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� ®á­®¢­ëå â¥®à¥¬ å ª« áá¨ç¥áª®© â¥®à¨¨ ãáà¥¤­¥­¨ï �.�.�®£®«î¡®¢  [1] à¥çì ¨¤¥â ® á¨-
áâ¥¬ å ®¡ëª­®¢¥­­ëå ¤¨ää¥à¥­æ¨ «ì­ëå ãà ¢­¥­¨© ¢ â ª ­ §ë¢ ¥¬®© áâ ­¤ àâ­®© ä®à¬¥, â. ¥.
¯à¥¤áâ ¢¨¬ëå ¢ ¢¨¤¥

dx

dt
= f(x; !t); (0.1)

£¤¥ ¢¥ªâ®à-äã­ªæ¨ï f(x; �) ®¡« ¤ ¥â áà¥¤­¨¬ ¯® � ,   ! | ¡®«ìè®© ¯ à ¬¥âà. � á«ãç ¥ T -
¯¥à¨®¤¨ç¥áª®© ¢¥ªâ®à-äã­ªæ¨¨ f(x; �) ¢ [1] à áá¬ âà¨¢ « áì, ¢ ç áâ­®áâ¨, § ¤ ç  ® T!�1-

¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨ïå ãà ¢­¥­¨ï (0.1) ¢ ®ªà¥áâ­®áâ¨ áâ æ¨®­ à­®£® à¥è¥­¨ï
0
x ãáà¥¤­¥­­®©

§ ¤ ç¨
dy

dt
= F (y):

� íâ®¬ á«ãç ¥

F (y) =
1
T

Z T

0
f(y; �)d�

¨, ®ç¥¢¨¤­®, F (
0
x) = 0.

� ¤ «ì­¥©è¥¬ ª« áá¨ç¥áª ï â¥®à¨ï ãáà¥¤­¥­¨ï ¯®«ãç¨«  áãé¥áâ¢¥­­®¥ à §¢¨â¨¥, ®å¢ â¨¢
¬­®£¨¥ ¢ ¦­ë¥ ª« ááë ãà ¢­¥­¨©. �â¬¥â¨¬ ¨§¢¥áâ­ë¥ à ¡®âë [2]{[5] ¯® â¥®à¨¨ ãáà¥¤­¥­¨ï. �
­¨å ¨¬¥îâáï ¨ à¥§ã«ìâ âë, ®â­®áïé¨¥áï ª § ¤ ç¥ ® ¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨ïå à §«¨ç­ëå ãà ¢-
­¥­¨©. � [6]{[8] â ª¦¥ ¯à¥¤áâ ¢«¥­  íâ  § ¤ ç .

� ­­ ï à ¡®â  ¯®á¢ïé¥­  à á¯à®áâà ­¥­¨î â¥®à¨¨ ãáà¥¤­¥­¨ï ­  á«ãç © § ¤ ç¨ ® T!�1-
¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨ïå á¨áâ¥¬ë ãà ¢­¥­¨©

dx

dt
= f(x; !t) +

p
!'(x; !t); ! � 1; (0.2)

£¤¥ ¢¥ªâ®à-äã­ªæ¨ï '(x; �) ï¢«ï¥âáï T -¯¥à¨®¤¨ç¥áª®© ¯® � á ­ã«¥¢ë¬ áà¥¤­¨¬. � «¨ç¨¥ ¢ ãà ¢-
­¥­¨¨ (0.2) ¡®«ìè®£® á« £ ¥¬®£® á ª®íää¨æ¨¥­â®¬

p
! ¯à¨¢®¤¨â ª ¨­®¬ã, ­¥¦¥«¨ ¢ á«ãç ¥ ãà ¢-

­¥­¨ï (0.1), ãáà¥¤­¥­­®¬ã ãà ¢­¥­¨î (1.1) (á¬. ­¨¦¥). �à¨ íâ®¬ ¢ ¦­® ®â¬¥â¨âì, çâ® ¤®¡ ¢«¥­¨¥
¢ (0.1) á« £ ¥¬®£® !�'(x; !t) ¯à¨ � < 1=2 ­¥ ¬¥­ï¥â ãáà¥¤­¥­­®£® ãà ¢­¥­¨ï. � á¢ï§¨ á íâ¨¬
¯®ª § â¥«ì � = 1=2 ¢ [9] ­ §¢ ­ ¯¥à¢ë¬ ¯¥à¥áâà®¥ç­ë¬ ¯®ª § â¥«¥¬. �à¨ ¯®áâà®¥­¨¨  á¨¬¯â®-
â¨ª¨ ¨á¯®«ì§ã¥¬ â®â ¦¥  «£®à¨â¬, ª®â®àë© ¯à¨¬¥­ï«áï ¢ [10], [11] ¯à¨ á®§¤ ­¨¨  á¨¬¯â®â¨ª¨
à¥è¥­¨ï § ¤ ç¨ �®è¨.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ ­ ãç­®© ¯à®£à ¬¬ë \�­¨¢¥àá¨â¥âë �®áá¨¨", £à ­â
ò��.04.01.029, ¨ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©, £à ­â ò06-01-00287-a.
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1. �¡®á­®¢ ­¨¥ ¬¥â®¤  ãáà¥¤­¥­¨ï

1�. �ãáâì D | ®£à ­¨ç¥­­ ï ®¡« áâì ¢ ¯à®áâà ­áâ¢¥ R
n , 
 = f(x; t) : x 2 D, t 2 R

1g.
�à¥¤¯®«®¦¨¬, çâ® ¢¥ªâ®à-äã­ªæ¨¨ f(x; �) ¨ '(x; �) ®¯à¥¤¥«¥­ë ­  ¬­®¦¥áâ¢¥ 
, ¯à¨­¨¬ îâ
§­ ç¥­¨ï ¢ Rn ¨ ã¤®¢«¥â¢®àïîâ á«¥¤ãîé¨¬ ãá«®¢¨ï¬:

1) f(x; �) ¨ '(x; �) ­¥¯à¥àë¢­ë ­  
, T -¯¥à¨®¤¨ç­ë ¯® ¯¥à¥¬¥­­®© � ¨ ­¥¯à¥àë¢­® ¤¨ää¥-
à¥­æ¨àã¥¬ë ¯® x = (x1; x2; : : : ; xn);

2) áà¥¤­¥¥ h'i(x) = h'(x; �)i ¢¥ªâ®à-äã­ªæ¨¨ '(x; �) ¯® � à ¢­® ­ã«î:

h'i(x) � T�1
Z T

0

'(x; �)d� = 0;

3) '(x; �) ¤¢ ¦¤ë ¤¨ää¥à¥­æ¨àã¥¬  ¯® x ¨ ¯à¨ íâ®¬ ¯à®¨§¢®¤­ë¥ @2'
@xk@x`

­¥¯à¥àë¢­ë,
1 6 k; ` 6 n;

4) ãáà¥¤­¥­­®¥ ãà ¢­¥­¨¥

dy

dt
= hf(y; �)i+

D@'
@y

(y; �)
Z �

0
'(y; s)ds

E
� �(y); (1.1)

£¤¥ @'
@y
(y; �) =

�@'i(y;�)
@yj

�n
i;j=1

| ïª®¡¨¥¢  ¬ âà¨æ  ¢¥ªâ®à-äã­ªæ¨¨ '(y; �) ®â­®á¨â¥«ì­® y,

¨¬¥¥â áâ æ¨®­ à­®¥ à¥è¥­¨¥
0
y;

5) à¥è¥­¨¥
0
y ­¥¢ëà®¦¤¥­®, â. ¥. ¬ âà¨æ  @�

@y
(
0
y) ®¡à â¨¬ .

�¡®§­ ç¨¬ ç¥à¥§ C(R) ®¡ëç­®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå ¨ ®£à ­¨ç¥­­ëå ¢¥ªâ®à-
äã­ªæ¨© u : R ! R

n á sup-­®à¬®©. �¥à¥§ C
(R), 
 2 [0; 1], ®¡®§­ ç¨¬ ®¡ëç­®¥ ¡ ­ å®¢® ¯à®-
áâà ­áâ¢® â ª¨å ¢¥ªâ®à-äã­ªæ¨©, ã¤®¢«¥â¢®àïîé¨å à ¢­®¬¥à­®¬ã ãá«®¢¨î ��¥«ì¤¥à  á ¯®ª § -
â¥«¥¬ 
.

�à¨ ¢ë¯®«­¥­¨¨ ãª § ­­ëå ¢ëè¥ ãá«®¢¨© ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  1.1. �ãé¥áâ¢ãîâ â ª¨¥ ¯®«®¦¨â¥«ì­ë¥ ç¨á«  !0, r0, �0, �0, c0 ¨ �1, çâ® ¯à¨

! > !0 á¯à ¢¥¤«¨¢ë á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï.

