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� [1] ¢¢¥¤¥ ª« áá ¯à®ä¨«¥©, ®¡â¥ª ¥¬ëå ¨¤¥ «ì®© ¥á¦¨¬ ¥¬®© ¦¨¤ª®áâìî ¨ ¨¬¥îé¨å
ä¨ªá¨à®¢ ë© ¢¥è¨© ª®ä®à¬ë© à ¤¨ãá, à ¢ë© 1. �  íâ®¬ ª« áá¥ ¯à®ä¨«¥© ¯à¨ § -
¤ ®¬ ã£«¥  â ª¨ �=2 ¨ ¥¨§¬¥®© áª®à®áâ¨ ¥¢®§¬ãé¥®£® ¯®â®ª  ¯®áâ ¢«¥  § ¤ ç  ®¡
®¯à¥¤¥«¥¨¨ íªáâà¥¬ «ì®£® ¯à®ä¨«ï,   ª®â®à®¬ ¤®áâ¨£ ¥âáï ¬¨¨¬ã¬ ¨§ ¬ ªá¨¬ «ìëå áª®-
à®áâ¥© â¥ç¥¨ï ¯® ¢á¥¬ã ª« ááã. � ¬ ¦¥ ¢ [1] íâ  § ¤ ç  á¢¥¤¥  ª § ¤ ç¥   ª« áá¥ � ([2], c. 110)

(¢ ª®â®àë© ¢å®¤ïâ äãªæ¨¨ F = z + a0 +
1P
n=1

anz
�n, ®¤®«¨áâë¥ ¢ D� = fjzj > 1g)

sup
j�j>1

����
�
1� 1

�

�
(1 +

ei�

�
)=F 0(�)

����! min
F2�

=M(�); � > 0: (1)

� ¤ ®© à ¡®â¥ ¯à¨ ¢¯®«¥ ®¦¨¤ ¥¬ëå ¯à¥¤¯®«®¦¥¨ïå ®¡ íªáâà¥¬ «ïå ¤®ª §   £¨¯®â¥-
§  ¨§ [1] ® â®¬, çâ® íªáâà¥¬ «ìë© ¯à®ä¨«ì ï¢«ï¥âáï à §à¥§®¬. �à¨¢¥¤¥ë â ª¦¥ ¥ª®â®àë¥
®æ¥®çë¥ à¥§ã«ìâ âë.

�¥¬¬  1. �à¥¤¯®«®¦¨¬, çâ® F ¤®áâ ¢«ï¥â íªáâà¥¬ã¬ ¢ § ¤ ç¥ (1), jF (�)j � �0 ¨ F (j�j =
1) | ¥¯à¥àë¢ ï ªà¨¢ ï, ª®â®à ï ¨¬¥¥â ªà¨¢¨§ã ¤«ï ¢á¥å � = ei�, ªà®¬¥ ¡ëâì ¬®¦¥â � = 0
¨ � = ��.

�®£¤  áãé¥áâ¢ãîâ "0 > 0 ¨ S1 | ®£à ¨ç¥ ï ®¤®á¢ï§ ï ®¡« áâì, ¥ á®¤¥à¦ é ï 0,
â ª¨¥, çâ®

S0 � S1; £¤¥ S0 =
�
F (�) :

����
�
1� 1

�

��
1 +

ei�

�

�
=F 0(�)

���� �M(�)� "0; � 2 D�

�
: (2)

�®ª § â¥«ìáâ¢®. � ç «¥ ¯à¥¤¯®«®¦¨¬, çâ® F (j�j = 1) ¥ ï¢«ï¥âáï ¢ë¯ãª«®© ªà¨¢®©. �®-
£¤  ¢ á¨«ã â®£®, çâ® F (j�j = 1) á®áâ®¨â ¨§ ¤¢ãå £« ¤ª¨å ¤ã£,   ª®â®àëå ®¯à¥¤¥«¥  ªà¨¢¨§ , ¨
¯à®áâëå £¥®¬¥âà¨ç¥áª¨å á®®¡à ¦¥¨©  ©¤¥âáï â®çª  �0, j�0j = 1, â ª ï, çâ®

