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�áá«¥¤®¢ ­¨¥ äà¥¤£®«ì¬®¢®áâ¨ ¨ ¢ëç¨á«¥­¨¥ ¨­¤¥ªá  ¬­®£¨å ª« áá®¢ ®¯¥à â®à®¢ á® á¤¢¨-
£®¬ � à«¥¬ ­  ®¡ëç­® ¯à®¢®¤¨âáï ¯ãâ¥¬ á®¯®áâ ¢«¥­¨ï ®¯¥à â®àã A á® á¤¢¨£®¬ ­¥ª®â®à®£®
¢á¯®¬®£ â¥«ì­®£® ¬ âà¨ç­®£® ®¯¥à â®à  eA ¡¥§ á¤¢¨£ , ¯à¨ íâ®¬ äà¥¤£®«ì¬®¢®áâì A à ¢­®á¨«ì-
­  äà¥¤£®«ì¬®¢®áâ¨ eA ¨ ¤«ï ¨­¤¥ªá®¢ ¢ë¯®«­¥­® à ¢¥­áâ¢® n � ind(A) = ind( eA), £¤¥ n| ¯®àï¤®ª
á¤¢¨£  [1]{[2]. �­ «®£¨ç­®¥ á®®â­®è¥­¨¥ á®åà ­ï¥âáï ¨ ¤«ï ¨­¤¥ªá®¢ á¥¬¥©áâ¢, ¯à¨­¨¬ îé¨å
§­ ç¥­¨ï ¢ £àã¯¯¥ K0(X), £¤¥ X | ¯à®áâà ­áâ¢® ¯ à ¬¥âà®¢ á¥¬¥©áâ¢ . �¤­ ª® íâ® ­¥ ¢á¥£¤ 
¯®§¢®«ï¥â ¢ëà §¨âì ¨­¤¥ªá á¥¬¥©áâ¢  ®¯¥à â®à®¢ á® á¤¢¨£®¬ ç¥à¥§ ¨­¤¥ªá á¥¬¥©áâ¢  ¢á¯®¬®£ -
â¥«ì­ëå ®¯¥à â®à®¢, â. ª. £àã¯¯  K0(X) ¬®¦¥â ¨¬¥âì ­¥âà¨¢¨ «ì­ãî ¯¥à¨®¤¨ç¥áªãî ç áâì (á¬.
[3]). � á¢ï§¨ á íâ¨¬ ¢ [4] ¯®áâà®¥­ á®åà ­ïîé¨© ¨­¤¥ªá ¨§®¬®àä¨§¬ ¯®¤®¡¨ï  «£¥¡àë á¨­£ã«ïà-
­ëå ¨­â¥£à «ì­ëå ®¯¥à â®à®¢ á ªãá®ç­®-ª¢ §¨­¥¯à¥àë¢­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¨ ¤¨í¤à «ì­®©
£àã¯¯®© á¤¢¨£®¢ ­   «£¥¡àã â¥¯«¨æ¥¢®-£ ­ª¥«¥¢ëå ®¯¥à â®à®¢ ¡¥§ á¤¢¨£ . � ¤ ­­®© áâ âì¥ ¨á-
á«¥¤ãîâáï á¨­£ã«ïà­ë¥ ¨­â¥£à «ì­ë¥ ®¯¥à â®àë ¢ ¢¥á®¢ëå ¯à®áâà ­áâ¢ å.