1. �à ¢­¥­¨¥ (0.2) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ ¢ è à¥ kx� 0
ykC(R) 6 r0 T!�1-¯¥à¨®¤¨ç¥áª®¥ à¥è¥-

­¨¥ x!(t), ¨ ¯à¨ íâ®¬

lim
!!1

kx! � 0
ykC(R) = 0:

2. �á«¨ á¯¥ªâà � ¬ âà¨æë @�
@y
(
0
y)«¥¦¨â ¢ «¥¢®© ®âªàëâ®© ª®¬¯«¥ªá­®© ¯®«ã¯«®áª®áâ¨,

â® à¥è¥­¨¥ x! íªá¯®­¥­æ¨ «ì­® ãáâ®©ç¨¢® à ¢­®¬¥à­® ®â­®á¨â¥«ì­® ! ¨ ­ ç «ì­ëå

¤ ­­ëå, â. ¥. ¤«ï «î¡ëå � 2 R ¨
0
x 2 R

n â ª¨å, çâ® j0x � x!(�)j 6 �0, § ¤ ç  �®è¨ ¤«ï

ãà ¢­¥­¨ï (0.2) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x(�) =
0
x ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

0
x(t), t > � ,

¨ ¯à¨ íâ®¬ ¢ë¯®«­ï¥âáï ®æ¥­ª 

jx!(t)� 0
x(t)j < c0 exp[�0(� � t)]jx!(�)� 0

x(�)j; t > �:

3. �á«¨ á¯¥ªâà � á®¤¥à¦¨â å®âï ¡ë ®¤­ã â®çªã ¢ ¯à ¢®© ®âªàëâ®© ª®¬¯«¥ªá­®© ¯®«ã-

¯«®áª®áâ¨, â® à¥è¥­¨¥ x! ­¥ãáâ®©ç¨¢®, â. ¥. áãé¥áâ¢ã¥â â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì

tk ¯®«®¦¨â¥«ì­ëå ç¨á¥« ¨ â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì ¢¥ªâ®à®¢
k
x 2 Rn , çâ® k

x! x!(0),

§ ¤ ç  �®è¨ ¤«ï ãà ¢­¥­¨ï (0.2) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x(0) =
k
x ¨¬¥¥â à¥è¥­¨¥

k
x(t),

t 2 [0; tk], ¨ ¯à¨ íâ®¬

jkx(tk)� x!(tk)j > �1:
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�®ª § â¥«ìáâ¢® â¥®à¥¬ë 1.1 ¨§«®¦¥­® ¢ ¯¯. 2�{3�.

2�. � íâ®¬ ¯ã­ªâ¥ ¤®ª ¦¥¬ ãâ¢¥à¦¤¥­¨¥ 1 â¥®à¥¬ë 1.1. �®ª § â¥«ìáâ¢® ¯à®¢®¤¨âáï ¢ âà¨
íâ ¯ . �­ ç «¥ ¢ ãà ¢­¥­¨¨ (0.2) ®áãé¥áâ¢«ï¥âáï § ¬¥­  ¯¥à¥¬¥­­ëå �àë«®¢ {�®£®«î¡®¢ , á
¯®¬®éìî ª®â®à®© ã­¨çâ®¦ îâáï ç«¥­ë ãà ¢­¥­¨ï, ¯à®¯®àæ¨®­ «ì­ë¥

p
!; § â¥¬ ®â § ¤ ç¨ ®

T!�1-¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨ïå ¯à¥®¡à §®¢ ­­®£® ãà ¢­¥­¨ï ¤¥« ¥âáï ¯¥à¥å®¤ ª á®®â¢¥âáâ¢ãî-
é¥¬ã ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î; ¨, ­ ª®­¥æ, ­  âà¥âì¥¬ íâ ¯¥ ª ¯®«ãç¥­­®¬ã ­  ¢â®à®¬ íâ ¯¥
¨­â¥£à «ì­®¬ã ®¯¥à â®àã ¯à¨¬¥­ï¥âáï â¥®à¥¬  ® ­¥ï¢­ëå ®¯¥à â®à å.

� å®¤¥ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 1.1 ¡ã¤¥â ¨á¯®«ì§®¢ ­ 

�¥¬¬  1.1. �ãáâì � > 0. �®£¤  ¤«ï «î¡®£® q > 0 ­ ©¤¥âáï â ª®¥ !1 > 0, çâ® ¯à¨ ¢á¥å

! > !1 ¨ ¢á¥å x 2 D, t 2 R ¢ë¯®«­ïîâáï ®æ¥­ª¨

!��
����
Z !t

0

'(x; �)d�
���� < q; !��






Z !t

0

@'

@x
(x; �)d�





 < q:

�¤¥áì kAk | ­®à¬  ¬ âà¨æë A = (aij). � ¯à¨¬¥à, kAk =
s

nP
i;j=1

a2ij.

�®ª § â¥«ìáâ¢®. �®áª®«ìªã ¬ âà¨ç­®§­ ç­ ï äã­ªæ¨ï @'
@x
(x; �) ï¢«ï¥âáï T -¯¥à¨®¤¨ç¥áª®©

¯® � á ­ã«¥¢ë¬ áà¥¤­¨¬, â® ¢â®à ï ®æ¥­ª  «¥¬¬ë 1.1 ãáâ ­ ¢«¨¢ ¥âáï, ª ª ¨ ¯¥à¢ ï, ­  ¤®ª -
§ â¥«ìáâ¢¥ ª®â®à®© ¨ ®áâ ­®¢¨¬áï.

�«ï «î¡®£® s 2 R á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®Z s+T

s
'(x; �)d� =

Z T

0
'(x; �)d� +

Z s+T

T
'(x; �)d� �

Z s

0
'(x; �)d�:

�® ¢â®à®¬ ¨­â¥£à «¥ á¯à ¢  ¤¥« ¥¬ § ¬¥­ã ¯¥à¥¬¥­­ëå � = � 0+T ¨, ãç¨âë¢ ï T -¯¥à¨®¤¨ç­®áâì
¢¥ªâ®à-äã­ªæ¨¨ '(x; �) ¯® � ¨ à ¢¥­áâ¢® h'(x; �)i = 0, ¯®«ãç¨¬Z s+T

s

'(x; �)d� = T h'(x; �)i = 0: (1.2)

�ãáâì k | æ¥«®¥ ­¥®âà¨æ â¥«ì­®¥ ç¨á«®, ã¤®¢«¥â¢®àïîé¥¥ ­¥à ¢¥­áâ¢ã 0 6 !t � kT < T . �§
á®®â­®è¥­¨ï Z !t

0
'(x; �)d� =

k�1X
i=0

Z (i+1)T

iT
'(x; �)d� +

Z !t

kT
'(x; �)d�

(¢ á«ãç ¥ k = 0 ¢ ¯à ¢®© ç áâ¨ à ¢¥­áâ¢  ¯à¨áãâáâ¢ã¥â «¨èì ¯®á«¥¤­¥¥ á« £ ¥¬®¥) ¨ à ¢¥­áâ¢ 
(1.2) ¢ëâ¥ª ¥â ®æ¥­ª  ����!��

Z !t

0

'(x; �)d�
���� 6 !��TM;

£¤¥ M = sup
x2D

�2[0;T ]

j'(x; �)j. � ª¨¬ ®¡à §®¬, ¤®ª §ë¢ ¥¬ ï ®æ¥­ª  á¯à ¢¥¤«¨¢  ¯à¨ ! > (TM
q
)1=�.

�¡®§­ ç¨¬ ç¥à¥§ D0 ¢­ãâà¥­­îî ¢ë¯ãª«ãî ¯®¤®¡« áâì ®¡« áâ¨ D â ªãî, çâ®
0
y 2 D0. �¥à¥§

S0 ®¡®§­ ç¨¬ ¬­®¦¥áâ¢® ­¥¯à¥àë¢­®-¤¨ää¥à¥­æ¨àã¥¬ëå ¢¥ªâ®à-äã­ªæ¨© y : R ! D0. �®á-
¯®«ì§®¢ ¢è¨áì «¥¬¬®© 1.1, ¯®¤¡¥à¥¬ â ª®¥ !1 > 0, çâ® ¯à¨ ! > !1 ¨ ¢á¥å y 2 S0 §­ ç¥­¨ï
¢¥ªâ®à-äã­ªæ¨©

x(t) � y(t) + !�1=2
Z !t

0

'[y(t); � ]d� (1.3)

¯à¨­ ¤«¥¦ â D ¨ ¨¬¥¥â ¬¥áâ® ®æ¥­ª 

!�1=2





Z !t

0

@'

@y
[y(t); � ]d�





 < 1
2
:
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�¡®§­ ç¨¬ ç¥à¥§ D1 áâà®£® ¢­ãâà¥­­îî ¢ë¯ãª«ãî ¯®¤®¡« áâì ®¡« áâ¨ D, á®¤¥à¦ éãî ¢á¥
§­ ç¥­¨ï ¢¥ªâ®à-äã­ªæ¨¨ x(t), ®¯à¥¤¥«ï¥¬ë¥ ä®à¬ã«®© (1.3).