1) ªà¨¢¨§  ªà¨¢®© F (j�j = 1) ¢ â®çª¥ F (�0) ¬¥ìè¥ ã«ï,
2) áãé¥áâ¢ã¥â £« ¤ª ï ¥á ¬®¯¥à¥á¥ª îé ïáï ªà¨¢ ï L, á®¥¤¨ïîé ï â®çª¨ 0 ¨1 á ãá«®-

¢¨¥¬ F (j�j = 1) \ L = fF (�0)g.
� ª ç¥áâ¢¥ S1 ¢®§ì¬¥¬ ª®«ìæ® �0=2 < j�j < 3 á à §à¥§®¬ ¯® ªà¨¢®© L. �áâ «®áì ¯®ª § âì, çâ®
 ©¤¥âáï "0 > 0 â ª®¥, çâ® ¢ë¯®«ï¥âáï (2).

�à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥. �ãé¥áâ¢ã¥â ¯®á«¥¤®¢ â¥«ì®áâì f�ng 2 D� â ª ï, çâ®����
�
1� 1

�n

��
1 +

ei�

�n

�
=F 0(�n)

����!M(�); F (�n)! A; A =2 S1:

� á¨«ã ¯à¨æ¨¯  ¬ ªá¨¬ã¬  ¬®¤ã«ï ¤«ï   «¨â¨ç¥áª¨å äãªæ¨© § ª«îç ¥¬ A 2 L ¨ A = F (�0).
�â® § ç¨â, çâ® ����

�
1� 1

�0

��
1 +

ei�

�0

�
=F 0(�0)

���� =M(�):

� ¡®â  ¢ë¯®«¥  ¯à¨ ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®¤  äã¤ ¬¥â «ìëå ¨áá«¥¤®¢ ¨© (¯à®¥ªâ 96{01{
00123) ¨ £à â  �®à®á  (¯à®¥ªâ a96{1876).
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�® ¢ á¨«ã ¯à¨æ¨¯  � à¥¬¡®{�¨à®, ª®â®àë© £« á¨â, çâ® ¬ ªá¨¬ã¬ áª®à®áâ¨   ª®âãà¥ ¤®áâ¨-
£ ¥âáï â®«ìª® ¢ â®çª¥ á ¯®«®¦¨â¥«ì®© ªà¨¢¨§®©, íâ® ¯à®â¨¢®à¥ç¨â (1).

�¥¯¥àì ¯à¥¤¯®«®¦¨¬, çâ® F (j�j = 1) ï¢«ï¥âáï ¢ë¯ãª«®© ªà¨¢®©. �á«¨ áãé¥áâ¢ã¥â â®çª 
�0; j�0j = 1 â ª ï, çâ® ¨¬¥¥â ¬¥áâ®

����
�
1� 1

�0

��
1 +

ei�

�0

�
=F 0(�0)

���� < M(�);

â®, ¯à®¢®¤ï à ááã¦¤¥¨ï,   «®£¨çë¥ ¯à¥¤ë¤ãé¨¬, ¬ë á¬®¦¥¬ ¯®áâà®¨âì S1. �®¯ãáâ¨¬ ¯à®-
â¨¢®¥ ����

�
1� 1

�

��
1 +

ei�

�

�
=F 0(�)

���� =M(�) ¤«ï ¢á¥å � = ei�;

ªà®¬¥, ¡ëâì ¬®¦¥â, � = 0 ¨ � = ��. �®áª®«ìªã, ª ª å®à®è® ¨§¢¥áâ® ([3], c. 250), log jF 0j
¯à¨ ¤«¥¦¨â ª« ááã �¬¨à®¢ ,

����
�
1� 1

�

��
1 +

ei�

�

�
=F 0(�)

���� �M(�); � 2 D�:

�® íâ® â®¦¤¥áâ¢® ¯à®â¨¢®à¥ç¨¢®, â. ª. ¯à¨ � = 1 ¨¬¥¥¬ logM = 0 ¨ M = 1. �¤ ª® «¥£ª®
¢¨¤¥âì, çâ® M = 1 â®«ìª® ¯à¨ � = 0. �à®â¨¢®à¥ç¨¥.