10. �¢¥¤¥¬ ­¥®¡å®¤¨¬ë¥ ®¡®§­ ç¥­¨ï. �ãáâì C(X;Y ) | ¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå ®â®-
¡à ¦¥­¨© ª®¬¯ ªâ  X ¢ ¬¥âà¨ç¥áª®¥ ¯à®áâà ­áâ¢® Y á â®¯®«®£¨¥© à ¢­®¬¥à­®© áå®¤¨¬®áâ¨,
  C(X) = C(X;C). �á«¨ X | ¯à®¨§¢®«ì­®¥ ¡ ­ å®¢® ¯à®áâà ­áâ¢®, â® End(X ) | ¡ ­ å®¢ 
 «£¥¡à  ¢á¥å «¨­¥©­ëå ®£à ­¨ç¥­­ëå ®¯¥à â®à®¢ ¢ X ,   Comp(X ) | ¨¤¥ « ª®¬¯ ªâ­ëå ®¯¥-
à â®à®¢. �à®áâà ­áâ¢® äà¥¤£®«ì¬®¢ëå ®¯¥à â®à®¢ ¨§ ®¯¥à â®à­®©  «£¥¡àë B ®¡®§­ ç¨¬ Fr(B).
�«ï � 2 C(X; Fr(End(X ))) ç¥à¥§ INDX(�) ¡ã¤¥¬ ®¡®§­ ç âì ¨­¤¥ªá á¥¬¥©áâ¢ . �á«¨ B | ¯à®-
¨§¢®«ì­ ï ¡ ­ å®¢   «£¥¡à , â® Comm(B) | ¥¥ ª®¬¬ãâ â®à­ë© ¨¤¥ «, GB | £àã¯¯  ®¡à â¨¬ëå
í«¥¬¥­â®¢,   L(n;B) | ¡ ­ å®¢   «£¥¡à  n� n-¬ âà¨æ ­ ¤ B. �«¥¬¥­âë ¨§ L(n;B) ¡ã¤¥¬ § ¯¨-
áë¢ âì ¢ ¢¨¤¥ kbi;jk

n�1
i;j=0.

�ãáâì � | ¯à®áâ®© § ¬ª­ãâë© ®à¨¥­â¨à®¢ ­­ë© «ï¯ã­®¢áª¨© ª®­âãà; � | ­¥®âà¨æ â¥«ì-
­ ï ¨§¬¥à¨¬ ï ¯®çâ¨ ¢áî¤ã ®â«¨ç­ ï ®â ­ã«ï äã­ªæ¨ï ­  �, 1 < p < 1; Lp;�(�) | ¢¥á®-

¢®¥ Lp-¯à®áâà ­áâ¢® á ­®à¬®© kfk =
�Z

jf(t)jp�(t)dt
�1=p

¨ Lm
p;�(�) | ¯à®áâà ­áâ¢® m-¢¥ªâ®à-

äã­ªæ¨© á í«¥¬¥­â ¬¨ ¨§ Lp;�(�); S� | á¨­£ã«ïà­ë© ¨­â¥£à «ì­ë© ®¯¥à â®à �®è¨ ¢ Lp;�(�);
P�� = 1

2
(I� � S�), £¤¥ I� | ¥¤¨­¨ç­ë© ®¯¥à â®à; Ap(�) | ª« áá ¢¥á®¢ � ª¥­å ã¯â  ­  �, ¤«ï

ª®â®àëå, ­ ¯®¬­¨¬, ®¯¥à â®à S� ®£à ­¨ç¥­. �§®¬¥âà¨ç¥áª¨© ¨§®¬®àä¨§¬ N� : Lp;�(�)! Lp(�),
®¯à¥¤¥«ï¥¬ë© ä®à¬ã«®© N�(f) = �1=pf , ¯®à®¦¤ ¥â ¨§®¬®àä¨§¬ ¯®¤®¡¨ï bN� : End(Lp;�(�)) !
End(Lp(�)). � «¥¥ ¡ã¤¥¬ ¯®« £ âì, çâ® � 2 Ap(�), ¨ § ä¨ªá¨àã¥¬ ¢ëâ¥ª îé¥¥ ¨§ â¥®à¥¬ë �¥ä-
ä¥à¬ ­  ¯à¥¤áâ ¢«¥­¨¥

ln(�) = u+ S1v; (1)
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£¤¥ u; v 2 L1(�) ([5], áá. 247, 256). �ãáâì Di�H(�) | £àã¯¯  ¤¨ää¥®¬®àä¨§¬®¢ � á ­¥­ã«¥-
¢®© £�¥«ì¤¥à®¢áª®© ¯à®¨§¢®¤­®©. � áá¬®âà¨¬ ¢ ¯à®áâà ­áâ¢¥ Lp;�(�) ®¯¥à â®à ¢§¢¥è¥­­®£® á¤¢¨-
£  ��;�:

(��;�')(t) = (�(�(t)) � �(t)�1)1=p'(�(t)) (� 2 Di�H(�)):

�á­®, çâ® bN�(��;�) = ��;1 | ®¯¥à â®à ®¡ëç­®£® á¤¢¨£  ¢ Lp(�) [1]{[2]. � «¥¥ ¯à¨ � = 1 ¢ à §-

