¯à¨¢®¤¨¬  á®®â¢¥âáâ¢¥® ª ¢¨¤ã
([13], x 4)

[f ] � diagf�1E1; : : : ; �sEs;��sEs; : : : ;��1E1g ¨«¨

[f ] � diagf�1E1; : : : ; �sEs; 0Es+1;��sEs; : : : ;��1E1g;
(3)

£¤¥ �j 2 f�i; 0; ig (i | ¬¨¬ ï ¥¤¨¨æ ), ¯à¨ç¥¬ ¥ ¢á¥ �j à ¢ë ã«î.

�¯à¥¤¥«¥¨¥ 3. � ®¨ç¥áª¨¥ f -áâàãªâãàë fj , j = 1; : : : ; s, ®¯à¥¤¥«ï¥¬ë¥  ¡®à ¬¨
(�1; : : : ; �s) ¨§ (3) á ãá«®¢¨¥¬ �j = i, �l = 0 ¤«ï l 6= j, ¡ã¤¥¬  §ë¢ âì ¡ §®¢ë¬¨.
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�¥®à¥¬  2. �ãáâì G=H | ®¤®à®¤®¥ �-¯à®áâà áâ¢® ¯®àï¤ª  k, s | ç¨á«® ¯ à á®-
¯àï¦¥ëå ª®à¥© áâ¥¯¥¨ k ¨§ 1, ¢å®¤ïé¨å ¢ á¯¥ªâà ®¯¥à â®à  �, g | ¨¢ à¨ â ï
(¯á¥¢¤®)à¨¬ ®¢  ¬¥âà¨ª , ®¯à¥¤¥«ï¥¬ ï �-¨¢ à¨ â®© ¡¨«¨¥©®© ä®à¬®©, f1; : : : ; fs | ¡ -
§®¢ë¥ ª ®¨ç¥áª¨¥ f -áâàãªâãàë   G=H. �®£¤  á®¢®ªã¯®áâì fg; f1; : : : ; fs; Tg ï¢«ï¥âáï ¨-

¢ à¨ â®© GAH-áâàãªâãà®© à £  s, £¤¥ T =
sP

l=1
Tl,   Tl | ª®¬¯®§¨æ¨®ë© â¥§®à (1) ¤«ï

¡ §®¢®© áâàãªâãàë fl, l = 1; s.

�®ª § â¥«ìáâ¢®. �à¥¦¤¥ ¢á¥£® ®â¬¥â¨¬, çâ® ¢á¥ ª ®¨ç¥áª¨¥ f -áâàãªâãàë (¢ ç áâ®áâ¨,
¡ §®¢ë¥ f1; : : : ; fs)   ®¤®à®¤®¬ �-¯à®áâà áâ¢¥ G=H á®£« á®¢ ë á ¬¥âà¨ª®© g [28].

� «¥¥, à áá¬®âà¨¬ �-¨¢ à¨ â®¥ à §«®¦¥¨¥

m = m0 �m1 � � � � �ms

ª ®¨ç¥áª®£® à¥¤ãªâ¨¢®£® ¤®¯®«¥¨ï m, á®®â¢¥âáâ¢ãîé¥¥ áâàãªâãà¥ á¯¥ªâà  ®¯¥à â®à  �.
�¤¥áì ¯®¤¯à®áâà áâ¢® m0 ®â¢¥ç ¥â á®¡áâ¢¥®¬ã § ç¥¨î �1, ¥á«¨ �1 2 spec �, ¢ ¯à®-
â¨¢®¬ á«ãç ¥ m0 = 0; ¯®¤¯à®áâà áâ¢  m1; : : : ;ms ®â¢¥ç îâ s ¯ à ¬ á®¯àï¦¥ëå ª®à¥©
("b1 ; "�b1); : : : ; ("bs ; "�bs) á®®â¢¥âáâ¢¥®. �®£¤  ([13], x 4, 5) «î¡ ï ª ®¨ç¥áª ï f -áâàãªâãà  ¬®-
¦¥â ¡ëâì ¯à¥¤áâ ¢«¥  ¢ ¢¨¤¥

f = (0; �1 J1; : : : ; �s Js);

£¤¥ J1; : : : ; Js ï¢«ïîâáï á¯¥æ¨ «ìë¬¨ ª®¬¯«¥ªáë¬¨ áâàãªâãà ¬¨  m1; : : : ;ms á®®â¢¥âáâ¢¥®,
�j 2 f�1; 0; 1g, j = 1; 2; : : : ; s. � ®¡®§ ç¥¨ïå ®¯à¥¤¥«¥¨ï 3 ¨¬¥¥¬ �j = i�j . �®íâ®¬ã ¡ §®¢ë¥
f -áâàãªâãàë   G=H ¨¬¥îâ ¢¨¤

f1 = (0; J1; 0; : : : ; 0); : : : ; fs = (0; 0; : : : ; Js):

�ç¥¢¨¤®, ¯®¯ àë¥ ¯à®¨§¢¥¤¥¨ï à §«¨çëå ¡ §®¢ëå f -áâàãªâãà âà¨¢¨ «ìë. �®¬¯®§¨æ¨-
®ë¥ â¥§®àë Tl ¤«ï f -áâàãªâãà fl, l = 1; s, ¨¢ à¨ âë ®â®á¨â¥«ì® £àã¯¯ë G, çâ® ¢«¥ç¥â
G-¨¢ à¨ â®áâì â¥§®à  T . �«ï § ¢¥àè¥¨ï ¤®ª § â¥«ìáâ¢  ¯à¨¬¥ï¥¬ â¥®à¥¬ã 1.

� ¬¥ç ¨¥ 1. �á¯®«ì§ãï (2), ¬®¦® ãª § âì ä®à¬ã«ë, á®¤¥à¦ é¨¥ ¢á¥ ¡ §®¢ë¥ ª ®¨ç¥-
áª¨¥ f -áâàãªâãàë,

fj =
2
k

uX
m=1

sin
2�mj
k

(�m � �k�m): (4)

�à¨ íâ®¬ á«¥¤ã¥â ¨¬¥âì ¢ ¢¨¤ã, çâ® ¢ëç¨á«¥ ï ¯® ä®à¬ã«¥ (4) áâàãªâãà  fj âà¨¢¨ «ì 
(fj = 0) â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  "j =2 spec �.

