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�ãáâì X ¨ Y | ª®¬¯«¥ªá­ë¥ ¡ ­ å®¢ë ¯à®áâà ­áâ¢ , Hom(X;Y ) | ¡ ­ å®¢® ¯à®áâà ­áâ¢®
«¨­¥©­ëå ®£à ­¨ç¥­­ëå ®¯¥à â®à®¢ (£®¬®¬®àä¨§¬®¢), ¤¥©áâ¢ãîé¨å ¨§ X á® §­ ç¥­¨ï¬¨ ¢ Y ,
EndX = Hom(X;X) | ¡ ­ å®¢   «£¥¡à  í­¤®¬®àä¨§¬®¢ ¡ ­ å®¢  ¯à®áâà ­áâ¢  X. �¨¬¢®« I
¨á¯®«ì§ã¥âáï ¤«ï ®¡®§­ ç¥­¨ï â®¦¤¥áâ¢¥­­®£® ®¯¥à â®à  ¢ «î¡®¬ ¨§ à áá¬ âà¨¢ ¥¬ëå ¡ ­ -
å®¢ëå ¯à®áâà ­áâ¢. �¥à¥§ �(A), �(A), r(A) ®¡®§­ ç îâáï á¯¥ªâà, à¥§®«ì¢¥­â­®¥ ¬­®¦¥áâ¢® ¨
á¯¥ªâà «ì­ë© à ¤¨ãá «¨­¥©­®£® ®¯¥à â®à  A.

�ãáâì G | «®ª «ì­® ª®¬¯ ªâ­ ï  ¡¥«¥¢  £àã¯¯ , bG | ¤¢®©áâ¢¥­­ ï £àã¯¯  ­¥¯à¥àë¢­ëå
ã­¨â à­ëå å à ªâ¥à®¢ £àã¯¯ë G (¢ ¯¥à¢®© ¨á¯®«ì§ã¥âáï  ¤¤¨â¨¢­ ï ä®à¬  § ¯¨á¨  «£¥¡à ¨ç¥-
áª®© ®¯¥à æ¨¨, ¢® ¢â®à®© | ¬ã«ìâ¨¯«¨ª â¨¢­ ï). �¨¬¢®« F(G;X) (¢ ¤ «ì­¥©è¥¬, F) ¨á¯®«ì-
§ã¥âáï ¤«ï ®¡®§­ ç¥­¨ï ®¤­®£® ¨§ á«¥¤ãîé¨å ¡ ­ å®¢ëå ¯à®áâà ­áâ¢ ¨§¬¥à¨¬ëå (¯® �®å­¥àã)
äã­ªæ¨©, ¯à¨­¨¬ îé¨å §­ ç¥­¨ï ¢ X.

Lp = Lp(G;X) | ¯à®áâà ­áâ¢® áã¬¬¨àã¥¬ëå ­  G (®â­®á¨â¥«ì­® ¬¥àë �  à  ­  G) á®
áâ¥¯¥­ìî p 2 [1;1) äã­ªæ¨©, L1 = L1(G;X) | ¯à®áâà ­áâ¢® áãé¥áâ¢¥­­® ®£à ­¨ç¥­­ëå ­  G
äã­ªæ¨©, C = C(G;X) | ¯®¤¯à®áâà ­áâ¢® ­¥¯à¥àë¢­ëå äã­ªæ¨© ¨§ L1(G;X), C0 = C0(G;X)
| ¯®¤¯à®áâà ­áâ¢® äã­ªæ¨© ¨§ C(G;X), áå®¤ïé¨åáï ª ­ã«î ­  ¡¥áª®­¥ç­®áâ¨.

�á«¨ G = Z | £àã¯¯  æ¥«ëå ç¨á¥«, â® ¤¢®©áâ¢¥­­ ï £àã¯¯  bG ®â®¦¤¥áâ¢«ï¥âáï (¨§®¬®àä-
­ ) á ®ªàã¦­®áâìî T = f� 2 C : j�j = 1g ¨§ ¯®«ï ª®¬¯«¥ªá­ëå ç¨á¥« C . � íâ®¬ á«ãç ¥ ç áâ®
¢¬¥áâ® á¨¬¢®«  Lp(Z; X) ¨á¯®«ì§ã¥âáï á¨¬¢®« lp(Z;X). �«ï á®®â¢¥âáâ¢ãîé¨å ¡ ­ å®¢ëå ¯à®-
áâà ­áâ¢ ®¤­®áâ®à®­­¨å ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¨á¯®«ì§ã¥âáï § ¯¨áì F(Z+;X), £¤¥ Z+ = N [ f0g,
¨, ¢ ç áâ­®áâ¨, lp(Z+;X). �à®¬¥ â®£®, ¯®« £ ¥âáï c0(Z+;X) = C0(Z+; X), c0(Z; X) = C0(Z;X).

�ãáâì A, B | ¤¢  ®¯¥à â®à  ¨§ Hom(X;Y ). �® ­¨¬ ®¯à¥¤¥«¨¬ à §­®áâ­ë¥ ®¯¥à â®àë D, D+,
D0
+ á«¥¤ãîé¨¬¨ ä®à¬ã« ¬¨:

(Dx)(g) = Ax(g)�Bx(g � g0); g 2 G; g0 2 G; x 2 F(G;X);

(D+x)(k) = Ax(k)�Bx(k + 1); k 2 Z+; x 2 F(Z+;X);

(D0

+
x)(k) =

(
Ax(0); k = 0;

Ax(k)�Bx(k � 1); k � 1; x 2 F(Z+;X):

�¯¥à â®à D ¯à¨­ ¤«¥¦¨â ¯à®áâà ­áâ¢ã Hom(F(G;X);F(G;Y )),   ®¯¥à â®àë D+ ¨ D0
+ | ¯à®-

áâà ­áâ¢ã Hom(F(Z+;X);F(Z+; Y )).
� ¤ ­­®© áâ âì¥ ¯®«ãç¥­ë ­¥®¡å®¤¨¬ë¥ ¨ ¤®áâ â®ç­ë¥ ãá«®¢¨ï ®¡à â¨¬®áâ¨ â ª¨å à §­®áâ-

­ëå ®¯¥à â®à®¢,   â ª¦¥ ä®à¬ã«ë ¤«ï ®¡à â­ëå ®¯¥à â®à®¢. � áá¬ âà¨¢ îâáï ãá«®¢¨ï áãé¥-
áâ¢®¢ ­¨ï ¨ ¯®áâà®¥­¨ï «¥¢ëå ¨ ¯à ¢ëå ®¯¥à â®à®¢, ®¡à â­ëå ª à §­®áâ­ë¬, ®¯¨áë¢ îâáï ï¤à 
¨ ®¡à §ë.