«¨ç­ëå ®¡®§­ ç¥­¨ïå §­ ç®ª ¢¥á  ¡ã¤¥¬ ¯à®¯ãáª âì. �ã¤¥¬ ¯®« £ âì, çâ® § ¬ª­ãâ ï  «£¥¡à 
A (� L1(�)) ¯à¨­ ¤«¥¦¨â ª« ááã T�, £¤¥ � � Di�H(�), ¥á«¨ f � � 2 A ¤«ï ¢á¥å f 2 A ¨
� 2 �. �¥à¥§ M�(A;�) ®¡®§­ ç¨¬ § ¬ª­ãâãî ¯®¤ «£¥¡àã  «£¥¡àë End(Lp;�(�)), ¯®à®¦¤¥­­ãî
S�, f��;�g�2� ¨ ®¯¥à â®à ¬¨ ã¬­®¦¥­¨ï Ma ­  äã­ªæ¨¨ a 2 A.

� ¯®¬®éìî ¬¥â®¤®¢ ¨ à¥§ã«ìâ â®¢ à ¡®â [6]{[7] ¤®ª §ë¢ ¥âáï

�¥®à¥¬  1. �ãáâì � 2 Ap(�), � � Di�H(�), C(�)
S
fu; vg � A 2 T�, F" = Mexp(("u�v)=p)

(" 2 f�1; 0;+1g), F = P+F 2
0P

++P�. �®£¤  1) bN� ®áãé¥áâ¢«ï¥â ¨§®¬®àä¨§¬ ¯®¤®¡¨ïM�(A;�)
­  M(A;�); 2) bN�(S�)� S 2 Comm(M(A; ;)), F 2 GM(A; ;) ¨

bN�(S�) = 2F+1P
+F�1 � I: (2)

� ç áâ­®¬ á«ãç ¥, ª®£¤  � = ;, � | áâ¥¯¥­­®© ¢¥á �¢¥¤¥«¨¤§¥ ¨ A | ¡ ­ å®¢   «£¥¡à 
ªãá®ç­®-­¥¯à¥àë¢­ëå äã­ªæ¨©, ä®à¬ã«a (2) ¤®ª § ­  ¢ [8] á ¯®¬®éìî ¯®áâà®¥­­®£® à ­¥¥ á¨¬-
¢®«¨ç¥áª®£® ¨áç¨á«¥­¨ï,   à¥§ã«ìâ â ®¡ ¨§®¬®àä¨§¬¥ ¢ íâ®© á¨âã æ¨¨ ¢ëâ¥ª ¥â ¨§ «®ª «ì­®£®
 ­ «¨§  [9].

20. �ãáâì � � � ¨ � 6= ;. � áá¬®âà¨¬ ¤¨ää¥®¬®àä¨§¬ � = �1 (2 Di�H(�)), ¯®à®¦¤ îé¨©
æ¨ª«¨ç¥áªãî £àã¯¯ã ¯®àï¤ª  n. �ãáâì �k | k-ï ¨â¥à æ¨ï �. �à¥¤¯®«®¦¨¬, çâ® �(�) = � ¨
â®çª¨ ¨§ ¯à®¨§¢®«ì­®© �-®à¡¨âë ¯®á«¥¤®¢ â¥«ì­® à á¯®«®¦¥­ë ¢¤®«ì �. �ãáâì A = PC(�; �)
| ¡ ­ å®¢   «£¥¡à  ªãá®ç­®-­¥¯à¥àë¢­ëå ­  � ¨ ­¥¯à¥àë¢­ëå ­  � n � äã­ªæ¨©; � 2 Ap(�)
¨ ¢ (1) u; v 2 PC(�; �). �  ¬­®¦¥áâ¢¥ �(�) = (� n �)