� ¬¥â¨¬ â ª¦¥, çâ® ¡ §®¢ë¥ ª ®¨ç¥áª¨¥ f -áâàãªâãàë ¢å®¤ïâ ¢ á¨áâ¥¬ã ª ®¨ç¥áª¨å ®¡à -
§ãîé¨å  «£¥¡àë A(�) ®¤®à®¤®£® k-á¨¬¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢  G=H ([29]).

5. �¢ à¨ âë¥ GAH-áâàãªâãàë ¬ «ëå à £®¢

� íâ®¬ ¯ à £à ä¥ ®áâ ®¢¨¬áï ¡®«¥¥ ¤¥â «ì®   ¨¢ à¨ âëå GAH-áâàãªâãà å à £®¢ 1
¨ 2. � ª ã¦¥ ®â¬¥ç «®áì ¢ëè¥, ®á®¢ë¬ ¯à¨¬¥à®¬ GAH-áâàãªâãà à £  1 ï¢«ï¥âáï ¬¥âà¨-
ç¥áª ï f -áâàãªâãà  [3], [4]. �«ï ¨¢ à¨ âëå ¬¥âà¨ç¥áª¨å f -áâàãªâãà á¯à ¢¥¤«¨¢ á«¥¤ãîé¨©
®¡é¨© à¥§ã«ìâ â.

�¥®à¥¬  3. �ãáâì   à¥¤ãªâ¨¢®¬ ®¤®à®¤®¬ ¯à®áâà áâ¢¥ G=H á ¨¢ à¨ â®© (¯á¥¢-
¤®)à¨¬ ®¢®© ¬¥âà¨ª®© g § ¤   ¨¢ à¨ â ï ¬¥âà¨ç¥áª ï f -áâàãªâãà , g = h � m | á®-
®â¢¥âáâ¢ãîé¥¥ à¥¤ãªâ¨¢®¥ à §«®¦¥¨¥, m = m1 � m2, £¤¥ ¯®¤¯à®áâà áâ¢  m1 = Im f ¨
m2 = Ker f ®¯à¥¤¥«ïîâ 1-¥ ¨ 2-¥ äã¤ ¬¥â «ìë¥ à á¯à¥¤¥«¥¨ï f -áâàãªâãàë. �á«¨ ¢ë¯®«-
¥® á®®â®è¥¨¥

[m1;m1] � m2 � h; (5)

â® (G=H; g; f) ï¢«ï¥âáï íà¬¨â®¢ë¬ f -¬®£®®¡à §¨¥¬.
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�®ª § â¥«ìáâ¢®. � ª ¯®ª § ® ¢ [4], ¯à¨ ¯®áâà®¥¨¨ ª®¬¯®§¨æ¨®®£® â¥§®à  T ¤«ï ¬¥-
âà¨ç¥áª®© f -áâàãªâãàë ¨á¯®«ì§ã¥âáï â¥§®à B(X;Y ) = �f 2N(f 2X; f 2Y ) (§¤¥áì N | â¥§®à
�¥©¥å¥©á  f -áâàãªâãàë), ª®â®àë© ¤«ï à¥¤ãªâ¨¢®£® ®¤®à®¤®£® ¯à®áâà áâ¢  ®¯à¥¤¥«ï¥âáï
à ¢¥áâ¢®¬

B(X;Y ) = �f 2[fX; fY ]m + f 2[f 2X; f 2Y ]m + f [f 2X; fY ]m + f [fX; f 2Y ]m;

£¤¥ ¨¤¥ªá m ®§ ç ¥â ¯à®¥ªâ¨à®¢ ¨¥   m ®â®á¨â¥«ì® à¥¤ãªâ¨¢®£® à §«®¦¥¨ï g = h�m,
  X;Y 2 m. �®®â®è¥¨¥ [m1;m1] � m2 � h ¢«¥ç¥â â¥¯¥àì à ¢¥áâ¢® ã«î ¢á¥å á« £ ¥¬ëå ¢
§ ¯¨á¨ â¥§®à  B, ®âªã¤  B(X;Y ) = 0 ¤«ï ¢á¥å X;Y 2 m. �«¥¤ãï ãª § ®© ¢ [4] ª®áâàãªæ¨¨,
¯®«ãç ¥¬, çâ® ª®¬¯®§¨æ¨®ë© â¥§®à T â ª¦¥ ï¢«ï¥âáï ã«¥¢ë¬. �¥¬ á ¬ë¬ ¤®ª § ®, çâ®
G=H ï¢«ï¥âáï íà¬¨â®¢ë¬ f -¬®£®®¡à §¨¥¬.

�«¥¤ã¥â ®â¬¥â¨âì, çâ® ®¯¨á  ï ¢ â¥®à¥¬¥ 3 á¨âã æ¨ï à¥ «¨§ã¥âáï ¤«ï ª ®¨ç¥áª¨å
f -áâàãªâãà   ®¤®à®¤ëå �-¯à®áâà áâ¢ å ¯®àï¤ª®¢ 4 ¨ 5.

�¥®à¥¬  4. �î¡®¥ ®¤®à®¤®¥ �-¯à®áâà áâ¢® (G=H; g; f) ¯®àï¤ª  4, £¤¥ g | ¯à®¨§¢®«ì-
 ï ¨¢ à¨ â ï ¬¥âà¨ª , f = 1

2
(� � �3) | ¬¥âà¨ç¥áª ï (®â®á¨â¥«ì® g) ª ®¨ç¥áª ï

f -áâàãªâãà , ï¢«ï¥âáï íà¬¨â®¢ë¬ f -¬®£®®¡à §¨¥¬.

�®ª § â¥«ìáâ¢®. �¥©áâ¢¨â¥«ì®, ¤«ï ª ®¨ç¥áª®© f -áâàãªâãàë ¯à®¨§¢®«ì®£® ®¤®à®¤-
®£® �-¯à®áâà áâ¢  ¯®àï¤ª  4 ¨¬¥¥â ¬¥áâ® á®®â®è¥¨¥ (5) [30]. �áâ «®áì ¢®á¯®«ì§®¢ âìáï
â¥®à¥¬®© 3.