� ¡®â  ¢ë¯®«­¥­  ¯à¨ ä¨­ ­á®¢®© ¯®¤¤¥à¦ª¥ �®áá¨©áª®£® ä®­¤  äã­¤ ¬¥­â «ì­ëå ¨áá«¥¤®¢ ­¨©
(ª®¤ ¯à®¥ªâ  01-01-00408).
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�­â¥à¥á ª ¨áá«¥¤®¢ ­¨î ãá«®¢¨© ®¡à â¨¬®áâ¨ à áá¬ âà¨¢ ¥¬ëå à §­®áâ­ëå ®¯¥à â®à®¢ ®¡-
ãá«®¢«¥­ â¥á­®© ¢§ ¨¬®á¢ï§ìî á ¢®¯à®á ¬¨ ®¡à â¨¬®áâ¨  ¡áâà ªâ­ëå ¯ à ¡®«¨ç¥áª¨å ®¯¥à â®-
à®¢ ¢¨¤ 

L = �d=dt+A(t) : D(L) � F(I; X)! F(I; X);

£¤¥ á¥¬¥©áâ¢® § ¬ª­ãâëå ®¯¥à â®à®¢ A(t) : D(A(t)) � X ! X, t 2 I, ¯®à®¦¤ ¥â ª®àà¥ªâ­ãî
§ ¤ çã �®è¨ ([1], c. 267) ­  ¡¥áª®­¥ç­®¬ ¯à®¬¥¦ãâª¥ I, ª®â®àë© á®¢¯ ¤ ¥â á ®¤­¨¬ ¨§ ¯à®¬¥-
¦ãâª®¢ R = (�1;1), R+ = [0;1).

�«ï § ¤ ­¨ï ®¯¥à â®à  L ¨á¯®«ì§ã¥âáï á¥¬¥©áâ¢® U = fU(t; s); s � t; s; t 2 Rg í¢®«îæ¨®­­ëå
®¯¥à â®à®¢ ¨§  «£¥¡àë EndX ¤«ï ãà ¢­¥­¨ï

dx

dt
= A(t)x:

�á«¨ I = R, â® ®¡« áâì ®¯à¥¤¥«¥­¨ï ®¯¥à â®à  L á®áâ®¨â ¨§ â ª¨å äã­ªæ¨© x 2 F(R; X),
ª®â®àë¥ ¯à¥¤áâ ¢¨¬ë ¯à¨ ¢á¥å t � s ¨§ R ¢ ¢¨¤¥

x(t) = U(t; s)x(s)�
Z t

s

U(t; �)f(�)d�

¤«ï ­¥ª®â®à®© f 2 F(R; X). � íâ®¬ á«ãç ¥ ¯®« £ ¥âáï Lx = f . �¥¯®áà¥¤áâ¢¥­­® ¨§ ®¯à¥¤¥«¥­¨ï
á«¥¤ã¥â ª®àà¥ªâ­®áâì ®¯à¥¤¥«¥­¨ï ®¯¥à â®à  L (¥¤¨­áâ¢¥­­®áâì äã­ªæ¨¨ f ¨§ F(R; X)).

�á«¨ I = R+ , â® ®¯à¥¤¥«ï¥¬ë© ¤ «¥¥ ¤¨ää¥à¥­æ¨ «ì­ë¬ ¢ëà ¦¥­¨¥¬�d=dt+A(t) ®¯¥à â®à
¡ã¤¥â ®¡®§­ ç âìáï á¨¬¢®«®¬ L0+. �£® ®¡« áâì ®¯à¥¤¥«¥­¨ï D(L0+) á®áâ®¨â ¨§ äã­ªæ¨© x 2
F(R+ ;X), ¯à¥¤áâ ¢¨¬ëå ¢ ¢¨¤¥

x(t) = �
Z t

0

U(t; �)f(�)d�; t � 0;

¤«ï ­¥ª®â®à®© f 2 F(R+ ;X) ¨ â®£¤  ¯®« £ ¥âáï L0+x = f . �á­®, çâ® ¥á«¨ x 2 D(L0+), â® x(0) = 0.
� ¤ ­­®¬ á«ãç ¥ á¥¬¥©áâ¢® í¢®«îæ¨®­­ëå ®¯¥à â®à®¢ ®¯à¥¤¥«¥­® ¯à¨ 0 � s � t <1.

�é¥ ®¤¨­ ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à L+ : D(L+) � F(R+ ;X), ¯®à®¦¤¥­­ë© ¤¨ää¥à¥­æ¨-
 «ì­ë¬ ¢ëà ¦¥­¨¥¬ �d=dt+ A(t), ®¯à¥¤¥«ï¥âáï ¯à¨ ¯à¥¤¯®«®¦¥­¨¨, çâ® U = fU(s; t); 0 � s �
t <1g | á¥¬¥©áâ¢® í¢®«îæ¨®­­ëå ®¯¥à â®à®¢ \­ § ¤" [2]. �ã­ªæ¨ï x 2 F(R+ ;X) ®â­®á¨âáï ª
D(L+), ¥á«¨ ®­  ¯à¨ ¢á¥å 0 � s � t <1 ¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

x(s) = U(s; t)x(t)�
Z t

s

U(s; �)f(�)d�; f 2 F(R+ ;X):

�«¥¤ãîé ï â¥®à¥¬  ¡ë«  ¤®ª § ­  ¢ [2]{[4].

�¥®à¥¬  1. �¯¥à â®àë L, L0+, L+ ®¡à â¨¬ë â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ®¡à â¨¬ë á®®â-

¢¥âáâ¢ãîé¨¥ à §­®áâ­ë¥ ®¯¥à â®àë

( eDx)(k) = x(k)� U(k; k � 1)x(k � 1); x 2 F(Z;X);

(gD0
+x)(k) =

(
x(0); k = 0;

x(k)� U(k; k � 1)x(k � 1); x 2 F(Z+;X);

(gD+x)(k) = x(k)� U(k; k + 1)x(k + 1); x 2 F(Z+;X):

� ¬¥â¨¬, çâ® ¥á«¨ à áá¬ âà¨¢ ¥¬ë© ¯ à ¡®«¨ç¥áª¨© ®¯¥à â®à ¤¥©áâ¢ã¥â ¢ ¡ ­ å®¢®¬ ¯à®-
áâà ­áâ¢¥ F(I;X), â® á®®â¢¥âáâ¢ãîé¨© ¥¬ã à §­®áâ­ë© ®¯¥à â®à áç¨â ¥âáï ¤¥©áâ¢ãîé¨¬ ¢ ¡ -
­ å®¢®¬ ¯à®áâà ­áâ¢¥ F(I\Z;X). � ¯à¨¬¥à, ¥á«¨ F(I;X) = C(R; X), â® F(I\Z; X) = C(Z;X).

�¯¥à â®àë L, L0
+
, L+ ­ §®¢¥¬ ¯¥à¨®¤¨ç¥áª¨¬¨ (¯¥à¨®¤  1), ¥á«¨ á¥¬¥©áâ¢® í¢®«îæ¨®­­ëå

®¯¥à â®à®¢ U ®¡« ¤ ¥â á¢®©áâ¢®¬ U(t + 1; s + 1) = U(t; s) ¯à¨ ¢á¥å s � t ¨§ I (t � s, ¥á«¨ U |
á¥¬¥©áâ¢® í¢®«îæ¨®­­ëå ®¯¥à â®à®¢ \­ § ¤").
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� ª¨¬ ®¡à §®¬, ª ¦¤ë© ¨§ ¯®«ãç¥­­ëå §¤¥áì à¥§ã«ìâ â®¢ ®¡ ®¡à â¨¬®áâ¨ à §­®áâ­ëå ®¯¥-
à â®à®¢ á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â ¬¨ ¤ ¥â ãá«®¢¨ï ®¡à â¨¬®áâ¨ á®®â¢¥âáâ¢ãîé¨å ¯ à -
¡®«¨ç¥áª¨å ®¯¥à â®à®¢ á ¯¥à¨®¤¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨ ¨ á ¯®áâ®ï­­ë¬¨ ª®íää¨æ¨¥­â -
¬¨ (¯®á«¥¤­¥¥ ®§­ ç ¥â, çâ® á¥¬¥©áâ¢® U § ¢¨á¨â â®«ìª® ®â à §­®áâ¨  à£ã¬¥­â®¢ t � s). � -
¯à¨¬¥à, ¤«ï ¨§ãç¥­¨ï ¯¥à¨®¤¨ç¥áª®£® ®¯¥à â®à  L ¢ ¦­ãî à®«ì ¨£à ¥â à §­®áâ­ë© ®¯¥à â®à
( eDx)(k) = x(k)� U(1; 0)x(k � 1), k 2 Z, x 2 F(Z;X).