�à®¨§¢¥¤ï ¢ (0.2) ¯à¨ ! > !1 § ¬¥­ã ¯¥à¥¬¥­­ëå �àë«®¢ {�®£®«î¡®¢  (1.3), ¯®«ãç¨¬ ãà ¢-
­¥­¨¥

dy

dt
= f(y; !t) +

@'

@y
(y; !t)

!tZ
0

'(y; s)ds+R(y; t; !) � g(y; !t) +R(y; t; !); (1.4)

£¤¥

R(y; t; !) = (E + �!)�1f(y +K!; !t)� f(y; !t) +

+
p
!

�
(E + �!)�1['(y +K!; !t)� '(y; !t)] � @'

@y
(y; !t)K!

�
;

K!(y; t) = !�1=2
Z !t

0

'(y; �)d�; �!(y; t) = !�1=2
Z !t

0

@'

@y
(y; �)d�:

�¥¬¬  1.2. �«ï «î¡®£® " > 0 ­ ©¤¥âáï !1 > 0 â ª®¥, çâ® ¯à¨ ¢á¥å y 2 D0, ! > !1 ¨ t 2 R
¢ë¯®«­ïîâáï ®æ¥­ª¨

jR(y; t; !)j < ";





@R@y (y; t; !)




 < ":

�®ª § â¥«ìáâ¢®. � ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­® " > 0. �¡®§­ ç¨¬

R1(y; t; !) = (E + �!)�1f(y +K!; !t)� f(y; !t) =

= [(E + �!)�1 �E]f(y +K!; !t) + [f(y +K!; !t)� f(y; !t)] �
� R11(y; t; !) +R12(y; t; !);

R2(y; t; !) � R(y; t; !)�R1(y; t; !);

m = sup
x2D1
�2R

jf(x; �)j:

�® «¥¬¬¥ 1.1 ­ ©¤¥âáï â ª®¥ !21 > 0, çâ® ¯à¨ ¢á¥å ! > !21, y 2 D0 ¨ t 2 R ¡ã¤¥â ¢ë¯®«­¥­®
­¥à ¢¥­áâ¢® k�!(y; t)k < min

�
"
8m
; 1
2

�
. �®£¤  R11(y; t; !) 6

k�!k
1�k�!k

m < "
4
.

� ¬¥â¨¬, çâ® ¢ á¨«ã T -¯¥à¨®¤¨ç­®áâ¨ äã­ªæ¨¨ f ¯® ¢â®à®¬ã  à£ã¬¥­âã ®­  à ¢­®¬¥à­®
­¥¯à¥àë¢­  ¢ ®¡« áâ¨ 
1 = D1�R. �âáî¤ , á ãç¥â®¬ «¥¬¬ë 1.1, á«¥¤ã¥â áãé¥áâ¢®¢ ­¨¥ â ª®£®
!22 > 0, çâ® ¯à¨ ¢á¥å ! > !22, y 2 D0, t 2 R á¯à ¢¥¤«¨¢® jR12(y; t; !)j < "

4
.

�¥à¥å®¤¨¬ ª ®æ¥­ª¥ R2. �¬¥¥¬

R2(y; t; !) =
p
!

�
[(E + �!)

�1 �E]['(y +K!; !t)� '(y; !t)] +

+
�
'(y +K!; !t)� '(y; !t)� @'(y; !t)

@y
K!

��
� p

!fR21(y; t; !) +R22(y; t; !)g:

�®á¯®«ì§ã¥¬áï á«¥¤ãîé¥© ®æ¥­ª®©,  ­ «®£ ª®â®à®© ¯®«ãç¥­ ¢ «¥¬¬¥ 1.1: ¤«ï ¢á¥å ! > 0, x 2 D1,
t 2 R á¯à ¢¥¤«¨¢® ­¥à ¢¥­áâ¢® k�!(x; t)k < m1T!

�1=2, £¤¥ m1 = sup
x2D1
�2R

��@'
@x
(x; �)

��. � ãç¥â®¬ íâ®£®,

  â ª¦¥ á®®¡à ¦¥­¨©, ¨á¯®«ì§®¢ ­­ëå ¯à¨ ®æ¥­ª¥ á« £ ¥¬®£® R12, ã¡¥¤¨¬áï ¢ áãé¥áâ¢®¢ ­¨¨
â ª®£® ç¨á«  !23 > 0, çâ® ¯à¨ ¢á¥å ! > !23

jp!R21(y; t; !)j 6
p
!

k�!k
1� k�!k

"

8m1T
6
p
!m1T!

�1=2 "

4m1T
=

"

4
:
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�¥à¥å®¤¨¬ ª® ¢â®à®¬ã á« £ ¥¬®¬ã. � ¯®¬®éìî ä®à¬ã«ë ª®­¥ç­ëå ¯à¨à é¥­¨© ¯®«ãç ¥¬
á®®â­®è¥­¨ï

jp!R22(y; t; !)j =
p
!

����
Z 1

0

@'

@y
(y + �K!; !t)d�K! � @'

@y
(y; !t)K!

���� 6
6






Z 1

0

�
@'

@y
(y + �K!; !t)� @'

@y
(y; !t)

�
d�





p!jK!j:

� á¨«ã à ¢­®¬¥à­®© ­¥¯à¥àë¢­®áâ¨ @'
@y

­  
1 ¨ ®æ¥­ª¨, ¯®«ãç¥­­®© ¢ «¥¬¬¥ 1.1, áãé¥áâ¢ã¥â
â ª®¥ !24 > 0, çâ® ¯à¨ ¢á¥å ! > !24, y 2 D0, t 2 R á¯à ¢¥¤«¨¢® jp!R22(y; t; !)j < "

4TM
TM = "

4
.

� ª¨¬ ®¡à §®¬, ¤«ï ! > maxf!21; !22; !23; !24g, y 2 D0, t 2 R ¨¬¥¥¬ ®æ¥­ªã jR(y; t; !)j 6 ".
�¥¯¥àì § ¬¥â¨¬, çâ® ¯à¨ â ª¨å ¦¥ ! á¯à ¢¥¤«¨¢ë á®®â­®è¥­¨ï



 @

@yi
(E + �!(y; t))�1





 =




[E + �!(y; t)]�1

@�!
@yi

(y; t)[E + �!(y; t)]�1




 6 2!�1=2Tm22 = 4Tm2!

�1=2;

£¤¥ i = 1; 2; : : : ; n, m2 = max
x2D1
�2R



@2'
@x2

(x; �)


 � max

x2D1
�2R

s
nP

i;j;k=1

�
@2'i

@xj@xk
(x; �)

�2
. �â¢¥à¦¤¥­¨¥ «¥¬¬ë ® @R

@y

¤®ª §ë¢ ¥âáï á ¨á¯®«ì§®¢ ­¨¥¬ ¯®á«¥¤­¥© ®æ¥­ª¨,   â ª¦¥ á®®¡à ¦¥­¨©,  ­ «®£¨ç­ëå â¥¬,
ª®â®àë¥ ¯à¨¬¥­ï«¨áì ¢ á«ãç ¥ á R.

�¡®§­ ç¨¬ ç¥à¥§ C([0; T0]) ¨ C
([0; T0]), £¤¥ T0 > 0, 
 2 [0; 1], ¡ ­ å®¢ë ¯à®áâà ­áâ¢  ¢¥ªâ®à-
äã­ªæ¨© x : [0; T0] ! R

n ,  ­ «®£¨ç­ë¥ ¢¢¥¤¥­­ë¬ ¢ëè¥ ¯à®áâà ­áâ¢ ¬ C(R) ¨ C
(R) á®®â¢¥â-
áâ¢¥­­®.

�§ à ¢¥­áâ¢  (1.3) «¥£ª® ¢¨¤¥âì, çâ® ãâ¢¥à¦¤¥­¨¥ 1 â¥®à¥¬ë 1.1 ¢ëâ¥ª ¥â ¨§ á«¥¤ãîé¥©
«¥¬¬ë.

�¥¬¬  1.3. 1 �ãé¥áâ¢ãîâ â ª¨¥ ç¨á«  !1 ¨ r1, çâ® ¯à¨ ! > !1 ãà ¢­¥­¨¥ (1.4) ¨¬¥¥â

¥¤¨­áâ¢¥­­®¥ ¢ è à¥ ky � 0
ykC(R) 6 r1 T!�1-¯¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ y!(t), ¨ ¯à¨ íâ®¬ ¤«ï

ª ¦¤®£® � 2 (0; 1)

lim
!!1

ky! � 0
ykC�(R) = 0:

�®ª § â¥«ìáâ¢ã «¥¬¬ë 1.3 ¯®á¢ïé¥­  ®áâ «ì­ ï ç áâì íâ®£® ¯ã­ªâ .