�ë¤¥«¨¬ ç áâë© á«ãç © ¤®ª § ®© â¥®à¥¬ë.

�«¥¤áâ¢¨¥. �ãáâì ¤«ï ®¤®à®¤®£® �-¯à®áâà áâ¢  G=H ¯®àï¤ª  4 ¢ë¯®«ï¥âáï ãá«®¢¨¥
�1 =2 spec �. �®£¤  G=H ï¢«ï¥âáï íà¬¨â®¢ë¬ «®ª «ì® á¨¬¬¥âà¨ç¥áª¨¬ ¯à®áâà áâ¢®¬ ®â®á¨-
â¥«ì® «î¡®© ¨¢ à¨ â®© ¬¥âà¨ª¨ g, á®£« á®¢ ®© á ¯®çâ¨ ª®¬¯«¥ªá®© áâàãªâãà®© J = f .

�®ª § â¥«ìáâ¢®. �à¥¡®¢ ¨¥ �1 =2 spec � íª¢¨¢ «¥â® ãá«®¢¨î m2 = Ker f = f0g ([13]).
�âáî¤  á«¥¤ã¥â, çâ® [m;m] � h, â. ¥. G=H | «®ª «ì® á¨¬¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®. �®£¤  ¨§
â¥®à¥¬ë 4 ¨¬¥¥¬, çâ® f = J = � | íà¬¨â®¢  áâàãªâãà    G=H.

�â¬¥â¨¬, çâ® íâ®â ä ªâ ï¢«ï¥âáï ¨§¢¥áâë¬ à¥§ã«ìâ â®¬ ¢ â¥®à¨¨ ®¤®à®¤ëå ¯à®áâà áâ¢
([6], â¥®à¥¬  8.1).

�¥®à¥¬  5. �ãáâì (G=H; g) | ®¤®à®¤®¥ �-¯à®áâà áâ¢® ¯®àï¤ª  5, ¤«ï ª®â®à®£® á¯¥ªâà
®¯¥à â®à  � ¬ ªá¨¬ «¥ (â. ¥. s = 2), f1 ¨ f2 | ª ®¨ç¥áª¨¥ ¬¥âà¨ç¥áª¨¥ f -áâàãªâãàë ®â-
®á¨â¥«ì® ¯à®¨§¢®«ì®© ¨¢ à¨ â®© ¬¥âà¨ª¨ g. �®£¤  fg; f1; f2; Tg ï¢«ï¥âáï ®¡®¡é¥®©
íà¬¨â®¢®© áâàãªâãà®© à £  2   G=H.

�®ª § â¥«ìáâ¢®. �â¬¥â¨¬, çâ® áâàãªâãàë f1 ¨ f2 ï¢«ïîâáï ¡ §®¢ë¬¨   G=H. �®«¥¥ â®£®,
¨§ à ¡®â [13], [19] á«¥¤ã¥â, çâ® ¤«ï ª ®¨ç¥áª®£® à¥¤ãªâ¨¢®£® à §«®¦¥¨ï g = h � m á¯à -
¢¥¤«¨¢ë á®®â®è¥¨ï m = m1 � m2, £¤¥ m1 = Im f1 = Ker f2, m2 = Im f2 = Ker f1, ¯à¨ íâ®¬
[m1;m1] � m2 � h; [m2;m2] � m1 � h.

� á¨«ã â¥®à¥¬ë 3 ®¡¥ áâàãªâãàë f1 ¨ f2 ï¢«ïîâáï íà¬¨â®¢ë¬¨ f -áâàãªâãà ¬¨, â. ¥. ¨å ª®¬-
¯®§¨æ¨®ë¥ â¥§®àë T1 ¨ T2 à ¢ë ã«î. �®£¤  ¢®§¨ª îé ï   G=H ¢ á¨«ã â¥®à¥¬ë 2 ¨-
¢ à¨ â ï GAH-áâàãªâãà  fg; f1; f2, T = T1+T2g ï¢«ï¥âáï ®¡®¡é¥®© íà¬¨â®¢®© áâàãªâãà®©
à £  2.

� ¬¥ç ¨¥ 2. �á«¨ ¢ â¥®à¥¬¥ 5 ®¤  ¨§ áâàãªâãà f1 ¨«¨ f2 ã«¥¢ ï (â. ¥. s = 1), â® ¤àã-
£ ï ï¢«ï¥âáï ¯®çâ¨ ª®¬¯«¥ªá®© áâàãªâãà®© [13]. � íâ®¬ á«ãç ¥ G=H | íà¬¨â®¢® «®ª «ì®
á¨¬¬¥âà¨ç¥áª®¥ ¯à®áâà áâ¢®.

�â¬¥â¨¬, çâ® ¤®ª § ë¥ ¢ íâ®¬ ¯ à £à ä¥ à¥§ã«ìâ âë ®¡®¡é îâ àï¤ ä ªâ®¢, ¯®«ãç¥ëå
¢ [16] ¤«ï á«ãç ï ¥áâ¥áâ¢¥® à¥¤ãªâ¨¢®© ¬¥âà¨ª¨.
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6. �à¨¬¥àë

1. �®à®è® ¨§¢¥áâ® ([27], á. 205; [31]), çâ® áä¥à  S5, à¥ «¨§®¢  ï ª ª ®¤®à®¤®¥ ¯à®áâà -
áâ¢® SU(3)=SU(2), ®¡« ¤ ¥â áâàãªâãà®© ®¤®à®¤®£® �-¯à®áâà áâ¢  ¯®àï¤ª  4. � ®¨ç¥áª ï
f -áâàãªâãà    íâ®¬ ¯à®áâà áâ¢¥ ¢ëç¨á«¥  ¢ [13]. �  ¨¬¥¥â ¤¥ä¥ªâ 1, â. ¥. ®¯à¥¤¥«ï¥â ¨¢ à¨-
 âãî ¯®çâ¨ ª®â ªâãî áâàãªâãàã   S5. �ç¥¢¨¤®, çâ® ¢ â ª®¬ ¯à¥¤áâ ¢«¥¨¨ S5 ®¡« ¤ ¥â
à¨¬ ®¢®© ¥áâ¥áâ¢¥® à¥¤ãªâ¨¢®© ¬¥âà¨ª®©, ª®â®à ï á®£« á®¢   á ãª § ®© ª ®¨ç¥áª®©
f -áâàãªâãà®© [28]. �® â¥®à¥¬¥ 4 ¤  ï ¬¥âà¨ç¥áª ï f -áâàãªâãà  ï¢«ï¥âáï íà¬¨â®¢®©, â. ¥. GH-
áâàãªâãà®© à £  1.