�¥¬¬  2. �ãáâì S0 | ¥ª®â®à®¥ ¬®¦¥áâ¢®, S0 � S1, £¤¥ S1 | ®£à ¨ç¥ ï ®¤®á¢ï§ ï

®¡« áâì, ¥ á®¤¥à¦ é ï 0.
�®£¤  áãé¥áâ¢ã¥â ¯®«¨®¬ G(z), G(z) = O(z2), z ! 0, â ª®©, çâ®

Re
�
2G(z)
z

�G0(z)
�
� �1; z 2 S0:

�®ª § â¥«ìáâ¢®. � ç «¥ ¯®ª ¦¥¬, çâ® áãé¥áâ¢ã¥â ¯®«¨®¬ �(z), �(z) = O(z2), z ! 0,
â ª®©, çâ®

Re�(z) � �1; z 2 S0:
�â®¡à §¨¬ äãªæ¨¥©  =  (z) ®¡« áâì S1   ®¡« áâì Re < �3. �®áª®«ìªã S0 � S1, á®£« á®
¨§¢¥áâë¬ â¥®à¥¬ ¬ ® ¯à¨¡«¨¦¥¨¨ à¥£ã«ïàëå äãªæ¨© ¯®«¨®¬ ¬¨ [4], áãé¥áâ¢ã¥â ¯®«¨®¬

PN(z) =
NP
k=0

pkz
k â ª®©, çâ®

jPN (z)�  (z)j � 1; z 2 S0;
¨, á«¥¤®¢ â¥«ì®,

RePN(z) � �2; z 2 S0:

� ª ª ª äãªæ¨ï p0
z2
+ p1

z
à¥£ã«ïà  ¢ S1, â® áãé¥áâ¢ã¥â ¯®«¨®¬ QT (z) =

TP
k=0

qkz
k â ª®©, çâ®

����QT (z)� p0
z2

+
p1
z

���� � 1
R2
; R = sup

z2S0

jzj; z 2 S0;

â. ¥.

jz2QT (z)� (p0 + p1z)j � 1:

�®íâ®¬ã

Re[PN (z) + z2QT (z)� (p0 + p1z)] � �1:
�âáî¤  ¢¨¤®, çâ® ¢ ª ç¥áâ¢¥ �(z) ¬®¦® ¢§ïâì PN (z) + z2QT (z)� (p0 + p1z).

� ª ç¥áâ¢¥ G ¢®§ì¬¥¬ G(z) = �z2 R �(z)
z2
dz.
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�¥®à¥¬  1. �ãáâì F | äãªæ¨ï, ¤«ï ª®â®à®©

min
G2�

sup
j�j>1

����
�
1� 1

�

��
1 +

ei�

�

�
=G0(�)

���� = sup
j�j>1

����
�
1� 1

�

��
1 +

ei�

�

�
=F 0(�)

���� =M(�):

�á«¨ F ¥¯à¥àë¢® ¯à®¤®«¦¨¬    £à ¨æã @D� = fj�j = 1g ¨ F (@D�) á®áâ®¨â ¨§ ¤¢ãå ¤ã£,

¢ãâà¨ ª ¦¤®© ¨§ ª®â®àëå ®¯à¥¤¥«¥  ªà¨¢¨§  (â. ¥. F (j�j = 1) ¨¬¥¥â ªà¨¢¨§ã ¢® ¢á¥å

â®çª å, ªà®¬¥ � = ei� ¨ � = 1), â® F (D�) ï¢«ï¥âáï ¢¥è®áâìî à §à¥§ .

�®ª § â¥«ìáâ¢®. �à¥¤¯®«®¦¨¬ ¯à®â¨¢®¥. �®£¤  ¬®¦® áç¨â âì, çâ® 0 | ¢¥èïï â®çª 
¯® ®â®è¥¨î ª F (@D�). �â® § ç¨â, çâ® áãé¥áâ¢ã¥â �0 > 0 â ª®¥, çâ® jF (�)j � �0, ¯®íâ®¬ã

¤«ï äãªæ¨¨ F ¢ë¯®«ïîâáï ãá«®¢¨ï «¥¬¬ë 1. �§¢¥áâ® [2], çâ® f(z) = 1=F ( 1
z
) = z +