� ãà ¢­¥­¨¨ (1.4) á¤¥« ¥¬ § ¬¥­ã ¯¥à¥¬¥­­ëå y = u +
0
y,   § â¥¬ ¯¥à¥¯¨è¥¬ ¯®«ãç¥­­®¥

ãà ¢­¥­¨¥ ¢ ¢¨¤¥

du

dt
� F 0(

0
y)u = g(u+

0
y; !t)� F 0(

0
y)u+R(u+

0
y; t; !) � Z(u; t; !); (1.5)

£¤¥ ¤«ï ªà âª®áâ¨ ¨á¯®«ì§®¢ ­® ®¡®§­ ç¥­¨¥ F 0(
0
y) = @F

@y
(
0
y).

�®áª®«ìªã ¯® ãá«®¢¨î á¯¥ªâà �(F 0(
0
y)) ¬ âà¨æë F 0(

0
y) ­¥ á®¤¥à¦¨â ­ã«ï, â® ­ ©¤¥âáï â ª®¥

T1 > 0, çâ® �(T1F 0(
0
y)) ­¥ á®¤¥à¦¨â â®ç¥ª Tki, k 2 Z. �¥©áâ¢¨â¥«ì­®, ¥á«¨ ¯à¨ ­¥ª®â®à®¬

T0 > 0 á¯¥ªâà �(T0F 0(
0
y)) á®¤¥à¦¨â ­¥áª®«ìª® â ª¨å â®ç¥ª, â®, ¢¢¨¤ã ¨å ª®­¥ç­®áâ¨ (â. ª. á ¬®

¬­®¦¥áâ¢® �(T0F 0(
0
y)) ª®­¥ç­®), ¢ ª ç¥áâ¢¥ T1 ¬®¦­®, ®ç¥¢¨¤­®, ¢§ïâì «î¡®¥ ¤®áâ â®ç­® ¡«¨§ª®¥

ª T0, ­® ®â«¨ç­®¥ ®â ­¥£® ç¨á«®. � «¥¥, ®¡®§­ ç¨¬ t! = [T�1!T1]T!�1, £¤¥ [a] | æ¥« ï ç áâì

ç¨á«  a, ¨ ¯®¤¡¥à¥¬ â ª®¥ !�, çâ® ¯à¨ ! > !� ¬­®¦¥áâ¢® �(t!F 0(
0
y)) ­¥ á®¤¥à¦¨â â®ç¥ª Tki,

1�¥¬¬  1.3, ¯® áãé¥áâ¢ã, ï¢«ï¥âáï á«¥¤áâ¢¨¥¬ â¥®à¥¬ë 2 à ¡®âë [6], ®â­®áïé¥©áï ª  ¡áâà ªâ­ë¬
¯ à ¡®«¨ç¥áª¨¬ ãà ¢­¥­¨ï¬. �«ï ¯®«­®âë ¨§«®¦¥­¨ï §¤¥áì ¯à¨¢®¤¨âáï ¤®ª § â¥«ìáâ¢® íâ®© «¥¬¬ë,
¯à¨ íâ®¬ ¨á¯®«ì§ã¥âáï ­¥áª®«ìª® ¨­®© ¯ãâì, ­¥¦¥«¨ ¢ [6].
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k 2 Z. � ª ¨§¢¥áâ­® [12], § ¤ ç  ® t!-¯¥à¨®¤¨ç¥áª¨å à¥è¥­¨ïå ãà ¢­¥­¨ï (1.5) íª¢¨¢ «¥­â­ 
ãà ¢­¥­¨î

u(t) =
Z t!

0

G!(t� s)Z(u(s); s; !)ds � [N!(u)](t); (1.6)

£¤¥

G!(t) =

8<
:e

tF 0(
0
y)[E � et!F

0(
0
y)]�1; ¥á«¨ 0 6 t;

e(t+t!)F
0(
0
y)[E � et!F

0(
0
y)]�1; ¥á«¨ t < 0:

(1.7)

�à¨ íâ®¬ ¤«ï ã¤®¡áâ¢  ãà ¢­¥­¨¥ (1.6) ¡ã¤¥¬ ¨áá«¥¤®¢ âì ­¥ ­  ¢á¥© ¯àï¬®© t 2 R,   ­  ãç áâª¥
t 2 [0; T1]. � ª®¥ áã¦¥­¨¥ § ¤ ç¨ ®¯à ¢¤ ­® â¥¬ «¥£ª® ãáâ ­ ¢«¨¢ ¥¬ë¬ ä ªâ®¬, çâ® ª ¦¤®¥
à¥è¥­¨¥ ãà ¢­¥­¨ï (1.6) ­  ãç áâª¥ t 2 [0; T1], ¡ã¤ãç¨ t!-¯¥à¨®¤¨ç¥áª¨¬ ®¡à §®¬ ¯à®¤®«¦¥­­ë¬
­  ¢áî ¯àï¬ãî t 2 R, ï¢«ï¥âáï à¥è¥­¨¥¬ ãà ¢­¥­¨ï (1.5) ­  ¢á¥© ¯àï¬®© t 2 R.

�¯à¥¤¥«¨¬ â¥¯¥àì ®¯¥à â®à M : C�([0; T1])� (!�;1]! C�([0; T1]), � 2 (0; 1), ¤¥©áâ¢ãîé¨© ¯®
¯à ¢¨«ã

M(u; !) =

8><
>:
N!(u); ! <1;
T1R
0

G1(t� s)fF (u(s) + 0
y)� F 0(

0
y)u(s)gds; ! =1;

£¤¥ G1(t) = G!(t)
��
t!=T1

(á¬. (1.7)). �â¬¥â¨¬ ®ç¥¢¨¤­®¥ à ¢¥­áâ¢® M(0;1) = 0.

�¥¬¬  1.4. �¯¥à â®à M(u; !) ­¥¯à¥àë¢¥­ ¢ â®çª¥ (u; !) = (0;1) ¨ ¨¬¥¥â ¯à®¨§¢®¤­ãî

�à¥è¥ (DuM)(u; !) ¯® ¯¥à¥¬¥­­®© u, ª®â®à ï â ª¦¥ ­¥¯à¥àë¢­  ¢ íâ®© â®çª¥.

�®ª § â¥«ìáâ¢®. �¢¥¤¥¬ ®¯¥à â®àëM0 : C�([0; T1])�(!�;+1]! C[0; T1] ¨M1 : C�([0; T1])�
(!�;+1] ! C1[0; T1], ¤¥©áâ¢ãîé¨¥ ¯® â®¬ã ¦¥ § ª®­ã, çâ® ¨ ®¯¥à â®à M . �¥£ª® ¤®ª § âì, çâ®
áãé¥áâ¢ã¥â â ª ï ¯®áâ®ï­­ ï c0, ¯à¨ ª®â®à®© ¢ë¯®«­ïîâáï ®æ¥­ª¨

sup
kukC�(0;T1)�1

!>!�

kM1(u; !)kC1([0;T1]) 6 c0;

sup
kukC�(0;T1)�1

!>!�

kDuM1(u; !)kHom(C�([0;T1]);C1([0;T1])) 6 c0:

(�¥à¥§ Hom(B1; B2), £¤¥ B1, B2 | ¡ ­ å®¢ë ¯à®áâà ­áâ¢ , ®¡®§­ ç ¥âáï ¡ ­ å®¢® ¯à®áâà ­áâ¢®
«¨­¥©­ëå ®£à ­¨ç¥­­ëå ®¯¥à â®à®¢, ¤¥©áâ¢ãîé¨å ¨§ B1 ¢ B2, á ®¡ëç­®© ®¯¥à â®à­®© ­®à¬®©.)

�§ íâ¨å ®æ¥­®ª ¨ ¨§¢¥áâ­®£® ¨­â¥à¯®«ïæ¨®­­®£® ­¥à ¢¥­áâ¢  [6]

kxkC�([0;T1]) 6 kxkC([0;T1]) + (2kxkC([0;T1]))1��kxk�C1([0;T1])

á«¥¤ã¥â, çâ® ¤«ï ¤®ª § â¥«ìáâ¢  «¥¬¬ë 1.4 ¤®áâ â®ç­® ¥¥ ¤®ª § âì ¤«ï ®¯¥à â®à  M0.
� ©¬¥¬áï á­ ç «  ¤®ª § â¥«ìáâ¢®¬ ­¥¯à¥àë¢­®áâ¨ ®¯¥à â®à  M0 ¢ â®çª¥ (0;1). �®ª ¦¥¬

¡®«ìè¥,   ¨¬¥­­®, ­¥¯à¥àë¢­®áâì ®¯¥à â®à  M00 : C([0; T1])� (!�;1]! C([0; T1]), ï¢«ïîé¥£®áï
­¥¯à¥àë¢­ë¬ à áè¨à¥­¨¥¬ ®¯¥à â®à  M0.