2. � áá¬®âà¨¬ ¢ãâà¥¨©  ¢â®¬®àä¨§¬ �(t) = I(W (t)) £àã¯¯ë �¨ G = SL(3;R), ®¯à¥-
¤¥«ï¥¬ë© ¬ âà¨æ¥© W (t) = 1 � b(t), £¤¥ b(t) = ( cos t sin t

� sin t cos t ), t 2 (0; �). �¥£ª® ¯®ª § âì, çâ®
¯®¤£àã¯¯  G�(t) ¥¯®¤¢¨¦ëå â®ç¥ª  ¢â®¬®àä¨§¬  �(t) ¨§®¬®àä  ¬ã«ìâ¨¯«¨ª â¨¢®© £àã¯-
¯¥ C � = C n f0g, ¥áâ¥áâ¢¥® ¢«®¦¥®© ¢ G. �®§¨ª îé¨¥ ®¤®à®¤ë¥ �(t)-¯à®áâà áâ¢ 
M = G=G�(t) á®¢¯ ¤ îâ ª ª ®¤®à®¤ë¥ ¯à®áâà áâ¢  ¯à¨ ¢á¥å ãª § ëå t ¨ ï¢«ïîâáï à¥-
£ã«ïàë¬¨ �(t)-¯à®áâà áâ¢ ¬¨, ¯à¨ç¥¬ á®®â¢¥âáâ¢ãîé¨¥ ª ®¨ç¥áª¨¥ à¥¤ãªâ¨¢ë¥ à §«®-
¦¥¨ï  «£¥¡àë �¨ ®¤¨ ª®¢ë: g = sl(3;R) = m� h, £¤¥

m =

8<
:
0
@ 0 b1 b2

a1 l m
a2 m �l

1
A
�����a1; a2; b1; b2; l;m 2 R

9=
; ;

h =

8<
:
0
@ �2k 0 0

0 k f
0 �f k

1
A
�����k; f 2 R

9=
; :

� ç áâ®áâ¨, ¯à¨ t = 2�=k, k > 2, ®¤®à®¤®¥ 6-¬¥à®¥ ¬®£®®¡à §¨¥ M ï¢«ï¥âáï ®¤®à®¤-
ë¬ �(t)-¯à®áâà áâ¢®¬ ¯®àï¤ª  k. � ä¨ªá¨àã¥¬ ¥ª®â®à®¥ k > 4 ¨ à áá¬®âà¨¬ ¢®§¨ª îé¥¥
®¤®à®¤®¥ ¯à®áâà áâ¢®. � m ¢ë¡¥à¥¬ ¡ §¨á

e1 =

0
@0 1 0
0 0 0
0 0 0

1
A ; e2 =

0
@0 0 1
0 0 0
0 0 0

1
A ; e3 =

0
@0 0 0
1 0 0
0 0 0

1
A ;

e4 =

0
@0 0 0
0 0 0
1 0 0

1
A ; e5 =

0
@0 0 0
0 1 0
0 0 �1

1
A ; e6 =

0
@0 0 0
0 0 1
0 1 0

1
A :

�¥¯®áà¥¤áâ¢¥ë¬¨ ¢ëç¨á«¥¨ï¬¨ ¬®¦® ãáâ ®¢¨âì, çâ® ¢ ¢ë¡à ®¬ ¡ §¨á¥ ¬ âà¨æ  ®¯¥-
à â®à  �m ¨¬¥¥â ¢¨¤

[�m] �

0
BBBBBBB@

cos tm sin tm 0 0 0 0
� sin tm cos tm 0 0 0 0

0 0 cos tm sin tm 0 0
0 0 � sin tm cos tm 0 0
0 0 0 0 cos 2tm sin 2tm
0 0 0 0 � sin 2tm cos 2tm

1
CCCCCCCA
:

�® ä®à¬ã« ¬ (4) ¯àï¬ë¬¨ ¢ëç¨á«¥¨ï¬¨ ¬®¦® ãáâ ®¢¨âì ¬ âà¨æë ¡ §®¢ëå f -áâàãªâãà.
� à¥§ã«ìâ â¥ ¯®«ãç ¥¬, çâ® ¡ §®¢ë¥ f -áâàãªâãàë á ¨¤¥ªá ¬¨ 1 ¨ 2 ®â«¨çë ®â ã«ï. �á«¨ ¦¥
k > 6, â® ¢á¥ ¡ §®¢ë¥ f -áâàãªâãàë á ¨¤¥ªá ¬¨ ¡�®«ìè¨¬¨ 2 ¡ã¤ãâ ã«¥¢ë¬¨. �â¬¥â¨¬ â ª¦¥,
çâ® ¤«ï «î¡®£® k > 4 ¡ §®¢ë¥ áâàãªâãàë f1 ¨ f2 ®áâ îâáï ¥¨§¬¥ë¬¨, â. ¥. ¨¬ á®®â¢¥âáâ¢ãîâ
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®¤¨ ¨ â¥ ¦¥ ¬ âà¨æë:

[f1] �

0
BBBBBBB@

0 1 0 0 0 0
�1 0 0 0 0 0
0 0 0 1 0 0
0 0 �1 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0

1
CCCCCCCA
; [f2] �

0
BBBBBBB@

0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 1
0 0 0 0 �1 0

1
CCCCCCCA
:

� ª¨¬ ®¡à §®¬,   M = SL(3;R)=C � , à áá¬®âà¥®¬ ª ª �-¯à®áâà áâ¢® ¯®àï¤ª  k > 4,
áãé¥áâ¢ã¥â à®¢® ¤¢¥ ¡ §®¢ë¥ ª ®¨ç¥áª¨¥ f -áâàãªâãàë f1 ¨ f2.