�¥§ã«ìâ âë ¤«ï à áá¬ âà¨¢ ¥¬ëå ¯ à ¡®«¨ç¥áª¨å ®¯¥à â®à®¢ ®¡ëç­® ä®à¬ã«¨àãîâáï ¢ ª -
ç¥áâ¢¥ á«¥¤áâ¢¨© ¯®«ãç ¥¬ëå §¤¥áì â¥®à¥¬.

1. �¡à â¨¬®áâì ®¯¥à â®à  D

� íâ®¬ ¯ à £à ä¥ à áá¬ âà¨¢ ¥âáï à §­®áâ­ë© ®¯¥à â®à D 2 Hom(F(G;X);F(G;Y )), ¯à¨-
ç¥¬ í«¥¬¥­â g0 2 G ã¤®¢«¥â¢®àï¥â ãá«®¢¨î á«¥¤ãîé¥£® ¯à¥¤¯®«®¦¥­¨ï.

�à¥¤¯®«®¦¥­¨¥ 1. �­®¦¥áâ¢® ç¨á¥« f
(g0); 
 2 bGg ¯«®â­® ­  ®ªàã¦­®áâ¨ T � C .

�â¬¥â¨¬, çâ® ®­® ¢ë¯®«­¥­® ¤«ï g0 = �1 ¨§ £àã¯¯ë Z.
�«ï ¯®áâà®¥­¨ï ®¡à â­®£® ®¯¥à â®à  D�1 2 Hom(F(G;Y );F(G;X)) ¨á¯®«ì§ã¥¬ í«¥¬¥­âë

á¯¥ªâà «ì­®© â¥®à¨¨ ã¯®àï¤®ç¥­­ëå ¯ à «¨­¥©­ëå ®¯¥à â®à®¢ («¨­¥©­ëå ¯ãçª®¢). �à¨ íâ®¬
§¤¥áì ¨á¯®«ì§ãîâáï ®á­®¢­ë¥ ¯®­ïâ¨ï ¨ à¥§ã«ìâ âë, ¯à¨¢¥¤¥­­ë¥ ¢ [5], [6].

�¯¥ªâà®¬ �(A;B) ã¯®àï¤®ç¥­­®© ¯ àë (A;B) ®¯¥à â®à®¢ (á«®¢® \ã¯®àï¤®ç¥­­ ï" ¤ «¥¥
ç áâ® ¡ã¤¥â ®¯ãáª âìáï) ¨§ Hom(X;Y ) ­ §ë¢ ¥âáï á®¢®ªã¯­®áâì â ª¨å � ¨§ C , ¤«ï ª®â®àëå
®¯¥à â®à A��B ­¥®¡à â¨¬,   ¬­®¦¥áâ¢® �(A;B) = C n�(A;B) | à¥§®«ì¢¥­â­ë¬ ¬­®¦¥áâ¢®¬

íâ®© ¯ àë. �¥§®«ì¢¥­â­®¥ ¬­®¦¥áâ¢® ®âªàëâ®,   á¯¥ªâà ¯ àë § ¬ª­ãâ.
�ã­ªæ¨ï R = R(�;A;B) : �(A;B) ! Hom(Y;X), ®¯à¥¤¥«¥­­ ï à ¢¥­áâ¢®¬ R(�;A;B) = (A �

�B)�1, � 2 �(A;B), ­ §ë¢ ¥âáï à¥§®«ì¢¥­â®© ¯ àë (A;B).
�¯®àï¤®ç¥­­ãî ¯ àã § ¬ª­ãâëå ¯®¤¯à®áâà ­áâ¢ (X0; Y0), £¤¥ X0 � X, Y0 � Y , ­ §®¢¥¬

¨­¢ à¨ ­â­®© ¤«ï (A;B), ¥á«¨ A(X0) � Y0, B(X0) � Y0.

� ¬¥ç ­¨¥ 1. �ãáâì (X0; Y0), (X1; Y1) | ¤¢¥ ¯ àë ¨­¢ à¨ ­â­ëå ¤«ï (A;B) ¯®¤¯à®áâà ­áâ¢
â ª¨å, çâ® X = X0�X1, Y = Y0�Y1. �¡®§­ ç¨¬ áã¦¥­¨ï ®¯¥à â®à®¢ A, B ­  X0 á¨¬¢®« ¬¨ A0,
B0,   áã¦¥­¨ï ­ X1 | ç¥à¥§ A1, B1. � ª¨¬ ®¡à §®¬, A0; B0 2 Hom(X0; Y0), A1; B1 2 Hom(X1; Y1).
� íâ®¬ á«ãç ¥ ¨á¯®«ì§ã¥¬ § ¯¨áì

(A;B) = (A0; B0)� (A1; B1) (1)

¨ ¡ã¤¥¬ £®¢®à¨âì, çâ® ¯ à  (A;B) ¥áâì ¯àï¬ ï áã¬¬  ¯ à (A0; B0), (A1; B1). �§ íâ®£® ®¯à¥¤¥«¥­¨ï
á«¥¤ã¥â, çâ® ¤«ï «î¡®£® ¢¥ªâ®à  x 2 X ¨¬¥îâ ¬¥áâ® à ¢¥­áâ¢ 

Ax = A0x0 +A1x1; Bx = B0x0 +B1x1;

¥á«¨ x = x0 + x1, £¤¥ x0 2 X0, x1 2 X1.

� ¬¥ç ­¨¥ 2. �ª § ­­ë¥ ¢ § ¬¥ç ­¨¨ 2 à §«®¦¥­¨ï ¬®¦­® ¯®áâà®¨âì, ¨á¯®«ì§ãï ¯ àë
®£à ­¨ç¥­­ëå ¯à®¥ªâ®à®¢ P0; P1 2 EndX, Q0; Q1 2 EndY , ®¡« ¤ îé¨å á¢®©áâ¢ ¬¨

P0 + P1 = I; Q0 +Q1 = I; APk = QkA; BPk = QkB; k = 0; 1:

�®«®¦¨¬ Xk = ImPk, Yk = ImQk, k = 0; 1, £¤¥ ImPk | ®¡à § ¯à®¥ªâ®à  Pk. � íâ®¬ á«ãç ¥
(X0; Y0), (X1; Y1) | ¨­¢ à¨ ­â­ë¥ ¤«ï (A;B) ¯ àë ¨ ¨¬¥¥â ¬¥áâ® ä®à¬ã«  (1).