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­®¥ ç¨á«® " > 0 ¨ ­ ©¤¥¬ â ª¨¥
1
! > !� ¨ � > 0, çâ®¡ë ¤«ï ¢á¥å

! >
1
!, kukC[0;T1] < � ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢® kM00ukC[0;T1] < ".

�ç¥¢¨¤­®, áãé¥áâ¢ãîâ â ª¨¥ m3 > 0,
1
!1 > !�, çâ® ¯à¨ «î¡ëå ! >

1
!1 á¯à ¢¥¤«¨¢  ®æ¥­ª 

k[E � et!F
0(
0
y)]�1k < m3. �á­® â ª¦¥, çâ® ¯à¨ t 2 [0; T1] ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥ ketF 0(

0
y)k 6

eT1kF
0(
0
y)k. �¡®§­ ç¨¬ m4 � max

�
m3e

T1kF
0(
0
y)k; 1

�
.
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�æ¥­¨¬ â¥¯¥àì à ¢­®¬¥à­® ¯® t 2 [0; T1]

Z t

0
e(t�s)F

0(
0
y)Z(u(s); s; !)ds =

Z t

0
e(t�s)F

0(
0
y)
�
g(u(s) +

0
y; !s)� g(

0
y; !s)

�
ds+

+
Z t

0

e(t�s)F
0(
0
y)g(

0
y; !s)ds�

Z t

0

e(t�s)F
0(
0
y)F 0(

0
y)u(s) ds+

+
Z t

0
e(t�s)F

0(
0
y)R(u(s) +

0
y; s; !)ds � I1(t) + I2(t) + I3(t) + I4(t):

�æ¥­¨¬ I1. � á¨«ã à ¢­®¬¥à­®© ­¥¯à¥àë¢­®áâ¨ äã­ªæ¨¨ g ¢ ®¡« áâ¨ 
1 áãé¥áâ¢ã¥â â ª®¥ �1,
çâ® ¯à¨ kukC(0;T1) < �1, s 2 [0; T1], ! > 0 ¢ë¯®«­ï¥âáï ®æ¥­ª 

��g(u(s) + 0
y; !s)� g(

0
y; !s)

�� < "

8m4T1
e�T1kF

0(
0
y)k:

�âáî¤  ¤«ï kukC(0;T1) < �1 ¢ëâ¥ª ¥â ­¥à ¢¥­áâ¢® jI1(t)j < "
8m4

, á¯à ¢¥¤«¨¢®¥ ¤«ï ¢á¥å t 2 [0; T1].

�¥à¥©¤¥¬ ª I2(t). �¡®§­ ç¨¬ ç¥à¥§ t1 = t1(!; t) ¬ ªá¨¬ «ì­®¥ ¨§ ªà â­ëå ç¨á«  T
!
, ­¥ ¯à¥¢®á-

å®¤ïé¨å t. �¢¥¤¥¬ â®çª¨ �j = T
!
j (j = 0; 1; : : : ; N = t1!

T
). �®£¤  ¤«ï «î¡®£® t 2 [0; T1], ¨á¯®«ì§ãï

à ¢¥­áâ¢® hg(0y; �)i = 0, § ¯¨è¥¬

jI2(t)j =
����
NX
j=1

Z �j

�j�1

[e(t�s)F
0(
0
y) � e(t��j)F

0(
0
y)]g(

0
y; !s)ds+

+
NX
j=1

Z �j

�j�1

e(t��j)F
0(
0
y)g(

0
y; !s)ds+

Z t

t1

e(t�s)F
0(
0
y)g(

0
y; !s)ds

���� 6
6

����
NX
j=1

Z �j

�j�1

Z �j

s

F 0(
0
y)e(t��)F

0(
0
y)g(

0
y; !s)d�ds

����+
+
����
NX
j=1

e(t��j)F
0(
0
y)

Z �j

�j�1

g(
0
y; !s)ds

����+ T

!
eT1kF

0(
0
y)k(m+m1TM) 6

6

����
NX
j=1

Z �j

�j�1

kF 0(
0
y)keT1kF 0(

0
y)k(�j � s)(m+m1TM)ds

����+
+
T

!
eT1kF

0(
0
y)k(m+m1TM) 6

�
T1
2
kF 0(

0
y)k+ 1

�
T

!
eT1kF

0(
0
y)k(m+m1TM):

�¤¥áì M , m ¨ m1 | â¥ ¦¥, çâ® ¨ ¢ «¥¬¬ å 1.1, 1.2. �®£¤  ¤«ï

! >
1
!2 � "�18m4

�T1
2
kF 0(

0
y)k+ 1

�
TeT1kF

0(
0
y)k(m+m1TM)

¢ë¯®«­ï¥âáï ®æ¥­ª  jI2j < "
8m4

.

� ©¬¥¬áï â¥¯¥àì á« £ ¥¬ë¬ I3. �«ï kukC[0;T1] < "

8m4T1kF 0(
0
y)k

e�T1kF
0(
0
y)k � �2 ¯à¨ «î¡®¬

t 2 [0; T1] ¨¬¥¥¬ jI3(t)j < "
8m4

.

�æ¥­¨¬, ­ ª®­¥æ, I4. �® «¥¬¬¥ 1.2 áãé¥áâ¢ã¥â â ª®¥
1
!3 > 0, çâ® ¯à¨ ¢á¥å ! >

1
!3, u+

0
y 2 D0,

t 2 R ¨¬¥¥¬ ­¥à ¢¥­áâ¢® jR(u + 0
y; t; !)j < "

8m4T1
e�T1kF

0(
0
y)k. �®íâ®¬ã ­ ©¤¥âáï â ª®¥ �3 > 0, çâ®

¯à¨ ! >
1
!3, kukC[0;T1] < �3, t 2 [0; T1] á¯à ¢¥¤«¨¢  ®æ¥­ª  jI4(t)j < "

8m4
.
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�«¥¤®¢ â¥«ì­®, ¢§ï¢
2
! = max(

1
!1;

2
!2;

1
!3), � = min(�1; �2; �3), ¯à¨ ! >

2
!, ! 6= +1, kukC[0;T ] < �

¯®«ãç ¥¬ ®æ¥­ªã

kM!ukC[0;T1] = max
t2[0;T1]

����[E � et!F
0(
0
y)]�1etF

0(
0
y)

Z t!

0

e(t!�s)F
0(
0
y)Z(u(s); !s)ds+

+
Z t

0
e(t�s)F

0(
0
y)Z(u(s); !s)ds

���� < m3e
T1kF

0(
0
y)k "

2m4

+
"

2m4

6 ":

�«ï ! = +1, kukC[0;T1] < � â ª ï ®æ¥­ª  â®¦¥ á¯à ¢¥¤«¨¢ . �â® ¬®¦­® ¤®ª § âì ¬¥â®-
¤ ¬¨, ¯à¨¬¥­¥­­ë¬¨ ¢ á«ãç ¥ ! 6= +1: ¢  ­ «®£¥ á« £ ¥¬®£® I1 ¢¬¥áâ® g áâ®¨â äã­ªæ¨ï F ,
­¥¯à¥àë¢­ ï ¢ â®çª¥

0
y, ¨­â¥£à «ë â¨¯  I2 ¨ I4 à ¢­ë ­ã«î,   I3 ®áâ ¥âáï ¡¥§ ¨§¬¥­¥­¨ï.

�  ¤®ª § â¥«ìáâ¢¥ áãé¥áâ¢®¢ ­¨ï ¯à®¨§¢®¤­®© �à¥è¥ DuM0(u; !) ¨ ¥¥ ­¥¯à¥àë¢­®áâ¨ ¢ â®ç-
ª¥ (u; !) = (0;+1) ®áâ ­ ¢«¨¢ âìáï ­¥ ¡ã¤¥¬. �â¬¥â¨¬ «¨èì, çâ® ­¥¯à¥àë¢­®áâì ¤®ª §ë¢ ¥âáï
 ­ «®£¨ç­® ­¥¯à¥àë¢­®áâ¨ M00 ¢ â®çª¥ (0;+1).

�¥¬¬  1.3 ¢ëâ¥ª ¥â ¨§ «¥¬¬ë 1.4, â¥®à¥¬ë ® ­¥ï¢­ëå ®¯¥à â®à å ¨ á«¥¤ãîé¨å ¤¢ãå ¯à®áâëå
¯à¥¤«®¦¥­¨©.