�§ãç¨¬ íâ¨ áâàãªâãàë ¢ á«ãç ¥ �-¯à®áâà áâ¢  ¯®àï¤ª  k = 5. �â ¤ àâ ï ¥áâ¥áâ¢¥®
à¥¤ãªâ¨¢ ï ¬¥âà¨ª  g  M ï¢«ï¥âáï ¯á¥¢¤®à¨¬ ®¢®© ¬¥âà¨ª®© ¨¤¥ªá  (4; 2). � ª ã¦¥ ®â¬¥-
ç «®áì, áâàãªâãàë f1 ¨ f2 á â ª®© ¬¥âà¨ª®© á®£« á®¢ ë. � ª¨¬ ®¡à §®¬, ¯à¨¬¥ïï â¥®à¥¬ã 5,
¯®«ãç ¥¬, çâ® ¢ á«ãç ¥ �-¯à®áâà áâ¢  ¯®àï¤ª  5 á®¢®ªã¯®áâì fg; f1; f2; Tg, £¤¥ T = T1 + T2,
ï¢«ï¥âáï ¨¢ à¨ â®© GH-áâàãªâãà®© à £  2   M . �®«¥¥ â®£®, â. ª. f -áâàãªâãàë f1 ¨ f2 ¤«ï
«î¡®£® ¯®àï¤ª   ¢â®¬®àä¨§¬  � ®áâ îâáï ¥¨§¬¥ë¬¨, â® ¨ ¢®§¨ª îé¨© ª®¬¯®§¨æ¨®ë©
â¥§®à T â ª¦¥ ¡ã¤¥â ¥¨§¬¥¥,   § ç¨â, á®åà ¨â á¢®¨ á¢®©áâ¢ . � ª¨¬ ®¡à §®¬, ¯à¨å®¤¨¬ ª
á«¥¤ãîé¥¬ã à¥§ã«ìâ âã.

�¥®à¥¬  6. �ãáâì g | áâ ¤ àâ ï ¯á¥¢¤®à¨¬ ®¢  ¬¥âà¨ª    ¬®£®®¡à §¨¨ M =
SL(3;R)=C � , ¯à¥¤áâ ¢«¥®¬ ª ª ®¤®à®¤®¥ �-¯à®áâà áâ¢® ¯à®¨§¢®«ì®£® ª®¥ç®£® ¯®àï¤ª 
k > 4. �®£¤    M áãé¥áâ¢ã¥â à®¢® ¤¢¥ ¡ §®¢ë¥ ª ®¨ç¥áª¨¥ f -áâàãªâãàë f1 ¨ f2, ¯à¨ íâ®¬
á®¢®ªã¯®áâì fg; f1; f2; Tg ï¢«ï¥âáï ¨¢ à¨ â®© GH-áâàãªâãà®© à £  2   M .

3. �à¨¢¥¤¥¬ ¯à¨¬¥à ®¡®¡é¥®© ¯®çâ¨ íà¬¨â®¢®© áâàãªâãàë, ¥ ï¢«ïîé¥©áï íà¬¨â®¢®©.
�« £®¢®¥ ¬®£®®¡à §¨¥ SU(n)=Tmax (Tmax { ¬ ªá¨¬ «ìë© â®à) ï¢«ï¥âáï n-á¨¬¬¥âà¨ç¥áª¨¬

¯à®áâà áâ¢®¬, ¯à¨ç¥¬ n|  ¨¬¥ìè¨© ¯®àï¤®ª [32]. � áá¬®âà¨¬ á«ãç © n = 9 á® áâ ¤ àâ®©
¬¥âà¨ª®©, ®¯à¥¤¥«ï¥¬®© ä®à¬®© �¨««¨£ . �à®áâà áâ¢® SU(9)=Tmax ¯®à®¦¤ ¥âáï ¢ãâà¥¨¬
 ¢â®¬®àä¨§¬®¬ �(g) = wgw�1, £¤¥ w = diagf"; "2; : : : ; "8; 1g.

� ª ®¨ç¥áª®¬ à¥¤ãªâ¨¢®¬ ¤®¯®«¥¨¨ m à áá¬®âà¨¬ ¥áâ¥áâ¢¥ë© ¡ §¨á ¢¨¤ : ¤«ï p < l
®¡®§ ç¨¬ ç¥à¥§ e1pl (á®®â¢¥âáâ¢¥® e

2
pl ) ª®á®á¨¬¬¥âà¨ç¥áªãî (á®®â¢¥âáâ¢¥® á¨¬¬¥âà¨ç¥áªãî)

¬ âà¨æã, ¤«ï ª®â®à®©   ¬¥áâ¥ (p; l) áâ®¨â 1 (á®®â¢¥âáâ¢¥® i),   ¢á¥ ®áâ «ìë¥ í«¥¬¥âë ¬ -
âà¨æë | ã«¨. �¢¥¤¥¬ â ª¦¥ ç¨á«® t = l � p.