�®á«¥¤ãîé¨¥ à¥§ã«ìâ âë ¯®«ãç¥­ë ¯à¨ ãá«®¢¨¨, çâ® ¢ë¯®«­¥­®

�à¥¤¯®«®¦¥­¨¥ 2. �­®¦¥áâ¢® �(A;B) ­¥ ¯ãáâ® (¡ã¤¥¬ £®¢®à¨âì, çâ® ¯ à  (A;B) ­¥-
á¨­£ã«ïà­ ).

�§ ¯à¥¤¯®«®¦¥­¨ï 2 á«¥¤ã¥â, çâ® áãé¥áâ¢ã¥â �0 2 �(A;B) ¨ ¯®íâ®¬ã ®¯¥à â®à A��0B : X !
Y ï¢«ï¥âáï ¨§®¬®àä¨§¬®¬ ¯à®áâà ­áâ¢ X ¨ Y .
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�¥®à¥¬  2. �ãáâì á¯¥ªâà �(A;B) ¯ àë (A;B) ®¡« ¤ ¥â á¢®©áâ¢®¬

�(A;B) \ T = ;: (2)

�®£¤  X = X0 �X1, Y = Y0 � Y1, £¤¥ (X0;X1), (Y0; Y1) | ¨­¢ à¨ ­â­ë¥ ¯ àë ¯®¤¯à®áâà ­áâ¢

¤«ï (A;B). � §«®¦¥­¨ï ¯à®áâà ­áâ¢ ®¯à¥¤¥«ïîâáï á ¯®¬®éìî ¯à®¥ªâ®à®¢ P0; P1 2 EndX,
P0 + P1 = I, Q0; Q1 2 EndY , Q0 +Q1 = I, £¤¥ ¯à®¥ªâ®àë P0 ¨ Q0 ®¯à¥¤¥«¥­ë ä®à¬ã« ¬¨

P0 = �
1
2�i

Z
T

R(�)B d�; Q0 = �
1
2�i

Z
T

BR(�)d�:

�®®â¢¥âáâ¢ãîé¥¥ ¯à¥¤áâ ¢«¥­¨¥ (A;B) = (A0; B0)� (A1; B1) ®¡« ¤ ¥â á¢®©áâ¢®¬

�(Ak; Bk) = �k; k = 0; 1;

£¤¥ �0 = f� 2 �(A;B) : j�j < 1g, �1 = f� 2 e�(A;B) : j�j > 1g. �¯¥à â®àë B0 ¨ A1 ®¡à â¨¬ë ¨

r(B�10 A0) = r(A0B
�1
0 ) < 1, r(B1A

�1
1 ) = r(A�11 B1) < 1.

�ä®à¬ã«¨à®¢ ­­ ï â¥®à¥¬  ¯®«ãç¥­  ¢ [5] ¨ ¯à¨¢¥¤¥­  ¢ ([6], c. 6).

�¥®à¥¬  3. �«ï ®¡à â¨¬®áâ¨ ®¯¥à â®à  D : F(G;X) ! F(G;Y ) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç-

­®, çâ®¡ë ¢ë¯®«­ï«®áì ãá«®¢¨¥ (2). �á«¨ ®¯¥à â®à D 2 Hom(F(G;X);F(G;Y )) ®¡à â¨¬, â®
®¡à â­ë© ®¯¥à â®à D�1 2 Hom(F(G;Y );F(G;X)) ®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

(D�1y)(g) =
1X

n=�1

Gny(g + ng0); (3)

£¤¥ ®¯¥à â®àë Gn 2 Hom(Y;X), n 2 Z, ®¯à¥¤¥«¥­ë à ¢¥­áâ¢ ¬¨

Gn =

(
B�10 (�A0B

�1
0 )n�1Q0; n � 1;

A�11 (�B1A
�1
1 )�nQ1; n � 0:

�¤¥áì ¯ àë ®¯¥à â®à®¢ (A0; B0), (A1; B1) ¯®áâà®¥­ë ¢ á®®â¢¥âáâ¢¨¨ á â¥®à¥¬®© 2.

�®ª § â¥«ìáâ¢®. �¥®¡å®¤¨¬®áâì. �ë¯®«­¥­¨¥ ãá«®¢¨ï (2) ¯®§¢®«ï¥â ¯à¨¬¥­¨âì â¥®à¥-
¬ã 2. �á¯®«ì§ãï ¥¥ ®¡®§­ ç¥­¨ï, ¯¥à¥¯¨è¥¬ ãà ¢­¥­¨¥

(Dx)(g) = Ax(g) +Bx(g � g0) = y(g); y 2 F(G;Y );

¢ ¢¨¤¥ á¨áâ¥¬ë ãà ¢­¥­¨©

A0x0(g) +B0x0(g � g0) = y0(g);

A1x1(g) +B1x1(g � g0) = y1(g);

£¤¥ xk(g) = Pkx(g), yk(g) = Qky(g), k = 0; 1. �®áª®«ìªã B0 ¨ A1 | ®¡à â¨¬ë¥ ®¯¥à â®àë, â® íâ 
á¨áâ¥¬  § ¯¨áë¢ ¥âáï ¢ ¢¨¤¥

x0(g) +B�1
0
A0x0(g + g0) = B�1

0
y0(g + g0);

x1(g) +A�1
1
B1x1(g � g0) = A�1

1
y1(g):

�¯¥ªâà «ì­ë¥ à ¤¨ãáë r(B�10 A0), r(A
�1
1 B1) ®¯¥à â®à®¢ B

�1
0 A0 2 EndX0, A

�1
1 B1 2 EndX1 ¬¥­ì-

è¥ ¥¤¨­¨æë ¨ ¯®íâ®¬ã ª ¦¤®¥ ¨§ íâ¨å ãà ¢­¥­¨© ¨¬¥¥â ¥¤¨­áâ¢¥­­®¥ à¥è¥­¨¥. �â¨ à¥è¥­¨ï
¯à¥¤áâ ¢¨¬ë ¢ ¢¨¤¥ áå®¤ïé¨åáï àï¤®¢

x0(g) =
1X
n=0

(�1)n(B�10 A0)
nB�10 y0(g + (n+ 1)g0) =

1X
n=1

B�10 (�A0B
�1
0 )n�1Q0y(g + ng0);

x1(g) =
0X

n=�1

A�1
1
(�B1A

�1
1
)�nQ1y(g + ng0):

�âáî¤  á«¥¤ã¥â ®¡à â¨¬®áâì ®¯¥à â®à  D ¨ ä®à¬ã«  (3).
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�®áâ â®ç­®áâì. �ãáâì â¥¯¥àì ®¡à â¨¬ ®¯¥à â®à D. �®áª®«ìªã ¢ë¯®«­¥­® ¯à¥¤¯®«®¦¥­¨¥ 2,
â® ­¥ª®â®àë© ®¯¥à â®à ¢¨¤  A��0B = U 2 Hom(X;Y ), �0 2 �(A;B), ®áãé¥áâ¢«ï¥â ¨§®¬®àä¨§¬
¯à®áâà ­áâ¢ X ¨ Y . � áá¬ âà¨¢ ï ¢¬¥áâ® ®¯¥à â®à  D ®¯¥à â®à (D1x)(g) = U�1(Dx)(g), x 2
F(G;X), ¨ ãç¨âë¢ ï, çâ® �(U�1A;U�1B) = �(A;B), ¡¥§ ®£à ­¨ç¥­¨ï ®¡é­®áâ¨ áç¨â ¥¬ X = Y .