�¥¬¬  1.5. �ãáâì � 2 (0; 1) ¨ !1 ¤®áâ â®ç­® ¢¥«¨ª®. �®£¤  ¤«ï «î¡®£® a0 > 0 ­ ©¤¥âáï

â ª®¥ a1 > 0, çâ® ¯à¨ ! > !1 ¤«ï ª ¦¤®£® à¥è¥­¨ï u! ãà ¢­¥­¨ï (1.5), ã¤®¢«¥â¢®àïîé¥£®
­¥à ¢¥­áâ¢ã ku!kC(R) � a1, á¯à ¢¥¤«¨¢  ®æ¥­ª  ku!kC�(R) � a0.

�®ª § â¥«ìáâ¢®. �§ ãà ¢­¥­¨ï (1.5) á«¥¤ã¥â à ¢­®¬¥à­ ï ®â­®á¨â¥«ì­® ! > !1 ®£à ­¨-
ç¥­­®áâì ¢¥«¨ç¨­ë ku!kC1(R). �§ íâ®£® ä ªâ  ¨ ¨á¯®«ì§®¢ ¢è¥£®áï ¢ëè¥ ¨­â¥à¯®«ïæ¨®­­®£®
­¥à ¢¥­áâ¢  ¢ëâ¥ª ¥â âà¥¡ã¥¬®¥ ãâ¢¥à¦¤¥­¨¥.

�¥¬¬  1.6. �áïª®¥ t!-¯¥à¨®¤¨ç¥áª®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï (1.5), ¥¤¨­áâ¢¥­­®¥ ¢ ª ª®¬-«¨¡®

è à¥ kukC(R) < a, a > 0, ï¢«ï¥âáï T!�1-¯¥à¨®¤¨ç¥áª¨¬.

�®ª § â¥«ìáâ¢®. �á«¨ u(t) | à¥è¥­¨¥ (1.5), â® v(t) = u(t + T!�1) | â ª¦¥ ¥£® à¥è¥­¨¥,
¢ ç¥¬ ã¡¥¦¤ ¥¬áï ­¥¯®áà¥¤áâ¢¥­­®© ¯®¤áâ ­®¢ª®©. � á¨«ã ¦¥ ®â­®á¨â¥«ì­®© ¥¤¨­áâ¢¥­­®áâ¨
à¥è¥­¨ï ¯®«ãç ¥¬ u(t) = v(t) = u(t+ T!�1).

�â ª, «¥¬¬  1.3,   á ­¥© ¨ ãâ¢¥à¦¤¥­¨¥ 1 â¥®à¥¬ë 1.1 ¤®ª § ­ë.

� ¬¥ç ­¨¥. � á¨«ã «¥¬¬ë 1.3, ä®à¬ã«ë (1.3) ¨ ¨á¯®«ì§®¢ ¢è¥£®áï ¢ëè¥ ¨­â¥à¯®«ïæ¨®­­®-

£® ­¥à ¢¥­áâ¢  à §­®áâì x!� 0
y ã¤®¢«¥â¢®àï¥â ¡®«¥¥ á¨«ì­®¬ã á®®â­®è¥­¨î. �¬¥­­®, ¯à¨ «î¡®¬

� 2 (0; 1=2) á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

lim
!!1

kx! � 0
ykC�(R) = 0:

3�. �¤¥áì ¬ë ¤®ª ¦¥¬ ãâ¢¥à¦¤¥­¨ï 2 ¨ 3 â¥®à¥¬ë 1.1.

�¥¬¬  1.7. �ãáâì v1; v2 2 D0. �à¨ ! > 0, t 2 R ®¡®§­ ç¨¬

u1(t; !) = v1 + !�1=2
Z !t

0

'(v1; �) d�; (1.8)

u2(t; !) = v2 + !�1=2
Z !t

0
'(v2; �) d�: (1.9)

�®£¤  ¯à¨ t 2 R ¨ ¯à¨ «î¡ëå ! > 4T 2m2
3, £¤¥ m3 = sup

x2D0
�2R

k@'
@x
(x; �)k, ¨¬¥îâ ¬¥áâ® ­¥à ¢¥­áâ¢ 

1
2
jv1 � v2j 6 ju1(t; !)� u2(t; !)j 6 2jv1 � v2j:
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�®ª § â¥«ìáâ¢®. �ëç¨â ï ¨§ ãà ¢­¥­¨ï (1.8) ãà ¢­¥­¨¥ (1.9) ¨ ¯à¨¬¥­ïï ä®à¬ã«ã ª®­¥ç-
­ëå ¯à¨à é¥­¨©, ¯®«ãç¨¬ à ¢¥­áâ¢®

u1(t; !)� u2(t; !) = (v1 � v2) + !�1=2
Z !t

0

Z 1

0

@'

@x
(�v1 + (1� �)v2; �)d� d�(v1 � v2): �

�§ ([6], â¥®à¥¬  2) ¯® áãé¥áâ¢ã á«¥¤ãîâ  ­ «®£¨ ãâ¢¥à¦¤¥­¨© 2 ¨ 3 â¥®à¥¬ë 1.1 ¤«ï
T
!
-¯¥à¨®¤¨ç¥áª®£® à¥è¥­¨ï y!(t) ãà ¢­¥­¨ï (1.4), ª®â®àë¥ § ¯¨è¥¬ ¢ á«¥¤ãîé¥¬ ¢¨¤¥.

�¥¬¬  1.8. �¯à ¢¥¤«¨¢ë ¤¢  ãâ¢¥à¦¤¥­¨ï.

1. �á«¨ á¯¥ªâà � «¥¦¨â ¢ «¥¢®© ®âªàëâ®© ¯®«ã¯«®áª®áâ¨, â® y! íªá¯®­¥­æ¨ «ì­® ãáâ®©-
ç¨¢® à ¢­®¬¥à­® ®â­®á¨â¥«ì­® ! ¨ ­ ç «ì­ëå ¤ ­­ëå. �­ë¬¨ á«®¢ ¬¨, áãé¥áâ¢ãîâ

â ª¨¥ ¯®«®¦¨â¥«ì­ë¥ ç¨á«  !2, �2, �1, c1, çâ® ¯à¨ «î¡ëå ! > !2, � 2 R, y0 2 D0 ¨§

®ªà¥áâ­®áâ¨ jy0 � y!(�)j < �2 § ¤ ç  �®è¨ ¤«ï ãà ¢­¥­¨ï (1.4) á ­ ç «ì­ë¬ ãá«®¢¨¥¬

y(�) = y0 (1.10)

¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥
0
y!(t), t > � , ¨ ¯à¨ íâ®¬ ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®

jy!(t)� 0
y!(t)j < c1e

��1(t��)jy!(�)� y0j; t > �: (1.11)

2. �á«¨ á¯¥ªâà � á®¤¥à¦¨â å®âï ¡ë ®¤­ã â®çªã ¢ ¯à ¢®© ®âªàëâ®© ª®¬¯«¥ªá­®© ¯®«ã-

¯«®áª®áâ¨, â® à¥è¥­¨¥ y! ­¥ãáâ®©ç¨¢®, â. ¥. áãé¥áâ¢ãîâ â ª¨¥ ¯®«®¦¨â¥«ì­ë¥ ç¨á« 

!3, �3, çâ® ¤«ï «î¡ëå ! > !3 ­ ©¤¥âáï ¯®á«¥¤®¢ â¥«ì­®áâì ¯®«®¦¨â¥«ì­ëå ç¨á¥« t0k
¨ ¯®á«¥¤®¢ â¥«ì­®áâì ¢¥ªâ®à®¢

k
y 2 D0,

k
y ���!

k!1
y!(0), ¯à¨ ª®â®àëå § ¤ ç  �®è¨ ¤«ï

ãà ¢­¥­¨ï (1.3) á ­ ç «ì­ë¬ ãá«®¢¨¥¬ y(0) = y0 ¨¬¥¥â à¥è¥­¨¥
k
y!(t), t 2 [0; t0k], ¨ ¯à¨

íâ®¬ jky!(t0k)� y!(t0k)j > �3.

�® ª®­æ  à §¤¥«  ¡ã¤¥¬ ¯®«ì§®¢ âìáï ®¡®§­ ç¥­¨ï¬¨, ¢¢¥¤¥­­ë¬¨ ¢ ä®à¬ã«¨à®¢ª å â¥®à¥-
¬ë 1.1 ¨ «¥¬¬ 1.7, 1.8. �®«ãç¨¬ á­ ç «  ãâ¢¥à¦¤¥­¨¥ 2 â¥®à¥¬ë 1.1.

�®§ì¬¥¬ !0 = max(!2; !3; 16�22T
2m2

2; 4T
2m2

3), £¤¥ m2 = sup
x2D0
�2R

j'(x; �)j, �0 = �2
2
, �0 = �1, c0 = 4c1.