�¥¯®áà¥¤áâ¢¥ë¬¨ ¢ëç¨á«¥¨ï¬¨, ¨á¯®«ì§ãï ¤«ï ¯®¤áç¥â  ª®íää¨æ¨¥â®¢ ª ®¨ç¥áª¨å
f -áâàãªâãà ä®à¬ã«ã ([13], x 4)

am =
1
9

4X
j=1

�j("�jm � "jm);

£¤¥ �j 2 f�i; 0; ig ¨ áà¥¤¨ �j ¥áâì ®â«¨çë¥ ®â ã«ï, ãáâ ®¢¨¬, çâ® ¤¥©áâ¢¨¥ ¡ §®¢ëå ª ®¨ç¥-
áª¨å f -áâàãªâãà ¤«ï r = 1; 4 ®¯¨áë¢ ¥âáï à ¢¥áâ¢ ¬¨

fr(e1pl) =

8><
>:
�e2pl; ¥á«¨ t = r;
e2pl; ¥á«¨ t = 9� r;
0; ¥á«¨ t =2 fr; 9 � rg;

fr(e2pl) =

8><
>:
e1pl; ¥á«¨ t = r;
�e1pl; ¥á«¨ t = 9� r;
0; ¥á«¨ t =2 fr; 9 � rg:

(6)

� áá¬ âà¨¢ ¥¬®¥ ¯à®áâà áâ¢® ¥áâ¥áâ¢¥® à¥¤ãªâ¨¢®, ¨ ª®¬¯®§¨æ¨®ë© â¥§®à Tr ¤«ï
ª ¦¤®£® r = 1; 4 ¬®¦¥â ¡ëâì § ¯¨á  á«¥¤ãîé¨¬ ®¡à §®¬:

Tr(X;Y ) =
1
8
fr([frX; f 2r Y ]m + [f 2rX; frY ]m + fr([f 2rX; f

2
r Y ]m � [frX; frY ]m)): (7)

�«ï ¢ëïá¥¨ï á¢®©áâ¢ ¢®§¨ª îé¨å ª ®¨ç¥áª¨å f -áâàãªâãà ®¯¨è¥¬ ¤¥©áâ¢¨¥ áª®¡ª¨ �¨
[eupl; e

v
st]   ¡ §¨áëå í«¥¬¥â å ¯à®áâà áâ¢  m.

1. �á«¨ p = s, l = t, â® [ejpl; e
j
pl] = 0.
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2. �á«¨ p = s, l < t, â® [e1pl; e
1
pt] = �e1lt. �á«¨ ¦¥ l > t, â® [e1pl; e

1
pt] = e1tl.

3. �á«¨ l = t, p < s, â® [e1pl; e
1
sl] = �e1ps. �á«¨ ¦¥ p > s, â® [e1pl; e

1
sl] = e1sp.

4. �á«¨ p = t, â® [e1pl; e
1
sp] = �e1sl.

5. �á«¨ l = s, â® [e1pl; e
1
lt] = e1pt.

6. �á«¨ p = s, l < t, â® [e2pl; e
2
pt] = �e1lt. �á«¨ ¦¥ l > t, â® [e2pl; e

2
pt] = e1tl.

7. �á«¨ l = t, p < s, â® [e2pl; e
2
sl] = �e1ps. �á«¨ ¦¥ p > s, â® [e2pl; e

2
sl] = e1sp.

8. �á«¨ p = t, â® [e2pl; e
2
sp] = e1sl.

9. �á«¨ l = s, â® [e2pl; e
2
lt] = �e1pt.

10. �á«¨ p = s, l < t, â® [e1pl; e
2
pt] = �e2lt. �á«¨ ¦¥ l > t, â® [e1pl; e

2
pt] = �e2tl.

11. �á«¨ l = t, p < s, â® [e1pl; e
2
sl] = �e2ps. �á«¨ ¦¥ p > s, â® [e1pl; e

2
sl] = �e2sp.

12. �á«¨ p = t, â® [e1pl; e
2
sp] = �e2sl.

13. �á«¨ l = s, â® [e1pl; e
2
lt] = e2pt.

14. � ®áâ «ìëå á«ãç ïå áª®¡ª  �¨ à ¢  ã«î.

�¥¯¥àì ¥¯®áà¥¤áâ¢¥ë¬¨ ¢ëç¨á«¥¨ï¬¨, ¨á¯®«ì§ãï (6) ¨ (7),  ©¤¥¬, çâ® ¡ §®¢ë¥ áâàãª-
âãàë f1, f2, f4 ï¢«ïîâáï íà¬¨â®¢ë¬¨ f -áâàãªâãà ¬¨,   f3 ï¢«ï¥âáï f -áâàãªâãà®© ª« áá  G1.
�«¥¤®¢ â¥«ì®, ¢¥à 

�¥®à¥¬  7. �¤®à®¤®¥ �-¯à®áâà áâ¢® SU(9)=Tmax ¯®àï¤ª  9 á® áâ ¤ àâ®© à¨¬ ®¢®©
¬¥âà¨ª®© g ®¡« ¤ ¥â ¨¢ à¨ â®© GG1-áâàãªâãà®© fg; f1; f2; f3; f4; Tg à £  4, ¯à¨ç¥¬ áâàãª-
âãàë fg; fr; Trg ¯à¨ ¤«¥¦ â ª« ááã GH ¤«ï r = 1; 2; 4,   fg; f3; T3g 2 GG1.

� ¬¥ç ¨¥ 3. � â¥®à¥¬¥ 8 à ¡®âë [21] ãª §   ª®áâàãªæ¨ï GAH-áâàãªâãàë, ¯®à®¦¤¥-
®© ¯ à®© ¯¥à¥áâ ®¢®çëå f -áâàãªâãà. �â¬¥â¨¬, çâ® ¯®àï¤®ª n = 9 ¢ à áá¬®âà¥®¬ ¯à¨¬¥à¥
ï¢«ï¥âáï ¬¨¨¬ «ìë¬ ¤«ï à¥ «¨§ æ¨¨ ¢ ª« áá¥ ª ®¨ç¥áª¨å f -áâàãªâãà (¥ ®¡ï§ â¥«ì® ¡ -
§®¢ëå) ¢á¥å á«ãç ¥¢ íâ®© â¥®à¥¬ë.