�§ à¥§ã«ìâ â®¢ áâ âì¨ [7] á«¥¤ã¥â, çâ® ®¯¥à â®à D ®¡à â¨¬ ¢ «î¡®¬ ¨§ à áá¬ âà¨¢ ¥¬ëå
äã­ªæ¨®­ «ì­ëå ¯à®áâà ­áâ¢ Lp = Lp(G;X), p 2 [1;1], C(G;X), C0(G;X). � ç áâ­®áâ¨, ®­
®¡à â¨¬ ¢ C(G;X). � áá¬®âà¨¬ £àã¯¯ã ¨§®¬¥âà¨ç¥áª¨å ®¯¥à â®à®¢ T (
), 
 2 bG, ¨§  «£¥¡àë
EndC(G;X) ¢¨¤ 

(T (
)x)(g) = 
(g)x(g); x 2 C(G;X); 
 2 bG:
�§ à ¢¥­áâ¢

(T (
)DT (
�1)x)(g) = Ax(g)� 
(g0)Bx(g � g0)

¨ ¯à¥¤¯®«®¦¥­¨ï 1 á«¥¤ã¥â, çâ® ¤®áâ â®ç­® ¤®ª § âì ®¡à â¨¬®áâì ®¯¥à â®à  A�B.
�­ ç «¥ ¤®ª ¦¥¬ ¥£® ¨­ê¥ªâ¨¢­®áâì. �á«¨ x0 2 Ker(A � B), â® D'0 = 0 ¤«ï ¯®áâ®ï­­®©

äã­ªæ¨¨ '0(g) = x0, g 2 G, ¨§ C(G;X). �«¥¤®¢ â¥«ì­®, '0 = 0 ¨ ¯®íâ®¬ã x0 = 0.
�®ª ¦¥¬ áîàê¥ªâ¨¢­®áâì ®¯¥à â®à  A�B. �ãáâì y0 | ¯à®¨§¢®«ì­ë© ¢¥ªâ®à ¨§ X,  (g) = y0

8g 2 G ¨ D' =  . �§-§  ¯¥à¥áâ ­®¢®ç­®áâ¨ ®¯¥à â®à  D á ®¯¥à â®à ¬¨ S(!), ! 2 G, á¤¢¨£®¢
äã­ªæ¨© ¨§ C(G;X) ¯®«ãç ¥¬, çâ® '(g) = x0 2 X 8g 2 G. �á­®, çâ® D' = (A�B)x0 = y0. �â ª,
®¯¥à â®à A�B áîàê¥ªâ¨¢¥­.

�¥¯®áà¥¤áâ¢¥­­® ¨§ â¥®à¥¬ë ¯®«ãç ¥¬ á«¥¤ãîé¨¥ ãâ¢¥à¦¤¥­¨ï ¤«ï ®¯¥à â®à  ¢§¢¥è¥­­®£®
á¤¢¨£  K = BS(�g0) 2 EndF(G;X), ¨¬¥îé¥£® ¢¨¤

(Kx)(g) = Bx(g � g0); x 2 F(G;X); B 2 EndX:

�«¥¤áâ¢¨¥ 1. �¯¥à â®à I�K ®¡à â¨¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  �(B)\T = ;. �£® á¯¥ªâà
¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ �(K) = f��; � 2 �(B); � 2 Tg.

� á«¥¤ãîé¥¬ ãâ¢¥à¦¤¥­¨¨ ¨á¯®«ì§ã¥âáï â ª¦¥ â¥®à¥¬  1.

�«¥¤áâ¢¨¥ 2. �¨­¥©­ë© ¯ à ¡®«¨ç¥áª¨© ¤¨ää¥à¥­æ¨ «ì­ë© ®¯¥à â®à L : D(L) �
F(R; X) ! F(R; X) á ¯¥à¨®¤¨ç¥áª¨¬¨ ª®íää¨æ¨¥­â ¬¨ ¯¥à¨®¤  1 ®¡à â¨¬ â®£¤  ¨ â®«ìª® â®£¤ ,
ª®£¤  ¢ë¯®«­¥­® ãá«®¢¨¥ �(U(1; 0)) \ T = ;.

�«¥¤áâ¢¨¥ 3. �ãáâì C : D(C) � X ! X | ¯à®¨§¢®¤ïé¨© ®¯¥à â®à á¨«ì­® ­¥¯à¥àë¢­®©
¯®«ã£àã¯¯ë ®¯¥à â®à®¢ fU(t); t � 0g ¨§  «£¥¡àë EndX. �®£¤  ¤«ï ®¡à â¨¬®áâ¨ ®¯¥à â®à 
L = �d=dt + C : D(L) � F(R;X) ! F(R;X) ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®, çâ®¡ë ¢ë¯®«­ï«®áì
ãá«®¢¨¥ �(U(1)) \ T = ;.

�â¬¥â¨¬, çâ® ãá«®¢¨ï �(C) \ iR ¤«ï ®¡à â¨¬®áâ¨ ®¯¥à â®à  L ­¥¤®áâ â®ç­®.

2. �¡à â¨¬®áâì ®¯¥à â®à®¢ D+ ¨ D0
+

� áá¬®âà¨¬ à §­®áâ­ë¥ ®¯¥à â®àë D+ ¨D0
+
¨§ ¡ ­ å®¢  ¯à®áâà ­áâ¢  Hom(F(Z+;X);F(Z+; Y )).

� ¬¥ç ­¨¥ 3. �á«¨ F(Z+;X) = lp(Z+;X), £¤¥ p 2 [1;1), â® á®¯àï¦¥­­ë¬ ª ®¯¥à â®àã D0
+

ï¢«ï¥âáï ®¯¥à â®à (D0
+
)� 2 Hom(lp(Z+; Y �); lq(Z+; Y �)), 1=p+ 1=q = 1, ¢¨¤ 

((D0

+)
��)(k) = A��(k)�B��(k + 1); � 2 lq(Z+; Y

�);

£¤¥ X�, Y � | á®¯àï¦¥­­ë¥ ª X ¨ Y ¡ ­ å®¢ë ¯à®áâà ­áâ¢  ¨ A�; B� 2 Hom(Y �;X�) | á®¯àï-
¦¥­­ë¥ ª A ¨ B ®¯¥à â®àë. �¥à­® ¨ ®¡à â­®¥: á®¯àï¦¥­­ë¬¨ ª ®¯¥à â®à ¬ â¨¯  D+ ï¢«ïîâáï
®¯¥à â®àë â¨¯  D0