� ä¨ªá¨àã¥¬ ¯à®¨§¢®«ì­® ! > !0, � 2 R, x0 2 D ¨§ jx0�x!(�)j 6 �0 ¨ à áá¬®âà¨¬ § ¤ çã �®è¨
¤«ï ãà ¢­¥­¨ï (0.2) á ­ ç «ì­ë¬ ãá«®¢¨¥¬

x(�) = x0: (1.12)

�¢¥¤¥¬ y0 = y0(�; !) á ¯®¬®éìî § ¬¥­ë x0 = y0+!�1=2
!�R
0

'(y0; s)ds. �ãé¥áâ¢®¢ ­¨¥ ¨ ¥¤¨­áâ¢¥­-

­®áâì â ª®£® y0 «¥£ª® ¯®«ãç¨âì á ¯®¬®éìî ¯à¨­æ¨¯  á¦ âëå ®â®¡à ¦¥­¨©.
� ¬¥â¨¬, çâ® jy0� y!(�)j 6 jy0� x0j+ jx0 � x!(�)j+ jx!(�)� y!(�)j < �2. �­ ç¨â, ¯® «¥¬¬¥ 1.8

§ ¤ ç  �®è¨ (1.4), (1.10) ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥
0
y!(t) ¯à¨ t > � , ¨ ¢ë¯®«­ï¥âáï á®®â­®è¥-

­¨¥ (1.11). �®£¤  äã­ªæ¨ï
0
x!(t) � 0

y!(t)+!�1=2
!�R
0

'(
0
y!(t); s)ds ï¢«ï¥âáï ¥¤¨­áâ¢¥­­ë¬ à¥è¥­¨¥¬

§ ¤ ç¨ �®è¨ (0.2), (1.12) ¯à¨ t > � , ¯à¨ íâ®¬

jx!(t)� 0
x!(t)j 6 2jy!(t)� 0

y!(t)j 6 2c1e
��1(t��)jy!(�)� y0j 6

6 4c1e
��1(t��)jx!(�)� x0j � c0e

��0(t��)jx!(�)� x0j:
�ë¢¥¤¥¬ â¥¯¥àì ãâ¢¥à¦¤¥­¨¥ 3 â¥®à¥¬ë 1.1. � ª ç¥áâ¢¥ �1 ¡¥à¥¬

�3
2
. �ë¡¥à¥¬ «î¡®¥ ! > !0.

�® «¥¬¬¥ 1.8 ­ å®¤¨¬ t0k, yk (k 2 N), á®®â¢¥âáâ¢ãîé¨¥ íâ®¬ã !, ¨ ¯®« £ ¥¬ tk = t0k,
k
x =

k
y (k 2 N).

�®£¤  äã­ªæ¨ï
k
x!(t) � k

y!(t)+!�1=2
!tR
0

'(
k
y!(t); s)ds | à¥è¥­¨¥ § ¤ ç¨ �®è¨ ¤«ï ãà ¢­¥­¨ï (0.2)
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á ­ ç «ì­ë¬ ãá«®¢¨¥¬ x(0) =
k
x. �à®¬¥ â®£®,

k
x =

k
y ���!

k!1
y!(0) = x!(0). � ª®­¥æ, ¯® «¥¬¬¥ 1.7

jkx!(t)� x!(t)j > 1
2
jky!(t)� y!(t)j > �1. �à¥âì¥ ãâ¢¥à¦¤¥­¨¥,   á ­¨¬ ¨ â¥®à¥¬  1.1 ¤®ª § ­ë.

2. �á¨¬¯â®â¨ª  ¯¥à¨®¤¨ç¥áª®£® à¥è¥­¨ï

�à¥¤¯®«®¦¨¬, çâ® ¢¥ªâ®à-äã­ªæ¨¨ f(x; �) ¨ '(x; �) ã¤®¢«¥â¢®àïîâ ãª § ­­ë¬ ¢ ¯. 1� à §¤¥-
«  1 ãá«®¢¨ï¬ ¨, ªà®¬¥ â®£®, ¨¬¥îâ ­¥¯à¥àë¢­ë¥ ¯à®¨§¢®¤­ë¥ ¯® x «î¡®£® ¯®àï¤ª . �â àè¨¥
¯à¨¡«¨¦¥­¨ï à¥è¥­¨ï x! ¡ã¤¥¬ ¨áª âì ¢ ¢¨¤¥

m
x!(t) =

0
y +

mX
k=1

!�k=2[uk + vk(!t)]; (2.1)

£¤¥ uk | ¢¥ªâ®àë R
n ,   vk(�) | T -¯¥à¨®¤¨ç¥áª¨¥ ¢¥ªâ®à-äã­ªæ¨¨ á® §­ ç¥­¨ï¬¨ ¢ Rn , ¨¬¥îé¨¥

­ã«¥¢ë¥ áà¥¤­¨¥. �«ï ­ å®¦¤¥­¨ï ª®íää¨æ¨¥­â®¢ uk, vk ¯®¤áâ ¢¨¬ ¯à ¢ãî ç áâì à ¢¥­áâ¢ 
(2.1) ¢¬¥áâ® x ¢ ãà ¢­¥­¨¥ (0.2), ä®à¬ «ì­® à §«®¦¨¬ f(

m
x!; �) ¨ '(

m
x!; �) ¢ àï¤ë �¥©«®à  ¯®

¯¥à¥¬¥­­®© x á æ¥­âà®¬ x =
0
y ¨ ¯à¨à ¢­ï¥¬ § â¥¬ ª®íää¨æ¨¥­âë ¯à¨ ®¤¨­ ª®¢ëå áâ¥¯¥­ïå

¬ «®£® ¯ à ¬¥âà  " = !�1=2. � ª ¦¤®¬ã ¨§ ¯®«ãç¥­­ëå â ª¨¬ ®¡à §®¬ ãà ¢­¥­¨© ¯à¨¬¥­¨¬
®¯¥à æ¨î h: : : i ãáà¥¤­¥­¨ï ¯® � , ¯®«ãç¨¬ ãá«®¢¨ï à §à¥è¨¬®áâ¨ íâ¨å ãà ¢­¥­¨©. � à¥§ã«ìâ â¥
ª ¦¤®¥ ãà ¢­¥­¨¥ à á¯ ¤¥âáï ­  ¤¢  à ¢¥­áâ¢ : 1) ãá«®¢¨¥ à §à¥è¨¬®áâ¨, ª®â®à®¥ ­¥ á®¤¥à¦¨â
§ ¢¨áïé¨å ®â � á« £ ¥¬ëå,   ¯®â®¬ã ª®­¥ç­®¥; 2) ï¢«ïîé¥¥áï à §­®áâìî á ¬®£® ãà ¢­¥­¨ï ¨
¥£® ãá«®¢¨ï à §à¥è¨¬®áâ¨. � ª, ¤«ï ª®íää¨æ¨¥­â  v1(�) ¯®«ãç ¥¬ § ¤ çã

dv1
d�

= '(
0
y; �); hv1i = 0;

ª®â®à ï, ®ç¥¢¨¤­®, ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥

v1(�) =
Z �

0
'(

0
y; s)ds�

D Z �

0
'(

0
y; s)ds

E
:

�«ï y0 ¢ë¢®¤¨¬ à ¢¥­áâ¢® �(
0
y) = 0, ª®â®à®¥ ¢ë¯®«­¥­® ¯® ¯à¥¤¯®«®¦¥­¨î ¯. 1� à §¤¥«  1.

�¥£ª® ã¡¥¤¨âìáï, çâ® ¤ «¥¥ ®¯¨á ­­ë¬ á¯®á®¡®¬ ¯à¨¤¥¬ ª á«¥¤ãîé¥© à¥ªãàà¥­â­®© æ¥¯®çª¥
á®®â­®è¥­¨©:

dvk
d�

=
@'

@y
(
0
y; �)uk�1 + 'k(�); hvki = 0;

�0(
0
y)uk�1 = bk�1; k = 2; 3; : : : ;

£¤¥ ¢¥ªâ®à-äã­ªæ¨¨ 'k ¨ ¢¥ªâ®àë bk ­  ª ¦¤®¬ è £¥ k ¨§¢¥áâ­ë, ¯à¨ç¥¬ h'k(�)i = 0.

�¥®à¥¬  2.1. �«ï «î¡®£® m = 0; 1; : : : ­ ©¤ãâáï â ª¨¥ ¯®«®¦¨â¥«ì­ë¥ ç¨á«  cm ¨ !m,
çâ® ¯à¨ ! > !m ¢ë¯®«­ïîâáï ®æ¥­ª¨

kx!(t)� m
x!kC(R) 6 cm!