4. � áá¬®âà¨¬ £àã¯¯ã �¨ ¢¨¤  G =
n�

e�c 0 a
0 ec b
0 0 1

� ���a; b; c 2 R

o
, ¨§®¬®àäãî £àã¯¯¥ £¨¯¥à¡®«¨-

ç¥áª¨å ¤¢¨¦¥¨© ¯«®áª®áâ¨ R2 . �â  à §à¥è¨¬ ï £àã¯¯  �¨ ¤¨ää¥®¬®àä  R3 ¨ ï¢«ï¥âáï å®à®-
è® ¨§¢¥áâë¬ ¯à¨¬¥à®¬ ([27], á. 34) à¨¬ ®¢  4-á¨¬¬¥âà¨ç¥áª®£® ¯à®áâà áâ¢ . G-¨¢ à¨ â ï
à¨¬ ®¢  ¬¥âà¨ª  g § ¤ ¥âáï ä®à¬ã«®© ds2 = e2cda2+e�2cdb2+�2dc2, � > 0. �¢â®¬®àä¨§¬ � ¯®-
àï¤ª  4 £àã¯¯ë G �= R3 (a; b; c), ®¯à¥¤¥«ï¥¬ë© ¯à ¢¨«®¬ �(a; b; c) = (�b; a;�c), ¨¬¥¥â ¥¤¨áâ¢¥-
ãî ¥¯®¤¢¨¦ãî â®çªã. �«¥¤®¢ â¥«ì®, (R3(a; b; c); g) | à¨¬ ®¢® ®¤®à®¤®¥ �-¯à®áâà áâ¢®
¯®àï¤ª  4,   ¯®â®¬ã ®¡« ¤ ¥â ª ®¨ç¥áª®© f -áâàãªâãà®© f = 1

2
(�� �3) ([13], x 5). �§¢¥áâ® [17],

[28], çâ® íâ  f -áâàãªâãà  ¬¥âà¨ç¥áª ï ®â®á¨â¥«ì® g ¨ ¥ ¨â¥£à¨àã¥¬ . �á¯®«ì§ãï ¨§¢¥áâãî
á¢ï§®áâì �¥¢¨-�¨¢¨â  r ([27], á. 35), ¢ëïá¨¬, çâ® ª®¬¯®§¨æ¨®ë© â¥§®à T (1) §¤¥áì ã«¥¢®©.
� ¬¥â¨¬, çâ® íâ® á«¥¤ã¥â â ª¦¥ ¨§ â¥®à¥¬ë 4. �â ª, á¯à ¢¥¤«¨¢ 

�¥®à¥¬  8. � ®¨ç¥áª ï f -áâàãªâãà    à¨¬ ®¢®¬ 4-á¨¬¬¥âà¨ç¥áª®¬ ¯à®áâà áâ¢¥
(R3(a; b; c); g) ï¢«ï¥âáï ¥¨â¥£à¨àã¥¬®© íà¬¨â®¢®© f -áâàãªâãà®©.

5. �¥¯¥àì ¯¥à¥©¤¥¬ ª ®¡®¡é¥¨î à áá¬®âà¥®£® ¢ëè¥ à¨¬ ®¢  ®¤®à®¤®£® �-¯à®áâà áâ¢ ,
¯à¥¤«®¦¥®¬ã �.�®¦¥ª®¬ ([27], á. 191). �«ï «î¡®£®  âãà «ì®£® n ¢¢¥¤¥¬ £àã¯¯ã

Gn =

8>>>>><
>>>>>:

0
BBBBB@

eu0 0 : : : 0 y0
0 eu1 : : : 0 y1
...

...
. . .

...
...

0 0 : : : eun yn
0 0 : : : 0 1

1
CCCCCA
�����u0 + u1 + � � �+ un = 0; ui; yi 2 R

9>>>>>=
>>>>>;
:

� ª¨¬ ®¡à §®¬, Gn | à §à¥è¨¬ ï £àã¯¯  �¨, ¤¨ää¥®¬®àä ï R2n+1 , ¯à¨ç¥¬ ¢ ª ç¥áâ¢¥ £«®-
¡ «ìëå ª®®à¤¨ â ¢ë¡¥à¥¬ (y0; y1; : : : ; yn; u1; : : : ; un). �¯à¥¤¥«¨¬  ¢â®¬®àä¨§¬ � £àã¯¯ë Gn

ä®à¬ã«®© ([27], á. 192)

�(y0; y1; : : : ; yn; u1; : : : ; un) = (�yn; y0; : : : ; yn�1; u0; u1; : : : ; un�1);
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£¤¥ u0 = �(u1 + � � � + un). �¥âàã¤® ¢¨¤¥âì, çâ® íâ®â  ¢â®¬®àä¨§¬ ¨¬¥¥â ¥¤¨áâ¢¥ãî ¥¯®-
¤¢¨¦ãî â®çªã, ¨ ¥£® ¯®àï¤®ª à ¢¥ k = 2n + 2. �®íâ®¬ã Gn | ®¤®à®¤®¥ �-¯à®áâà áâ¢®
¯®àï¤ª  2n+ 2. �«£¥¡à  �¨ gn £àã¯¯ë Gn ¨¬¥¥â ¢¨¤

gn =

8>>>>><
>>>>>:

0
BBBBB@

X0 0 : : : 0 Y0
0 X1 : : : 0 Y1
...

...
. . .

...
...

0 0 : : : Xn Yn
0 0 : : : 0 0

1
CCCCCA
�����X0 +X1 + � � � +Xn = 0

9>>>>>=
>>>>>;
:

�®£¤  ®¯¥à â®à � = ' = d�e ¤¥©áâ¢ã¥â ¯® ¯à ¢¨«ã

�(Y0; Y1; : : : ; Yn;X1; : : : ;Xn) = (�Yn; Y0; : : : ; Yn�1;X0; X1; : : : ; Xn�1);

£¤¥ X0 = �(X1+� � �+Xn). �ë¡¥à¥¬ ¢ gn ¡ §¨á á«¥¤ãîé¨¬ ®¡à §®¬. �ãáâì e1p, p = 1; n, | ¬ âà¨æ 
(aql), q; l = 1; n+ 2, ¢ ª®â®à®© a11 = �1, ap+1;p+1 = 1,   ¢á¥ ®áâ «ìë¥ í«¥¬¥âë à ¢ë ã«î.
�¥à¥§ e2t , t = 1; n+ 1, ®¡®§ ç¨¬ â ªãî ¬ âà¨æã (aql), ¤«ï ª®â®à®© at;n+2 = 1,   ¢á¥ ®áâ «ìë¥
í«¥¬¥âë | ã«¨. � ª¨¬ ®¡à §®¬, ¯®«ãç¨«¨ ¡ §¨á ¢ gn. � «¥¥, ç¥à¥§ L1 (á®®â¢¥âáâ¢¥® L2)
®¡®§ ç¨¬ «¨¥©ãî ®¡®«®çªã ¢¥ªâ®à®¢ e1p (á®®â¢¥âáâ¢¥® e

2
t ).