+, ­® ¤¥©áâ¢ãîé¨¥ ¢ lq(Z+; Y
�). �â  ¢§ ¨¬®á¢ï§ì à áá¬ âà¨¢ ¥¬ëå à §­®áâ-

­ëå ®¯¥à â®à®¢ ¡ã¤¥â ¤ «¥¥ ¨á¯®«ì§®¢ ­ , ¯®§¢®«ïï à¥§ã«ìâ âë, ¯®«ãç¥­­ë¥ ¤«ï ®¤­®£® ¨§ ¤¢ãå
â¨¯®¢ à áá¬ âà¨¢ ¥¬ëå ®¯¥à â®à®¢, ¯¥à¥­®á¨âì ¤«ï ®¯¥à â®à®¢ ¤àã£®£® â¨¯ .
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�¥®à¥¬  4. �«ï ®¡à â¨¬®áâ¨ ª ¦¤®£® ¨§ ®¯¥à â®à®¢ D+ ¨ D0
+ ­¥®¡å®¤¨¬® ¨ ¤®áâ â®ç­®,

çâ®¡ë ®¯¥à â®à A 2 Hom(X;Y ) ¡ë« ®¡à â¨¬ ¨ ¢ë¯®«­ï«®áì ãá«®¢¨¥

r(A�1B) < 1: (4)

�®ª § â¥«ìáâ¢®. �á«¨ ®¯¥à â®à A ®¡à â¨¬ ¨ ¢ë¯®«­¥­® ãá«®¢¨¥ (4), â® ïá­®, çâ® ®¯¥à â®à
D+ ®¡à â¨¬, ¯à¨ç¥¬

(D�1+ y)(k) =
1X
n=0

(A�1B)nA�1y(k + n); y 2 F(Z+; Y ):

�ãáâì â¥¯¥àì ®¡à â¨¬ ®¯¥à â®à D+. � ¢¥­áâ¢ 

(T (�)D+T (�
�1)y)(k) = Ay(k)��By(k + 1) = ((D+(�))y)(k);

£¤¥ k � 0, y 2 F(Z+; Y ) ¨ (T (�)u)(k) = �ky(k), � 2 T, ®§­ ç îâ ¯®¤®¡¨¥ ®¯¥à â®à  D+ ®¯¥à â®-
à ¬ D+(�). �®íâ®¬ã ¤®ª § ¢, çâ® 1 =2 �(A;B), ¯®«ãç¨¬, çâ® ¤«ï ¯ àë (A;B) ¢ë¯®«­¥­® ãá«®¢¨¥
(2) â¥®à¥¬ë 2.

�§ [7] á«¥¤ã¥â ®¡à â¨¬®áâì ®¯¥à â®à  D, ¥á«¨ ¥£® à áá¬ âà¨¢ âì ª ª í«¥¬¥­â ¯à®áâà ­áâ¢ 
Hom(l1(Z+;X); l1(Z+; Y )) (¨ ãç¥áâì, çâ® ¯à®áâà ­áâ¢  X ¨ Y ¨§®¬®àä­ë; á¬. ¤®ª § â¥«ìáâ¢®
â¥®à¥¬ë 3). �®ª ¦¥¬, çâ® ®¯¥à â®à A�B ¨­ê¥ªâ¨¢¥­ ¨ áîàê¥ªâ¨¢¥­ (¨ â®£¤  1 =2 �(A;B)).

�á«¨ x0 2 Ker(A � B), â® áâ æ¨®­ à­ ï ¯®á«¥¤®¢ â¥«ì­®áâì '(k) = x0, k � 0, ¯à¨­ ¤«¥¦¨â
KerD+ ¨ ¯®íâ®¬ã x0 = 0. �â ª, A�B | ¨­ê¥ªâ¨¢­ë© ®¯¥à â®à.

�ãáâì y0 |¯à®¨§¢®«ì­ë© ¢¥ªâ®à ¨§ Y ,  (k) = y0, k � 0, | áâ æ¨®­ à­ ï ¯®á«¥¤®¢ â¥«ì­®áâì
¨ ' | â ª ï ¯®á«¥¤®¢ â¥«ì­®áâì ¨§ l1(Z+; X), çâ® D+' =  . �®áª®«ìªã D+ ¯¥à¥áâ ­®¢®ç¥­ á
®¯¥à â®à®¬ S(1) á¤¢¨£  ¯®á«¥¤®¢ â¥«ì­®áâ¥© ¨§ l1(Z+;X) ­  1 ¨ S(1) =  , â® D+S(1)' =  .
�«¥¤®¢ â¥«ì­®, S(1)' = ', â. ¥. ' | áâ æ¨®­ à­ ï ¯®á«¥¤®¢ â¥«ì­®áâì. �®íâ®¬ã (A�B)'(0) =
y0. � ª¨¬ ®¡à §®¬, A�B | áîàê¥ªâ¨¢­ë© ®¯¥à â®à.

� ¨â®£¥ ¯®«ãç ¥¬, çâ® ¢ë¯®«­¥­® ãá«®¢¨¥ �(A;B)\T = ;. �à¨¬¥­ïï â¥®à¥¬ã 2 ª ¯ à¥ (A;B),
¯¥à¥¯¨è¥¬ ãà ¢­¥­¨¥ (D+x)(k) = y(k), k 2 Z+, y 2 l1(Z+; Y ), ¢ ¢¨¤¥ íª¢¨¢ «¥­â­®© á¨áâ¥¬ë
ãà ¢­¥­¨©

(D0x0)(k) = A0x0(k)�B0x0(k + 1) = y0(k) = Q0y(k);

(D1x1)(k) = A1x1(k)�B1x1(k + 1) = y1(k) = Q1y(k);

£¤¥ ¨á¯®«ì§®¢ «¨áì ®¡®§­ ç¥­¨ï â¥®à¥¬ë 2. �à¨ íâ®¬ ®¯¥à â®àëDi 2 Hom(l1(Z+;Xi); l1(Z+; Yi)),
i = 0; 1, ®¡à â¨¬ë. �®áª®«ìªã KerD0 á®¤¥à¦¨â ¢á¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨ ¢¨¤  x0(k) = (B�10 A0)kx0,
x0 2 X0, â® X0 = f0g. �âáî¤  á«¥¤ã¥â, çâ® X1 = X, Y1 = Y . �«¥¤®¢ â¥«ì­®, ®¡à â¨¬ ®¯¥à â®à
A = A1 ¨ r(BA�1) = r(A�1B) < 1.

�¥¯¥àì à áá¬®âà¨¬ ®¯¥à â®à D0
+
. �á¯®«ì§ã¥¬ § ¬¥ç ­¨¥ 4 ¨ ®£à ­¨ç¨¬áï à áá¬®âà¥­¨¥¬

®¯¥à â®à®¢ ¢ ¯à®áâà ­áâ¢ å lp, p 2 [1;1), ¤«ï ª®â®àëå á®¯àï¦¥­­ë¬¨ ï¢«ïîâáï ¯à®áâà ­-
áâ¢  lq á 1=p + 1=q = 1 (¨¬¥¥âáï ¢ ¢¨¤ã ­¥§ ¢¨á¨¬®áâì á¢®©áâ¢  ®¡à â¨¬®áâ¨ ®¯¥à â®à  D0

+
®â

¢¨¤  à áá¬ âà¨¢ ¥¬ëå ®¯¥à â®à®¢). �¡à â¨¬®áâì ®¯¥à â®à  D0
+
íª¢¨¢ «¥­â­  ®¡à â¨¬®áâ¨ á®-

¯àï¦¥­­®£® ®¯¥à â®à  (D0
+
)�, ª®â®à ï ¯® ¤®ª § ­­®¬ã íª¢¨¢ «¥­â­  ®¡à â¨¬®áâ¨ ®¯¥à â®à  A�

¨ á¢®©áâ¢ã r(A��1B�) < 1. �«¥¤®¢ â¥«ì­®, ®¯¥à â®à D0
+ ®¡à â¨¬ â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤ 

®¡à â¨¬ ®¯¥à â®à A ¨ r(A�1B) < 1.