S
(� � R), £¤¥ R = R

S
f�1g, à áá¬®âà¨¬

®¯¨á ­­ãî ¢ ([10], á. 20) â®¯®«®£¨î, á®¢¯ ¤ îéãî ¯à¨ � = � á â®¯®«®£¨¥© �®å¡¥à£ {�àã¯­¨ª .
� � á¢ï¦¥¬ £« ¤ª®¥ (á ­¥­ã«¥¢®© £�¥«ì¤¥à®¢áª®© ¯à®¨§¢®¤­®©) n-«¨áâ­®¥ ­ ªàëâ¨¥ % : � ! �,
á«®¨ ª®â®à®£® áãâì �-®à¡¨âë, ¨ ¤®®¯à¥¤¥«¨¬ ¥£® ¤® ­ ªàëâ¨ï %� : �(�) ! �(%(�)), ¯®« £ ï
%�(�; y) = (%(�); y) ¤«ï (�; y) 2 � � R. � ä¨ªá¨àã¥¬ â®çªã � 2 %(�) ¨ à áá¬®âà¨¬ ­¥¯à¥àë¢­®¥
­  �(%(�)) n f�g �R á¥ç¥­¨¥ s�;� : �(%(�))! �(�) ­ ªàëâ¨ï %�.

�ãáâì Cp(R) | § ¬ëª ­¨¥ ¯¥à¥á¥ç¥­¨ï C(R) ¨ ¯à®áâà ­áâ¢  äã­ªæ¨© á ®£à ­¨ç¥­­®© ¢ -
à¨ æ¨¥© ¯® ­®à¬¥ Lp-¬ã«ìâ¨¯«¨ª â®à®¢. � [10] ¯à¨ ¯®¬®é¨ «®ª «ì­®£® ¬¥â®¤  [9] ®¯à¥¤¥«¥­
á¨¬¢®«-í¯¨¬®àä¨§¬ �m� : L(m;M(PC(�; �); ;)) ! Nm

p (�) á ï¤à®¬ Comp(Lm
p (�)), £¤¥ N

m
p (�) |

¡ ­ å®¢   «£¥¡à  ®â®¡à ¦¥­¨© M = (Mj;k)j;k=1;2 : �(�) ! L(2m;C), ã¤®¢«¥â¢®àïîé¨å ãá«®-
¢¨ï¬ 1) ¥á«¨ t 2 �, â® M jftg�R 2 L(2m;Cp(R)) ¨ M(t;�1) | ¤¨ £®­ «ì­ ï ¬ âà¨æ ; 2) ¥á«¨
t 2 � n�, â® M12(t) =M21(t) = 0; 3) M11;M12;M21 2 L(m;C(�(�))), M22 2 L(m;C(��(�))), £¤¥ ��
| ª®­âãà, ®â«¨ç îé¨©áï ®â � ®à¨¥­â æ¨¥©. �®áâà®¨¬ í¯¨¬®àä¨§¬

��;�;� :M�(PC(�; �);�)! N n
p (%(�)): (3)

�¢¥¤¥¬ ¬ âà¨æã B 2 C(�;GL(2n;C)), ¤«ï ª®â®à®© B((�k)(z)) = B(z)k�h+k;gE(2)kn�1h;g=0, £¤¥ k 2
f0; : : : ;n�1g, �h;g | á¨¬¢®« �à®­¥ª¥à ,E(m) | ¥¤¨­¨ç­ ïm�m-¬ âà¨æ . �«ïA 2 fS�;Ma; ��;�g
®¯à¥¤¥«¨¬ ��;�;�(A) = (B eAB�1) � s�;� 2 N n

p (%(�)), £¤¥

eA =

8>><
>>:
k��(�l;k(2F+1P+F�1F�1 � I))(t)kn�1l;k=0; ¥á«¨ A = S�;

k��(�l;kMa(�
�l))(t)k

n�1
l;k=0; ¥á«¨ A =Ma;

k�l+1;kE(2)kn�1l;k=0; ¥á«¨ A = ��;�:

� ¯®¬®éìî â¥®à¥¬ë 1 ¨ à¥§ã«ìâ â®¢ [10] ¤®ª §ë¢ ¥âáï
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�¥¬¬ . �®®â¢¥âáâ¢¨¥ A ! ��;�;�(A) (A 2 fS�;Ma; ��;�g) ¥¤¨­áâ¢¥­­ë¬ ®¡à §®¬ ¯à®¤®«-

¦ ¥âáï ¤® í¯¨¬®àä¨§¬  (3) á ï¤à®¬ Comp(Lp;�(�)).