�¥¯®áà¥¤áâ¢¥ë¬¨ ¢ëç¨á«¥¨ï¬¨ ¬®¦® ãáâ ®¢¨âì, çâ® ¤«ï ¢á¥å X 2 L1

(�m � �k�m)(X) = �(�n+1�m � �k�(n+1�m))(X);

  ¤«ï ¢á¥å Y 2 L2

(�m � �k�m)(Y ) = (�n+1�m � �k�(n+1�m))(Y ):

�â¬¥â¨¬ â ª¦¥, çâ®

sin
2�j(n + 1�m)

k
=

8<
:

sin 2�jm
k

; ¥á«¨ j ¥ç¥â®¥;

� sin 2�jm
k

; ¥á«¨ j ç¥â®¥:

�«ï ¢ëç¨á«¥¨ï ¡ §®¢ëå ª ®¨ç¥áª¨å f -áâàãªâãà   ®¤®à®¤®¬ �-¯à®áâà áâ¢¥ Gn ¯à¨-
¬¥¨¬ ¯à¨¢¥¤¥ë¥ ä ªâë ª ä®à¬ã« ¬ (4).

�®¦® ¯®ª § âì, çâ® ¡ §®¢ë¥ áâàãªâãàë fj, j = 1; n, ®¡« ¤ îâ á¢®©áâ¢®¬

Im fj �

(
L1; ¥á«¨ j ç¥â®¥;
L2; ¥á«¨ j ¥ç¥â®¥:

(8)

�  £àã¯¯¥ Gn ¬®¦® ®¯à¥¤¥«¨âì «¥¢®¨¢ à¨ âãî ¬¥âà¨ªã g = h�; �i, ª®â®à ï ¢ ¢ë¡à ®¬
¡ §¨á¥ gn ®¯¨áë¢ ¥âáï á«¥¤ãîé¨¬ ®¡à §®¬ ([27], á. 192)

he1p; e
1
l i = a; he2t ; e

2
t i = 1; he2v; e

2
t i = he1p; e

2
t i = 0; a > 0;

£¤¥ p; l = 1; n; t; v = 1; n+ 1; v 6= t.
�®áª®«ìªã ¬¥âà¨ª  g �-¨¢ à¨ â , â® ¢ á¨«ã [28] ¢á¥ ª ®¨ç¥áª¨¥ f -áâàãªâãàë á ¥©

á®£« á®¢ ë. � ç áâ®áâ¨,  ¡®à ¡ §®¢ëå ª ®¨ç¥áª¨å f -áâàãªâãà ¯®à®¦¤ ¥â ¯® â¥®à¥¬¥ 2
GAH-áâàãªâãàã à £  n. �ëïá¨¬ á¢®©áâ¢  íâ®© GAH-áâàãªâãàë.

� ¢ë¡à ®¬ ¡ §¨á¥ áª®¡ª  �¨ ¢¥ªâ®à®¢ ¨§ gn ®¯¨áë¢ ¥âáï à ¢¥áâ¢ ¬¨

[eup ; e
v
l ] =

8>>>><
>>>>:

0; ¥á«¨ u = v;
0; ¥á«¨ p 6= l; l 6= 1;

�e21; ¥á«¨ u = 1; v = 2; l = 1;
e2l ; ¥á«¨ u = 1; v = 2; p = l 6= 1:

(9)

�«ï ¢ëïá¥¨ï á¢®©áâ¢ ª®¬¯®§¨æ¨®ëå â¥§®à®¢ Tj áâàãªâãà fj ¢®á¯®«ì§ã¥¬áï ¢ëà -
¦¥¨¥¬ Tj ¢ â¥à¬¨ å â¥§®à  Bj , ª®â®àë© ¬®¦¥â ¡ëâì ®¯à¥¤¥«¥ à ¢¥áâ¢®¬ Bj(X;Y ) =

42



�f 2jNj(f 2jX; f
2
j Y ), £¤¥ Nj | á®®â¢¥âáâ¢ãîé¨© áâàãªâãà¥ fj â¥§®à �¥©¥å¥©á  [4]. � ¯®¤à®¡®©

§ ¯¨á¨ â¥§®à Bj ¬®¦¥â ¡ëâì ¯à¥¤áâ ¢«¥ ¢ ¢¨¤¥

Bj(X;Y ) = �f 2j [fjX; fjY ] + f 2j [f
2
jX; f

2
j Y ] + fj [f

2
jX; fjY ] + fj [fjX; f

2
j Y ]:

�á¯®«ì§ãï â¥¯¥àì á¢®©áâ¢® (8) ¨ ä®à¬ã«ë (9), § ¬¥â¨¬, çâ® [fjX; fjY ] = 0 ¤«ï ¢á¥å ¡ §®¢ëå
áâàãªâãà fj, £¤¥ X;Y 2 gn. �«¥¤®¢ â¥«ì®, Bj = 0, çâ® ¢«¥ç¥â [4] à ¢¥áâ¢® Tj = 0. �âáî¤ 
á«¥¤ã¥â, çâ® ª®¬¯®§¨æ¨®ë© â¥§®à T = T1 + � � � + Tn ¤«ï GAH-áâàãªâãàë fg; f1; : : : ; fn; Tg
à ¢¥ ã«î. � ª¨¬ ®¡à §®¬, ¢¥à 

�¥®à¥¬  9. �ãáâì f1; : : : ; fn | ¡ §®¢ë¥ ª ®¨ç¥áª¨¥ f -áâàãªâãàë   à¨¬ ®¢®¬ ®¤®à®¤-
®¬ �-¯à®áâà áâ¢¥ (Gn

�= R
2n+1 ; g) ¯®àï¤ª  2n + 2, n 2 N. �®£¤  fg; f1; : : : ; fn; Tg ï¢«ï¥âáï

¨¢ à¨ â®© ®¡®¡é¥®© íà¬¨â®¢®© áâàãªâãà®© à £  n.
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