�m+1
2 :

�®ª § â¥«ìáâ¢®. � áá¬®âà¨¬ ¯à®¨§¢®«ì­®¥m 2 Z+. �à¨¡«¨¦¥­¨¥
m
x! ¢ á¨«ã ¥£® ¯®áâà®¥­¨ï

ã¤®¢«¥â¢®àï¥â á®®â­®è¥­¨î

d
m
x!(t)
dt

= f(
m
x!(t); !t) + !1=2'(

m
x!(t); !t) + !�

m�1
2 �(t; !); (2.2)

£¤¥ k�(�; !)kC(R) < M1 ¯à¨ ¢á¥å ! > 1. �¤¥áì ª®­áâ ­â  M1 ­¥ § ¢¨á¨â ®â !.
� ãà ¢­¥­¨¨ (2.2) ¯à®¨§¢¥¤¥¬ § ¬¥­ã

m
x!(t) =

m
y!(t) + !�1=2

Z !t

0
'(

m
y!(t); �)d�: (2.3)
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�à¨ íâ®¬ áãé¥áâ¢®¢ ­¨¥ äã­ªæ¨¨
m
y! ¯à¨ ¡®«ìè¨å ! ¢ ­¥ª®â®à®© ®ªà¥áâ­®áâ¨

0
y ¢ C(R) «¥£ª®

¯®«ãç¨âì, ¯à¨¬¥­¨¢ â¥®à¥¬ã ® ­¥ï¢­ëå ®¯¥à â®à å ª ãà ¢­¥­¨î

(N(y; !))(t) � y � m
x! + !�1=2

Z !t

0

'(y; �)d� = 0:

� à¥§ã«ìâ â¥ § ¬¥­ë ¯à¨å®¤¨¬ ª ãà ¢­¥­¨î

d
m
y!(t)
dt

= g(
m
y!(t); !t) +R(

m
y!(t); t; !) + !�

m�1
2 �1(t; !); (2.4)

£¤¥ �1(t; !) = (I + �!(
m
y!(t); t))�1�(t; !). �¤¥áì ¢¥ªâ®à-äã­ªæ¨¨ g, R ¨ �! | â¥ ¦¥, çâ® ¨ ¢

à §¤¥«¥ 1.
�ëçâ¥¬ ¨§ ãà ¢­¥­¨ï (2.4) ãà ¢­¥­¨¥ (1.4) ¨ ®¡®§­ ç¨¬ z!(t) =

m
z!(t) � y!(t) � m

y!(t). �®£¤ 
¯à¨ ! > !1, £¤¥ !1 ¤®áâ â®ç­® ¢¥«¨ª®, á¯à ¢¥¤«¨¢® à ¢¥­áâ¢®

d
m
z!(t)
dt

=
Z 1

0

@g

@x
(�y!(t) + (1� �)

m
y!(t); !t)d�z!(t) +

+
Z 1

0

@R

@x
(�y!(t) + (1� �)

m
y!(t); !t)d�z!(t)� !�

m�1
2 �1(t; !): (2.5)

�ëçâ¥¬ ¨§ ®¡¥¨å ç áâ¥© íâ®£® ãà ¢­¥­¨ï ¢ëà ¦¥­¨¥ F 0(
0
y)z!(t):

d
m
z!(t)
dt

� F 0(
0
y)z!(t) =

�
@g

@x
(
0
y!; !t)� F 0(

0
y)
�
z!(t) +

+
�Z 1

0

�
@g

@x
(�y!(t) + (1� �)

m
y!(t); !t)� @g

@x
(
0
y; !t)

�
d� +

+
Z 1

0

@R

@x
(�y!(t) + (1� �)

m
y!(t); !t)d�

�
z!(t)� !�

m�1
2 �1(t; !) �

� B1(!t)z!(t) +B2(t; !)z!(t)� !�
m�1
2 �1(t; !) � b(t; !):

�¥à¥©¤¥¬ â¥¯¥àì ª ¨­â¥£à «ì­®¬ã ãà ¢­¥­¨î

z!(t) = [E � et!F
0(
0
y)]�1etF

0(
0
y)

Z t!

0
e(t!��)F

0(
0
y)b(�; !)d� +

Z t

0
e(t��)F

0(
0
y)b(�; !)d� � v!(t):

� ©¤¥¬ â ª®¥ !2 > 0, çâ®¡ë ¯à¨ ¢á¥å ! > !2 ¢ë¯®«­ï«®áì ­¥à ¢¥­áâ¢®

kv!kC(R) 6 1
2
kz!kC(R)+O(!�

m�1
2 ):

�®áâ â®ç­® ¯®«ãç¨âì  ­ «®£¨ç­ãî ®æ¥­ªã ¢ C[0; T1].
� ¬¥â¨¬, çâ® áãé¥áâ¢ãîâ â ª¨¥ !3 > !�,M2 > 0, çâ® ¯à¨ ¢á¥å ! > !3, t 2 [0; T1] á¯à ¢¥¤«¨¢ë

á®®â­®è¥­¨ï

k[E � et!F
0(
0
y)]�1etF

0(
0
y)k < M2; j�1(t; !)j < 2M1:

� «¥¥ ¨§ ãà ¢­¥­¨ï (2.5) á«¥¤ã¥â, çâ® ­ ©¤¥âáï â ª®¥ M3 > 0, çâ® ¤«ï ¢á¥å ! > !1 ¨¬¥¥â ¬¥áâ®
­¥à ¢¥­áâ¢®





dz!dt





C(R)

6M3kz!kC(R)+ 2M1!
�m�1

2 : (2.6)
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�¢¥¤¥¬ ®¡®§­ ç¥­¨ï:

m1 = sup
x2D1
�2R





@f@x (x; �)




; m2 = sup

x2D1
�2R

j'(x; �)j;

m3 = sup
x2D1
�2R





@'@x (x; �)




; m4 = sup

x2D1
�2R





@2'@x2
(x; �)





; M4 = m1 +m4Tm2 +m2
3T:

� ãç¥â®¬ (2.6), ¯®áâã¯ ï â ª ¦¥, ª ª ¨ ¯à¨ ®æ¥­ª¥ á« £ ¥¬®£® I2 ¢ «¥¬¬¥ 1.4, ¬®¦­® ¯®ª § âì,

çâ® ¯à¨ ! > !4 � 4(M2 + 1)TeT1kF
0(
0
y)kM4[T1kF 0(

0
y)k+ T1M3 + 2] á¯à ¢¥¤«¨¢  ®æ¥­ª ����

Z t

0
e(t��)F

0(
0
y)B1(!�)z!(�)d�

���� < 1
4(M2 + 1)

kz!kC(R)+M5!
�m�1

2

¤«ï ¢á¥å t 2 [0; T1]. �¤¥áì M5 � T
!4
eT1kF

0(
0
y)k2M4M1T1. � ª ª ª y!,

m
y! ¡«¨§ª¨ ª

0
y, @g

@x
­¥¯à¥àë¢­ ,

@R
@x

¬ « , â® ¤«ï !, ¡�®«ìè¨å ­¥ª®â®à®£® !5, ¨¬¥¥â ¬¥áâ® á®®â­®è¥­¨¥����
Z t

0

e(t��)F
0(
0
y)B2(�; !)z!(�)d�

���� 6 1
4(M2 + 1)

kz!kC(R):

�á­® â ª¦¥, çâ® ¯à¨ ! > !3 ¢ë¯®«­ï¥âáï ­¥à ¢¥­áâ¢®����
Z t

0

e(t��)F
0(
0
y)!�

m�1
2 �1(!; �)d�

���� 6M6!
�m�1

2 ; M6 � T1e
T1kF

0(
0
y)k2M1:

� ª¨¬ ®¡à §®¬, áãé¥áâ¢ã¥â â ª®¥ !6, çâ® ¯à¨ ¢á¥å ! > !6

kz!kC(R) = kv!kC(R) 6 1
2
kz!kC(R)+M8!

�m�1
2 ; (2.7)

£¤¥ M8 � (M2 + 1)(M5 +M6).
�§ (2.7) á«¥¤ã¥â á®®â­®è¥­¨¥

kz!kC(R) 6 2M8!
�m�1

2 :

�§ ­¥£® ¨ «¥¬¬ë 1.7 ¯à¨ ! > !2 � max(!6; 4T 2m2
3) ¢ëâ¥ª ¥â ®æ¥­ª 

kx! � m
x!kC(R) 6 4M8!

�m�1
2 :

� ª ª ª ¯®á«¥¤­ïï ®æ¥­ª  ¬®¦¥â ¡ëâì ¯®«ãç¥­  ¤«ï ¢á¥å m 2 Z+, â® áãé¥áâ¢ãîâ â ª¨¥M9 > 0,
M10 > 0, !0 > !2, çâ® ¯à¨ ¢á¥å ! > !0 á¯à ¢¥¤«¨¢  æ¥¯®çª  ­¥à ¢¥­áâ¢

kx! � m
x!kC(R) 6 kx! � m+2

x!kC(R)+ kmx! � m+2
x!kC(R) 6M10!

�m+1
2 +M9!

�m+1
2 � cm!

�m+1
2 : �

�¨â¥à âãà 
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