�ãáâì X | á¢ï§­ë© ¯ã­ªâ¨à®¢ ­­ë© ª®¬¯ ªâ á ®â¬¥ç¥­­®© â®çª®© x0. �¯à¥¤¥«¨¬ c¨¬¢®«-
£®¬®¬®àä¨§¬

�m
X;�;�;� : C(X;L(m;M�(PC(�; �);�))) ! C(X;N nm

p (%(�)))

à ¢¥­áâ¢®¬ (�m
X;�;�;�(�))(x) = �m�;�;�(�(x)), £¤¥ x 2 X, �

m
�;�;� | à áè¨à¥­¨¥ (3) ¤® í¯¨¬®àä¨§¬ 

 «£¥¡àë L(m;M�(PC(�; �);�)) (� End(Lm
p;�(�))) ­   «£¥¡àã N

nm
p (%(�)).

�¥®à¥¬  2. �m
X;�;�;� | í¯¨¬®àä¨§¬ á ï¤à®¬ C(X; Comp(Lm

p;�(�))). �¥¬¥©áâ¢® � ¨§ C(X;L(m;
M�(PC(�; �);�))) äà¥¤£®«ì¬®¢® â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  �m

X;�;�;�(�) 2 C(X;GN
nm
p (%(�))).

�ãáâì �(X; �) | ¯®¤¬­®¦¥áâ¢® ¢á¥å â¥å ®â®¡à ¦¥­¨© � ¢ ¤¨áªà¥â­ãî £àã¯¯ã K�1(X), ª®-
â®àë¥ ­¥¯à¥àë¢­ë ­  � n�, ¨¬¥îâ ¢ â®çª å ¨§ � ®¤­®áâ®à®­­¨¥ ¯à¥¤¥«ë ¨ ­¥¯à¥àë¢­ë á¯à ¢ 
¢ íâ¨å â®çª å. �àã¯¯®¢ ï ®¯¥à æ¨ï ¢ K�1(X) ¨­¤ãæ¨àã¥â £àã¯¯®¢ãî ®¯¥à æ¨î ¢ �(X; �). � K-
â¥®à¨¨ ä®à¬ã«®© �î­­¥â  ®¯à¥¤¥«ï¥âáï í¯¨¬®àä¨§¬ % : K�1(X ��(�))! K0(X)
K�1(�(�)),
  ª®­áâàãªæ¨¥© \áæ¥¯«¥­¨ï" | ¨§®¬®àä¨§¬ kX��(�) : [X � �(�);GL(1;C)] ! K�1(X � �(�)).
�ãáâì b� : K�1(�(�)) ! Z | ®¡®¡é îé¨© ¯®­ïâ¨¥ áâ¥¯¥­¨ ¨§®¬®àä¨§¬ (3.1) ¨§ [9],   i0 |
â®¦¤¥áâ¢¥­­®¥ ¯à¥®¡à §®¢ ­¨¥ K0(X). �«ï «î¡®£®  = ( i;j)2i;j=1 2 GC(X;Nm

p (�)) ®¯à¥¤¥«¨¬b 2 C(X � �(�);GL(2m;C)): ¥á«¨ x 2 X, â® b (x; t) = diag[ 1;1(x; t); ( 2;2(x; t))�1] ¤«ï t 2 � n � ¨b (x; t) = diag[1; ( 2;2(x; (t0;�1)))�1] (x; t) diag[1; ( 2;2(x; (t0;+1)))�1] ¤«ï t = (t0; y) 2 ��R (ç¥-
à¥§ diag[a1;1; a2;2] ®¡®§­ ç ¥âáï ¡«®ç­®-¤¨ £®­ «ì­ ï ¬ âà¨æ  á ¡«®ª ¬¨ a1;1 ¨ a2;2). � ¯®¬®éìî
â¥®à¥¬ 1, 2 ¨ à¥§ã«ìâ â®¢ [4], [10], [11] ¤®ª §ë¢ ¥âáï

�¥®à¥¬  3. �àã¯¯ë ª« áá®¢ £®¬®â®¯¨ç¥áª®© íª¢¨¢ «¥­â­®áâ¨

[X; Fr(L(m;M�(PC(�; �);�)))]; [X;GL(m;M�(PC(�; �);�))]

¨§®¬®àä­ë £àã¯¯ ¬ K�1(X) � �(�;X)�K0(X), K�1(X)� �(�;X) á®®â¢¥âáâ¢¥­­®. �á«¨ � 2
C(X; Fr(L(m;M�(PC(�; �);�)))), â®

INDX(�) = ((i0 
 b�)%kX��(�))([b�m
X;�;�;�(�)]):

�¨â¥à âãà 
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