�«¥¤áâ¢¨¥ 4. �¯¥ªâà ®¯¥à â®à®¢ K+;K
0
+ 2 EndF(Z+;X), ®¯à¥¤¥«¥­­ëå à ¢¥­áâ¢ ¬¨

(K+x)(n) = Bx(n+ 1); n � 0;

(K0

+x)(n) =

(
0; n = 0;

Bx(n� 1); n � 1; x 2 F(Z+;X);

£¤¥ B 2 EndX, á®¢¯ ¤ ¥â á ªàã£®¬ f� 2 C : j�j � r(B)g.
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�«¥¤áâ¢¨¥ 5. �¯¥à â®àë L+ ¨ L0+ á ¯¥à¨®¤¨ç¥áª¨¬¨ (¯¥à¨®¤  1) ª®íää¨æ¨¥­â ¬¨ ®¡à â¨¬ë
â®£¤  ¨ â®«ìª® â®£¤ , ª®£¤  ¢ë¯®«­ï¥âáï á®®â¢¥âáâ¢ãîé¥¥ ãá«®¢¨¥ r(U(0; 1)) < 1, r(U(1; 0)) < 1.
�¯¥ªâà ®¯¥à â®à®¢ L+ ¨ L0+ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥

�(L0
+
) = f� 2 C : j exp�j � r(U(1; 0))g;

�(L+) = f� 2 C : j exp�j � r(U(0; 1))g:

�á«®¢¨ï ®¡à â¨¬®áâ¨ ®¯¥à â®à®¢ D+ ¨ D0
+ ®ª § «¨áì áãé¥áâ¢¥­­® ¦¥áâç¥ ãá«®¢¨ï (2) â¥®-

à¥¬ë 2, ®¡¥á¯¥ç¨¢ îé¥£® ®¡à â¨¬®áâì ®¯¥à â®à  D. �¤­ ª® ¨¬¥¥â ¬¥áâ®

�¥®à¥¬  5. �ãáâì ¤«ï ¯ àë ®¯¥à â®à®¢ (A;B) ¢ë¯®«­¥­® ãá«®¢¨¥ (2) â¥®à¥¬ë 2. �®£¤ 
®¯¥à â®à D+ ®¡à â¨¬ á¯à ¢ ,   ®¯¥à â®à D0

+
| á«¥¢  ¨ ¤«ï ­¥ª®â®à®£® ¯à ¢®£® ®¡à â­®£® ®¯¥-

à â®à  (D+)�1r ¨ ¤«ï ­¥ª®â®à®£® «¥¢®£® ®¡à â­®£® ®¯¥à â®à  (D0
+
)�1l ¨¬¥îâ ¬¥áâ® á«¥¤ãîé¨¥

¯à¥¤áâ ¢«¥­¨ï :

((D+)
�1
r y)(n) =

1X
m=0

G+(n;m)y(m); y 2 F(Z+; Y ); (5)

((D0

+)
�1
l y)(n) =

1X
m=0

G0

+(n;m)y(m); y 2 F(Z+; Y ); (6)

£¤¥

G+(n;m) =

(
A�11 (B1A

�1
1 )m�nQ1; m � n � 0;

�(B�10 A0)n�m�1B
�1
0 Q0; n > m � 0;

G0

+(n;m) =

(
�(B�10 A0)m�n�1B

�1
0 Q0; m > n � 0;

A�11 (B1A
�1
1 )n�mQ1; n � m � 0:

�®ª § â¥«ìáâ¢®. � ¯ à¥ ®¯¥à â®à®¢ (A;B) ¯à¨¬¥­¨¬  â¥®à¥¬  2. �á¯®«ì§ãï ¥¥ ®¡®§­ ç¥-
­¨ï, ®¯¥à â®à D+ ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ D+ = D0 �D1, £¤¥

D0 2 Hom(F(Z+;X0);F(Z+; Y0)); D1 2 Hom(F(Z+;X1);F(Z+; Y1))

®¯à¥¤¥«¥­ë à ¢¥­áâ¢ ¬¨ (á¬. ¤®ª § â¥«ìáâ¢® â¥®à¥¬ë 4)

(D0x0)(k) = A0x0(k)�B0x0(k + 1); x0 2 F(Z+; X0);

(D1x1)(k) = A1x1(k)�B1x1(k + 1); x1 2 F(Z+;X1):

�¯¥à â®àë B0 2 Hom(X0; Y0), A1 2 Hom(X1; Y1) ®¡à â¨¬ë ¨ r(B�10 A0) = r(A0B
�1
0 ) < 1,

r(B�11 A1) = r(A1B
�1
1 ) < 1. �®£¤  ®¯¥à â®à D1 ®¡à â¨¬ ¨ ®¡à â­ë© D�11 ¨¬¥¥â ¢¨¤

(D�11 y1)(k) =
1X
n=0

A�11 (B1A
�1
1 )ny1(k + n) =

1X
m=k

A�11 (B1A
�1
1 )m�ky1(m);

£¤¥ y1 2 F(Z+; Y1).
� ª á«¥¤ã¥â ¨§ ¤®ª § â¥«ìáâ¢  â¥®à¥¬ë 4, ®¯¥à â®à D0 ­¥®¡à â¨¬, ¥á«¨ X0 6= f0g. �¤­ ª® ®­

®¡à â¨¬ á¯à ¢ , ¨ ¤«ï ¯®áâà®¥­¨ï ­¥ª®â®à®£® ¯à ¢®£® ®¡à â­®£® (D0)�1r 2Hom(F(Z+; Y0);F(Z+; X0))
à áá¬®âà¨¬ ®¯¥à â®à á¤¢¨£ 

(S(�1)x0)(k) =

(
0; k = 0;

x0(k � 1); k � 1;

¨ ®¯¥à â®à fD0 = D0S(�1) = B0(B�10 A0S(�1)� I) 2 Hom(F(Z+; X0);F(Z+; Y0)):
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�¯¥à â®à fD0 ®¡à â¨¬, ¨ fD0

�1

®¯à¥¤¥«ï¥âáï ä®à¬ã«®©

fD0

�1

= �
1X
n=0

(B�10 A0S(�1))
nB�10

¨«¨

(fD0

�1

y)(k) = �
kX

n=0

(B�1
0
A0)nB�10 y0(k � n):

�å®¤¨¬®áâì àï¤  ®¡¥á¯¥ç¨¢ ¥âáï ãá«®¢¨¥¬ r(B�10 A0) < 1. �«¥¤®¢ â¥«ì­®, ®¤¨­ ¨§ ¯à ¢ëå ®¡à â-

­ëå (D0)�1r ¤«ï D0 ¨¬¥¥â ¢¨¤ (D0)�1r = S(�1)fD0

�1

, â. ¥.