1P
k=2

ckz
k,

z 2 D = fjzj < 1g, ¯à¨ ¤«¥¦¨â S | ª« ááã ®¤®«¨áâëå ¨ à¥£ã«ïàëå ¢ ªàã£¥ D äãªæ¨©.
� ¬¥â¨¬ â ª¦¥, çâ® f ®£à ¨ç¥  ¢ D. � á¨«ã «¥¬¬ë 1 áãé¥áâ¢ãîâ "0 > 0 ¨ ®£à ¨ç¥ ï
®¤®á¢ï§ ï, ¥ á®¤¥à¦ é ï 0, ®¡« áâì S1 â ª ï, çâ®

S0 � S1; £¤¥ S0 =
�
f(z) :

����f
2(z)(1 � z)(1 + ei�z)

z2f 0(z)

���� �M(�) � "0; z 2 D
�
:

� ¬®¦¥áâ¢ ¬ S0, S1 ¯à¨¬¥¨¬ «¥¬¬ã 2. � ¯¨è¥¬ ¢ à¨ æ¨î ¤«ï äãªæ¨¨ f

f�(z) = f(z) + �G(f(z));

£¤¥ G(z) | â®â á ¬ë© ¯®«¨®¬, ® ª®â®à®¬ ¨¤¥â à¥çì ¢ «¥¬¬¥ 2. � ª ª ª f ®£à ¨ç¥ ,   G |
¯®«¨®¬, â® f� 2 S ¯à¨ ¬ «ëå �. �®íâ®¬ã F�(�) = 1=f�( 1� ) 2 �. �ëç¨á«¨¬ § ç¥¨¥ ¬¨¨¬¨§¨-
àã¥¬®£® äãªæ¨® «  ¤«ï F�

sup
j�j>1

����
(1� 1

�
)(1 + ei�

�
)

F 0
�(�)

���� = sup
jzj<1

����f
2
� (z)(1 � z)(1 + ei�z)

z2f 0�(z)

���� =

= sup
jzj<1

����f
2(z)(1 � z)(1 + ei�z)

z2f 0(z)

����
�
1 +

�

2
Re

�
2G(f)
f

�G0(f)
��

+O(�2) =M�:

�á«¨ z =2 S0, â® M� � M(�)(1 � �
2
) + O(�2). �á«¨ z 2 S0, â® M� � (M(�) � "0)(1 + O(�)).

�â® § ç¨â, çâ® M� < M(�),  ç¨ ï á ¥ª®â®à®£® � � �0, â. ¥. ¬ë ¯®«ãç¨«¨ ¯à®â¨¢®à¥ç¨¥ á
íªáâà¥¬ «ì®áâìî äãªæ¨¨ F .

� ¬¥ç ¨¥. �áï áãâì  è¥£® ¬¥â®¤  § ª«îç ¥âáï ¨¬¥® ¢ ¢ë¡®à¥ äãªæ¨¨ G, ª®â®à ï áã-
é¥áâ¢¥® § ¢¨á¨â ®â f . � ¬¥â¨¬, çâ® ¢ ª« áá¨ç¥áª¨å ¢ à¨ æ¨®ëå ä®à¬ã« å, ¯à¨á¯®á®¡«¥-
ëå ¤«ï ¤®ª § â¥«ìáâ¢  ä ªâ  ®âáãâáâ¢¨ï ¢¥è¨å â®ç¥ª, äãªæ¨ï G ¨§ ç «ì® § ¤ ¥âáï ¢¥
§ ¢¨á¨¬®áâ¨ ®â f .

�®«®¦¨¬

M(R;�) = min
F2�

max
j�j=1

����
�
1� 1

�

��
1 +

ei�

�

�
=F 0(R�)

����:
�ãé¥áâ¢®¢ ¨¥ íªáâà¥¬ «ì®© äãªæ¨¨ ¢ íâ®© § ¤ ç¥ «¥£ª® ãáâ  ¢«¨¢ ¥âáï á ¯®¬®éìî áâ -
¤ àâëå â¥®à¥¬ ® ®à¬ «ìëå á¥¬¥©áâ¢ å   «¨â¨ç¥áª¨å äãªæ¨©.

�à¥¤¢ à¨â¥«ì® ¤®ª ¦¥¬ á«¥¤ãîé¥¥

�â¢¥à¦¤¥¨¥.

M(�) �M(R;�) � 4M(�)
(1 + 1

R
)2
;

¨, á«¥¤®¢ â¥«ì®, M(R;�) =M(�) +O(R � 1), R! 1.
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�®ª § â¥«ìáâ¢®. � ç «¥ ¯®ª ¦¥¬, çâ® M(�) � M(R;�). �ãáâì F ¤ ¥â íªáâà¥¬ã¬ ¤«ï
M(R;�). �®£¤  G(�) = F (R�)

R
2 � ¨

M(�) � sup
j�j=1

����
�
1� 1

�

��
1 +

ei�

�

�
=G0(�)

���� = max
j�j=1

����
�
1� 1

�

��
1 +

ei�

�

�
=F 0(R�)

���� =M(R;�):

� ª¨¬ ®¡à §®¬, «¥¢ ï ®æ¥ª  ¤®ª §  . �®ª ¦¥¬ ¯à ¢ãî. �ãáâì F ¤ ¥â íªáâà¥¬ã¬ ¤«ï M(�).
�¬¥¥¬

M(R;�) � max
j�j=1

����
�
1� 1

�

��
1 +

ei�

�

�
=F 0(R�)

���� �

� max
j�j=1

����
(1� 1

R�
)(1 + ei�

R�
)

F 0(R�)

���� sup
j�j>1

����
1� 1

�

1� 1
R�

���� sup
j�j>1

����
1 + ei�

�

1� ei�

R�

���� � 4M(�)
(1 + 1

R
)2
: �

�¥¯¥àì ¬®¦¥¬ áä®à¬ã«¨à®¢ âì ª®áâàãªâ¨¢ãî â¥®à¥¬ã ¤«ï à¥è¥¨ï ¨áå®¤®© § ¤ ç¨. �®-
¢®àïâ, çâ® (a1; a2; : : : ; an) ¯à¨ ¤«¥¦¨â Dn, ¥á«¨ áãé¥áâ¢ã¥â äãªæ¨ï F ¨§ ª« áá  � â ª ï, çâ®
¯¥à¢ë¥ n ç«¥®¢ à §«®¦¥¨ï ¢ àï¤ �®à   áãâì (a1; a2; : : : ; an) (á¬. [5]). �â® ¬®¦¥áâ¢® Dn

 §ë¢ ¥âáï n-¬ â¥«®¬ ª®íää¨æ¨¥â®¢ ¢ ª« áá¥ �.

�¥®à¥¬  2. �«ï «î¡®£® " > 0 áãé¥áâ¢ã¥â N = N(") = O( 1
"
log 1

"
) | æ¥«®¥ ç¨á«® â ª®¥,

çâ®

M(�) = min
(a1;:::;aN )2DN

max
�

���� (1� e�i�)(1 + ei(���))

1�
NP
k=1

kak(Re
i�)�(k+1)

����+O(");

R = 1 + ".

�®ª § â¥«ìáâ¢®. � ª ª ª R = 1+", â® ¢ á¨«ã ãâ¢¥à¦¤¥¨ï M(R;�) =M(�)+O("). �ãáâì

F (�) = � +
1P
k=1

ak�
�k 2 �:

�®«®¦¨¬ PN(�) = � �
NP
k=1

ak�
�k. �¬¥¥¬

jP 0
N(R�)=F

0(R�)j = j(P 0
N (R�)� F 0(R�))=F 0(R�) + 1j =

����
1P

k=N+1
ak(R�)�(k+1)

F 0(R�)
+ 1

����:
�«¥¤®¢ â¥«ì®,

1� 1
1� 1=R2

1X
k=N+1

p
kR�(k+1) � jP 0

N (R�)=F
0(R�)j � 1 +

1
1� 1=R2

1X
k=N+1

p
kR�(k+1);

§¤¥áì ([2], c. 117)

jF 0(R�)j � 1=
�
1� 1

R2

�
¨ jakj � 1p

k
:

� ª¨¬ ®¡à §®¬, ¨§ å®à®è® ¨§¢¥áâëå ®æ¥®ª   «¨§  á«¥¤ã¥â

jP 0
N (R�)=F

0(R�)j = 1 +O

�
1

(1 + ")N"2:5

�
;

jF 0(R�)=P 0
N (R�)j = 1 +O

�
1

(1 + ")N"2:5

�
:

�®«®¦¨¬ N = 3
"
log 1

"
. �®£¤ 

jP 0
N (R�)=F

0(R�)j = 1 +O("); jF 0(R�)=P 0
N (R�)j = 1 +O(");

®âªã¤  á«¥¤ã¥â ãâ¢¥à¦¤¥¨¥ â¥®à¥¬ë.
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�®á«¥ ª ç¥áâ¢¥ëå à¥§ã«ìâ â®¢ ¯¥à¥©¤¥¬ ª ª®«¨ç¥áâ¢¥ë¬ ®æ¥ª ¬. � [1] ¯®ª § ®, çâ®
M(�) � exp(sin(�=2)). �®«¥¥ â®çãî ®æ¥ªã ¤ ¥â

�¥®à¥¬  3. M(�) � exp(sin(�=2) + p(�)), £¤¥

p(�) = sup
r2(0;1)

�
�2

12
sin3(�=2)

(� � log(1� r2))2
� (1� r) sin(�=2)

�
:

� ¬¥ç ¨¥. �¥£ª® ¢¨¤¥âì, çâ® p(�) > 0 ¯à¨ 0 < � < �, â. ª. lim
r!1

(1� r) log2(1� r2) = 0:

�®ª § â¥«ìáâ¢®. �ãáâì F | â ª ï äãªæ¨ï, çâ®
����1� 1

�

��
1 + ei�

�

�
=F 0(�)

��� �M(�), � 2 D�,
F 2 �. �¥à¥©¤¥¬ ª ªàã£ã D = fjzj < 1g :

����(1� z)(1 + ei�z)=F 0

�
1
z

����� �M(�); z 2 D:

�®£¤  ¤«ï «î¡®£® r 2 [0; 1]

����(1� rz)(1 + ei�rz)=F 0

�
1
rz

����� �M(�); z 2 D:

�¢¥¤¥¬ äãªæ¨î �(z) = log
�
(1� rz)(1 + ei�rz)=F 0

�
1
rz

��
, z 2 D, ª®â®à ï, ®ç¥¢¨¤®, ®¡« ¤ ¥â

á«¥¤ãîé¨¬¨ á¢®©áâ¢ ¬¨:

�(z) = r(ei� � 1)z +O(z2); z ! 0; Re�(z) � logM(�);

j Im�(z)j � T = � + log
1

1� r2
:

� ¯®á«¥¤¥¬ ¥à ¢¥áâ¢¥ ¬ë ¢®á¯®«ì§®¢ «¨áì å®à®è® ¨§¢¥áâ®© ®æ¥ª®© ([2], c.116)

j argF 0(�)j � 1
1� 1

j�j2

; � 2 D�:

�¥¯¥àì, ¯à¨¬¥¨¢ ¯à¨æ¨¯ £¨¯¥à¡®«¨ç¥áª®© ¬¥âà¨ª¨ ([2], á.325) ¢ D, ¯®«ãç¨¬

jr(ei� � 1)j � 1� jw(0)j2
jw0(0)j ;

£¤¥ w | äãªæ¨ï, ®â®¡à ¦ îé ï ®¡« áâì

Re z � logM(�); j Im z � T j;

  ªàã£. �à®¢®¤ï ¯à®áâë¥ ¢ëª« ¤ª¨, ¯à¨å®¤¨¬ ª ¨áª®¬®© ®æ¥ª¥

logM(�) � T

�
log

1 + �r sin(�=2)
2T

1� �r sin(�=2)

2T

� r sin(�=2) +
2T
3�

�
�r sin(�=2)

2T

�3

: �

�ç¨â î á¢®¨¬ ¤®«£®¬ ¢ëà §¨âì ¡« £®¤ à®áâì �.�.�¢å ¤¨¥¢ã §  ¯®áâ ®¢ªã § ¤ ç¨, ®¡áã-
¦¤¥¨¥  ¯à ¢«¥¨ï à ¡®âë ¨ à¥§ã«ìâ â®¢. � ª¦¥ ¢ëà ¦ î ¡« £®¤ à®áâì �.�. �«¨§ à®¢ã,
�.�. � áëà®¢ã ¨ �.�.� ª« ª®¢ã §  ¯®«¥§ë¥ á®¢¥âë.
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