((D0)
�1
r y0)(k) =

8>><>>:
�

k�1X
n=0

(B�10 A0)
nB�10 y0(k � n� 1); k � 1;

0; k = 0:

�áª®¬ë© ®¯¥à â®à (D+)�1r ¯à¥¤áâ ¢¨¬ ¢ ¢¨¤¥ (D+)�1r = (D0)�1r � D�11 . �§ ¯®«ãç¥­­ëå ä®à¬ã«
¤«ï ¥£® ç áâ¥© ¯à¨å®¤¨¬ ª ä®à¬ã«¥ (5).

�¥¯®áà¥¤áâ¢¥­­® ¯à®¢¥àï¥âáï, çâ® ®¯à¥¤¥«ï¥¬ë© ä®à¬ã«®© (6) ®¯¥à â®à ï¢«ï¥âáï «¥¢ë¬
®¡à â­ë¬ ¤«ï D0

+. �âã ä®à¬ã«ã ¬®¦­® ¯®«ãç¨âì, à áá¬ âà¨¢ ï á®¯àï¦¥­­ë© ®¯¥à â®à (D0
+)
�

ª ®¯¥à â®àã D0
+ 2 End lp(Z+; X), p 2 [1;1). �¯¥à â®à (D0

+)
� ®¡à â¨¬ á¯à ¢  ¨ ¤«ï ­¥ª®â®à®£®

¯à ¢®£® ®¡à â­®£® ¨¬¥¥â ¯à¥¤áâ ¢«¥­¨¥ â¨¯  (5). �«¥¤®¢ â¥«ì­®, D0
+
®¡à â¨¬ á«¥¢ . �â¨ à ááã-

¦¤¥­¨ï ¯à¨¢®¤ïâ ª (6).

�«¥¤áâ¢¨¥ 6. �¯¥à â®à D+ áîàê¥ªâ¨¢¥­,   ®¯¥à â®à D0
+ à ¢­®¬¥à­® ¨­ê¥ªâ¨¢¥­ (ª®àà¥ª-

â¥­).

� ¢­®¬¥à­ ï ¨­ê¥ªâ¨¢­®áâì ®¯¥à â®à  D0
+
®§­ ç ¥â, çâ® áãé¥áâ¢ã¥â ¯®áâ®ï­­ ï c > 0 (¬®¦-

­® ¯®«®¦¨âì c = k(D0
+)
�1k) â ª ï, çâ® ¤«ï ¢á¥å x 2 F(Z+;X) ¨¬¥¥â ¬¥áâ® ®æ¥­ª  kD0

+xk � ckxk.

�«¥¤áâ¢¨¥ 7. KerD+ = ImP0, £¤¥ ¯à®¥ªâ®à P0 2 EndF(Z+;X) ¨¬¥¥â ¢¨¤ (P0x)(n) =
(B�10 A0)nP0x(0), n � 0, x 2 F(Z+;X), â. ¥. «î¡ ï ¯®á«¥¤®¢ â¥«ì­®áâì x ¨§ KerD+ ¯à¥¤áâ ¢¨-
¬  ¢ ¢¨¤¥

x(n) = (B�10 A0)
nx0; n � 0; x0 2 X0:

�­  ã¤®¢«¥â¢®àï¥â ®æ¥­ª¥ kx(n)k �Mqnkx0k, n � 0, £¤¥ M > 0, q 2 [0; 1).

�¥¯®áà¥¤áâ¢¥­­® ¨§ á«¥¤áâ¢¨ï 7 ¯®«ãç ¥¬, çâ® ï¤à® KerD+ ®¯¥à â®à  D+ ­¥ § ¢¨á¨â ®â ¢ë-
¡®à  ¯à®áâà ­áâ¢  F(Z+;X) (¨§ à áá¬ âà¨¢ ¥¬ëå ­ ¬¨ ¯à®áâà ­áâ¢) ¨ ¢á¥ ¯®á«¥¤®¢ â¥«ì­®áâ¨
¨§ KerD+ íªá¯®­¥­æ¨ «ì­® ã¡ë¢ îâ.

�«¥¤áâ¢¨¥ 8. �î¡®¥ à¥è¥­¨¥ ãà ¢­¥­¨ï D+x = f 2 F(Z+; Y ) ¤®¯ãáª ¥â ¯à¥¤áâ ¢«¥­¨¥
¢¨¤ 

x(n) = (B�1
0
A0)nP0x0 +

1X
m=0

G+(n;m)f(m);

£¤¥ x0 | ­¥ª®â®àë© ¢¥ªâ®à ¨§ X.

�«¥¤áâ¢¨¥ 9. �¡à § ImD0
+ ®¯¥à â®à  D0

+ § ¬ª­ãâ, ¨ «î¡ ï ¯®á«¥¤®¢ â¥«ì­®áâì u 2 ImD0
+

¯à¥¤áâ ¢¨¬  ¢ ¢¨¤¥

u(0) = y(0)�
X
n�0

(A0B
�1
0
)nQ0y(n); u(n) = y(n); n � 1;

£¤¥ y | «î¡ ï ¯®á«¥¤®¢ â¥«ì­®áâì ¨§ F(Z+; Y ).
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�®ª § â¥«ìáâ¢®. �¯¥à â®à D0
+(D

0
+)
�1
l ï¢«ï¥âáï ¯à®¥ªâ®à®¬ ­  ImD0

+. �¥¯®áà¥¤áâ¢¥­­ë©
¯®¤áç¥â ¯®ª §ë¢ ¥â, çâ® íâ®â ¯à®¥ªâ®à ¨¬¥¥â ¢¨¤ I �P0, £¤¥ ¯à®¥ªâ®à P0 2 EndF(Z+; Y ) ¯à¥¤-
áâ ¢¨¬ ä®à¬ã«®©

(P0y)(0) =
1X
n=0

(A0B
�1
0 )nQ0y(n); (P0y)(n) = 0; n � 1:

�®¤¯à®áâà ­áâ¢® ImD0
+
§ ¬ª­ãâ®, â. ª. ï¢«ï¥âáï ®¡à §®¬ ­¥¯à¥àë¢­®£® ¯à®¥ªâ®à .

�¢¥¤¥¬ ¢ à áá¬®âà¥­¨¥ ®¯¥à â®à T 2 Hom(F(Z+; Y ); Y0) á«¥¤ãîé¥© ä®à¬ã«®©

Ty =
X
n�0

(A0B
�1
0
)nQ0y(n); y 2 F(Z+; Y ):

�«¥¤áâ¢¨¥ 10. ImD0
+
= KerT .

�«¥¤áâ¢¨¥ 11. �á«¨ Y0 = ImQ0 (¨«¨ X0 = ImP0) | ª®­¥ç­®¬¥à­®¥ ¯®¤¯à®áâà ­áâ¢® ¨§ Y
(¨§ X), â® D0

+ ¨ D+ |äà¥¤£®«ì¬®¢ë ®¯¥à â®àë á ¨­¤¥ªá®¬, ¬®¤ã«ì ª®â®à®£® à ¢¥­ à §¬¥à­®áâ¨
dimY0 = dimX0 ¯à®áâà ­áâ¢  Y0 (X0).

�«ï ¤®ª § â¥«ìáâ¢  ¤®áâ â®ç­® § ¬¥â¨âì, çâ® ImT = Y0.
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